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BOJANOV-NAIDENOYV PROBLEM FOR FUNCTIONS WITH ASYMMETRIC
RESTRICTIONS FOR THE HIGHER DERIVATIVE

V. A. Kofanov UDC 517.5

For given r € N, p, a, B, u > 0, we solve the extreme problems
b
/xqi(t)dt —sup, q>p,
a

in the set of pairs (z,I) of functions € L{, and intervals I = [a,b] C R satisfying the inequal-
ities —8 < (™ (t) < a for almost all ¢ € R, the conditions L(z+), < L((api‘:f)i)p, and the

corresponding condition u (supp[mb]m_) <porp (supp[aﬂb]m_) < u, where

L(z)p := sup {||x||Lp[a,b] ta,beR, |z(t)] >0, t € (qa, b)} ,

SUPP[, )T+ = {t € [a,b] : x4 (t) > 0}, and gpif is an asymmetric (27 /\)-periodic Euler spline of

order r. As a consequence, we solve the same extreme problems for the intermediate derivatives xi ),

k=1,...,r—1, with ¢ > 1.

1. Introduction

Consider the spaces L,, 0 < p < oo, of all measurable functions z: R — R such that ||z|[, < co, where

400 1/p
(/ ]ac(t)]pdt> for 0<p< oo,

lzll, =q

vraisup |z ()| for p= 0.
teR

For » € N and p, s € (0, 0], by L;, ; we denote the space of all functions = € L, with locally absolutely
continuous derivatives up to the order (r — 1), inclusively, such that 2(") € L,. We write L7, instead of L, .
It is known (see, e.g., [1, p. 47]) that the problem of finding the exact constant C' in the Kolmogorov—Nagy-

type inequality

l=®|, < C )3 []=0]), 7 (1.1)

in a class of functions x € LT ., where

p757

r—k+1/q—-1/s
 r+l/p—1/s
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420 V. A. KOFANOV

and the parameters ¢, p, s > 1, r € N, k € Ny := NJ{0}, k& < r, satisfy the condition o < (r — k)/r,
is equivalent to the extreme problem

l=®]],, = sup (1.2)
in a class of functions = € L; ; satisfying the restrictions
|z, < Ar,  l3llp < Ao, (1.3)

where Ag and A, are given positive numbers.

Despite a great number of works available in this research field (see the references in [1-3]), the exact con-
stant C' in inequality (1.1) is known for all k£, € N, k < r, only in a few cases. Therefore, it is of interest
to analyze the following modification of problem (1.2) with restrictions (1.3) considered by Bojanov and Naide-
nov [4]: For any segment [a,b] C R, they solved the problem

b
/@(’az(k)(t)‘) dt - sup, k=1,...,r—1,

a

in the class of functions x € L’ satisfying conditions (1.3) with p = s = oo, where @ is a function continuously
differentiable in [0, c0), positive in (0, c0), and such that ®(t)/t does not decrease and ®(0) = 0.

By W we denote a class of continuous nonnegative and convex functions ® given on [0,00) and such
that ®(0) = 0. For p > 0, we set [5]

b 1/p
L(x), = sup /]:r(t)]pdt CabeR, |2t)] >0, t € (ab) b (14)

The following modification of the Bojanov—Naidenov problem was solved in [6]:

b
/@(\m(t)]p) dt — sup, deW, p>0, (1.5)

a

in a class of functions x € L satisfying the restrictions
20| < A, L), < Ao. (1.6)

As a consequence, we obtained the solution of the problem

b
/@(\x<k>(t)|)dt—>sup, deW, k=1,...,r—1, 1.7)

a

in the class of all functions x € L[ satisfying conditions (1.6). The results presented in [6] were generalized
in [7].
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The sharp inequalities of the form (1.1) with asymmetric restrictions imposed on the higher derivative and
related extreme problems with these restrictions were considered in [8—11].

Let r € N and «, 5 > 0. By go?’ﬂ (t) we denote the rth 27 -periodic integral (with zero mean value over the
period) of a 27 -periodic function 903’5 (t) defined on [0, 27] as follows:

a for tel0,2n8/(a+ B)],
w6 (1) =
—B for te[2mB/(a+ B),2n].

For A > 0, we set gpif(t) = A" (At). Further, let
oaf = {:U e Ll : Ha_lng) + 5_133(,T)Hoo < 1}.
Consider a class
T . O‘vﬁ
L,.(p,a, B, \) = {x = Woo,aﬁ. L(zy), < L((%\W)i)p} )

where x4 (t) := max{z(t),0}.
In the present paper, we solve the problem (Theorem 1)

b
/@(wi(t)) dt — sup, deW, p>0, (1.8)

a

in the set of pairs (z, I) of functions = € L, (p, «, 5, \) and segments I = [a, b] satisfying the condition

p(suppp pz+) <p,  p>0.

We also solve the problem (Theorem 2)
/(b(ng)(t))dt%sup, deW, k=1,...,r—1, (1.9)

in the set of pairs (x, ) of functions = € L,(p, o, 5, \) and segments I = [a, b] satisfying the condition

u(sur)p[a,b]fcf)> <p, p>0,

where

SUPP[qp T = {t € [a,0]: |z(t)| > 0}.

Note that, in the symmetric case (i.e., for a = (), problems (1.8) and (1.9) were solved in [12].
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2. Auxiliary Statements

Lemma 1 [11]. Suppose that r € N and p, «, 8 > 0. If, for the function x € Wgo?aﬁ, the number A > 0
is chosen so that

L(zy), < L((Soi{f)i%’

where the quantity L(x), is given by equality (1.4), then

e < 629.]

Lemma 2 [11]. Suppose that k,vr € N, k < r, and p, o, B > 0. If, for the function x € Wi .o
the number \ > 0 is chosen so that

Lizs)y < L((#37).)
then, forany q > 1,

L(ng))q <L ((‘Piéffk)i)q :

Corollary 1. Let v € N and let o, > 0. If the function x € W, , 5 satisfies the condition L(x), < o0
with some p > 0 and |x(t)| > 0 for t € (a,b), where either a = —00 or b = +00, then x(t) — 0 as t — —o0
or t — +00.

Under the conditions of Corollary 1, we assume that z(—oc0) = 0 or z(+00) = 0.
For a function = summable on the segment [a, b], by r(x,t) we denote the permutation of the function |z|
(see, e.g., [13], Sec. 1.3). We also assume that r(z,t) = 0 for t > b — a.

Lemma 3. Suppose that r € N, p > 0, «, 8 > 0, and for a function x € Wgoaﬂ? the number X > 0 is
chosen so that the conditions

L(zy), < L((gpif)i)p, @2.1)

are satisfied; here, L(x), is given by equality (1.4).
If a (finite or infinite) interval (a+,by) C R and a segment [Ay, By] C R are such that

zi(ay) =xz4(by) =0, x4 (t) >0, te€ (ax,by), 2.2)

and

(e07)s(A2) = (R (B2) =0, (&07)4H) >0, t€ (A, Bs), 2.3)
then, for any & > 0 and an arbitrary function ® € W, the following inequalities are true:

a+—+E€ AL+E
® (T (1)) dt < / o((@50)2m) at 2.4)

a4+ Ay
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and
by Bt
/ O (T4 (t))dt < / cb((@i‘f)ft(t)) dt, (2.5)
br—¢ By —¢

where T is the restriction of the function x4 to (ax,by) and (@i’ﬁ ) , is the restriction of (Lpiff ) L 1o [Ax, Byl;

T
moreover, the functions T4 and (@i‘f ) | are set equal to zero outside these intervals.
In addition, if

by —ay < By — A4, (2.6)

then, for any segment [ay, 51] C [Ax, By] such that

fr —at =br —ax, 2.7)
the inequality
bt B+
/(I)(x’:’t(t)) dt < /@((goi‘f)i(t)) dt, ®eWw, 2.8)
at+ a4

is true.
Proof. We fix a function = and intervals (a4,by) and [Ay, B4] satisfying the conditions of Lemma 3. It is

necessary to prove inequality (2.4) [inequality (2.5) is proved in a similar way].
We first prove the inequality

9 £
/rp(xi,t) dt < /rp(goi,t) dat, &¢>0, (2.9)
0 0

where, for the sake of brevity, we set ¢, 1= (@ff ) - First, we show that the difference

01+(t) :=1(T4,t) — 7(Ps, 1)
changes its sign on [0, c0) (from minus to plus) at most once. To prove this, we note that
6:(0) < llatlloo — | (#3) llo < O (2.10)
by Lemma 1. By virtue of this inequality and relations (2.2) and (2.3), for any z+ € (0, || T+ ||o0), there exist points
t;-t € (ax,by), i=1,...,m, m?>2,

y;t € (A:taB:t)v .] = 1721
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such that

2 =T2(t7) =PL(y)),  Pelyi) >0, Pi(yy) <0 2.11)

In this case, |/, (t) ‘ #0,i=1,...,m, foralmostall z4+ € (0, T+ ) and, in addition, among the points t,

there exist at least one point t and one point ti for which

7, (t7) >0, 7 (t5) < 0. (2.12)
By virtue of the inclusion x € W | 3 and inequality (2.10), all conditions of the Hérmander comparison

theorem are satisfied [8] (see also [1, p. 96]). According to this theorem, for the points tf and yj-t satisfying
conditions (2.11) and (2.12), we get

7L ()] < [Pl [FLD)] < [Phlwz)]-
Hence, if the points Hi Gi > 0 are chosen so that
Zy = T(Ti,ﬁf) = r(@i,ﬁgc),

then, by the theorem on the derivative of permutation (see, e.g., [13], Proposition 1.3.2), we find

-1

| (@, 05)] = | D 1@ ()]
Li=1
- ~1

2
YOI = (@ 6)].

=1

IN

This means that the difference
55 (t) = r(Tx,t) — (P t)

changes its sign on [0, c0) (from minus to plus) at most once. The same is true for the difference
+ _ _
5p (t) = Tp(xia t) - Tp(go:ta t)'

Consider the integral
3
+ . +
Fe) = /5p (B)dt, €>0.
0
It is clear that Ipi(O) = 0 and, by virtue of condition (2.1), for £ > max{by —as, By — AL}, we get

15(6) < Lws)y — L((43)).) <0
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Furthermore, the derivative (IF)'(t) = 6%(t) changes its sign on [0, 00) (from minus to plus) at most once.
Therefore, I;,t(f ) <0 forall £ > 0. Inequality (2.9) is proved.
By virtue of the Hardy-Littlewood—Pdlya theorem (see, e.g., [13], Theorem 1.3.11), this inequality implies that

bt By
/cp(a:fjt(t)) dt < /@((goi‘f)i(t)) dt, ®eW. (2.13)
a+ Ay

We now prove inequality (2.4). Passing to the shifts of the functions = and (@f\‘f ), we can write
ay =Ar =0. (2.14)
Thus, by the Hormander comparison theorem, the difference
AF(t) = To(t) — P (t)

changes its sign on [0, 00) (from minus to plus) at most once. Since the functions f(t) = ¢ and ® € W are
monotonically increasing, the same is true for the difference

We set

bt By
I3(6) < /Q)(xft(t))dt— /@((go?\‘f)i(t)) dt <0
a4 Ag

for

&> max{by —ay,By — AL},
In addition, the derivative (I g)’(t) = AZ(t) changes its sign on [0, 00) (from minus to plus) at most once. Hence,
IEE) <0 forall &> 0.
By virtue of assumption (2.14), this is equivalent to inequality (2.4).

It remains to prove inequality (2.8) under conditions (2.6) and (2.7). Assume that the last two conditions are
satisfied. Thus, shifting (if necessary) the function z, we can assume that

at+ = a4, bt = B+. (2.15)
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By the Hérmander comparison theorem (as indicated above, its conditions are satisfied), the inequalities
z2(t) < (57) 1), € lax,bs],

are true. Hence, by virtue of assumption (2.15), we directly arrive at inequality (2.8).
Lemma 3 is proved.

In the course of the proof of Lemma 3, we have, in fact, established inequality (2.13). Setting in this inequality
®(t) =t9/P, where ¢ >p,

and using conditions (2.2) and (2.3) and the definition of the quantity L(z), (1.4), we arrive at the following
corollary:

Corollary 2. Under the conditions of Lemma 3, for any function ® € W, the inequality

b+ By 27 /A
[eatmyis [o(hnm)a= [ o(wdm)a
a+ Ap 0

is true. In particular, for any q > p,

L(ws)y < L((#57).),
We set
4 += pu(suppio, 2y (957 2 ). (2.16)
where the set suppy, 2+ is given by equality (1.8). Note that
df +d. =2n/\.
Moreover, for odd r, df = d.

Lemmad. Let r € N and p,«a, 8 > 0. Assume that, for a function x € W' the number X > 0 is

00,01,37
chosen to guarantee that the following conditions are satisfied:

L(zs), < L((cpi‘f) i) : 2.17)
P
where the quantity L(z), is given by equality (1.4). If the segment [a,b] C R satisfies the condition

0y = M(supp[a7b]a:+) <df (2.18)
or the condition

o_ = u(supp[avb}x_> <d,, (2.19)
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then, for any function ® € W, either the inequality

b m++6;"
/ O (a” (t)) dt < / o((p30)7 (1)) at (2.20)
a mJF—@'lF
or, respectively, the inequality
b m~+0,
/ B(a? (1)) dt < / o((¢50)" (1)) at (2.21)
a m-——67

is true. Here, m* are points of local maxima of the function (tpif (t)) L and the quantities @f, @gt > 0 are
such that
p5r (m* = 0F) = 3 (m* + 63). (2.22)
In addition,
0 + 05 =d.. (2.23)

Note that ©F = ©F for even .

Proof. We fix a function z € W7, ; and a segment [a, b] satisfying the conditions of Lemma 4. We prove
inequality (2.20) under condition (2.18) [inequality (2.21) under condition (2.19) is proved similarly]. Assume that

zy(a) >0, z4(b) >0 (2.24)

[if at least one of these inequalities is not true, then the proof of inequality (2.20) is simplified].
If the function = does not have zeros in (a,b), then, by Corollary 1 of Lemma 2, there exists an (finite or
infinite) interval (c, d) such that (a,b) C (¢, d) and, in addition,

z4(c) =x4(d) =0, x4 (t) >0, te (ed).

By 71 we denote the restriction of xy to (c¢,d) and by », we denote the restriction of (gogff ) L 0 [0,2m/A].
Repeating the reasoning used in the proof of inequality (2.9), we obtain

'3 3
/rp(ac+,t) it < /rp(go+,t) dt, €50,
0 0

By virtue of the Hardy—Littlewood—Pélya theorem (see, e.g., [13], Theorem 1.3.11), we get

¢ £
[ew@as [errE. a eew eo
0 0
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Hence,

a b—a

/@((x’;(t))dt— 7(1)(74’ (T4, t))dt < /<I> (rP (P, (1)) dt.
0 0

In the case where z does not have zeros in (a, b), inequality (2.20) follows from the obvious equality

b—a m*—i—@;"

D (rP(p(t)) dt = / @((¢A;f)+(t)>dt,

m*—@f

o

where m™ is the point of local maximum of the spline (cpi‘f () , and 7,075 > 0 satisfy conditions (2.22)
and (2.23); moreover, 6 = b — a.
We now assume that « have zeros in (a, b) and set

= inf{t € (a,b): z4(t) = 0}, v :=sup{t € (a,b): x4 (t) = 0}.

Thus, by virtue of (2.24), the support suppy, .+ has the form

suppl 57+ = (a,a’) [ (,0) | (J(ar, br), (2.25)

k

where (ay, bi) C (a/,b"). Moreover,
x+(ak) = x_,_(bk) =0, 1:+(t) >0, te (ak, bk)

(note that the set of these intervals (ag, b) may be empty). By virtue of relation (2.18), assumption (2.24), and the
definitions of the quantities a’ and b, we get

by =(a'—a)+ (0—V)+ > (bp—ar) < df. (2.26)
k

Let Ay and By be two neighboring zeros of the spline ¢’ 5 and, in addition, (¢ )\’ﬁ ) (t) >0 forte (Ay, By).
By virtue of Corollary 1, there exist (finite or infinite) 1ntervals (o/,a’) and (0,3 ) such that

() =z,(d) =0, z4(t) >0, te(d,d),

and
er(b/) = $+(B/) = 07 'TJr(t) > 07 te (blvﬁl)'
Applying inequalities (2.4) and (2.5) to the intervals (a/,a’) and (b, 3') and the segment [A., B], we find

Ay +€

b
/ (2" (1)) dt < / o((p)2m) dt, €=V, (2.27)
)

Ay
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and
a’ By
/@(xﬁ(t)) dt < / o((e30)im) dt, n=d —a, (2.28)
a +N

[by virtue of (2.26), in inequality (2.4), T4 can be replaced with z and (@i‘f ) L can be replaced with (goif ) +] .
In view of (2.26), there exist mutually disjoint intervals (o, B;) such that

(o, Br) C (Ay +&, By —n), Br — oy = by, — ay.

By virtue of relation (2.8), the inequality

by, Br
/ ® (2" (1)) dt < / o ((p30)7 (1)) at (2.29)

is true for these intervals. Finding the sum of estimates (2.27)—(2.29) and taking into account (2.25), we get

a/

b b by
O(2h (1)) dt = [ ®(2h(t))dt + [ ®(2E (t)) dt + O (2h (¢)) dt
a/<+>/<+>/<+>§a[<+>

a b

Apte By
< / @((gpj‘;f)i(t)> dt + / @((go;”f)i(t)) dt
Ay By—n

Bk

+Z/<I>((go§f)i(t)) dt.
kg

Since Br — ap = by, — ag, by virtue of (2.26), we conclude that

E+n+ > (Br—ar) =0y
K

Hence, the sum of the integrals on the right-hand side of the obtained estimate does not exceed

Ot mt+63
/r(cb ((@i’f)ﬂ,t)) dt = / @((p‘jf)i(t)) dt,
0 ot

where (@i‘f ) . is the restriction of (gof\yf ) . to [Ay, By], m™ is the point of local maximum of the func-

tion (gpi‘f (t)) I and @f, @; > ( satisfy relations (2.22) and (2.23). Inequality (2.20) is proved.
Lemma 4 is proved.
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Corollary 3. If, under the conditions of Lemma 4, the inequality

M(Supp[a,b}$+> <d

is satisfied, then the inequality

b 21/ A
/ @ (2 () dt < / q)((goi‘f)i(t)) dt (2.30)
a 0

holds. At the same time, under the condition

M(Supp[a,b]ﬂf—) <d,,

the following inequality is true:

[e=]

3. Main Results

Let » € N and let p, «, 8, A > 0. Recall that

L.(p,a, B, \) := {:L’ EWiap: Llzs)y <L <(<p?\‘f)i)p} , (3.1)

where the quantity L(x), is given by equality (1.4). We fix a number ;¢ > 0 and introduce a set of pairs (x,I) of
functions x and segments I = [a, b] by the equality

Lf(p,oz,ﬁ,)\,,u) = {((L’,I) (S Lr(p7a7/87 A)? SUPP[a,b] L+ < M} (3.2)
We also recall that

a 1= p(supppo, 2/ (17 1 ) - (33)

It is clear that d;f + d” = 27 /) and, moreover, d;” = d; for odd r. We represent the number 4 either in terms
of d orin terms of d; as follows:

p=nsds+07+065, neeN[J{0}, OF, 65, 67 +65 €0, d)); (3.4)

in addition, G)iE = @gt for even r.
Note that if the numbers 7* € R and the segment [A, B] are such that

2
BfA:ni7”+®1i+@2i, (3.5)
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(57) (A +6F +7%) = (65) (B - 0F +75) = |(57). ] - (36)

then

(#57C+75). (4. B]) € L (pa. B\, ).

Theorem 1. Suppose that r € N and p, o, 5, A, i > 0. Then, for any function ® € W,

b B

sup /@(xi(t))dt:(:E,I)GL;t(p,oz,ﬁ,)\,,u) :/q)((go)\f) (t+7 )) dt,

a A
where the sets LF(p, v, B, \, 1), the numbers 7%, and the segment [A, B) are given by relations (3.1)(3.6).

Proof. We fix a pair
(z,1) € Ly (p, v, B, )

and prove the theorem for x (for x_, the proof is similar). We first establish the inequality

B
::/ dt§/<1> SD,\r P+r ))dt = I(p). 3.7)
A

First, we consider the case where suppy, ;z4+ = p. Since p admits representation (3.4), we represent the
segment [a, b] as follows:

n4

[a7 b] = U [akak] U [Q’B]‘

k=1

Moreover, the intervals (ay, O;) and («, §) are mutually disjoint and, in addition,

p(suppla, g 17+) = ds  p(supp,gz+) = OF + 65

Thus, we get
b

ny Pk B
/cb(:cl;(t))dtzz /(I)(xﬁ(t))dt—i—/@(xﬁ(t))dt.
k=1, J

a

To estimate the integrals on the right-hand side of the last equality, we use inequalities (2.30) and (2.20)
and obtain

b 21 /A mt+ef
/@(x’;(t))dt <ny / <I><(<pM) (t )) dt + / <I><(<p§‘f)+(t)> dt
a 0 m+—-67F

B
/<I> <p/\r P+ ))dt
A
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where m™ is the point of maximum of the spline A “ The last equality in this chain follows from (3.5) and (3.6).
Thus, inequality (3.7) is proved in the case where supp(, %+ = p.
Now let

M1 1= SUpP[g T+ < p

Note that the number y is uniquely represented in the form (3.4) (in terms of d;) and, hence, the number uniquely
(to within translations) specifies the segment [A, B] and the number 7. Therefore, the integral (1) on the right-
hand side of (3.7) is uniquely determined by the number p. It is clear that I(u) is a strictly increasing function
of . Repeating the reasoning used in the previous case, we arrive at the following estimate for the integral I on
the left-hand side of (3.7):

I <I(p) <I(p)
Hence, inequality (3.7) is completely proved. It remains to note that, for the function
D) — B +
a() =@\, (+77)

and the segment [A, B] given by relations (3.5) and (3.6), inequality (3.7) turns into the equality.
Theorem 1 is proved.

Let k, r € N, k < r andlet p, o, 8, A > 0. By virtue of Lemma 2, if = € L,(p, , 5, \) [this set is defined
by equality (3.1)], then z(*) € L,_x(q,a, 8, \) forany ¢ > 1.

We fix a number p > 0 and introduce a set of pairs (x,]) of functions x and segments I = [a,b] by
the equality

k
L:fk;(pv «, ﬂ7 )‘7 ,LL) = {('T7 I) HIEUAS L'f‘(pv «, B7 )\)7 Supp[a,b]xg:) < /’L} (38)
Further, we represent the number p in terms of d,t i or d_, as follows:

M:nid,:nt,k‘i’@it"‘@étv

(3.9
ne e N J{0}, ©F, 07, 6f + 05 €0, dF ).
Moreover, @f = @;ﬁ for even r — k and the quantities d;= are given by relation (3.3).
Finally, we choose numbers 7= € R, and a segment [A, B] such that
27 + +
B—A:ni7+®1+@2, (3.10)
(037 ) (A +OF +7%) = (&57 ) (B-0F +7%) = H (), | - (3.11)
oo

This enables us to conclude that

(#57C+75),[4, B]) € LE(p, @, B\, ),
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Theorem 2. Suppose that k, r € N, k <r, and p, a, B, A, u > 0. Then, for any function & € W,

b B

sup /@(ng)(t)) dt: (z,I) € Lik(p,a,ﬁ,)\,u) = /@((cpi‘f_k>i(7§+7—i)> dt,
A

a

where the sets Lfk(p,a,ﬁ, A, 1), the numbers 7%, and the segment [A, B] are given by relations (3.1) and
(3.8)—(3.11).

Proof. By virtue of Lemma 2, the following implication is true:
x € Ly(p,a, B, \) = ) € L, (1, a, B, N).
This yields

(a:‘? I) e L',:":’k(p7a7187 A?/’L) :> (x(k)7]—) e L/]’:!:—k(]"a?ﬂ? A?ll’[/)'

Applying Theorem 1 to the class Li w(1,a, B, A, 1), we arrive at the assertion of Theorem 2.
Theorem 2 is proved.

Setting ®(t) = t2/P in Theorem 1 and ®(t) = 7 in Theorem 2, we get the following corollary:

Corollary 4. Let r € N and let p, o, B, A\, p > 0. Then, for any q > p,

b B
sup / ALt (2,]) € L (pyas fuh ) b = / (20 (¢ + %) d,
a A

where the sets L= (p, v, B, A, 1), the numbers 75, and the segment [A, B) are given by relations (3.1)(3.6).
Furthermore, forany k € N, k <r, and ¢ > 1,

b

B
sup /(:U(ik)(t)ydt: (:L‘,I)GLik(p,Oé,B,/\,u) :/<(g0§ffk>qi(t+7i)>dta

a A

where the sets Lrik(p,oz,ﬂ, A, 1), the numbers %, and the segment [A, B] are given by relations (3.1) and
(3.8)—(3.11).
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