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PROPERTY OF MIXING OF CONTINUOUS CLASSICAL SYSTEMS WITH
STRONG SUPERSTABLE INTERACTIONS

O. L. Rebenko and M. V. Tertychnyi UDC 517.9 + 531.19

We consider an infinite system of point particles in R? interacting via a strong superstable two-body
potential ¢ of finite range with radius R. In the language of correlation functions, we obtain a simple
proof of the decay of correlations between two clusters (groups of variables) in the case where the distance
between these clusters is larger than the radius of interaction. The established result is true for sufficiently
small values of the activity of particles.

1. Introduction

The property of mixing plays a key role in the investigation of dynamical systems because it guarantees
their ergodicity and enables one to state that any nonequilibrium distribution in a system with mixing approaches
the equilibrium distribution (see, e.g., [1]). Various aspects of the property of mixing are extensively discussed
in the papers and surveys and, thus, it seems to be impossible even to mention all of these works (see, e.g.,
the surveys [2, 3]). The rigorous proof of this property for models of statistical mechanics was obtained only for
lattice systems (spin systems of ferromagnets and lattice gases).

In the language of Gibbs distributions, the property of mixing means that the behavior of a system in some
volumes separated by large distances is statistically independent (see, e.g., [4] or Remark 2.7 in [5]). From the
technical point of view, it is most convenient to prove this property by estimating the correlations between the clus-
ters of particles, i.e., the behavior of correlation functions in which one group of variables is separated by a large
distance from the other group. These investigations were originated in [6—8] for spin systems. In [7], the behavior
of continuous systems was discussed and some estimates were presented without rigorous proofs.

In the present paper, we establish the property of rapid decay of correlations in classical continuous systems
for low values of the activity (or large nonnegative values of the chemical potential). We use the method proposed
in [9] for a system of lattice gas and the approximation of a continuous system of classical gas by a continuous
system of cell gas [10]. A cell gas is a continuous system of point interacting particles whose configuration space
is constructed as follows: For any partition of the space R? into elementary disjoint hypercubes with edge a,
every cube in this partition may contain at most one particle. This can be realized by introducing a Gibbs measure
guaranteeing the elimination of configurations in which at least one cube of the partition contains more than one
particle. An approximation of this kind was proposed in [11-13] for systems of point particles interacting via
a strong superstable potential [14].

2. Main Mathematical Notions and Quantities

2.1. Configuration Spaces of the Systems of Statistical Mechanics. By B(R?) we denote a Borel o -algebra
of open sets in RZ. Also let B.(R?) denote all subsets with compact closure. The configuration space T' := T'pa
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consists of all locally finite subsets of the space R¢, i.e.,
= Tpa = {7 CR| |yn Al < oo for all Ac Bc(]Rd)},

where |A| is the number of points in A. By I'y we denote the set of all finite configurations of the space I'.
Actually, I'g is a subspace of I' but we consider it as an independent configuration space in which the topology
can be introduced independently of I" (see, e.g., [15]). We first define a configuration space with fixed number of
points:

.= {yeT||y|=n, neN},
r® .= g,

If all these configurations are located in a certain bounded set A € B.(R%), then the corresponding space is
denoted by

an) = {'yef‘(”) \'yCA}.

Thus, the spaces of finite configurations in R and A € B.(R%) can be represented in the form of disjoint
unions as follows:

Ty = f_o[r("> and Ty = ]O_O[ i
n=0 n=0

The topological and measurable structures of the spaces I', I'g, and I'j are well studied (see, e.g., [15-18]).

In the investigation of various thermodynamic characteristics of infinite systems, an important role is played
by the partition of the space R? into elementary hypercubes with edges of length @ > 0 and centers at the
points r € aZ¢ C R%:

Aq(r) = {z eRY| (1" —a/2) <z’ < (P4 a/2), i = 1,...,d}.

We write A instead of A,(r) if it is not necessary to indicate the location of the center of a hypercube.
We denote this partition by A, . Without loss of generality, for the sake of convenience, we consider A, which are
unions of finitely many hypercubes A € A,,.

For the construction of the above-mentions approximation, we introduce one more space, namely, the config-
uration space of cell gas:

'@ = {yel||yal <1 forall AeA,}.

We make the following remark in order to clarify that the configurations T'(*) describe not only physical
systems of rarefied gases:

Remark 2.1. For a system of interacting particles, the density, i.e., the number of particles in a unit volume,
is one of the most important characteristics of the physical state of the system. An arbitrarily large value of this
characteristic can be obtained within the framework of the description of a system in the configuration space r@
if we choose sufficiently small values of the length a of edges of the hypercubes.
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2.2, Interaction. In the present paper, we consider a system of point particles interacting via a two-body
potential ¢. The energy of any configuration v € I'y or v € Iy is specified as follows:

Up(7) =Uy) == > ¢z —yl),

{zy}Cvy

where summation is carried out over all possible different pairs of points of the configuration . We also define the
energy of interaction between the configurations 7, v € I'g (n N~y = @) as follows:

W) ==>_ ¢z —yl).
ver

(A) Assumptions Imposed on the Interaction Potential

In the present paper, we consider two-body potentials ¢ of the general form continuous on R, \ {0} and such
that there are constants

ro>0, B>0, R>0, and ¢y >0,

for which

o(jz]) = o™ (|z]) > i” for || <ro, s>d, @2.1)

o(lz[) =0 for |z| > R, (2.2)
where

¢ () = max {0, ¢(|z]) },
¢~ (l]) = —min {0, (|z]) }.

These potentials are called strong superstable (for details, see [14]). This enables one to approximate the
analyzed system by a system of cell gas [10]. As a consequence, we also use the fact that the energy of interaction
of particles in the configuration +y satisfies the stability condition:

UR) = > o¢(la—yl) > =Bhl, ~r€To, B>0. (2.3)
x,yey

The Lennard-Jones potential

c D
o(|z]) = W - W’

where C' > 0 and D > 0 are constants, is extensively used in the molecular physics. In the present paper,
we consider potentials of the same kind and their behavior is shown in Fig. 1. However, the potential ¢(|z|) — 0
as |z| — R from the left.
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Fig. 1

2.3. Measures on Configuration Spaces of Continuous Systems. According to the Gibbs ideas, the physical
state of a system is described by the probability measure which is first constructed in a certain bounded volume of
the space R? depending on the ensemble (microcanonical, canonical, or grand canonical) for the analyzed problem
and then the thermodynamic limit transition is performed. We consider systems of statistical mechanics within the
framework of grand canonical ensemble and, first, study a system of noninteracting point particles (ideal gas).

Let o be a Lebesgue measure in R%. The state of an ideal gas in the equilibrium statistical mechanics is de-
scribed by a Poisson measure m,, on the configuration space I', where z > 0 is the activity (a physical parameter
connected with the density of particles in the system). The measure 7,, with intensity zo is defined in what fol-
lows. To this end, we first introduce an analog of this measure in the spaces of finite configurations in A € B.(R?)
(see [19]), which is sometimes called the Lebesgue—Poisson measure, by the formula

/F(mw(dy) ::ifj/.../F({ml,...,xn})a(dxl)...a(dxn)
T'n n=0 """} A

:ZZ/.../Fn(xl,...,:z:n)dxl...da:n (2.4)
n!
A

|
n=0 A

for all measurable functions F' = {F,},>0, F, € L>®(A") (or F, € Ll(Rd")). By using the measure ),
we construct a family of probability measures

A e—ZO’(A))\A

A= A A e B(RY). (2.5)

™

With the help of definition (2.4), we can easily show that family (2.5) is pairwise consistent and, by the
Kolmogorov theorem (see, e.g., [20]), there exists a unique probability measure 7., on the configuration space I'.
The Gibbs measure for the grand canonical ensemble on the space of configurations I'y is given by the formula

1 _
ua(dy) = e PV, o (dy),

Z\ = /eBU(V)AZU(dV),
1N
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where we have used the definition of the Lebesgue—Poisson measure (2.4). In the case of an infinite system in R¢,
according to the Dobrushin—Lanford—Ruelle approach (see [4, 21]), the Gibbs measure p is defined on I' with
the help of a family of conditional probability distributions whose density is specified by the Radon-Nikodym
derivative

dpa _ exp{—pU 0
HA (| ) = SPAZBUM | ne)}
d)\za ZA(’YAC)
where
U [ Yae) = U(n) + W(n;Yae)
and

AeB,(RY), A°=RI\A, nely, ~el.

The existence and uniqueness of the Gibbs measure p for the investigated interactions and the conditions are
known results (see, e.g., the surveys [5, 22]) and the condition of mixing can be represented in the form

p(F1Fy) — p(F)p(Fs) — 0
for two bounded functions Fi, F»: I' — R such that dist(supp Fi, supp F») — oo.

2.4. Correlation Functions and the Kirkwood—-Salsburg Equations. In a certain sense, the correlation func-
tions are moments of the Gibbs measure used to find the mean values of the observables, and the statistical sum
plays an important role in the construction of thermodynamic functions, namely, the free energy and pressure of
the system (see, e.g., [23-25]).

We write the expressions for the statistical sum Z, and the corresponding collection of correlation func-
tions pa with the help of integrals over the measure ... Thus, for the grand canonical ensemble, we obtain

Zn(z,B) = / e BUD . (dn),
Ta

1@/66U(77Uv))\w(d,y)7 n e Ty.

pa(n; 2, B) = NE
Ta

For low values of the activity z, there exists a unique thermodynamic limit of p as A 1 R? [23]. The limit
functions p(7; z, ) are the solutions of the infinite system of Kirkwood—Salsburg equations in the Banach space E¢
(see, e.g., [23-25]) with the norm

lelle == sup |p(m)|eM, ¢ € E.
nEFo\@

The system of Kirkwood-Salsburg equations can be represented in the form of a single operator equation as
follows (see [23]):

p=2Kp+ 26, (2.6)



PROPERTY OF MIXING OF CONTINUOUS CLASSICAL SYSTEMS WITH STRONG SUPERSTABLE INTERACTIONS

where the operator K acts upon an arbitrary function ¢ € E¢ according to the rule

(Ke)({x}) —1+Zk,/ /H —Flle—ul) —1)@({yh--.,yk})dyy--dyk

=l pa  pa =l

/ K(@im)e()Ao(dy) for 1={z}, K(@:o)=p@)=1,

_ Z%(x; n\ {m})e—BW(I;n\{w})

xen
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" nWHZk,/ /H ol 1) o\ {ah Uy, Py - dys

=l pa  pa =1
= 3 (i \ {a})e W ) / K@)\ {2} UnAe(dy) for |n] > 2,
xen To

where
mw (z;n\ {z}) 7
Do, ™ i\ {y})

m(z;n\ {z}) =

1 for Wi(x;n\{z}) > -2B,
w(zin\ {z}) =

0, otherwise,

p=1{p(n;2,B) tpero\o: P(D;52,8) =1

1 for|n| =1,
d(n) =

0, otherwise.

2.7)

(2.8)

(2.9)

(2.10)

Remark 2.2. In Ruelle’s notation [23], the operator K = IIK , while (2.7), (2.8) is the realization of the

operator II:

(W) (n) := Y _w(wsin\ {z})p(z 0\ {2}).

ren

Moreover, the operator K : E¢ — E258¢ and the operator K: E¢ — E¢ (for details, see [23]).

The operator K is a bounded operator in the Banach space F.
The solution of Eq. (2.6) can be represented in the form of the series

p(;2,8) = > 2" THK"S) (n; 2, 8)
n=0
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convergent in the space E¢ (and pointwise convergent for any fixed configuration 7 € I'g) provided that the
interaction satisfies Assumptions (A) and the values of the activity z lie inside the circle

2] < e 2Bege=¢CH), (2.11)

The optimal value of the parameter & is & = C(8)~!, where

C(B) = =Bol=l) _ 1| dz.
R[‘e x

2.5. Main Result.

Theorem 2.1.  Suppose that the potential ¢(|x|) is continuous on Ry \ {0} and satisfies Assumptions
(2.1)~(2.3). Then, for any configurations n,m € I'g, n N = &, located at a distance

dist(n,m):=min |z —y| > R
xen
yem

form each other and sufficiently low values of the activity z, the following inequality is true:

dist(n,n1)

lp(nUm) — p(mp(m)| < Cme, ® gy Hm], (2.12)

where m¢, < 1, C > 0, and § = &o(3,2) > 0 are independent of n) and 1, .

3. Proof of Theorem 2.1

3.1. Correlation Functions in the Model of Cell Gas. As already indicated, in [11-13], it was established
that, for the analyzed interactions, the correlation functions of the model of cell gas are pointwise convergent to
the correlations functions p(7; z, 3) if the parameter of partition a — 0. This implies that, in order to prove Theo-
rem 2.1, it suffices to establish inequality (2.12) for the correlation functions of the model of cell gas with constants

mg, <1, C>0, and = &(B,2) >0

independent of the parameter of partition a.
To determine the correlation functions of the model of cell gas, we introduce the following function in the
space I'p:

1 for v from |ya| € {0,1},

0, otherwise.

Thus, the statistical sum and the correlation functions of the model of cell gas are given by the formulas

208 = [0 T @halin) = [ O (an),

Ta AEALNA Fﬁ\a)
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PE\a) (n;2,8) == Zm)i /65U(’7U”A§a(n U dy),

where

X, (udy) = [ x2mUy)Ae(dy).
A€ANA

We also define a family of conditional correlation functions p&a) (- | m;z,B):

Sl

(a)
PN | sz, B) =
7\ (m; 2, B)

/ e BUMAIM N (1 iy U dy), 3.1)
Ta

where

Ul ln) =UF) + W(yn),

and the corresponding statistical sum takes the form

72\ (m; 2, B) := / e~ PUOIMI N, (m U dy) = /e‘ﬁU(W)A‘;U(m U dv).
F(a) FA
A

3.2. Kirkwood-Salsburg Equations for the Correlation Functions of the Cell Gas. The Kirkwood—Salsburg
equations for the correlation functions

p (2, 8) and pW(- | ni;2,P)

are the main instrument used to prove inequality (2.12). In [12], the equations for the functions p(® (n; z,B) were
used to prove the limit transition:

lim p\ (n; 2, 8) = p(n; 2, B).
a—0

We prove the existence of the thermodynamic limit A 1+ R? for the functions pS{l)(n; z,3) in a similar way

(see [12]). To deduce the equations for the functions pf{l) (| m1; 2, 8), we multiply the numerator and the denomi-
nator on the right-hand side of expression (3.1) by a factor

2lmle—BU(m)
2y (z,8.0)
This yields
PuSUN

Z\7(z,8,a)
Z\771|

772, 8,q)

/ PN (U U dy)
1N

pf\a)(n | m32,8) = (3.2)

e o uan)
Ca
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In view of the definition of the correlation functions p A ( z, ), we rewrite relation (3.2) in the form

P(A)(TIUm;ZwB)

B (3.3)
pp (152, B)

0| sz B) =

A similar relation can be also written for the limit functions p( (77 | m1;2,3). To obtain equations for the func-
tions p(®) (n | m; 2, B8), we write the Kirkwood-Salsburg equation for the function p(@) (nUm; z, B), select a vari-
able x € n, and apply the operator 7(x;n \ {«}) [relations (2.7) and (2.8)]. As a result, we obtain

P Um; 2z, B) = 27 (z;n \ {z})e AV "\{””}Um){p(“)(n\ {z} Umi;2,B)

o Y ILE " -0 oy Q;z,m}, (3:4)

QChA.Qro Y@
QNn\{z}um=92

where
Q={A1,....,s}, k=0,1,...,

are all possible subsets of cubes of the partition A, each of which contains a point of configuration. In rela-
tion (3.4), we use the notation

iﬂmzi S [ [t

OuE, k=0 {A1,.,AL}CAL A, Ag

In view of (3.3), we get

D | msz,B) = 27 (@;n \ {a})e W Emiatm) {p(“) (n\A{z} [ m; 2, 5)

+ j_‘ [ (7% = 1) (n\{fv}Ule,zﬁ)} (3.5)

QChA.Qro YEC
QNn\{z}um=o

We now rewrite the family of equations (3.5) in the form of a single operator equation

P m) = = (K p) () + 205, (), (3.6)

where

E_BW(IWI) for n= {gj}’

57]1 (n) =
0, otherwise |n| > 2.
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The operator R}S‘j) acts upon an arbitrary function ¢ € Co(Féa)

(K0 () = 7w lm) i [T (e —1)p(Q) 3.7)

QCha.Qrz V¢
QNM1=92

according to the rule

for || = 1 and according to the rule

(Ri) (n) =Fasm\ fape "V emhiatim)

X {90(71 \ {z}) + i [ (e %% = 1)p(n\ {2} U Q)} (3.8)

QChA,Qro V¢
QNn\{z}um=2

for |n| > 2.
It is worth noting that if dist(7,71) > R, then W(n;nm) = 0, e #W@m) = 1, and the summation in (3.7)
and (3.8) is carried out over the subsets () C R(A), where

R(A) = U A

AER, dist(A,A)<R

The operator INQS?) is an operator in the space E¢(§ > 0) (see [23]). Its norm satisfies the inequality (see also
the similar estimates obtained in [9] for the model of cell gas):

HKV’(h_)Hg < eﬂD(a)egc(ﬁ)g—l‘

The solution of Eq. (3.6) can be represented in the form of a series

(e o]

P iz Bra) = 3 2 ((K},ﬁ”))n 5m> (n)

convergent in F¢ (and also pointwise convergent for every fixed configuration 1 € I'g ) and sufficiently low values
of the activity z. Setting 7; = &, we obtain similar equations for the functions p(®) (n; z, B), and the solutions of
these equations are given by a similar series

[e.e]

V=) = 3+ H(RO) 6) .

The expression for the operator Ka ) (|n| > 2) is similar to (3.8) but without the factor e =AW (#m),
To prove inequality (2.12), we formulate the following lemma (see also [9], Lecture 6):

Lemma 3.1. [ffunctions fi and f2 coincide (f1(n) = f2(n)) forall n € Ty such that

dist(n,m) >pR >0, peN,
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then
(K@p)m) = (K1) )
for all n such that
dist(n,m) = (p+ )R

Proof. In view of Egs. (3.7) and (3.8) and the fact that Q) C R(A), we get

dist(n \ {z} UQ,m) > pR

)

for dist(n,m1) > (p+ 1)R. The summation in the expressions for the operators K () and I?,(ff is carried out over

different domains since

QNn\{z} =2 and QNn\{z}um)=2,
respectively. However, this does not lead to different operators because if
QNm #2 and dist(n,m) > R
under the conditions of the lemma, then
e PPy _1=0 forany yeQ.
If dist(n,n1) > R, then 6(n) = d,, (n). Moreover, for any 1,7; € I'g such that dist(n,7;) > R, we have
(K@5)m) = (K25, ) .
Lemma 3.1 is proved.

In view of Lemma 3.1, we obtain
((f{ (a))p 5) (n) = ((kfﬁ‘))p 5m) (n) (3.9)

dist
forall p, 1< p< [W]

R
For any 1, m1 € I'g, there exists n € Ny such that

(n+ 1)R > dist(n,n1) > nR.

By using this fact and relation (3.9), we obtain the following estimate for any 1,7, € I'g such that dist(n, ;) > R:

p(“)(n)—p(a)(n\m)’ <[y z’“((l?'g‘f))la) () — 3 2 ((R’(a))lém)(n) . (3.10)
l=n+1 I=n+1
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By the definition of the norm in the space E¢ and the fact that there exists p such that the inequalities
ZHK Hgo < mg,(a), zHKfI‘f) Hgo <mg,(a), 0<mg(a) <1,

are true, we arrive at the inequalities

Zl‘((f((a)) ‘< (K@) 5H£0§|n\ < méollé\lgof(']”‘ < mgoéw 3.11)
~ (o) ! -1
Zl‘((K;??)) 5 ’< ZlH( m ) m”go‘glm = m§0||5m||ﬁo§‘n| < eﬂBml&)g(\)ﬂ : (3'12)
In view of estimates (3.11) and (3.12), we can rewrite estimate (3.10) in the form
1l sl b
)p(“)(n) —p(n | 771)’ < Comgtleg" < Comy, (3.13)
In view of relation (3.3) and the boundedness of the correlation functions p(“) (n;2,8):
P(a)(m% 2, 6) < Cl€|1n1|7
where (] is independent of a (see [13]), we derive the following inequality from (3.13):
(a) (@) (1) (@ SR i
P (mUm) —p (e (m)| < Cmg gL (3.14)

The right-hand side of inequality (3.14) is independent of the parameter of partition a. Finally, passing to the
limit as @ — 0, we complete the proof of Theorem 2.1.
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