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RESONANT EQUATIONS WITH CLASSICAL ORTHOGONAL POLYNOMIALS. 1

I. Gavrilyuk'? and V. Makarov® UDC 517.9

We study some resonant equations related to the classical orthogonal polynomials and propose an algo-
rithm for finding their particular and general solutions in the explicit form. The algorithm is especially
suitable for the computer algebra tools, such as Maple. The resonant equations form an essential part
of various applications, e.g., of the efficient functional-discrete method aimed at the solution of opera-
tor equations and eigenvalue problems. These equations also appear in the context of supersymmetric
Casimir operators for the di-spin algebra, as well as for the square operator equations A%u = f; e.g., for
the biharmonic equation.

1. Introduction

Polynomials (especially the orthogonal polynomials [8, 9, 25]) prove to be a very important and extensively
used mathematical tool. One of the application fields for polynomials are differential equations. Some of them pos-
sess polynomial solutions and the solution of other equations can be approximated by polynomials. In the present
paper, we study a special class of resonant differential equations with differential operators related to the classical
orthogonal polynomials.

There are various definitions of resonant equations (see, e.g., [1, 2]), where a boundary-value problem is
called resonant if the operator defined by the differential equation and the boundary conditions does not possess
the inverse. In the present paper, we follow the definition from [6, 16, 18] and call an equation of the form Lf = ¢
with Lg = 0 resonant. In other words, the right-hand side of the resonant equation belongs to the kernel K (L) of
the operator L. These equations are of interest both from the theoretical point of view and from the practical side in
various applications. Thus, in [17], the authors proposed the so-called functional-discrete method (FD-method) for
the solution of the operator equations and eigenvalue problems. The method is based on the ideas of perturbation of
the analyzed operator and on the homotopy idea. This approach was applied to various problems and, in particular,
to eigenvalue problems in [10-13]. It was proved that the method possesses a superexponential convergence rate.
An essential part of the algorithm are certain inhomogeneous equations with resonant component in a sense of the
definition presented above.

A simple but profound example showing principally different behaviors of the solutions in the resonant and
nonresonant cases gives the following simple differential equation (the so-called vibration equation):

d2y 2 .
W+M y = sin (vt). (1.1)
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There exists a particular solution of the form

———sin (vt) for v # +ypu,

y(t) = . (1.2)
“ cos (ut) for v =+pu,

. o . o . d?
which is resonant for v = £ <1n this case, the right-hand side sin (ut) solves the homogeneous equation EZ; +
Wy = 0) and nonresonant, otherwise. The vibration amplitude in the resonant case tends to infinity if the stimu-

lating vibration frequency v on the right-hand side of the equation tends to the resonant eigenfrequency p of the
system described by the differential operator on the left-hand side. The value of difference between the nonresonant
and resonant solutions is discussed in [7].

The example presented above can be embedded into the following abstract framework: Assume that a system
is described by an operator equation

Au—du=f

in a Hilbert space H, where the operator A is completely defined by its spectrum, i.e., by the eigenvalues \;,
J = 1,2,..., and the corresponding eigenvectors u;, 7 = 1,2,.... Here, A is a parameter characterizing the
system. If the right-hand side has the form f = auy for fixed «, k, i.e., f solves the equation (A — \¢)f = 0,
then the solution of the corresponding operator equation is

. «
DY)

u Uk .
We have ||u|| — oo (||u]| can be interpreted as the amplitude in the example presented above) in the following
two cases:

(i) if @ — oo (the stimulating amplitude tends to infinity)
and

(ii) if the system parameter tends to an eigenvalue A\ of the operator, i.e., A — Ag.

The second case is called resonant and the value \j of the parameter )\ is called the resonant value. In this
case, we deal with the resonant equation in a sense of definition presented above and of the example equation (1.1).
It is clear that a system may possess various resonant values of the parameter.

The resonant equations also appear when solving the quadratic operator equation

A2 =0 (1.3)

with a given operator A. Denoting Au = v, we reduce equation (1.3) to a “simpler” pair of equations Av = 0,
Au = v, where the last equation is resonant.

The resonance phenomena play a very important role in the natural world and in various technical applications,
e.g., in the magnetic resonance imaging (nuclear spin tomography) [23], fluid dynamics [14, 15], etc. The resonant
equations also appear in the context of supersymmetric Casimir operators for the di-spin algebra (see, e.g., [6, 7]
and the literature cited therein). These equations often require specific techniques for their solution and investiga-
tion [1-3]. The condition of solvability of the resonant equation in a Hilbert space is the orthogonality of the right-
hand side to the kernel of the operator. The situation for other spaces is more complicated (see, e.g., [1-3]), where
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certain sufficient solvability conditions were proved. Thus, in [2], the following Liénard equation that describes
vibrations and various dynamical systems, was considered as an illustration of the presented solvability theory:

#(t) + g(@)i(t) +az(t) = f(t),  2(0)=z(1), (0)=i(1), telo,1]. (1.4)

Here a is a constant, the function g: R' — R! is supposed to be continuous, and the solution is sought in the
class of twice continuously differentiable on [0, 1] functions. It was shown that this problem possesses at least one
solution for any function

1
f@): [ f(t)dt =0
[
provided that

lg(z)| <b, a€R' b+4|a|/3<1. (1.5)

A simple counterexample with

ft) = %r cos(2nt) +sin(27t), ¢g(z) =0, a = 4r>

(here, the first term is a resonant component) shows that the differential equation is resonant in the sense of our
definition, conditions (1.5), due to b = 0 and a = 472, as well as the condition

1
/ f(tydt =0,
0

are not satisfied but there exists a set of solutions given by
_ t . . 1
u(t) = C cos(2nt) + D sin(27t) + 3.2 sin(27t) + 3.2 sin(nt) VC,D € R,
™ 7

i.e., conditions (1.5) are rather coarse.

In the present paper, we consider resonant equations with differential operators of the hypergeometric type,
which define classical orthogonal polynomials. The solutions of these homogeneous differential equation include
the corresponding orthogonal polynomial (or the solution of the first kind) and the second linear independent
solution, namely, the so-called function of the second kind. Thus, the general solution is a linear combination
of both these solutions. The inhomogeneous differential equations with the corresponding orthogonal polynomial
or the function of the second kind on the right-hand side are resonant equations of the first and second kinds,
respectively. We need their particular solutions to write down the general solution of the inhomogeneous resonant
equation.

We propose a general algorithm for finding these particular solutions in the explicit form. Thus, it becomes
possible to find the general solutions of the inhomogeneous resonant equations of the first and second kinds in the
explicit form. This algorithm is especially suitable for the computer-algebra tools, such as Maple, etc. In addition,
it also gives a constructive proof of the existence of solutions.

The paper consists of two parts and is organized as follows: In Section 2, we show that the resonant equations
are a natural part of the FD-method. The main result of Section 3 is Theorem 3.1, which gives a formula for



218 I. GAVRILYUK AND V. MAKAROV

the particular solutions of a resonant operator equation that depends on a parameter. This section also contains
the description of the general Algorithm 3.1 aimed at computing the particular solutions of the inhomogeneous
resonant equations with differential operators related to the classical orthogonal polynomials. Theorem 3.1 plays
the crucial role in the justification of our algorithm. Each of the next two sections consists of two subsections
devoted to the corresponding resonant equations of the first and second kinds with differential operators related
to the classical orthogonal polynomials of the Legendre and Jacobi types. The explicit formulas are given for the
general solutions of the corresponding inhomogeneous resonant differential equations. The classical orthogonal
polynomials defined on the infinite intervals, namely, the Hermite and the Laguerre polynomials are the topics
of Part II. With an aim to emphasize the advantages of our algorithm, we also represent particular solutions via the
hypergeometric or confluent hypergeometric functions.

2. The Homotopy Based Method for the Eigenvalue Problems

We now briefly explain the ideas of perturbation and homotopy for the eigenvalue problem
(A4 B)up — Apuy, =0 2.1

in a Hilbert space X with a scalar product (-, ) and the null element # under the assumption that the spectrum of
the operator A + B is discrete and we seek an eigenpair with a given fixed index n.
Let B be an approximating operator for B in a sense that the eigenvalue problem

(A+ B)ul® — A0y 0) — ¢ (2.2)

is “simpler” than problem (2.1).

Formally, a homotopy between two problems P; and P, with solutions u; and us from some topological
space X is defined as a parametric problem Py (t) with a solution w(¢) that continuously depends on the param-
eter t € [0,1] and is such that «(0) = u; and u(1) = ug (cf. http://en.wikipedia.org/wiki/Homotopy).

Following the homotopy idea, for a given eigenpair number n, we imbed our problem into the parametric
family of problems

(A+W(t))un(t) — M(t)un(t) =6, tel0,1], 2.3)
with

W(t) =B +tp(B), ¢(B)=B-B,

where B is an approximation of B. This family contains both the problems (2.1) and (2.2). Thus, we obviously
obtain

un(0) = u%o), An(0) = )\(O), un (1) = up, An(1) = Ay 2.4)

This suggests the idea to seek the solution of (2.3) in the form of a Taylor series

oo

M) =D AP, () = ule, (2.5)

j=0 Jj=0
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where formally

A = LEMB] G Ldum (B 2.6)
Jglodt |, Jglodtv |,
Setting t = 1 in (2.5), we obtain
A= A =) ) 2.7)
j=0 j=0
provided that series (2.5) converge for all ¢ € [0, 1]. The truncated series
A=Y D i, =Y "ul) (2.8)
j=0 j=0

represent a computational algorithm of rank m.

Relations (2.6) are not suitable for the numerical algorithm. Therefore, we need another way to compute the
corrections )\g ) and u(j ). This method is described below.

Substituting (2.5) in (2.3) and equating the coefficients of the same powers of ¢, we arrive at the following
recurrence sequence of equations:

(A+ B)uU+h — N0y G+ — pU+1) 5= 1 0,1,..., (2.9)

n

with F\? = 0 and

J
= —p(B)uf) + Y AT PP
p=0

J
= MU0 — p(B)uf) + > AP = —1,0,1,.. . (2.10)
p=1
For the pair A;O), u%o) corresponding to the index 7 = —1, we get the so-called base eigenvalue problem
(A+ B)u® — A0y 0 — ¢ (2.11)

in a Hilbert space. It is assumed that this problem does not have multiple eigenvalues, is “simpler” than the original
problem, and produces the initial data for problems (2.9), (2.10). We suppose that uﬁ?), n=1,2, ..., is a basis of
the corresponding Hilbert space. The case of base problems with multiple eigenvalues was studied in [10, 19, 20].

The right-hand side of each problem (2.10) contains the term )\g +1)U§LO), which solves the homogeneous

equation with the same operator, i.e., the solution uq(f +1) of (2.10) contains a component, which is the solution of

the corresponding resonant equation.
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For higher indices j > 0, problems (2.9) are solvable provided that
(FIu®) =0, j=0,1,.... (2.12)
If we additionally suppose that (for uniqueness)
(W @)y =0, j=0,1,..., (2.13)
then we get
D w0y, j=0,1,.... (2.14)
Under these conditions we obtain a particular solution

00 (4) (0

(+1) _ ((Fn » Up )) (0)

Up = Z NOEYQ Up
p=l,p#n ‘P n

(2.15)

satisfying condition (2.13). The starting values Aﬁ?), u%o) for the recursion (2.9), (2.14) form the solution of the
base problem.

The following theorem [17] gives the error estimates for the method presented above and its convergence
asm — 0o:

Theorem 2.1. Let A be a closed operator in a Hilbert space H. Assume that problem (2.11) possesses
(0)

a discrete spectrum of eigenvalues 0 < )\50) < )\go) < ... and that the corresponding eigenvectors uy , N =
1,2,..., form a basis of H. Suppose that the inequality

an = 4Mn|p(B)[| <1 (2.16)
with
1 1
M,, = max { , } (2.17)
0 0 0 0
ORI

is true. Then series (2.7) converge to the solution Ay, u, of problem (2.1) and the accuracy of algorithm (2.8) is
specified by the estimates

m m—+1
Hun—unH Saerll ,
—dn
(2.18)
m qm
2 = 2| < lleB)llam 22—,
—Q4n
where
om — 1)1
o, — g Zm =Lt (2.19)

(2m + 21)I1°
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3. Representation of Particular Solutions

This section deals with particular solutions of the resonant equations. We give a representation of particular so-
lutions to the resonant equation in a Banach space. In addition, we propose an algorithm used to compute particular
solutions of the resonant equations with differential operators related to the classical orthogonal polynomials.

The following result was proved in [18].

Theorem 3.1. Let A: X — X be a linear operator acting in a Banach space X, let the set K(A) C X be

the kernel of A, and let a connected set (A) in the complex plane be the spectral set of A. If f(\) € K(A—\E)
and X\ € X.(A) is a differentiable function, then the solution of the resonant equation

(A= AE)yu= f(\) (3.1)
can be represented as

u() = LY. (3.2)

The proof of this theorem is based on the equivalent equation

A ap) T =T 00)

= f(A
= W)
with some fixed )y and on passing to the limit as A — A¢.
Now let
Ay = o)L @)L 4 (3:3)
n=o0(x 72 T(T I n .

be a differential operator of hypergeometric type with a polynomial o(z) of degree not greater than two, a poly-
nomial 7(x) of degree not greater than 1 and a constant \,, and let P,(z) be a classical orthogonal polynomial
satisfying the homogeneous differential equation

ApPo(z) =0 (3.4)

(see, e.g., [5, 22, 24]). The polynomial solution P, (x) of this homogeneous differential equation is called a func-
tion of the first kind. Let @Q,,(z) be the second linear independent solution of the homogeneous differential equa-
tion, which is called a function of the second kind.

We now consider resonant equations of the form

In the case where R, (x) is the classical orthogonal polynomial P, (z) (the function of the first kind), the inhomo-
geneous differential equation (3.5) is called the resonant equation of the first kind. The inhomogeneous differential
equation of the form (3.5) with the right-hand side Q,,(z) instead of R,,(z) is called the resonant differential equa-
tion of the second kind. Both functions P, (x) and @, (z) satisfy the same homogeneous differential equation (3.4)
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and the same recurrence relations
Rpi1(x) = (anz + Bn)Rn(z) — nRn—1(x), n=1,2,..., (3.6)

with some constants «,,, B,, v (see, e.g., [5, 21, 22, 24]).

Note that our algorithm presented below and aimed at finding particular solutions of the resonant differential
equations of the first and second kind (3.5) is based on the same recurrence relation (3.6). Thus, it is valid for the
resonant equations of both types and, in what follows, we use the notation R,,(x) both for P,(z) and for @, (z).

Algorithm 3.1.

1. Using Theorem 3.1, we find some particular solutions of (3.5) for n = 0, 1, i.e.,

1 dR,(z) 1 dRy(x)

xo(z) = T N(v)  dv b0 xi(z) = N(v)  dv

. 3.7
r=1

Note that here and in what follows the procedure of differentiation with respect to a natural parameter
n € N has the following meaning:

(i) switching to a real parameter v € R, i.e., the use of hypergeometric or confluent hypergeometric
functions,

(i1) differentiation with respect to v,
(iii) substitution of n instead of v in the derivative.
2. The set of functions
uo(x) = xo(z) + coPo(z) + doQo(x),

(3.8)
uy(z) = x1(x) + c1Pi(z) + di1Q1(x)

with arbitrary coefficients cg, c1, dp, and d; represents particular solutions also of the inhomogeneous
resonant equation. These coefficients can be chosen in the next step of the algorithm so that the following
particular solutions wug(z), k& = 2,3,..., obtained by the recursion below satisfy the corresponding
resonant equation.

3. Differentiating the recurrence equation (3.6) for R,, with respect to n, we obtain

1 dA dA(n —1
un+1(7) = =5E [‘ el an 4 ) (o) + P ()
doy, dBy, dyn B
+ <dn T+ dn >Rn(x) ~ Ry_1(z)], n=12.... (39

Here, we set n = 1 and demand that uy(x) obtained from (3.9) and (3.8) must satisfy the resonant
differential equation (3.5). From this condition, we determine the coefficients ¢y, c1, dg, and d; and,
hence, the initial values (3.8) for the recursive algorithm (3.9). By using Theorem 3.1, in what follows,
we prove that, in this case, u,(x) satisfy the resonant equation for all n = 0,1,2,....
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4. Resonance Equation of the Legendre Type

4.1. Legendre Resonance Equation of the First Kind. We consider the following inhomogeneous equation
with a Legendre differential operator on the left-hand side and a Legendre polynomial on the right-hand side:

% [(1 — 2?) dq;f)} +n(n+ Dulz) = Po(x). @.1)

This is a resonant equation of the first kind because the Legendre polynomial P, (z) satisfies the corresponding
homogeneous differential equation. The second linear independent solution of the homogeneous differential equa-
tion @, () is called a Legendre function of the second kind. The general solution of the homogeneous differential
equation (4.1) is given by the formula

u(@) = c1Po () + 2Qn(2),

where ¢; and co are arbitrary constants.
The explicit expression of the Legendre function of the second kind can be represented via the hypergeometric
function (see, e.g., [5], § 10.10) as follows:

I_n+1j

d 2n — 4k + 3
n(z) = P(z) — P,_
@Qn(z) = Qo(z)Pa(z) 2 2k —1)(n—k+1) 2k+1()
27 (n!)? 2
= F 1 1;2n 4 2; ——
@n + DI £ )T n+1,n+1;2n+ 11w
2" (n!)? 2
= (1)t F 1 1;2n + 2;
(=1) 2n+ 1)1 —z)ntl <n+ Tt LAt ’1—:3)
1 2
=—|F{n+1ln+1;2n+2; —
2 1+2
27(n!)? 2
—1)" ! F 1 1;2n + 2;
AR oy s el (R Rl e | E
(4.2)
1. z+1
=1 :
Qole) = 5=

Here,

is the hypergeometric function of z, (a)y = 1,

_ T(a+p)
(a)p = W

is the Pochhammer symbol, and I'(x) is the Gamma function.
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Recall that numerous well-known mathematical functions can be expressed either in terms of the hypergeo-
metric function or as limiting cases of this function. As two typical examples, we can mention

In(l1+2)==z2F(1,1;2;—z),

(1—-2)"%=F(a,1;1;2).

The Legendre functions, as well as several orthogonal polynomials, including the Jacobi polynomials P}f"ﬁ )
and their special cases, such as the Legendre polynomials (« = 0, 5 = 0), Chebyshev polynomials 7, (x)
(a = —1/2, B = —1/2), and Gegenbauer polynomials C}(z) (o = 8 = A — 1/2), can be represented in terms
of hypergeometric functions in many ways, e.g., as follows (see, e.g., [7], § 10.8):

1—
Pr(zaﬁ)(x) = <n:a> Fn<—n,n—i—a—|—ﬁ+1;a+1; 23:)

=(-1)" (n+ﬁ> Fn(—n,n+a+ﬂ+1;ﬁ+1;1;$>,

n

(4.3)

Pp(x) = Péo’o)(ﬂf) = % |:Fn (—n,n + 1; 1; 1;96)

1
+ (=" Fn<—n,n—|— 1;1; ;x>}

The application of hypergeometric functions with an aim to obtain solutions of resonant equation represents
a direct way used to solve the resonant equations. This way appears due to the fact that the hypergeometric
differential equation

2
z(l—z)%—i—[c—(a+b+1)z]%—abu:0 (4.4)

with properly chosen parameters can be transformed into the following Legendre equation [4] (§ 3.2):

2 d
1- z2)d—:§ - de—f + (v + w = 0. 4.5)

In view of Theorem 3.1 and (4.3), we get a particular solution of (4.1) in the form

un() = 3 [in) + (~1)"im(~2)], +6)

where {see (4.3) and [5], § 10.8, relation (16) with « =0 and 8 =0}

d d 1-—
'L~Ln(l’) :knapv(m)‘uzn:knafru <1+V7 —v; 15 l‘>
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_ & i(l‘f‘n)p(_”)p 1—z\?
=En | 2 G (%)

e}

+(_1)n+1n! Z (1+n)p(p—n—1)! (1_33>p )

p=n+1 (p!)2 2

with k, = —

1 This formula can be transformed in the following way:
n

n

- -1
U (x) = knp, Z W

p=1

prx 2‘7”) . (4.8)

By using the formulas

(—1)nzan,i <1;x> =F, <1 +n,—n;1; 1;:):) = P,(x), (4.9)
i=0

the sum of the last series can be transformed as follows:
St ()
p=n+1 ey 2
n i n—1 pnN—p I
1—z 1+2x 1—z 1/1—=zx
Yo (57) 0 () - e () 21 ()
Z:0 :O =
1 n 1— i1—1
= (=1)""1P,(z)In ( ;x> - ( x) dnp (4.10)

Thus, for function (4.7), we obtain

p+1
p—1

1 14+ 2z 1—z\"
~n = - Pn 1 bnia
(@) = —5, 073 <x)n< 2 )Jr;( 2 ) :
“4.11
1|1 L a )
— _ g | _ . _ln n,p
Oni 2n+1 |ild (L+n)i(=n)i + (=1) i—p
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The direct way of getting particular solutions described above is quite cumbersome. In what follows, we pro-
pose an algorithmic procedure based on Theorem 3.1 and on the recursion relation for the corresponding orthogonal
polynomials. This algorithm can be easily implemented by using the computer-algebra tools, e.g., Maple.

Actually, for n = 0, 1, in view of Theorem 3.1 we get the following particular solutions from (4.6):

11

— . 4.12
- 4.12)

xolo) = —5 (-2, xafz) =~ (1~ %) +

Differentiating the recurrence relation for P,(z) with respect to n, we arrive at the following recurrence
equation for particular solutions:

1 (2n+1)%x n(2n — 1)

un+1($):—2n+3  on+1 un(@) + n+1 tn-1(2)
b P - — P (@) =1,2 (4.13)
CFSIE  (x CFSIE —1(z2)], n=12.... .

The Legendre polynomials Py(z) = 1 and P;(x) = x, as well as the Legendre functions of the second kind
Qo(z) and Qq(x), satisfy the corresponding homogeneous Legendre differential equation. Hence, according to
our algorithm, in view of (4.12), we can use the following ansatzes for the initial values:

up(w) = —% In(1 — 2*) + coPo(x) + doQo(x),
(4.14)

T 11
ui(z) = ~% In(1 — 2?%) + ;&% +caPi(z) + diQ1(x)

with undetermined coefficients cg, c1, dg, and d;. Substituting these relations in (4.13) with n = 1, we demand
that ug(z) must satisfy the resonant differential equation (4.1). This yields

dy=0, d; =0,
4.15
17 (4.15)
Co = g + 301
Setting, e.g., cg = 0 we conclude that
T
T
and arrive at the representations
1 9 1
ui(x) = —6P1($) In(l—2%) — 3%
(4.16)
1 7 1
ug(x) = —l—oPg(x) In (1 —x?) — %xQ + 20"
In general, we have
1
up(z) = — P,(2)In (1 — 22) 4+ v, (x), 4.17)

2(2n+1)
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where vy, (x) satisfies the recurrence equation

_ 1 (2n +1)%x n(2n — 1)
i) = o [T T )
+ —2 _Pu(a) L po) 1,2
—— P () - ———=FP1(z n=
(n+1)2n (n+1)2n1 ) ) 4y )
(4.18)
X
vo(z) =0, vi(z) = -3
This recurrence equation, together with (4.14) and (4.17) gives, e.g., the following particular solutions:
1 5 37
= ——Py(z)ln(1 -2+ —2— =23
us(2) = — 77 P3(2)In (1 —2%) + oo — oy,
(4.19)

7 .59 , 533,

1
ug(z) = —EP4(SU) In(1—2%) — 288 + ° " wed

The next theorem shows that the functions w,,(x) obtained by using our recursive algorithm satisfy the reso-
nant Legendre differential equation of the first kind forall n = 0,1, .. ..

Theorem 4.1. The functions u,(x) obtained by the recursive algorithm (4.13) satisfy the resonant Legendre
differential equation of the first kind (4.1) for each n = 0,1,2, .. ..

Proof. For n = 0, 1,2, these functions satisfy the resonant Legendre differential equation by construction.
Further, we assume that u,(z), p = 0,1,...,n, satisfy this differential equation and prove that this remains true
for p = n + 1. Differentiating the classical relation [7] (§ 10.10)

dp,(z)
dx

(1-2% =n[P,_y(x) — 2P, ()] (4.20)

with respect to n and using Theorem 3.1, we arrive at the equation

du,,(x)
dz

—(2n41)(1 — 2?) =-n2n—1u, () +zn2n+1)u,(x)+ P,_i(z) — zP,(x). 4.21)

Applying the Legendre differential operator

d? d
=(1—-2%)— — 22— 1 4.22

to (4.13), we obtain

2(2n + 1)
(2n+3)(n+1)

du,,(z)
dx

Api 11 (&) = P () + (2n + 1)(1 - 2?)

—n2n—1)u, () +zxn2n+ 1) u,(r)+ P,_(x) —xP,(z)|. (4.23)

It follows from (4.21) that the expression in the square brackets is equal to zero, which proves the theorem.
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Thus, the general solution of the inhomogeneous equation (4.1) can be represented in the form
u(aj) = Up + un(x) = Clpn(x) + CQQn(‘T) + un(x), (4.24)

where c; and ¢y are arbitrary constants.

Remark 4.1. The proof of Theorem 4.1 is based on a recurrence equation

wpn(x) = Oénpn—l(x) + Bnpn(x) + Vnpn—l(-f)

for the corresponding polynomials p, (x) orthogonal with weight o(z) and the differentiation formula

a(x)p;(a:) = 047(11)Pn+1(1’) + (@(11) + ’77(11)96)1771(17)

[see (4.20) for the Legendre polynomials], which represents the weighted derivative of the analyzed polynomial
via two neighboring polynomials (see, e.g., [21], §9). However, the second linear independent solution of the
corresponding homogeneous equation, which is called the function of the second kind (in the case analyzed above,
this is the Legendre function of the second kind @,,(z), which is not polynomial!), satisfies the same recurrence
equation and the same differentiation formula (see [21, p. 67]). Thus, a similar theorem for the particular solutions
of the resonant equations of the second kind obtained by the corresponding recursive algorithm is also valid.

4.2. The Legendre Resonant Equation of the Second Kind. In this section, we consider equation (4.1) with
the Legendre function of the second kind

(1 + 2) " 1(nl)?

Qnl®) = =5, 77y

2
F<n+1,n+1;2n+2; >
1+

as the right-hand side, i.e., we again have a resonant equation.
The general solution of this resonant equation is

u(z) = 1 Pp(x) 4+ c2Qn(x) + up(x), (4.25)

where the linearly independent Legendre polynomial P, (z) and the Legendre function of the second kind @, ()
satisfy the homogeneous Legendre equation, ¢; and cg are arbitrary constants, and w,(x) is a particular solution
of the inhomogeneous resonant equation.

Note that, in [7], a solution was obtained only for the case n = 0 and it was indicated that it is very difficult
to obtain solutions for the other n in the closed form. However, our Theorem 3.1 allows one to get particular
solutions for any n as follows:

1

G 2V ) =200+ )+ n(2) ~ (1 + 2)]Qu(a)

up(x) = —

2n(n)2(1+2)™ "t d
 2n+1)@2n+1)! dv

2
|:F<I/+ 1L,v+1;2v 4+ 2 >] , (4.26)
1+=x

v=n
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where

v(z) = (s = L

is the logarithmic derivative of the Gamma-function. Various representations of this function can be found in [5]
(§ 1.7). For n = 0,1 we obtain the following particular solutions:

1 2
x1(z) = —=Pi(z)w(z) — =1In (:1:2 — 1) ~ 3
(z) = —polyl QL —llnz( +1)+11n( +1)In(z —1)
w(z) = —polylog T2 5 x 5 T T
— dilog (=) — i @4 )4 i@ )@ —1), z>1 27)
= ilog T+ 2n T 2nx n(x , , .

where polylog stands for the so-called polylogarithm function of order s and of the argument z (Jonquicre’s
function):

o
polylog(s, z) = Lig(z ; k—
(the dilog or Spence’s function also denoted by Lis(2) is a special case of the polylog for s = 2).
The other explicit representations of particular solutions can be obtained by using Algorithm 3.1. Differenti-
ating the recurrence relation for the Legendre function of the second kind

z(2v +1)

Qui1(z) = Wil

Qu(z) — ——=Qu1(x) (4.28)

(1/+1)

with respect to v and taking into account Theorem 3.1, we arrive at the recurrence relation

1 2n + 1)2 M — 1
o) = gy |~ )+ M o)
T (n+1)2Qn( ) — (n+1)2Qn ()|, n=1,2,.... (4.29)

According to our algorithm and in view of (4.27), we use the following ansatzes for the initial values:

up(z) = —Po(z)w(x) + coPo(x) + doQo(),

(4.30)
1 1 2
ui(x) = —gPl(x)w(x) — 61n (:132 — 1) —3 +caPri(x)+diQi(x), z=>1,

with undetermined coefficients cg, c1, do, and d;. After substitution in (4.29) with n = 1, we demand that uz(x)
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must satisfy the resonant differential equation of the second kind. Thus, we get

6020,61 :()7

(4.31)
—dop+3d; +1=0.
. 1
Setting, e.g., dyg = —3 we get
1
d]_ — 75
and, hence, the particular solution
1 3x 1 r+1 3r 1
= __P — Zn(z® - 1) — -1 - == L. 4.32
ug(z) : 2 (x)w(z) 50 n(z ) 35 " (ac — 1) - SQg(ﬂU), x> (4.32)
The particular solutions wu,(x), n = 3,4,..., can be obtained using (4.29) and the initial conditions (4.30)

and (4.32).
The next theorem shows that the functions u,,(z) obtained according to our recursive algorithm satisfy the
resonant Legendre differential equation of the second kind for all n = 0,1,....

Theorem 4.2. The functions uy,(x) obtained by the recursive algorithm (4.29) satisfy the resonant Legendre
differential equation of the second kind (4.1) for each n =0,1,2,... .

The proof is completely analogous to the proof of Theorem 4.1 in view of the fact that the Legendre func-
tions of the second kind (they are not polynomials!) satisfy the same recurrence equation and the differentiating
formula (4.20) as the Legendre polynomials (see [7], § 10.10).

5. Resonance Equation of the Jacobi Type

5.1. The Jacobi Resonance Equation of the First Kind. In this section, we consider the resonant equation
of the Jacobi type

d*uy, ()
dx?

duy,(x)
dz

(1-2?) +B—a—(a+pB+2)] +n(n+ B+ Lug(z) = P (), (5.1)

where P,(La’ﬂ ) (x) is the Jacobi polynomial [5] (§ 10.8) satisfying the homogeneous differential equation. The gen-
eral solution of this equation is

u(z) = e P (2) + c2Q'P) () + un (2), (5.2)
where
gntatfp e 1
QA (@) = (n+at+l(n+5+1)

(x — 1)ntotl(z + DT (2n + a + B+ 2)

2
><F<n—|—1,n+a+1;2n+a+ﬁ+2;l> (5.3)
—x
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is the Jacobi function of the second kind [5] (§ 10.8), ¢1 and co are arbitrary constants, and wu,(x) is a particular
solution of the inhomogeneous equation.

By Theorem 3.1, for a particular solution, we get

) =gy )
_2n+a1+6+1 :gzjr(zglg(toﬁl)F<_V’V+O‘+ﬂ+1;a+l;1;93)]”_”
- _W{ [T(n+ @) — U(n+1)] PP (x)
+1m2/F<—y,u+a+ﬁ+l;a+l§1;x) Vn}
_W [W(n +a) — U(n+1)] PP (2)
+r( nJ;il Zdn a+5+a11‘711))( o (1;w>p

+(_1)n+1n! i (a+ﬁ+1+n)p(§)_n_1)!<1—a}>p

5.4
el plla+1), 2 >4
Thus, we have the following particular solutions:

B B 1 B °°(a+5+1)p<1—m)p
olo) = wofe) = [ |=vte) + i)+ 3 SRR R (S5 ) |
(5.5)
xi(e) = (@) =~ | (b(a+ 1) ~ $(2) P (a)
a+pB+3 !

a(a+6+3) (1—a:>

(a+1) 2

0 BIUERASY (1—3«")”].

p:2pp—1)(a—|—l)p 2
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Differentiating the recurrence formula for the Jacobi polynomials (with respect to n)

P (@) = (a(n)x + b(n)) PP (z) — e(n) LD (2),

n—

Cn+a+B+1)2n+a++2)

)= T Dmtat it
(5.6)
2 2
bn) = ittt 7
2+ )(n+a+B+1)2n+a+j)
) — (1t @)+ B)on 0+ 5 +2)
S (n+l(n+a+B+1)2n+a+B)
and taking into account (5.4), we arrive at the recursion relation
1
Un+1(z) = TomtatfBi3 [—(2” +a+ B +1)(a(n)z +b(n))ug(x)
+(@2n+a+ B —1e(n)up—1(z)
+ (d'(n)x + ¥ (n)) PP (x)
— d(n)P@D (x)}, n=12.... (5.7)

Thus, by using the initial conditions (5.5) we can find u, (z) for any n.
It is quite difficult to get an explicit formula for the solution of the Jacobi resonant equation for any « and £5.
Therefore, we only consider an example.

Example 5.1. 'We consider the case of Jacobi resonant equation of the first kind with & = 1 and 8 = 2.
From (5.4) with n = 0, 1, we get the following particular solutions;

xo(x) = —6%[51n(x+1)+111n(x—1)]

5(x —1)+10(z2 —1) — 11 (z + 1)
96 (z +1)* (z — 1)

I

(5.8)
5r — 1
xi(z) = — [10ln(z+1)+17n(z — 1) ]
384
10752% + 129823 — 184222 — 1918z + 487
96 (x + 1) (z — 1) '
The initial values for the recursion relation (5.7) are chosen in the form
uo(w) = xo(@) + doQy () + co Py (2),

5.9)

ui(z) = x1(x) + degl’Q) (x) + 01P1(1’2) (x), x>1,
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where the undetermined coefficients are found to guarantee that us(z) satisfies the resonant differential equation.
We substitute (5.9) in (5.7) with n = 1 and then in the resonant differential equation. This yields

7
Co = 07 dO = _ﬂa
(5.10)
47

“ogggr D=

cl1 =
Further, we proceed according to our Algorithm 3.1.

5.2. The Jacobi Resonance Equation of the Second Kind. In this section, we consider a resonant equation

d*u(x)
dx?

du(x)

o tnnta+ Bt lu@) = Q@A) (1), (5.11)

(1-2?)

+ [B—a—(a+ B+ 2)z]

where Q%a’ﬁ ) (z) is the Jacobi function of the second kind [5] (§ 10.8) given by relation (5.3).
In view of Theorem 3.1, we get the following general formula for a particular solution:

1 0
- = | Z s
1

:—MW{[111(2)+‘11(n+a+1)+\ll(n+ﬁ+1)

—In(z —1) = 2¥2n+ a +  + 1) | QP (x)

2 tBP(n 4 a4+ D)I(n+ B+ 1)

* (x — )ntetl(z 4+ 1)PT(2n + o+ B + 2)

0 2
X —Flv+lv+a+L;2v+a+8+1,——
ov 1—=z

} . (5.12)

This formula is quite complicated for practical applications. Therefore, we use our recursive algorithm. By dif-
ferentiation of the recurrence equation we obtain the following recurrence formula:

1

e TE @ a8 Dlaln)a + bn)unla)

un+1(113) =
+@2n+a+ B —1)c(n)uy—1(x)
+ (d(n)z + V' (n)) Q™ ()

- c’(n)Qﬁfﬁﬁf)(a@)}, n=12.... (5.13)

Together with xo(x) = ugp(x), x1(z) = ui(z) from (5.12) and the corresponding ansatz for the initial values,
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this yields an algorithm for w,(x) for any n = 2,3,.... Since the formulas in the general case are quite cumber-
some, we restrict ourself to an example.

Example 5.2. Let a = 1 and 8 = 2. Hence, for the Jacobi functions of the second kind, we find

2
(1,2) __11 z+1 3x® 4 3x — 2
Qo (7) =—3 n(a:—l 3(z+ 1)2(z — 1)’
12y _ be—1, (e+1 1523 4+ 1227 — 132 — 8 514
Q) = - (o 6(zr+1)2x—1) (>14)
(1,2) 2122 — 6z — 3 (x+1Y = 105z* + 7523 — 1152% — 65z + 16
QQ’ ():— In e
8 x—1 20(z 4+ 1)%(x — 1)
The general formula is as follows:
1 1
QM (x) = —PM ()5 1n<§ - 1) + a4 (), (5.15)

where the functions q7(1172) (x) satisfy the recurrence equation for the Jacobi polynomials but with the initial condi-

tions given by the second terms in Q(()l’2) () and ng) (x). From (5.12), we get the following particular solutions
of the resonant equation of the second kind with n = 0, 1:

(x)——lw(x)—l—1595_11ln(ac—i—l)—15x2+22x+31n(x—1)— 922 + 3z — 4
Xol#) =7y 48(z — 1) A8(z +1)2 2@+ 12z —1)

—13523 — 15922 + 422+ 56

1
= —— (b —1 In(z — 1
x1(z) = 5 (52 — Hw(z) + 3600z + 172 n(z — 1)
4572 3218 2202524 4183402 — 2542222 — 184527+ 3413
BT IR e+ 1) + v 1850 = TS (5.16)
120(x — 1) 8640 (z 4+ 1) (z — 1)
1 1
w(z) = dilog <‘”” i ) @+ 1) In(@ — 1) — In(2) Inz — 1)
For the initial values in our recursive algorithm, we use the ansatzes
uo(x) = xo(x) + co P () + do QS (),
5.17)

ui(z) = x1(x) + clPl(l’2) (x) + de(11,2) (x), x>1,

with undetermined coefficients ¢y, dg, c1, and di. We now substitute these relations in (5.13) with n = 1 and
demand that the result must satisfy the resonant differential equation. As a result, we obtain

881

— 5.18
516 (5.18)

3 7 3
do = —cp + — di = —c; +
0 200 80’ ! 201



RESONANT EQUATIONS WITH CLASSICAL ORTHOGONAL POLYNOMIALS. I 235

and, hence, the particular solution of the resonant equation

1
ull? (z) = ~om 4P7§1’2) (z)w(x) + ph? (z) In(z + 1) + 712 (@) In(z — 1) + o2 (). (5.19)

Here, the functions p£}’2) (x), i (z) satisfy the recurrence relation for the Jacobi polynomials with the initial
conditions

a2,y e—1  ay 4527 — 32 -8
N C e LD < S T Py
(5.20)

(12) () 1522 + 222 + 3 (12) ) —13523 — 15922 + 427 + 56
= r x) =
48(z +1)2 ! 360(x + 1)2

The function vr(Ll’Q) (x) satisfies the recurrence relation

1

e Ta ATt et A D el + b))

Uny1(7) =
+ @2+ a+ B = 1)c(n)vp-1(z)
+ (d'(n)z + ' (n)) Q) (2)
—d@@ﬁﬁ?@ﬂ, n=1,2,..., (5.21)
with = 1, S = 2, and the initial conditions

922 +3x —4

(12)
TREt @1 doCo ™ (@),

vo(z) =

(5.22)
22025z" + 183402% — 2542227 — 184521 + 3413

8640 (z 4+ 1)* (z — 1)

vi(x) + degl’Q) (x).
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