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EXISTENCE RESULTS FOR DOUBLY NONLINEAR PARABOLIC EQUATIONS
WITH TWO LOWER-ORDER TERMS AND L!-DATA

A. Benkirane,! Y. El Hadfi,>? and M. El Moumni* UDC 517.9

We study the existence of a renormalized solution for a class of nonlinear parabolic equations with two
lower-order terms and L'-data.

1. Introduction

We consider the following nonlinear parabolic problem:

ab(;t’u) —div(a(z, t,u, Vu)) + g(z, t,u, Vu) + H(z,t,Vu) = f in Qrp,
b(z,u)(t =0) = b(x,up) in €, (1.1)

u=0 on 00 x(0,7),

where (2 is a bounded open subset of RN, N > 1, T > 0, p > 1, and Q7 is a cylinder Q x (0, 7). The opera-
tor —div(a(z,t,u, Vu)) is a Leray—Lions operator, which is coercive and grows as |Vu[P~1 with respect to Vu.
The function b(z,u) is unbounded on u and b(x,ug) € L*(£2). The functions g and H are two Carathéodory
functions satisfying certain assumptions imposed in what follows. Finally, the function f € L!(Q7).

Problem (1.1) is encountered in a variety of physical phenomena and applications. Thus, if

b(x,u) = u, a(z,t,u, Vu) = |VulP~2Vu, g=f=0,

and
H(z,t,Vu) = A\Vul|?,

where ¢ and A are positive parameters, then the equation in problem (1.1) can be regarded as the viscosity approx-
imation of the Hamilton—Jacobi-type equation from the stochastic control theory [18]. In particular, for

b(x,u) = u, a(x,t,u, Vu) = Vu, g=[f=0,

and

H(z,t,Vu) = \|Vul?,
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where A is a positive parameter, the equation of problem (1.1) appears in the physical theory of growth and rough-
ening of the surfaces in which it is known as the Kardar—Parisi—Zhang equation [14]. We introduce the definition
of renormalized solutions for problem (1.1) as follows: This notion was introduced by Lions and DiPerna [12] for
the investigation of the Boltzmann equation (see also [17] for the applications to models of the fluid mechanics).
This notion was later adapted to the elliptic version of (1.1) by Boccardo, et al. [9] in the case where the right-hand
side lies in T ~1#'(Q2), by Rakotoson [24] in the case where the right-hand side is in L'(£2), and by Dal Maso,
Murat, Orsina, and Prignet [10] in the case where the right-hand side is a general measure data; see also [19, 20].
For

b(x,u) =u and H =0,
the existence of a weak solution to problem (1.1) that belongs to L (0, T’; Wol (Q)) with

1 p(N+1)—N
P d CASME YA
LR SN

was proved in [8] (see also [7]) in the case where g = 0. Moreover, this problem was also studied in [23] for g = 0
and in [11, 21, 22]. In the case where the function g(z,¢,u,Vu) = g(u) is independent of (z,t¢, Vu) and
g is continuous, the existence of renormalized solution to problem (1.1) was proved in [5]. The existence of the
renormalized solution to problem (1.1) in the variational case has been recently proved in [1].

The aim of the present paper is to prove an existence result for renormalized solutions of a class of prob-
lems (1.1) with two lower-order terms and L!-data. The difficulties encountered in our problem (1.1) are caused by
the presence of the terms g and H responsible for the lack of coercivity, uncontrolled growth of the function b(z, s)
with respect to s, and the facts that the functions a(z,t,u, Vu) do not, in general, belong to (LlloC (QT))N and
the data b(z,ug), f are only integrable.

The remaining part of the present article is organized as follows: In Section 2, we give precise formulations
of all assumptions about b, a, g, H, and ug. In addition, we introduce the concept of renormalized solution for
problem (1.1). In Section 3, we establish the existence of our main results.

2. Essential Assumptions and Various Notions of Solutions

We now introduce several assumptions used throughout the paper.
Let Q be a bounded open set in RN, N > 1, let T > 0 be a given number, let Q7 = Q x (0,7T'), and let

b: @ xR — R be aCarathéodory function

such that, for every = € Q, b(z,.) is a strictly increasing C''-function with b(z,0) = 0. Further, for any k > 0,
there exist A\; > 0 and functions A € L>°(Q2) and By, € LP(2) such that

ob ob
re< PO pw) and ‘w(%‘”)‘gmw @1

0b(x, s)
0s

for almost all « € Q2. For any s such that |s| < k, by Vm< 5
s

0b
> we denote the gradient of (z,5) defined

in a sense of distributions.
Let

a: Qr x Rx RN - RN
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be a Carathéodory function such that
|a(z,t,5,6)| < Blk(z, ) + s~ + g7, 22)
for (z,t) € Qr ae., all (s,€) € R x RY, some positive function k(z,t) € L (Qr), and 8 > 0,

la(z,t,5,€) —a(z,t,5,m)] (€ —n) >0 forall (&) € RN xRY with & #1, (2.3)

and

a(x,t,s,£)§ > alé|P, where « is a strictly positive constant. (2.4)
Furthermore, let
g(x,t,5,8): Qr xRxRY R and  H(z,t,&): Qr xRY - R

be two Carathéodory functions satisfying the following conditions for almost all (z,¢) € Qp and all s € R,
£cRY:

g2, t,5,6)| < La(|s]) (La(z,t) + [€[P), (2.5)
g(z,t,8,&)s >0, (2.6)
where L;: Rt — RT is a continuous increasing function and Ly (z,t) is positive and belongs to L'(Q7),
36>0, v>0 V|s|>9: ‘g(x,t,s,g)}zy\ﬂp, 2.7
|H(z,t,8)| < h(z,t)|¢P~, where h(z,t) is positive and belongs to LP(Qr). (2.8)
We recall that, for £ > 1 and s in R, the truncation is defined as follows:
Tk (s) = max(—k, min(k, s)).

We use the following definition of renormalized solution to problem (1.1):

Definition 1. Let f € L'(Qr) and let b(-,uo(-)) € L'(Q). A renormalized solution of problem (1.1) is
a function u defined on Q7 and satisfying the following conditions:

Ty (u) € LP(0,T; Wol’p(Q)) forall k>0 and b(z,u)e L>(0,T; LI(Q)), (2.9)
a(z,t,u, Vu)Vudzdt -0 as m — +oo, (2.10)
{m<|ul<m+1}

0Bs(x,u)

T —div <S'(u)a(w, t,u, Vu)) + 5" (u)a(z, t,u, Vu)Vu

+ g(x, t,u, Vu)S' (u) + H(z,t,Vu)S' (u) = fS'(u) in D'(Qr), (2.11)
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for all functions S € W2 (R) that are piecewise C1(R) and such that S' has a compact support in R and,
in addition,

Bgs(xz,u)(t =0) = Bg(z,ug) in €, where Bg(z,z) :/ab(gr’r)S’(r) dr. (2.12)
0

Remark 1. Equation (2.11) is formally obtained by the pointwise multiplication of (1.1) by S’(u). However,
since a(z,t,u, Vu), g(x,t,u, Vu), and H(z,t,Vu) are, generally speaking, meaningless in D’(Qr), all terms
in (2.11) have a meaning in D'(Qr).

Indeed, if M is such that supp S” C [—M, M], then the following identifications can be made in (2.11):

o |Bs(z,u)] = |Bs(x,Tar(u))] < M||S"||poom)Arr(x) belongs to L°(€2) because Ay is a bounded
function;

o S'(u)a(z,t,u, Vu) is identified with
S"(uw)a(w,t, Trr(w), VT (u))
a.e.in Qr; since [Ty (u)] < M ae.in Qr and S’(u) € L*(Q7), it follows from (2.2) and (2.9) that
§'(w)a(, t, Tar(u), Vn (w) € (27(Qr))"™:

o S’(u)a(x,t,u, Vu)Vu is identified with

S"(w)a(z, t, T (w), VI (w) VT (w)
and

S"(u)a(:c, t, Thr(u), VTM(U))VTM(U) e LY(Qr);

. S'(u) <g(:c,t,u, Vu) + H(z,t, vu)) is identified with

S’ (u) (g(m, t, Th(u), VTM(u)) + H(a:, t, VTM(u))>

a.e.in Qr; since [Ty (u)| < M ae.in Q7 and S’ (u) € L=(Qr), it follows from (2.2), (2.5), and (2.8)
that

S/ (u) (g t, T (w), VTas (w)) + H(a, t, VT (w))) € L} (Qr);
e S'(u)f belongs to L1 (Q7).

The analysis presented above shows that (2.11) holds in D’(Q) and

635’(3}, U)

€ 7 (0, T; W= 7(Q)) + LY(Qr). (2.13)
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The properties of S and assumptions (2.1) and (2.10) imply that

IVBs(z,u)| < |Anll 1o () | VT () |15 oo ) + M1S'|| oo (r) Baa () (2.14)

and
Bs(z,u) belongsto LP(0,T;W,"(Q)). (2.15)
Thus, (2.13) and (2.15) imply that Bg(x,u) belongs to CO([O, TY; LI(Q)) (for the proof of this trace result,
see [21]). Hence, the initial condition (2.12) is meaningful.

We also note that, for every S € W1°°(R) defined as a nondecreasing function such that supp S’ C [ M, M],
in view of (2.1), we have

Au|S(r) — S(r")| < |Bs(z,r) — Bs(z,r)

<NAumllpoo|S(r) = S()| ae. zeQ, Vrr' eR.

3. Statements of the Results
We now formulate the main results of the present paper.

Theorem 1. Let f € L'(Qr) and let ug be a measurable function such that b(-,ug) € L*(). Assume that
(2.1)—(2.8) is true. Then there exists a renormalized solution u of problem (1.1) in the sense of Definition 1.

Proof. The proof of Theorem 1 is done in five steps.

Step 1: Approximate problem and a priori estimates. For n > 0, we define the following approximations
of b, f, and uy :
First, let

b (2,7) = b(w, Tu(r)) + %rbn

be a Carathéodory function satisfying (2.1). Then there exist A,, > 0 and functions A,, € L*>°(Q2) and B,, € LP(Q)

such that
Js s
ae. in 2, s € R.
Further, we set
H
gn(l',t, S’g) e g(x7t7 875) and Hn(l” t’é_) _ (x,t,f)

1 1 ’
1+ — t 14+ —|H(z,t
+ gl t,6)] | H(w,t,6)

Note that

‘gn(xata“}?g)‘ S max{\g(:v,t,s,ﬁ)hn} and ‘Hn($7t7§)‘ S max{|H(x,t,§)|,n}
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Moreover, since f, € LPI(QT) and f, — f ae.in Q7 and strongly in L'(Q7) as n — oo, we get

Uon € D(Q),
3.1
bn(z,u0n) — b(z,up) ae. in Q and strongly in L'(Q) as n — oc.
We now consider an approximate problem
bn bl n . .
8((;;1‘/U) —div(a(z, t,un, Vuy)) + gn(z,t,un, Vuy) + Hy(z,t,Vuy,) = fr, in Qr,
b (2, un)(t =0) = by(xz,up,) in (3.2)

u, =0 in 0Q x (0,7).
Since f, € i (0, T, WL (Q)), we can easily prove the existence of a weak solution
uy, € LP(0,T; W, P ()

of problem (3.2) (see, e.g., [16, p. 271]), namely,

T
0

Qr

+/gn(:v,t,un,Vun)vdxdt—|—/Hn(:z:,t,Vun)vdxdt :/fnvdmdt
Qr Qr Qr

forall v € LP (O,T; Wl’p(Q)) N L>(Qr).

We now prove that the solution u,, of problem (3.2) is bounded in L? (0, T’; WO1 P(Q)).

Lemma 1. Let u, € LP (0, T; VVO1 P (Q)) be a weak solution of (3.2). Then the following estimates hold:

[l || ) <D, (3.3)

e (01w P () =

where D depends only on Q, T, N, p, p', f, and ||h| 1r(q)-

Proof. To get (3.3), we split the integral / |Vu,|P dzdt in two parts and prove the following estimates:
Qr

for all £ > 0,

|V, |” dzdt < Mk, (3.4)

{lun|<k}
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and

|V |? dz dt < Mo, (3.5)

{lun|>k}

where M; and M5 are positive constants. In what follows, by M;, i = 3,4, ..., we denote some generic positive
constants. Suppose that p < N (the case p > N is similar). For ¢ > 0 and s > 0, we define

sign(r) for |r|>s+e,

sign(r)(|r| — )
€

Pe(r) = for s<|r|<s+e¢,

0, otherwise.

We choose v = ¢, (uy,) as the test function in (3.2) and obtain

T

/st(x,un)dm —f—/a(x,t, U, Vun )V (pe(uy)) de dt
Q 0 Qr

+/gn(x,t,un,Vun)cp5(un) dacdt—i—/Hn(a:,t,Vun)cpg(un)da;dt
QT Qr

- / Fupe(tn) dec dt,
Qr

where

r

n by, (z, )
B%(a:,r) :/85@5(3) ds.
0

By using the inequalities B} (z,7) > 0 and gn(7,t, un, Vg )pe(un) > 0, (2.4), (2.8), and the Holder
inequality and letting € go to zero, we obtain

d
— / a|lVuy|Pdedt < / | fn| da dt
{s<|unl} {s<|unl}
1 1
+o0 P P’
d d
+ —— hP dx dt —— \Vup|Pdxdt | do,
do do
s {o<|unl} {o<|unl}

where {s < |u,|} denotes the set

{(:U,t) €EQr,s< \un(:n,t)\}
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and p(s) stands for the distribution function of wu,,, i.e.,

u(s) = H(;U,t) € Qr, |up(z,t)| > s}‘

for all s > 0.
On the other hand, from the Fleming—Rishel coarea formula and the isoperimetric inequality, we get, for
almost all s > 0,

1 N-—1
N1 d

NCF (u(s)) §—% / |Vu,Pdz dt, (3.6)

{s<unl}

where Cy is the measure of the unit ball in R". By using the Hélder’s inequality, we conclude that, for almost
every s > 0,

1
P
_4 / |Vup|P dedt < (—u’(s))ﬁ _4 / |Vuy [P dxdt | . 3.7
ds " - ds "
{s<lunl} {s<|unl}
Thus, combining (3.6) and (3.7), for almost all s > 0, we obtain
1
P
1\ -1 1 . d
1< (NCY) () ¥ (=4 () 7 — / Vuy|Pdzdt | . (3.8)
{s<lunl}
By using (3.8), we get
%
P
a _4 / |Vuy,|P dz dt
ds "
{s<|unl}
1N\ -1 1_4 L/
< (¥eF) W) T w7 [ Il dede
{s<|unl}
% -1 +-1 / 5
+(NCY) ()Y (- (s)7
1 1
400 P P’
d d
X - hP dx dt —— |Vup|Pdzdt | do. (3.9
do do
s {o<|unl} {o<]unl}
We now consider two functions B and 1) (see Lemma 2.2 of [2]) defined as
w(s)
hP(z,t)dx dt = / BP(o)do (3.10)
{s<|unl} 0
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and

P(s) = / | fn] dz dt. (3.11)

{s<|unl}

We have

HB”LP(O,T,WOI’IJ(Q)) S HhHLP(D,T,WOl’p(Q)) and |¢(S)’ S an”Ll(QT)

It follows from (3.9), (3.10), and (3.11) that

d

T / |Vuy,|P de dt

{s<|unl}

+oo
X /B(u(u))(—//(y)) _dif/ / |V, [Pdzdt | dv.

{v<|unl}

RSB

By the Gronwall lemma (see [3]), we get

1

o’
a —% / |Vuy,|P dr dt

{s<|un|}

X exp (/(NC]{,V)IB(M(T))(M(T))Jbl (,u’(r))dr) do. (3.12)

Further, by the change of variables and the Holder inequality, we estimate the argument of the exponential function
on the right-hand side of (3.12) as follows:

JE@E) @)™ (- )dr = [ Bt a:
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1
12| €2 v

S/B(z)zllv_ldz < ||B||Lr /z(lil_l)p/
0 0

Raising to the (p’)th power in (3.12), we can write

_4 / |Vu,|P drdt < M,
ds

{s<|unl}

701

where M; depends only on Q, N, p, p', f, «, and ||h||1r(q,)- Thus, integrating from 0 to k, we prove (3.4).

We now present the proof of (3.5) by using Ty (u,,) as the test function in (3.2). Thus, we get

T

/B,?(x,un)d:n +/a(x,t,un,Vun)VTk(un) dx dt
Q 0 Q

+ /(gn(:r, tytn, Vuy) + Hy(x,t, Vuy,)) Tk (uy,) do dt
Q

- / JuTi(uy) da dt,
Q

where

r

B a,r) = / 9ul2:5) 12 (5) ds.

Js
0
By using (2.8), we conclude that
T
/B,?(x,un)d:ﬂ + / a(z,t, up, Vuy)Vu, drdt
Q 0 {lun|<k}

+ / gn(x,t,un,Vun)un dx

{lun|<k}

+ / gn (T, t, Up, Vup) Tk (uy) de dt

{lun|>k}

< / P () da it + / (@, ) [Vt [P~ T ()| d .
Q Q
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Further, in view of the facts that B}(z,r) > 0 and g, (x, t, upn, Vup)u, > 0 and (2.4), we find

e / |Vug|P dedt + / 9(x, U, Vup)Ti(uy) do dt

{lun|<k} {lun|>k}

<k fllz + & / h(z, t)|Vu, [P~ da dt

{lun|<k}

+ ok / h(w, 1) [V P~ da d.
{lun|>k}
By virtue of the Holder inequality, (3.4), (2.7), and Young’s inequality, for all k& > J, we get
1
v [V dedt < K| flusn + 5P Ml

{lun|>k}

+k / h(z,t)|Vu,|P~ dx dt

{lun|>k}

1+1
<kl + &7 Mi|lhl| oo

1
+ Mokl + vk / Vuun|P dz dt.

{lun|>k}

Hence,

1 1
<1 o / [V |P dzdt < Msl|fll1qqp) + k7 Ms|lhll Loqp) + MellR|[F .

{lun|>k}
Lemma 1 is proved.

Then there exists u € LP(0, T; Wy P(€2)) such that, for some subsequence

up —u weaklyin LP(0,T; W, P(Q)),

we conclude that

HTk(Un < k.

) Hip(o,T;W(}”’(Q))

It follows from inequalities (2.1) and (3.15) that

/B,?(:E,un) dx < Ck,
Q

(3.13)

(3.14)

(3.15)

(3.16)



EXISTENCE RESULTS FOR DOUBLY NONLINEAR PARABOLIC EQUATIONS WITH TWO LOWER-ORDER TERMS 703

where

z

By (x,z) —/WT/C(S) ds.
0

We now prove that u,, and b,(x,u,) converge almost everywhere. Consider a nondecreasing function
& € C*(R) such that

&k(s) =s for |s| < and &p(s) =k for |[s| > k.

o |

Multiplying the approximate equation by &} (uy,), we obtain

OB} (z,uy) ) ,
gT — div (a(az, t, Un, Vun)ﬁk(un))
+ a(z, t, up, Vup)&p (un) Vuy,
+ (gn(xvtaunv Vuy) + Hy(,t, vun))fl,c(“n)
= [n&p.(un), (3.17)

in the sense of distributions, where

z

B{(z, 2) :/%n({gz’s) () ds.
0

As a consequence of (3.15), we conclude that

&k(un) is bounded in LP(0,T; Wol’p(Q))

and
33?(:):,1%) 1 : 1 / 1.9
— g i bounded in L (Qr)+ LP (O,T; Ww-Lp (Q))

In view of the properties of & and (2.1), the derivative

ot

is bounded in L*(Qr) + L¥ (0, T; W~17(Q)),

which implies that & (u,,) strongly converges in L'(Qr) (see [21]).

In view of the choice of &, we conclude that, for each k, the sequence T} (u,) converges almost everywhere
in @7, which implies that u,, converges almost everywhere to some measurable function « in Q7. Thus, by using
the same arguments as in [4, 5, 25], we can show that

U, —u ae. in Qrp,
(3.18)
bp(z,un) = b(z,u) ae. in Qp.
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It follows from (3.15) that
Ty (un) — Ty(u) weakly in LP(0,7; WyP(Q2)).

In view of (2.2), for all k > 0, this implies that there exists a function @ € (L* (Qr))N such that
a(x,t, Ty (un), VTk(un)) =@ weakly in (L¥(Qr))". (3.19)

We now show that b(., u) belongs to L>° (0, T Ll(Q)). By using (3.18) and passing to the limit-inf in (3.16)
as n tends to +00, we obtain

;/Bk(x,u)(T) de < C

Q

1
for almost all 7 in (0,7"). In view of the definition of By (x, s) and the fact that EBk(ac, u) converges (pointwise)
to b(x,u) as k tends to +oo, we show that b(z,u) belongs to L>(0,T; L' ().

Lemma 2. Let u,, be a solution of the approximate problem (3.2). Then

lim lim sup / a(z,t, up, Vuy)Vu, dzdt = 0. (3.20)

m—=00 n—oo
{m<|un|<m+1}

Proof. We use
Ty (un — Ton(un)) " = () € LP(0,T; Wy P () N L¥(Qr)

as the test function in (3.2). Thus, we get

/T <ab”(;£ n), am(un)> dt
0

+ / a(z,t, un, Vg ) Vugal, (u,) dz dt

{msun Sm+1}

+ / (gn(:c, t, up, Vuy) + Hp(z,t, Vun))am(un) dx dt
Qr

< / | frOm (un)| da dt.
Qr

Hence, by setting

r

B (z,r) :/Wam(s) ds
0
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and using (2.6) and (2.8), we find

/Bﬁn(x,un)(T) dr + / a(x,t, up, Vup)Vu, de dt
Q {m<un<m+1}

< / | fn| d dt —i—/h(w,t)\Vun\p_l dz dt.

{m<un} Qr

We now use the Holder inequality and (3.3) in order to deduce the inequality

/B;‘Z(;E,un)(T) dr + / a(x,t, uy, Vuy)Vu, dzdt

Q {m<un<m+1}

1
Y

< / ol dadt + ¢ / I, )P da dt

{m<un} {m<un}

Since B (x,u,)(T) > 0, in view of the strong convergence of f,, in L'(Q7), by the Lebesgue theorem,
we find

lim lim / | fr| dz dt = 0.

Similarly, since h € LP(Q)7), we obtain

lim lim / |h(z,t)[Pdedt | =0.

m—r00 N—00

{m<un}
We conclude that
lim limsup / a(x,t, up, Vup)Vuy, dedt = 0. (3.21)
m—00 n—oo
{m<un<m+1}

On the other hand, using 7} (un — Tm(un))_ as the test function in (3.2) and the same reasoning as in the proof
of (3.21), we show that

lim limsup / a(x, t, un, Vuy)Vu, dedt = 0. (3.22)

Mm—00 n—o0
{—(m+1)<up<-m}

Therefore, (3.20) follows from (3.21) and (3.22).
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Step 2: Convergence of gradients almost everywhere. In this step, for fixed £ > 0, we introduce the time
of regularization of the function T} (u) with an aim to apply the monotonicity method (the proof of this step is
similar to the proof of Step 4 in [5]). This kind of regularization was first introduced by Landes (see Lemma 6 and
Proposition 3 in [15, p. 230] and Proposition 4 in [15, p. 231]). For fixed k£ > 0, we set

o(t) = te™”, v > 0.

Li(k)\?
It is well known that, for v > ( ;( ) > , we have
(6%
Li(k 1
cp'(s)—( i ))]90(3)| > forall seR. (3.23)
o

Let {1;} C D(f2) be a sequence strongly convergent to uq in L(£2). We set
wy, = (T(w))u + 7 T(8),

where (T}, (u)), is the mollification of T} (u) with respect to time. Note that wfl is a smooth function with the
following properties:

dw,, i i i
o = M) =), w(0) =Ti(vn),  Jw] <k, (3.24)
w!, — Ti(u) strongly in LP(0,T; Wy P(Q)) as p— oo. (3.25)

Further, we introduce the following function of one real variable:

hm(s) =<0 for |s| >m+1,
m+1—|s| for m<|s|<m+1,
where m > k. Let
01" = Ty(un) —w!,  and 27, = ©(014") hup (un).

By using the test function zﬁjfﬂ in system (3.2), in view of the fact that

gn(z,t, un,Vun)cp(Tk(un) — wL)hm(un) >0 on {|uy| >k},

we obtain

/T<W; (T (un) — w;;)hm(un)> dt
0
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+ /a(m,t,un,Vun)(VTk(un) — Vwi)go’(%’i)hm(un) dx dt
Qr

+ /a(w, ty U, Vn ) Vuno (04 1 (uy,) do dt
Qr

+ / gn(:z:,t,un,Vun)go(Tk(un) — wi)hm(un)d:n dt

{lun|<k}

< / | foztil | da dt + / |Hp(,t, Vuy) 2400, | du dt. (3.26)
Qr Qr

In the remaining part of the present paper, for the sake of simplicity, we omit the notation &(n, u, 7, m) in all
quantities (possibly different) such that

lim lim lim lim e(n,u,i,m) =0.
M—>00 {—00 J—>00 N—>00

Moreover, this is the order in which the analyzed parameters tend to infinity, i.e., first n, then p and ¢ and
finally, m. Similarly, we write £(n) or £(n, u),... to denote that we pass to the limits only with respect to the
indicated parameters.

We now consider each term in (3.26). First, we note that

/‘fnzﬁﬁn‘ dx dt + /}Hn(a:, t, Vun)z’;fﬁn‘ dx dt = e(n, u),
Qr Qr

because
@ (Th(un) — w],) hn(un)  converges to o (Ti(u) = (Ti(u)) + € T (1)) hm (w)
strongly in LP(Qr) and weakly —x in L>°(Q7) as n— oo and, in addition,
@ (Te(u) — (Tr(w)y + € " T (1)) han(u)  converges to 0
strongly in LP(Qr) and weakly —x in L*>°(Qr) as p — oo. In view of (3.20), the third and fourth integrals
on the right-hand side of (3.26) tend to zero as n and m tend to infinity and, by the Lebesgue theorem and

F e (I”(Qr))", we deduce that the right-hand side of (3.26) converges to zero as n, m, and p tend to infinity.
Since

(T (un) — W) o () = (Ti(u) = w),) i (u)
weakly*in L'(Q7) and strongly in L? (0, T’; Wol’p(Q)), we have
(T (u) = wp,) g (u) — 0

weakly*in L'(Qr) and strongly in L? (0, T’; Wol’p(Q)) as [ — +00.
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On the one hand, the definition of the sequence wz makes it possible to establish the following lemma:

Lemma 3. For k > 0, the following inequality is true:

Obp (0, up)

T
0

Proof (see Blanchard and Redwane [6]).

On the other hand, the second term on the left-hand side of (3.26) can be rewritten as follows:

/a(x, b, U, Vug) (Vg (un) — Vwi)cﬂ (T (un) — wi)hm(un) dx dt
Qr

— / a(z,t,un, Vuy) (VTk(un) — sz)go’(Tk(un) — wl)hm(un) dx dt

{lun|<k}

+ / a(x,t, up, Vuy,) (VTk(un) — VwL)go’ (Tk(un) — wL)hm(un) dx dt

{lun|>k}

= /a(m,t,un, V) (VT (uy) — sz)w'(Tk(un) - wz) dx dt
Qr

+ / a(z, t, tun, Vun) (Vg (un) — sz)gol (T (un) — wi)hm(un) dx dt.

{lunl>k}
Since m > k and hy,(uy,) = 1 on {|u,| < k}, we conclude that

/a(x, b, U, V) (Vg (un) — Vw,i)go/(Tk(un) — wz)hm(un) dx dt
Qr

= /(a(x,t,Tk(un),VTk(un)) — a(x,t,Tk(un),VTk(u))>
Qr
X (VI (un) — VTk(w)) ' (Ti(un) — wz) dx dt
+ /a(:z,t,Tk(un), VTi(w) (VT (un) — VTi(u))
Qr

X @' (T (un) — wz)hm(un) dx dt



EXISTENCE RESULTS FOR DOUBLY NONLINEAR PARABOLIC EQUATIONS WITH TWO LOWER-ORDER TERMS

+ /a(az,t,Tk(un),VTk(un))VTk(u)np'(Tk(un) - wz)hm(un) dx dt
Qr

- /a(m,t,un, Vun)szwl(Tk(un) — wl)hm(un) dx dt
Qr

=K1+ Ko+ K3+ Ky.
By using (2.2), (3.19), and the Lebesgue theorem, we show that
a(z,t, Ty (un), VI (u)) converges to a(x,t,Ti(u), VI, (u)) strongly in (LPI(QT))N

and
VT (uy) converges to VT (u) weakly in (LP(QT))N.
Then

By using (3.19) and (3.25), we find

Ks = /aVTk(u) dx dt + e(n, p).
Qr

Since Ay (un) = 0 on {|u,| > m + 1}, for K4, we can write:

Ky = —/a(m,t,Tm+1(un), VTmH(un))Vngo/(Tk(un) — wZ)hm(un) dx dt
Qr

= _ / a(m,t,Tk(un), VTk(un))Vngal(Tk(un) — wz) P () da dt

- / a(xutmi-‘rl(un)y VTm-I—l(un))va

{k<|un|<m+1}

x @ (Ti(un) — wL)hm(un) dzx dt.

As above, we get

Ky=— / deLgo’(Tk(u) - wz) dx dt
{lul<k}

— / EVngol(Tk(u) - w/i)hm(u) dedt+e(n) as n— oo.

{k<|u|<m+1}

709

(3.28)

(3.29)

(3.30)
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Hence,

Ky = —/aVTk(u) drdt +e(n, p) (3.31)
Qr

as p — oo. In view of (3.28), (3.29), (3.30), and (3.31), we conclude that

/ a(@,t, tn, Vun) (Vg (un) — Vwi)gp’ (T (un) — wz)hm(un) dz dt
Qr

— [ (el t.Ti(wn), 9Ti(1n)) (e Ti (1), VT (w))
Qr

X (VTi(un) = VT(w) @' (Th(un) — w},) dz dt + (n, ). (3.32)

As for the third term on the left-hand side of (3.26), we observe that

/a(:c,t,un,Vun)Vuncp(Gﬁ’i)h;n(un) dx dt| < ¢(2k) / a(x,t, up, V) Vuy, dz dt.

Qr {m<|un|<m+1}

In view of (3.20), we obtain

/a(x,t,un,Vun)Vungo(Qﬁ’i)h;n(un)dw dt| < e(n,m). (3.33)
Qr

We now consider the fourth term on the left-hand side of (3.26). Thus, we get

gn(x,t, Up, Vun)go(Tk () — w )hm(un) dx dt

w
{lun|<k}

< / Ly(k)La(x,t) + | VT (un) [0 (Th (un) — wL) | A () daz it

{lun|<k}

< Ly(k) / Lo(z, t)|o(Th(un) — wz) | da dt
Qr

+ Llcik) / a(:r,t,Tk(un),VTk(un))VTk(un)‘go(Tk(un) — wz)‘ dx dt (3.34)
Qr

because Lo(x,t) belongs to L1 (Q7).
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It is easy to see that

Lyi(k) / Lo(z, t)|o(Th(un) — wz) | dadt = e(n, p).
Qr

On the other hand, the second term on the right-hand side of (3.34) can be represented in the form

Ly (k) / a(z,t, Te(un), Vi (un)) VT (un) |0 (Ti(un) — w},) | da dt

«
Qr

= B [ (ot ), VTaun) = (8, Ti), V()

(6%
Qr

X (VTk(un) VT (u )‘@(Tk (up) )‘ dx dt

¢ 1) /a(HT,t,Tk(Un)vVTk(u))(VTk(Un) V() | (Th(n) = wy,) | da dt

a
Qr

+ Lla(k) /a(x,t,Tk(un),VTk(u))VTk )| (T (un) )‘dl’dt
Qr

Thus, as above, we first let n tend to infinity, and then pass to the limit as p goes to infinity. As a result, we readily
conclude that each of the last two integrals has the form &(n, p1). This yields

gn(@,t, un, Vug)o(Th(un) — wL)hm(un) dx dt

{lun|<k}

«

< Ltk /(a($,t,Tk(Un)7VTk(un)) - a(xvt’Tk(“")’VTk(u)))
Qr

X (VTk(un) — VTi(w) |0 (T (un) — wl,) | da dt + e(n, p). (3.35)
Combining (3.26), (3.27), (3.32), (3.33), and (3.35), we get

/(a(w,t,Tk(un),VTk(un)) - a(%t,Tk(Un)aVTk(U)))
Qr

% (VTo(un) — V() <<p’(Tk(u) ) Llo(f“) (Ti(un) — ) }> dar

<e(n, pu,i,m)



712 A. BENKIRANE, Y. EL HADFI, AND M. EL MOUMNI
and, therefore, in view of (3.23), we obtain

/ <a(m,t,Tk(un),VTk(un))—a(x,t,Tk(un),VTk(u)))(VTk(un)—VTk(u)) drdt < e(n).
Qr

Hence, passing to the lim-sup with respect to n, we find

limsup/(a(x,t,Tk(un),VTk.(un))—a(m,Tk(un),VTk(u))>(VTk(un)—VTk(u))da:dt = 0.

n—oo

Qr
This implies that

Ti(un) = Ty(u) strongly in LP(0,T; Wol’p(ﬂ)) forall k. (3.36)

Note that, for every o > 0,

meas {(m,t) € Qr: |Vu, — Vu| > 0}
< meas {(x,t) € Qr: |Vuy| > k} —I—meas{(:v,t) €Qr: |ul > k:}

+ meas {(a:,t) € Qr: |VTi(un) — VIi(u)| > O’}.

Thus, in view of (3.36), we see that Vu,, converges to Vu in measure and, hence, always reasoning for a subse-
quence, we get

Vu, - Vu ae.in Qr.

This yields

a(z,t, Tp(un), VTi(un)) = a(z,t,Ti(u), VTi(u)) weakly in (LP’(QT))N. (3.37)

Step 3: Equiintegrability of H,(z,t,Vu,) and g,(x,t, u,, Vu,). We now prove that H,(x,t, Vu,) con-
verges to H(x,t,Vu) and g,(z,t,u,, Vu,) converges to g(z,t,u, Vu) strongly in L!(Qr) by using the Vitali
theorem. Since H,(z,t,Vu,) — H(z,t,Vu) ae.on Qr and g,(z,t,u,, Vu,) — g(x,t,u, Vu) ae. on Qr,
by virtue of (2.5) and (2.8), it suffices to prove that H,,(z,t, Vu,) and g,(z,t, u,, Vuy,) are uniformly equiinte-
grable in Q7. We now prove that H (z, Vu,,) is uniformly equiintegrable. To do this, we use the Holder inequality
and (3.3). As aresult, for any measurable subset £ C 7, we get

1
1 =
£ I’y

p
/‘H(a:, V)| dz dt < /hp(x,t) dx dt /|Vun|p dx dt
E E Qr

B =

< /hp(a:,t) dedt|
E

which is small uniformly in n when the measure of E' is small.
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We now prove the uniform equiintegrability of g, (z,t, u,, Vuy,). For any measurable subset £ C Qr
and m > 0, we obtain

/|gn(x,t,un, Vun)‘ drdt = / ‘gn(x,t, Unp, Vun)‘ dx dt
E En{|un|<m}

+ / ‘gn(x,t, Unp, Vun)‘ dx dt

En{|un|>m}

< Li(m) / [Lo(x,t) 4+ |Vu,|P] dzdt

En{un|<m}

+ / |\gn (@, t, tn, V)| dz dt
En{|un|>m}

For fixed m, we get

K < Ll(m)/ [Lo(z,t) + |V T (up)|"] da dt,
E

which is thus small uniformly in n for fixed m when the measure of E is small (recall that T}, (u,) tends

to Ty, (w) strongly in LP (0, T; W, P(€2))). We now discuss the behavior of the second integral on the right-hand
side of (3.38). Assume that ), is a function such that

0 for |s| <m —1,
Um(s) =

sign(s) for |s| >m,
Pr(s)=1 for m—1<]|s| <m.

For m > 1, we choose ¢, (uy,) as the test function in (3.2) and obtain

T

/Bgl(x,un)dx +/a(a:,t,un,Vun)VundJ;n(un)dacdt
Q 0 CQr

+ /gn(xvt7unavun)¢m(un) dx dt
Qr

+ / H, (z,t, Vuy)m(uy) de dt
Qr

= /fnl/}m(un) da:dt,
Qr



714 A. BENKIRANE, Y. EL HADFI, AND M. EL MOUMNI

where

r

B! (z,r) :/%n(x’s)wm(s) ds.

0

Since B, (z,7) > 0, in view of (2.4), the Holder inequality

/ |gn (@, T, tn, Vug) | dxdt < /|Hn(:v,t, Vuy,)|dzdt + / |f|dx dt,
E

{m—1<lun|} {m—1<unl}

and (3.3), this yields

lim sup / |gn(m, t, Un, Vun)‘ dx dt = 0.

m—00 neN
{|un|>m—1}

Thus, we have proved that the second term on the right-hand side of (3.38) is also small uniformly in n and
in E if m is sufficiently large. This means that g,,(z, t, uy, Vuy,,) and H,(z,t, Vu,,) are uniformly equiintegrable
in @, as required. Thus, we conclude that

H,(z,t,Vu,) — H(x,t,Vu) stronglyin L' (Qr),
(3.39)
Gn(z,t, Uup, Vuy) — g(x,t,u, Vu) stronglyin  L*(Q7).

Step 4: 'We now prove that u satisfies (2.10).

Lemma 4. The limit u of the approximate solution u,, of system (3.2) satisfies the relation

lim / a(z,t,u, Vu)Vudz dt = 0.

m——+00
{m<Ju|<m+1}

Proof. Note that, for any fixed m > 0, we can write

/ a(x, t, up, Vuy)Vuy, dzdt

{m<|un|<m+1}

= /a(w,t,un, Vun)(VTmH(un) — VTm(un)) dx dt
Qr

= /a(m,t,TmH(un),VTmH(un))VTmH(un) dx dt
Qr

- / a(z,t, T (un), VI (un)) Vi (uy,) dz dt.
Qr
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According to (3.37) and (3.36), we can pass to the limit as n — +oo for fixed m > 0 and obtain

lim / a(x,t, uy, Vuy)Vu, dzdt
n—-+o0o

{m<|un|<m+1}

= /a(x,t,Tm+1(u),VTm+1(u))VTm+1(u) dx dt
Qr

- /a(x,t,Tm(u),VTm(u))VTm(un) dx dt
Qr

= / a(z,t,u, Vu)Vudz dt.

{m<|un|<m+1}
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(3.40)

Passing to the limit as m — 400 in (3.40) and using estimate (3.20), we show that v satisfies (2.10). The proof

is completed.

Step 5: 'We now prove that v satisfies (2.11) and (2.12).

Let S be a function in W?2°°(R) such that S’ has a compact support. Let M be a positive real number
such that the support of S’ is a subset of [—M, M]. As a result of the pointwise multiplication of the approximate

equation (3.2) by S’(u,,), we get

OBg(x, un)

. !
5t - dlv(S (un)a(x,t,un,Vun)>

+ 8" (up)a(z, t, un, Vi) Vg,

+ S’(un)<gn(x,t, Uy Vi) + H (. 1, Vun)) — fS'(un) in D'(Qr),

where

z

Bé(x, z) :/WS'(T) dr.
0

We now pass to the limit in (3.41) as n tends to +o0:

(3.41)

0B (x, . . . .
We find the limit of ngun) Since S is bounded and continuous, the fact that u,, — u a.e. in Qp
L i . 0Bg(x,up)
implies that Bg(x,u,) converges to Bg(x,u) a.e. in Qr and L*°(Qr)-weakly*. Thus, —=g  converges
0B
0 Sa(:’u) in D'(Qr) as n tends to +oo.

We find the limit of — div (S’ (un)a(z,t, upn, Vuy,)). Since supp(S’) C [—M, M], for n > M, we obtain

S (up)an (2, t, Un, Vup) = S (un)a(z, t, Tar(un), VI (upn))  ae. in Q.
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The pointwise convergence of u, to u, relation (3.37), and the bounded character of S’ imply that, as n tends
to 400, the quantity S’ (up)ay, (2, t, un, Vuy) converges to S (u)a(z,t, Tas(w), VI (u)) in (Lf”/(QT))N. Note
that, in equation (2.11), S"(u)a (=, t, Tas (w), VT (w)) is denoted by S’ (w)a(x, t,u, Vu).

We find the limit of S”(uy,)a(z, t, up, Vu,)Vu,. Consider the “energy” term

S//(un)a(xataunavun)vun:S,/(un)a(xataTM(un)vVTM(un))VTM(un) ae. in Qr.

The pointwise convergence of S’(u,) to S’(u) and (3.37) as n tends to +occ and the bounded character of S”
enable us to conclude that S”(up)an(x, t, uy, Vu,)Vu, converges to S”(u)a(z,t, Tas(w), VI (w)) VT (w)
weakly in L!(Qr). Recall that

S"(w)a(x,t, Trr(w), VI (w)) VT (u) = 8" (w)a(z, t,u, Vu)Vu ae. in Qr.

We find the limit of S'(up,)(gn(®,t, un, Vun) + Hyp(z,t, Vu,)). From supp(S’) C [-M, M], in view
of (3.39), we conclude that S’(u,)gn(z,t, un, Vu,) converges to S’(u)g(z,t,u, Vu) strongly in L'(Qr) and
S’ (up)Hy(z,t, Vuy,) converges to S’ (u)H (z,t, Vu) strongly in L (Qr) as n tends to +o0.

We find the limit of S’(uy,) fp. Since u,, — u a.e. in Qr, we see that S’(uy,) f,, converges to S’(u)f strongly
in L(Qr) as n tends to +oc.

As a consequence of this convergence result, we now pass to the limit as n tends to +oco in equation (3.41)
and conclude that wu satisfies (2.11).

It remains to show that Bg(x,u) satisfies the initial condition (2.12). To this end, we first note that S is
bounded. Thus, in view of (2.14), (3.15), we conclude that BZ(x,u,) is bounded in L” (0, T; Wol’p(Q)). Second,
in view of (3.41) and the analysis of behavior of the terms of this equation presented above, we can show that

OBg(x, un)
ot

is bounded in L' (Q7) + Lp/((), ;WL (Q)). As a consequence (see [21]), we conclude that
Bg(x,un)(t = 0) = Bg(z, uon)

converges to Bg(w,u)(t = 0) strongly in L!(Q). On the other hand, in view of the smoothness of S and (3.1),
we conclude that

Bs(xz,u)(t =0) = Bg(z,up) in €.

Finally, we note that Steps 1-5 complete the proof of Theorem 1.
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