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RESONANT EQUATIONS WITH CLASSICAL ORTHOGONAL POLYNOMIALS. II

I. Gavrilyuk'-> and V. Makarov’ UDC 517.9

We study some resonant equations related to the classical orthogonal polynomials on infinite intervals,
i.e., the Hermite and the Laguerre orthogonal polynomials, and propose an algorithm for finding their
particular and general solutions in the closed form. This algorithm is especially suitable for the computer-
algebra tools, such as Maple. The resonant equations form an essential part of various applications, e.g.,
of the efficient functional-discrete method for the solution of operator equations and eigenvalue problems.
These equations also appear in the context of supersymmetric Casimir operators for the di-spin algebra
and in the solution of square operator equations, such as A%u = f (e.g., of the biharmonic equation).

1. Introduction

The present paper is the second part of our paper published in the previous issue of the journal. In this part,
we study the resonant equations with differential operators specifying classical orthogonal polynomials on infinite
intervals, namely, the Hermite and the Laguerre orthogonal polynomials. We use Algorithm 3.1 from Part I (see [4])
to obtain particular solutions of the corresponding resonant equations of the first and of the second kind and obtain
explicit formulas for the general solutions of the corresponding inhomogeneous resonant differential equations.

2. Resonant Equation of the Hermite Type

2.1. Hermite Resonant Equation of the First Kind. In this section, we consider the following Hermite-type
resonant gather:

d

exp(xZ)% [exp (—I'Q) du(x)

—r } + 2nu(z) = Hy(x), (2.1

where H,,(z) is a Hermite polynomial satisfying the homogeneous differential equation. The Hermite polynomial
H,(x) can be represented via the hypergeometric function
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with v = n (see [6, p. 147]). The general solution of the homogeneous equation (2.1) is given by the formula

u(z) = ecr Hp(x) + cohp (),

where

7 —t2) H, (¢
hn(:c):—/eXp( ) ()dt, n=0,1,2..., ze€C\ (—oc0,00),
o0

is an Hermite functions of the second kind satisfying the recurrence equation for Hermite polynomials. This
function can also be expressed via the confluent hypergeometric function in the following way [5]:

2n — 1
han(x) = (=1)"271(2n) 1y Fy (-"2; g;q?)

= [pan() exp(z?) + VT Hop (z)erfi(z)], n=1,2,...,

2 11
bania(0) = (-1 22 (25

= [p2n+1(x) exp(z?) + VA Honpr (2)erfi(z)], n=0,1,....

These formulas were obtained by using Maple to solve the Hermite differential equation. They satisfy the
difference equation

Prnt1(x) = 2xpp(z) — 2npp—1(x), n=1,2,...,
(2.3)

The formulas for the odd and the even indices can be combined into the following formula:

ha(z) = (—1)l" 2 ]olz]H (2 [gDu 2"}

+1) 1 1
><1F1<—Z+{"2 };2+2{”2 };x2>, n=0,1,..., (2.4)

where [x] and {x} denote the integral and fractional parts of a real number z.
The last expression can be transformed into

hn(x) = Hy () v/ exfi(z) + pp(x) exp(z?),
where the polynomials p,,(z) satisfy the recurrence equation (2.3).

We use Theorem 3.1 of [4] to find a particular solution of the inhomogeneous equation. First, we consider the
case n = 0, i.e., differentiate representation (2.2) with respect to v, i.e.,

5 1 d v 1
Uo(l‘) = o dy 1F1 <2; 2;952>

v=0
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Then we set ¥ = 0 and omit some terms satisfying the homogeneous equation

= s ’
ug(x) = ‘1121 (1 = \Qf /exp (t%) [1 — erfe(t)] dt. (2.5)
p=tp 2>p 0

Similarly, in order to get u;(x) we set n = 1 in (2.2), differentiate with respect to v, substitute v = 1, and
omit some terms satisfying the homogeneous differential equation. Thus, by using Maple, we obtain

d 1—v 3
ui(x) = —x o 1Fy (2; 2;:(}2)

v=1
1 & 2p 1
D) wZ 53> = g /752 {Vmexp (*)[1 — erfc(t)] — 2t} dt, (2.6)
p=lp 5 0
p

where erfc(z) is the imaginary error function [2].

It is easy to see that this way of getting particular solutions is very cumbersome. In what follows, we show
that Algorithm 3.1 from Part I [4] provides a more comfortable way.

Actually, we differentiate the recurrence relation for the Hermite polynomials

Hpt1(z) — 22H,(z) +2nHy,—1(z) =0
with respect to n and then apply Theorem 3.1 from [4]. As a result, we get the following recursion:
Upt1(z) = 2zup(z) — 2nup—1(z) + Hpo1(z), n=1,2,.... (2.7)

By using (2.5), (2.6), we obtain the following expressions as particular solutions:

xo(z) = E(z) = \27? /erf(t) exp (%) dt,
0

1

xi(z) = Y (~1)PCYH1y(2)

p=0

dp
s E(x) + .

Further, we use the following ansatzes:

uo(z) = xo(x) + co,
(2.8)
ui(x) = x1(x) + a1z

with undetermined coefficients ¢y and c¢; for the initial values of Algorithm 3.1 from Part I (see [4]). Substituting
these expressions in the recurrence equation (2.7) with n = 1 and choosing the coefficients guaranteeing that
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ug(x) satisfies the resonant equation, we conclude that ¢ can be arbitrary, whereas ¢; must satisfy the equation

4+4c1 =0,

i.e., c; = —1. Note that if we choose ¢y = 0, then we arrive at a representation

n

un() = S (~1)PCPH, () &

%E(m),

T

E(x) = \é% /erf(t) exp (%) dt.

0

For n = 0, 1, 2 this representation was obtained in [2].

(2.9)

Thus, we have constructed ug(z), k = 0, 1,2, which are particular solutions of the Hermite resonant equation

of the first kind. The next theorem shows that this is true for all n = 0,1,2,....

Theorem 2.1. The functions ui(z), k = 3,4,..., obtained by the recursion (2.7) with the initial condi-
tions ug(x), k = 0,1, given by (2.8) with cy = 0 and c¢; = —1, satisfy the resonant Hermite differential equation
of the first kind.

Proof. We prove this assertion by induction.

Assume that all up(x), p=0,1,...,n, satisfy the resonant Hermite differential equation of the first kind (2.1).

Applying the Hermite differential operator

d? d
2r — +2(n+1),

A1 = gz — 20 1

to the recurrence equation (2.7), by the assumption of induction, we obtain

du,,(x)

An—i—lun—&—l(m) - Hn—i—l(‘r) +|4—— - 8nun—1(x) + 4Hn—1<x) .

dx
Further, we use the classical relation (see, e.g., [3], Sec. 10.13)

dH, (x)
dzx

=2nH, ;(x).

Differentiating this equality with respect to n and using Theorem 3.1 in [4], we get

d
—2 ug'ix) = _4nun—1<x) + 2Hn—1<$)7

which shows that the square bracket in (2.10) is equal to zero.
Theorem 2.1 is proved.

(2.10)

Remark 2.1. Despite their beauty, relations (2.9) are uncomfortable for practical calculations because these
calculations require differentiation. From this point of view, our recurrence algorithm is more comfortable and can

be easily realized by using a computer-algebra tool, such as Maple.
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Further, the general solution of the resonant equation (2.1) is given by the formula
uw(x) = c1Hp(x) + cohp(x) + up (), (2.11)
where c; and ¢y are arbitrary constants.

2.2. The Hermite Resonant Equation of the Second Kind. Consider a resonant equation

duy,(x)

exp(z?) % [exp (—;p2) dx] + 2nup(z) = hy(z), (2.12)

where h,(x) are the Hermite functions of the second kind defined by (2.4).
In view of Theorem 3.1 in [4], we get a particular solution of the Hermite resonant equation (2.12) of the
second kind in the form

; (2.13)

vr=n

where (a)_1 = 0. The general solution of (2.12) has the form (2.11).
To obtain a recursive algorithm for particular solutions, we differentiate the recurrence equation for Hermite
functions of the second kind with respect to n and obtain

Un+1(2) = 22up(x) — 2nup—1() + hp—1(z), n=1,2,.... (2.14)

From (2.13), we extract the following particular solutions for n = 0, 1:

t

Yo(x) = ﬁ//erﬁ(ﬁ) exp (—¢?) déexp (*) dt,
00
(2.15)

(@) = (=2 [ (Vret(©6 - exp (€7)) exp (- de o
0

T

+2/ (Vmerfi(§)€ exp (—€%) — 1) £d¢ | (Vmerfi(z)z — exp(2?)) .

0
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These solutions are modified to the initial values of recursion (2.14) in order to guarantee that us(x) satisfies the
differential equation. To this end, we use the ansatzes

uo(z) = xo(x) + coho(x), ui(z) = x1(z) + crhi(x) (2.16)

with undetermined coefficients ¢; and cy. Substituting these relations in (2.14) with n = 1 we demand that us(x)
must satisfy the resonant differential equation and obtain the following formulas for arbitrary constants and the
particular solution wuz(x):

3 1
Cozga 61217

ug(z) = 2zui () — 2ug(z) + ho(x)
2 1 2
= —2x0(z) +2zx1(x) + | 2° + 1 Vmerfi(z) — x exp(z?).
Thus, we get a particular solution of the form
un(x) = —2Hn—2(x)x0(x) + pn(x)x1(2)

+ gn () v/merfi(z) + v, () exp(z?), (2.17)

where the polynomials p,(x) satisfy the recurrence equation for the Hermite polynomials with the initial condi-
tions po(z) = 0 and p;(z) = 1, the polynomials ¢, (x) solve the initial-value problem

Gn+1(x) = 22qn () — 2ngn—1(x) + Hp—1(x), n=1,2,...,

and the polynomials v, (x) solve the discrete problem

Unt1(z) = 2zvp(2) — 2nvp—1(x) + pp—1(x), n=1,2,...,

The particular solutions u,,(x) of the Hermite resonant equation of the second kind satisfy the resonant differ-
ential equation for n = 0, 1, 2 by construction. The next theorem shows that this is the case forall n = 0,1,2,....

Theorem 2.2. The functions uy(x) obtained by using recursion (2.17) with the initial conditions u(x),
k = 0,1, given by (2.16) satisfy the resonant Hermite differential equation of the second kind for all k = 3,4, . ...

The proof is completely analogous to the proof of Theorem 2.1 if we take into account the fact that the Hermite
functions of the second kind (that are not polynomials!) satisfy the same recurrence equation as the Hermite
polynomials and the same differentiation formula.
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3. Resonant Equation of the Laguerre Type

3.1. The Laguerre Resonant Equation of the First Kind. In this section, we consider the following equation
of the Laguerre type:

+(1+a-u2) dlc‘l(;) +nu(z) = Le(z), 3.1)

where

"ofnta\ (_p\k
Lo(x) = (a;!l)n O(—n,a+1,2) = ( ) (=2)
0

is the Laguerre polynomial satisfying the homogeneous differential equation corresponding to (3.1). This poly-
nomial can be represented in terms of the confluent hypergeometric function (i.e., in terms of the solution of
a confluent hypergeometric equation, which is a degenerate form of the hypergeometric differential equation cor-
responding to the case where two out of three regular singularities merge into an irregular singularity) [1, p. 189]
[relation (14)]. Since the Laguerre polynomial resolves the homogeneous equation, the inhomogeneous equa-
tion (3.1) is resonant.

The second linear independent solution of the homogeneous differential equation is the Laguerre function of
the second kind [7, p. 16, 20]. If we solve the corresponding differential equation by using Maple, then we get the
following representation for the Laguerre function of the second kind with noninteger «::

I2(x) = 27 Fi(—n — a;—a + 132) = D(1 — a, —2) L%(z) — (—2)"pS () exp(a),

1
Prn(@) = 7 [@n+a+l-a)pi(@) - (n+apia@)],  n=12..., (3.2)

pi(z) =1,  pi(@)=1-u=,

where

(e o]

I'(a,z) = /e_tt“_ldt

z

is the incomplete Gamma function. For nonnegative integer a, we find

I (2) = Bl (=) Ly () — (—2)""pl(z) exp(2),

«
pi) =—2"+) (p—Dla—p+1)12*", (Y4 =
p=1 0, y<0,

p(x) = 2> 4+ 2 U(2,2,—2)+ (-1)*U(1+ o, 1+ a,—z)] = Zxo‘_p(p -1
p=1
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where
o
eft
Eiy (2) = / Cdr, lag() <

z

is the exponential integral and U (a, b, z) is Kummer’s function of the second kind. This function is a solution of
Kummer’s differential equation

d?w

dw
zﬁ—i—(b—z)——awzo.

dz

The other linear independent solution is Kummer’s function of the first kind M defined, e.g., by a generalized
hypergeometric series:

a/n
M(a,b, 2) Z b((n)n‘ = 1F1(a;b; 2),

where a(gy = 1, a(,) = a(a+1)(a+2)...(a+n—1) is the Pochhammer symbol. Note that Kummer’s function
of the second kind can be represented in the form

Ula,b,z) = m M(a,b, z) + F(Ilf(;)l) AM(a+1—-b6,2—-0,2).
Let
[ (=) =) 2 ()
n=0

be the generating function for the polynomials p%(x) with both noninteger and nonnegative integer «. Thus,
multiplying the second equation (3.2) by 2™ and finding the sum over n, we arrive at the Cauchy problem

(1—2)? 882 fYzz)=la+1—x—2(1+a)] f¥z, 2)

+(1+22) (@) — (ot 1= (@), F2(0,2) = B (2),

with the following solution:

Zz —(1-2)" alexp<zf1>

x {_/(_(2t2+1)p‘1"(az) + (e 1=2)pf (2)) (t= 1) exp <_t—xl> “

0

+ (1) pf(x )exp(m)}-
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In particular, for o = 0, we find

Plzw) =1 -2 (3 —x)exp (fl)
+(1- z)fl(w —1(z—3)exp (zfl)

X {—Eil(—x) + Eij (—wl> } +z—x+3,
Z_

for « = 1, we get

fHz,z)=(1—2)72 (;g2 — 5z +2) (1 - az)% exp (zx_zl)

+(1—2)72 (2% — 72? + 122 — 3) % exp (L) {—Eil(—x) +Eiy (‘L)}

3(21_1)[m3—(z+6)332+(2z2+32+7)1‘—222—2z—|—1].

Moreover, for o = 1/2, we can write

Pre) = == 1) e ()

z

exp(—) / [L+4(z — DE7] exp <x> dt+1

2 Vi—1 t—1

0

The general solution of the homogeneous Laguerre differential equation is given by the formula
u(z) = 1 L (x) + calfy(x)

with arbitrary constants ¢; and ce. By Theorem 3.1 in [4], a particular solution of the Laguerre resonant differential

equation of the first kind

2uy (x uy (z
d dmg ) +(1—x) dd:i) +vuy,(x) = L,(z) = ®(—v, 1,2)

is given by
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where ®(a,c;x) is the confluent hypergeometric function [1] (Ch. 6). In this relation, we replace v € R with
n € N and obtain the resonant Laguerre equation and the corresponding particular solution:

@ d(-v g N~ 21
un () kg CiEhrr A k; T =) Un1 (@) + (). (33)
By using the relation
31::j§:‘én) ORI G Vi (3.4)
Hj:o(k_i) —k-n+i il(n —4)!’

we transform the sums w,, 1 () and u, 2(x) so that it becomes possible to compute them in the closed form, e.g.,
by the Maple software. As a result, we get

uo(z) = — [Eiy(—2) + In(—z) + 4],

ur(x) = —Ly(@)uo(x) — exp(a) + 1+ a,

ug(z) = —La(x)up(x) + % (z —3)exp(z) — zl‘g +x+ %,

1 11 7 1 11
ug(x) = —Ls(x)up(x) + 8 (—2® + 8z — 11) exp(x) + %az?’ 1 z? + 3 + 5

ug(x) = —Lg(x)up(x) + i (2 — 152® + 58z — 50) exp(x)

2 4 195 T, 1 %
_2 a9 20
288 18 4 371

where v = 0.5772156649. .. is Euler’s constant. With an aim to get the sum w, 2(x) in the closed form, we
note that

(n) P x exp(z) i—1—p
vy () = =——w(x) - — lx
! p_zn_:ﬂ pl(p — 1) i! 1! pz_;)
n—i—1 n—p i i—1 i—1
x x 1 xP
- ) R o e
= (n=p)l(n—p—1) ﬂg%p+1 ;%M@—p)

3.9
w(z) = Eiy(—x) + In(—x) + 7.

Then it follows from (3.3)—(3.5) that

un,2(l') = —(—1)”n! afn)vin)z(x) — Z(_l)n+1—iciv(n) (.’E)

n“n—i
=0 =0
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where

1 e—icl 1 ,
Ezt:ot+1’ p=t

The technique presented above for o = 0 is even more cumbersome for o # 0. This is why, in what follows,
we use our recursive algorithm for finding particular solutions in order to be able to get the general solution of the
Laguerre resonant equation (3.1) in the form

u(@) = 1Ly (2) + calyy () + un (),
with arbitrary constants ¢; and cs.
Differentiating the recurrence equation for the Laguerre polynomials with respect to n and using Theorem 3.1

in [4], we get the following recurrence formula for the particular solutions:

_2n+a+1—x n+ o

Upy1(2) = Tar1l un(z) — — o (x)
O ) - s ), n=1, 66)
with the corresponding initial conditions. Thus, for o = 1 we get
ub(w) = - ~In(z),
1

and the following representation for the particular solution of the resonant equation:

un(z) = L (2)ug(z) + gn(x) <:C + i) + v ().

Here, the polynomial g, (x) satisfies the recurrence equation for the Laguerre polynomials with the initial condi-
tions

vo(x) =0, vi(x) = —1.
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The polynomial v, (x) solves the difference problem

2 2 —
o) = I Ty — ol () —
n+1 3.7)

For any «, by Theorem 3.1 in [4], we obtain a particular solution

d d T(a+1+v)
ap)= - L po . 1, 2)—
unl@) = = g, L) (mat L) S e T £ 1)

v=n v=n

Ia+1+n) d
- Ly YEPNIRT
Mo+ Tt 1) v St L)

9
v=n

whence we get the following particular solutions for n = 0, 1:

X
= F5(1,1;2,2 ;
XO(x) C¥—|—1 2 2(7 3 4y +O[,I),

x1(z) =z 2F5(1,1;2,2 + ;) — ax

T2 2F2(1, 1;2,3 +a;:c).

With an aim to obtain the solutions of the resonant differential equation from the recurrence formula, we use the
following ansatzes:

ug (7) = xo(z) + co,
uf(z) = x1(z) + c1 L{ ()

with undetermined coefficients ¢y and c;. Substituting these expressions in (3.7) and demanding that the particular
solution u{'(x) must satisfy the resonant differential equation, we find

a(3a+5) a

T e+ e+2) T T 2(at2)

In this case, the initial values of the recursive algorithm for finding the particular solutions take the form

o x a(3a + 5)
= L R(1,1;2,2+ ayx) —
up(e) = o 2L L2 2+ asw) = orm e o
(3.8)
2
u(ll(x) =T 2F2(]-7 172,2—1—0(, l’) - ° 2F2(17 172>3+ Oé,i’) - c L(ll(x)
a+2 2(a + 2)

The next assertion shows that the functions u (z) generated by recursion (3.6) with the initial values (3.8)
satisfy the Laguerre resonant differential equation of the first kind for all n = 0,1,2,... .
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Theorem 3.1. The functions uS(x) generated by the recursive algorithm (3.6) with the initial values (3.8)
are particular solutions of the Laguerre resonant differential equation of the first kind forall n = 0,1,2, ... .

Proof. We prove this assertion by induction. First, we note that the functions ul(x) for n = 0,1,2 are
particular solution due to their construction. We assume that all functions u;‘ (z), p=0,1,...,n, are particular
solutions and prove that, in this case, u; ;(x) is also a particular solution.

Actually, by applying the Laguerre differential operator

2

d
w@—k(a—l—l—x)——i—n—i—l

AnJrl = dr

to both sides of (3.6) and using the induction hypothesis, we can write

2 du&
Ay (@) = L (@) + 2 (@) o P50y gty @
2 [e% (63
o (Lo (x) — Loy (@)] - (3.9)

Further, we use the relation (see, e.g., [8], Sec. 10.12)

d L%
dLg(w)

L — 0L (o) — (0 + )L (0).

Differentiating this relation with respect to n and using Theorem 3.1 of [4], we conclude that both square brackets
in (3.9) are equal to zero and, hence, the assertion is proved.
The general representation of the particular solutions has the form

up () = pp () 2F2(1,1;2,2 + o5 2)
+qn(x) 2oF5(1,1;2,3 + ;) + v (z), n=2,3,...,

where the polynomials pS(x), ¢5(x) satisfy the classical Laguerre recurrence equation with the initial conditions

respectively. The polynomials v (z) satisfy the inhomogeneous recurrence equation

Ug+1($):n—+1vg(x)— " o (x)
a—1—-z a—1
+WL3($)_WI%71($), n=12,...,
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with the initial conditions

ar a(3a +5)

W@ = i D+ )
ar_ olat+1—x)
W) = -0y

3.2. The Laguerre Resonant Equation of the First Kind (Revisited). In this section, we again consider
the resonant Laguerre differential equation of the first type (3.1) and show that its particular solutions can be
represented in terms only of elementary functions.

We know that one of linear independent solutions of the homogeneous differential equation is the Laguerre
function of the second kind [7, p. 16, 20]. Solving the corresponding differential equation by using Maple, we arrive
at the following representation of the Laguerre function of the second kind for noninteger «:

(x)=2"“1Fi(—n—a,—a+ 1;x)
=Tl —a,—z)Ly(2) = (=)~ "pl(2) exp(2),

(e} 1 (63 (e}
Ppr1() = il [(@n+a+1-2)p(z) - (n+a)ph_y(2)], n=12...,

(e}

po(z) =0, pf(z)=1-=z.

For nonnegative natural oz € N we obtain

In(x) = Eiy(—z) Ly (x) — (—z)"“py () exp(x),
p*(z) = (= 1), (3.10)
pg(z) =21 +2%[U(2,2,—2) + (-1)*lU(1 + o, 1 + o, —)].

Note that the function in the second initial condition in (3.10) solves the following difference initial-value
problem:

By Theorem 3.1 in [4], we can represent the particular solutions of the Laguerre resonant equation of the first
kind as follows:

-1 n+1 o
un(x):(n)!8VU(—1/,1+a,—x)|n:V, n=0,1....

This representation gives the particular solutions

a—1
o _ . a p @ —D)p+1
AB0) = wlo) = o) + 3 (S



RESONANT EQUATIONS WITH CLASSICAL ORTHOGONAL POLYNOMIALS. II 533

Xi(2) = wi(x) = —L§(2) In(z) + )

p=0

where
a—1
kpri(a) =pY kp(i), p=12,...,a-1,
i=1

a+1)

kl(a):a(2 . ko) =—a—2, a=23,....

In the first step of Algorithm 3.1 of [4] we use the following ansatzes:
ug (2) = xo () + coLg (x) + do L7 (),
ut () = X1 (2) + e Lg () + di L7 ()

with undetermined coefficients ¢y, dp, c1, and dj, substitute these expressions in (3.6) with n = 1, deter-
mine u$ (x), and choose co, dy, c1, and dy for which u§(x) satisfies the resonant differential equation. As a re-
sult, we obtain dy = 0, dy =0, and ¢; = 1 + ¢g.

We can now prove that

P ()
un (@) = —Ly(2)In(2) + =72,
where the polynomials p% (x) satisfy the recurrence equation

n+a+l—-z n+ o

Phy1(z) = n—HPf{(ﬂf) ] Ph-1(z)
a—1—-=x a—1

— - Ly (x) — —— Ly, =1,2,...
+ (n+1)2 n(x) <n+1)2 n—l(x>’ n ) Sy )

with the initial conditions

pf(z) = Z:ca_pkp(a) + (1 + co)x“LY ().
p=0

3.3. The Laguerre Resonant Equation of the Second Kind. In this section, we consider the resonant
equation

d?u(x)
dx?

du(x)
dz

x +(14+a—2x) + nu(x) = I (x), (3.11)

where [%(z) is the Laguerre function of the second kind given by (3.2).
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By virtue of Theorem 3.1 in [4], the relation

Up(x) = % I(@)|,_, (3.12)

specifies a particular solution of (3.11). Hence, its general solution is given by the formula
u(x) = 1 Ly (x) + caly () + up(x).
The application of relation (3.12) for arbitrary n is quite cumbersome. Therefore, we use Algorithm 3.1

from [4], where, for the sake of simplicity, we set e = 0. Solving the differential equation (3.11) with the help of
Maple for n = 0 and n = 1, we find

T

Xo() = /

t
/En ) exp(—&)d¢ dt,
1

(3.13)
x1(z) = [(1 — 2)Eii(—z) — exp(z / + Eiy (=€) (=14 &) exp(—&)] (=1 + &)d¢
1
+ /exp(—f) [Eiy (=) (-1+¢&) + exp(—{)]2 dé(—1+ z).
1
As the ansatzes for the initial values of our algorithm, we use
up () = xo() + coBir (=) + do,
(3.14)

u}(z) = x1(z) + erlf(z) + d LY ()

with undetermined constants cg, dg, c1, and d;. Differentiating the recurrence equation for the Laguerre functions
of the second kind with respect to n with regard for (3.12), we obtain the following recurrence relation for the
particular solutions:

2n+1—=x n
2+1() niﬂuﬁ(x) T 2_1(33)
1+z 1 0
Thrie b(z) + CESIE Ih_1(z). (3.15)

We substitute (3.14) to this equation with n = 1 and demand that the obtained function ug(x) must satisfy

the resonant differential equation (3.11) with n = 2. As a result, we obtain

co = —Eij(—1)exp(—1) — 1, do = —[Eiy(—1) exp(—1/2) + exp(1/2)]2,
(3.16)
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By analogy with Theorem 3.1, we can prove the following assertion:
Theorem 3.2. The functions u (x) generated by the recursive algorithm (3.15) with the initial values (3.14)

and constants given by (3.16) are particular solutions of the Laguerre resonant differential equation of the second
kind forall n =0,1,2,....

As aresult of substitution in (3.15), it can be proved that the following representation is true:
un (%) = P (2)x1(2) + g (2)x0(2) + vy (2) Bir (=) + wy () exp() + gy () do, (3.17)
where the polynomials p(z) and ¢2(z) satisfy the recurrence relation for the Laguerre polynomials with the

initial conditions

The polynomials w? (z) satisfy the inhomogeneous recurrence relation for the Laguerre polynomials

2n+1—=x n
w2+1(x) = n7+1 wg(x) s T 1 n—1(T)
1+z 1 0
YAV =12
(n+1)2 pn(l‘) <n+1)2 pn—l(m)a n )y 3
with the initial conditions

T+ 1

w(z) =0,  wh(x)= T

Here, p?(x) are the same polynomials as in (3.17).
The polynomials v (z) solve the following discrete initial-value problem:

2n+1—=x n

U?zﬂ(x) = niﬂvg(:c) Tt 0271(37)

1+2x 0 1 0

- L — L =1,2
(n+1)2 n(x)+ (7’L—|—1)2 n—l(‘r)a n y <y )
2
-2
Rz) =0,  vY@)="""2

4

We now present some particular solutions of the Laguerre resonant equation of the second kind obtained by
using our algorithm:

ug(x) = xo(x) + coBir(—z) +do,  ul(z) = x1(x),

r—3 1
() = - T (@) - 5 xol2)
22 -1 1
+ %Eil(fx) _Z 3 exp(z) — 5 do,
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5 3 I 2 Co 500 .
e - - - T E -
+ ( 3 x° + 12 xr° + x ) 11( $)

1, 11, 23 1 15
Bl g S “e-2)d
+<24“" ' T’ 72>exp(x)+<6x 6) 0

where ¢y and dy are given by relation (3.16) and o and x; are given by relation (3.13).
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