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NEW FRACTIONAL INTEGRAL INEQUALITIES FOR DIFFERENTIABLE
CONVEX FUNCTIONS AND THEIR APPLICATIONS

K.-L. Tseng and K.-C. Hsu UDC 517.5

We establish some new fractional integral inequalities for differentiable convex functions and give several
applications for the Beta-function.

1. Introduction

Throughout this paper, we assume that a < b in R.
The inequality
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which holds for all convex functions f : [a, b] ! R, is known in the literature as the Hermite–Hadamard inequal-
ity [7].

For some results generalizing, improving, and extending the inequality (1.1), see [1–6] and [8–17].
In [14], Tseng, et al. established the following Hermite–Hadamard-type inequality refining inequality (1.1).

Theorem A. Suppose that f : [a, b] ! R is a convex function on [a, b]. Then
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The third inequality in (1.2) is known in the literature as the Bullen inequality.
In [4], Dragomir and Agarwal established the following results connected with the second inequality in (1.1).

Theorem B. Let f : [a, b] ! R be a differentiable function on (a, b) with a < b. If |f 0| is convex on [a, b],

then
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which is the trapezoid inequality provided that |f 0| is convex on [a, b].
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In [11], Kirmaci and Özdemir established the following results connected with the first inequality in (1.1):

Theorem C. Under the assumptions of Theorem B, the following inequality is true:
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which is the midpoint inequality provided that |f 0| is convex on [a, b].

In [12], Pearce and Pečarić established the following Hermite–Hadamard-type inequalities for differentiable
functions:

Theorem D. If f : Io ✓ R ! R is a differentiable mapping on I

o

, a, b 2 I

o with

a < b, f

0 2 L1[a, b], q ≥ 1,

and |f 0|q is convex on [a, b], then the following inequalities are true:
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We now recall the following definition [13]:

Definition 1.1. Let f 2 L1[a, b]. The Riemann–Liouville integrals
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In [13], Sarikaya, et al. established the following Hermite–Hadamard-type inequalities for the fractional inte-
grals:

Theorem E. Let f : [a, b] ! R be positive with 0  a < b and f 2 L1[a, b]. If f is a convex function
on [a, b], then
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Theorem F. Under the assumptions of Theorem B, the following inequality is true:
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In [9], Hwang, et al. established the following fractional integral inequalities:

Theorem G. Under the assumptions of Theorem B, the following Hermite–Hadamard-type inequality is true
for fractional integrals:
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Theorem H. Under the assumptions of Theorem B, the following inequality for fractional integrals is

true with
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for ↵ > 0.

Theorem I. Under the assumptions of Theorem B, the following Bullen-type inequality for fractional inte-
grals is true:
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Theorem J. Under the assumptions of Theorem B, the following Simpson-type inequality for fractional inte-
grals is true:
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Remark 1.1.

(1) The assumption that f : [a, b] ! R is positive with 0  a < b in Theorem E can be weakened as
f : [a, b] ! R with a < b.

(2) In Theorem D, let q = 1. Then Theorem D reduces to Theorems B and C.

(3) In Theorems F and G, let ↵ = 1. Then Theorems F and G reduce to Theorems B and C, respectively.

(4) In Theorem H, let ↵ = 1. Then inequality (1.3) is connected with the second inequality in (1.2).

(5) In Theorem I, let ↵ = 1. Then inequality (1.4) is a Bullen-type inequality.

(6) In Theorem J, let ↵ = 1. Then inequality (1.5) is a Simpson-type inequality.

In the present paper, we establish some new Hermite–Hadamard-type inequalities for the fractional integrals
generalizing Theorems D and G–J. Some applications for the Beta-function are given.

2. Main Results

Theorem 2.1. Under the assumptions of Theorem D, the following Hermite–Hadamard-type inequality for
fractional integrals is true:
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Proof. In [9], we assume that
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As a result of simple computation, we arrive at the following identities:
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Inequality (2.1) follows from identity (2.2) and inequality (2.7).
Theorem 2.1 is proved.

Remark 2.1. In Theorem 2.1, let q = 1. Then Theorem 2.1 reduces to Theorem G.

Theorem 2.2. Under the assumptions of Theorem D, the following inequality for fractional integrals is
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Inequality (2.8) follows from identity (2.9) and inequality (2.15).
Theorem 2.2 is proved.

Remark 2.2.
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(2) In Theorems 2.1 and 2.2, let ↵ = 1. Then Theorems 2.1 and 2.2 reduce to Theorem D.

Theorem 2.3. Under the assumptions of Theorem D, the following Bullen-type inequality for fractional inte-
grals is true:

����
Γ(↵+ 1)

2(b− a)↵
[J↵

a

+f(b) + J

↵

b

−f(a)]

−

3↵ − 1

4↵
f

✓
a+ b

2

◆
+

4↵ − 3↵ + 1

4↵
f(a) + f(b)

2

�����

 1

↵+ 1

✓
2↵ + 1

2↵
− 3↵+1 + 1

2 · 4↵

◆
(b− a)


|f 0(a)|q + |f 0(b)|q

2

�1/q
(2.16)

for ↵ > 0.

Proof. Let

h3(x) =

8
>>>><

>>>>:

(b− x)↵ − (x− a)↵ − 3↵ − 1

4↵
(b− a)↵, x 2


a,

a+ b

2

◆
,

(b− x)↵ − (x− a)↵ +
3↵ − 1

4↵
(b− a)↵, x 2


a+ b

2
, b

�
.
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Then the following identities are true:

1

2(b− a)↵

bZ

a

h3(x)f
0(x) dx

=
↵

2(b− a)↵

bZ

a

⇥
(x− a)↵−1 + (b− x)↵−1

⇤
f(x) dx

−

3↵ − 1

4↵
f

✓
a+ b

2

◆
+

4↵ − 3↵ + 1

4↵
f(a) + f(b)

2

�

=
↵Γ(↵)

2(b− a)↵
[J↵

a

+f(b) + J

↵

b

−(a)]

−

3↵ − 1

4↵
f

✓
a+ b

2

◆
+

4↵ − 3↵ + 1

4↵
f(a) + f(b)

2

�

=
Γ(↵+ 1)

2(b− a)↵
[J↵

a

+f(b) + J

↵

b

−(a)]

−

3↵ − 1

4↵
f

✓
a+ b

2

◆
+

4↵ − 3↵ + 1

4↵
f(a) + f(b)

2

�
. (2.17)

As a result of simple computations, we arrive at the following identities:

3a+b
4Z

a


(b− x)↵ − (x− a)↵ − 3↵ − 1

4↵
(b− a)↵

�
b− x

b− a

��
f

0(a)
��q
dx

+

bZ

a+3b
4


(x− a)↵ − (b− x)↵ − 3↵ − 1

4↵
(b− a)↵

�
b− x

b− a

��
f

0(a)
��q
dx

=

3a+b
4Z

a


(b− x)↵ − (x− a)↵ − 3↵ − 1

4↵
(b− a)↵

�
b− x

b− a

��
f

0(a)
��q
dx

+

3a+b
4Z

a


(b− x)↵ − (x− a)↵ − 3↵ − 1

4↵
(b− a)↵

�
x− a

b− a

��
f

0(a)
��q
dx
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=
��
f

0(a)
��q

3a+b
4Z

a


(b− x)↵ − (x− a)↵ − 3↵ − 1

4↵
(b− a)↵

�
dx := P1, (2.18)

3a+b
4Z

a


(b− x)↵ − (x− a)↵ − 3↵ − 1

4↵
(b− a)↵

�
x− a

b− a

��
f

0(b)
��q
dx

+

bZ

a+3b
4


(x− a)↵ − (b− x)↵ − 3↵ − 1

4↵
(b− a)↵

�
x− a

b− a

��
f

0(b)
��q
dx

=

3a+b
4Z

a


(b− x)↵ − (x− a)↵ − 3↵ − 1

4↵
(b− a)↵

�
x− a

b− a

��
f

0(b)
��q
dx

+

3a+b
4Z

a


(b− x)↵ − (x− a)↵ − 3↵ − 1

4↵
(b− a)↵

�
b− x

b− a

��
f

0(b)
��q
dx

=
��
f

0(b)
��q

3a+b
4Z

a


(b− x)↵ − (x− a)↵ − 3↵ − 1

4↵
(b− a)↵

�
dx := P2, (2.19)

a+b
2Z

3a+b
4


(x− a)↵ − (b− x)↵ +

3↵ − 1

4↵
(b− a)↵

�
b− x

b− a

��
f

0(a)
��q
dx

+

a+3b
4Z

a+b
2


(b− x)↵ − (x− a)↵ +

3↵ − 1

4↵
(b− a)↵

�
b− x

b− a

��
f

0(a)
��q
dx

=

a+b
2Z

3a+b
4


(x− a)↵ − (b− x)↵ +

3↵ − 1

4↵
(b− a)↵

�
b− x

b− a

��
f

0(a)
��q
dx

+

a+b
2Z

3a+b
4


(x− a)↵ − (b− x)↵ +

3↵ − 1

4↵
(b− a)↵

�
x− a

b− a

��
f

0(a)
��q
dx
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=
��
f

0(a)
��q

a+b
2Z

3a+b
4


(x− a)↵ − (b− x)↵ +

3↵ − 1

4↵
(b− a)↵

�
dx := P3, (2.20)

a+b
2Z

3a+b
4


(x− a)↵ − (b− x)↵ +

3↵ − 1

4↵
(b− a)↵

�
x− a

b− a

��
f

0(b)
��q
dx

+

a+3b
4Z

a+b
2


(b− x)↵ − (x− a)↵ +

3↵ − 1

4↵
(b− a)↵

�
x− a

b− a

��
f

0(b)
��q
dx

=

a+b
2Z

3a+b
4


(x− a)↵ − (b− x)↵ +

3↵ − 1

4↵
(b− a)↵

�
x− a

b− a

��
f

0(b)
��q
dx

+

a+b
2Z

3a+b
4


(x− a)↵ − (b− x)↵ +

3↵ − 1

4↵
(b− a)↵

�
b− x

b− a

��
f

0(b)
��q
dx

=
��
f

0(b)
��q

a+b
2Z

3a+b
4


(x− a)↵ − (b− x)↵ +

3↵ − 1

4↵
(b− a)↵

�
dx := P4, (2.21)

bZ

a

|h3(x)|dx = 2

2

664

3a+b
4Z

a


(b− x)↵ − (x− a)↵ − 3↵ − 1

4↵
(b− a)↵

�
dx

+

a+b
2Z

3a+b
4


(x− a)↵ − (b− x)↵ +

3↵ − 1

4↵
(b− a)↵

�
dx

3

775. (2.22)

Thus, by using the power mean inequality, identities (2.3) and (2.18)–(2.22), and the convexity of |f 0|q, we es-
tablish the inequality

������

bZ

a

h3(x)f
0(x)dx

������


bZ

a

|h3(x)|
��
f

0(x)
��
dx
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2

4
bZ

a

|h3(x)| dx

3

5

q−1
q

2

4
bZ

a

|h3(x)|
��
f

0(x)
��q
dx

3

5
1/q

=

2

4
bZ

a

|h3(x)| dx

3

5

q−1
q

2

664

3a+b
4Z

a


(b− x)↵ − (x− a)↵ − 3↵ − 1

4↵

�
(b− a)↵

��
f

0(x)
��q
dx

+

a+b
2Z

3a+b
4


(x− a)↵ − (b− x)↵ +

3↵ − 1

4↵
(b− a)↵

���
f

0(x)
��q
dx

+

a+3b
4Z

a+b
2


(b− x)↵ − (x− a)↵ +

3↵ − 1

4↵
(b− a)↵

���
f

0(x)
��q
dx

+

bZ

a+3b
4


(x− a)↵ − (b− x)↵ − 3↵ − 1

4↵
(b− a)↵

���
f

0(x)
��q
dx

3

775

1/q



2

4
bZ

a

|h3(x)| dx

3

5

q−1
q

(P1 + P2 + P3 + P4)

= 2

2

664

3a+b
4Z

a


(b− x)↵ − (x− a)↵ − 3↵ − 1

4↵
(b− a)↵

�
dx

+

a+b
2Z

3a+b
4


(x− a)↵ − (b− x)↵ +

3↵ − 1

4↵
(b− a)↵

�
3

775dx

|f 0(a)|q + |f 0(b)|q

2

�1/q

=
1

↵+ 1

✓
2↵ + 1

2↵−1
− 3↵+1 + 1

4↵

◆
(b− a)↵+1


|f 0(a)|q + |f 0(b)|q

2

�1/q
. (2.23)

Inequality (2.16) follows from identity (2.17) and inequality (2.23).
Theorem 2.3 is proved.

Remark 2.3. In Theorem 2.3, let q = 1. Then Theorem 2.3 reduces to Theorem I.
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Theorem 2.4. Under the assumptions of Theorem D, the following Simpson-type inequality for fractional
integrals is true:

����
Γ(↵+ 1)

2(b− a)↵
[J↵

a

+f(b) + J

↵

b

−f(a)]

−

5↵ − 1

6↵
f

✓
a+ b

2

◆
+

6↵ − 5↵ + 1

6↵
f(a) + f(b)

2

�����




1

↵+ 1

✓
2↵ + 1

2↵
− 5↵+1 + 1

3 · 6↵

◆
+

✓
5↵ − 1

6↵+1

◆�
(b− a)


|f 0(a)|q + |f 0(b)|q

2

�1/q
(2.24)

for ↵ > 0.

Proof. In [9], let

h4(x) =

8
>>>><

>>>>:

(b− x)↵ − (x− a)↵ − 5↵ − 1

6↵
(b− a)↵, x 2


a,

a+ b

2

◆
,

(b− x)↵ − (x− a)↵ +
5↵ − 1

6↵
(b− a)↵, x 2


a+ b

2
, b

�
.

Then, the following identities hold:

1

2(b− a)↵

bZ

a

h4(x)f
0(x) dx

=
↵

2(b− a)↵

bZ

a

⇥
(x− a)↵−1 + (b− x)↵−1

⇤
f(x) dx

−

5↵ − 1

6↵
f

✓
a+ b

2

◆
+

6↵ − 5↵ + 1

6↵
f(a) + f(b)

2

�

=
↵Γ(↵)

2(b− a)↵
[J↵

a

+f(b) + J

↵

b

−(a)]

−

5↵ − 1

6↵
f

✓
a+ b

2

◆
+

6↵ − 5↵ + 1

6↵
f(a) + f(b)

2

�

=
Γ(↵+ 1)

2(b− a)↵
[J↵

a

+f(b) + J

↵

b

−(a)]

−

5↵ − 1

6↵
f

✓
a+ b

2

◆
+

6↵ − 5↵ + 1

6↵
f(a) + f(b)

2

�
. (2.25)
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As a result of simple computations, we arrive at the following identities:

5a+b
6Z

a


(b− x)↵ − (x− a)↵ − 5↵ − 1

6↵
(b− a)↵

�
b− x

b− a

��
f

0(a)
��q
dx

+

bZ

a+5b
6


(x− a)↵ − (b− x)↵ − 5↵ − 1

6↵
(b− a)↵

�
b− x

b− a

��
f

0(a)
��q
dx

=

5a+b
6Z

a


(b− x)↵ − (x− a)↵ − 5↵ − 1

6↵
(b− a)↵

�
b− x

b− a

��
f

0(a)
��q
dx

+

5a+b
6Z

a


(b− x)↵ − (x− a)↵ − 5↵ − 1

6↵
(b− a)↵

�
x− a

b− a

��
f

0(a)
��q
dx

=
��
f

0(a)
��q

5a+b
6Z

a


(b− x)↵ − (x− a)↵ − 5↵ − 1

6↵
(b− a)↵

�
dx := Q1, (2.26)

5a+b
6Z

a


(b− x)↵ − (x− a)↵ − 5↵ − 1

6↵
(b− a)↵

�
x− a

b− a

��
f

0(b)
��q
dx

+

bZ

a+5b
6


(x− a)↵ − (b− x)↵ − 5↵ − 1

6↵
(b− a)↵

�
x− a

b− a

��
f

0(b)
��q
dx

=

5a+b
6Z

a


(b− x)↵ − (x− a)↵ − 5↵ − 1

6↵
(b− a)↵

�
x− a

b− a

��
f

0(b)
��q
dx

+

5a+b
6Z

a


(b− x)↵ − (x− a)↵ − 5↵ − 1

6↵
(b− a)↵

�
b− x

b− a

��
f

0(b)
��q
dx

=
��
f

0(b)
��q

5a+b
6Z

a


(b− x)↵ − (x− a)↵ − 5↵ − 1

6↵
(b− a)↵

�
dx := Q2, (2.27)
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a+b
2Z

5a+b
6


(x− a)↵ − (b− x)↵ +

5↵ − 1

6↵
(b− a)↵

�
b− x

b− a

��
f

0(a)
��q
dx

+

a+5b
6Z

a+b
2


(b− x)↵ − (x− a)↵ +

5↵ − 1

6↵
(b− a)↵

�
b− x

b− a

��
f

0(a)
��q
dx

+

a+b
2Z

5a+b
6


(x− a)↵ − (b− x)↵ +

5↵ − 1

6↵
(b− a)↵

�
b− x

b− a

��
f

0(a)
��q
dx

+

a+b
2Z

5a+b
6


(x− a)↵ − (b− x)↵ +

5↵ − 1

6↵
(b− a)↵

�
x− a

b− a

��
f

0(a)
��q
dx

=
��
f

0(a)
��q

a+b
2Z

5a+b
6


(x− a)↵ − (b− x)↵ +

5↵ − 1

6↵
(b− a)↵

�
dx := Q3, (2.28)

a+b
2Z

5a+b
6


(x− a)↵ − (b− x)↵ +

5↵ − 1

6↵
(b− a)↵

�
x− a

b− a

��
f

0(b)
��q
dx

+

a+5b
6Z

a+b
2


(b− x)↵ − (x− a)↵ +

5↵ − 1

6↵
(b− a)↵

�
x− a

b− a

��
f

0(b)
��q
dx

+

a+b
2Z

5a+b
6


(x− a)↵ − (b− x)↵ +

5↵ − 1

6↵
(b− a)↵

�
x− a

b− a

��
f

0(b)
��q
dx

+

a+b
2Z

5a+b
6


(x− a)↵ − (b− x)↵ +

5↵ − 1

6↵
(b− a)↵

�
b− x

b− a

��
f

0(b)
��q
dx

=
��
f

0(b)
��q

a+b
2Z

5a+b
6


(x− a)↵ − (b− x)↵ +

5↵ − 1

6↵
(b− a)↵

�
dx := Q4, (2.29)
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bZ

a

|h4(x)| dx = 2

2

64

5a+b
6Z

a


(b− x)↵ − (x− a)↵ − 5↵ − 1

6↵
(b− a)↵

�
dx

+

a+b
2Z

5a+b
6


(x− a)↵ − (b− x)↵ +

5↵ − 1

6↵
(b− a)↵

�
dx

3

775. (2.30)

Further, by using the power mean inequality, identities (2.3) and (2.26)–(2.30), and the convexity of |f 0|q,
we get the inequality

������

bZ

a

h4(x)f
0(x)dx

������


bZ

a

|h4(x)|
��
f

0(x)
��
dx



2

4
bZ

a

|h4(x)| dx

3

5

q−1
q

2

4
bZ

a

|h4(x)|
��
f

0(x)
��q
dx

3

5
1/q

=

2

4
bZ

a

|h4(x)| dx

3

5

q−1
q

2

664

5a+b
6Z

a


(b− x)↵ − (x− a)↵ − 5↵ − 1

6↵
(b− a)↵

���
f

0(x)
��q
dx

+

a+b
2Z

5a+b
6


(x− a)↵ − (b− x)↵ +

5↵ − 1

6↵
(b− a)↵

���
f

0(x)
��q
dx

+

a+5b
6Z

a+b
2


(b− x)↵ − (x− a)↵ +

5↵ − 1

6↵
(b− a)↵

���
f

0(x)
��q
dx

+

bZ

a+5b
6


(x− a)↵ − (b− x)↵ − 5↵ − 1

6↵
(b− a)↵

���
f

0(x)
��q
dx

3

775



2

4
bZ

a

|h4(x)| dx

3

5

q−1
q

(Q1 +Q2 +Q3 +Q4)

= 2

2

664

5a+b
6Z

a


(b− x)↵ − (x− a)↵ − 5↵ − 1

6↵
(b− a)↵

�
dx
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+

a+b
2Z

5a+b
6


(x− a)↵ − (b− x)↵ +

5↵ − 1

6↵
(b− a)↵

�
dx

3

775

⇥

|f 0(a)|q + |f 0(b)|q

2

�1/q

=


1

↵+ 1

✓
2↵ + 1

2↵−1
− 5↵+1 + 1

9 · 6↵−1

◆
+

✓
5↵ − 1

3 · 6↵

◆�

⇥ (b− a)↵+1


|f 0(a)|q + |f 0(b)|q

2

�1/q
. (2.31)

Inequality (2.24) now follows from identity (2.25) and inequality (2.31).
Theorem 2.4 is proved.

Remark 2.4. In Theorem 2.4, let q = 1. Then Theorem 2.4 reduces to Theorem J.

3. Applications for the Beta-functions

Throughout this section, let

↵ > 0, ⇢ ≥ 1, q ≥ 1, a = 0, b = 1,

let Γ(↵) be the Gamma-function, and let

f(x) = x

⇢−1 (x 2 [0, 1]).

Then |f 0| is convex on [0, 1].

We now recall the definition of the Beta-function

B (p, r) =

1Z

0

x

p−1 (1− x)r−1
dx (p, r > 0).

Remark 3.1. By using Theorems 2.1–2.4, we get

Γ(↵+ 1)

2(b− a)↵
J

↵

a

+f(b) =
↵

2

1Z

0

(1− x)↵−1
x

⇢−1
dx =

↵

2
B (⇢,↵)

and

Γ(↵+ 1)

2(b− a)↵
J

↵

b

−f(a) =
↵

2

1Z

0

x

↵+⇢−2
dx =

↵

2 (↵+ ⇢− 1)
.
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By virtue of Theorems 2.1–2.4 and Remark 3.1, we arrive at the following propositions:

Proposition 3.1. In Theorem 2.1, the following inequality is true:

����
↵

2
B (⇢,↵) +

↵

2 (↵+ ⇢− 1)
− 1

2⇢−1

���� 
✓
1

2
− 2↵ − 1

2↵ (↵+ 1)

◆
⇢− 1

21/q
.

Proposition 3.2. In Theorem 2.2, the following inequality holds:

����
↵

2
B (⇢,↵) +

↵

2 (↵+ ⇢− 1)
− 3⇢−1 + 1

2 · 4⇢−1

����




3↵+1 + 1

2 · 4↵ (↵+ 1)
+

1

4
− 2↵ + 1

2↵ (↵+ 1)

�
⇢− 1

21/q
.

Proposition 3.3. In Theorem 2.3, the following inequality is true:

����
↵

2
B (⇢,↵) +

↵

2 (↵+ ⇢− 1)
−

✓
3↵ − 1

2⇢−14↵
+

4↵ − 3↵ + 1

2 · 4↵

◆����

 1

↵+ 1

✓
2↵ + 1

2↵
− 3↵+1 + 1

2 · 4↵

◆
⇢− 1

21/q
.

Proposition 3.4. In Theorem 2.4, the following inequality holds:

����
↵

2
B (⇢,↵) +

↵

2 (↵+ ⇢− 1)
−

✓
5↵ − 1

2⇢−16↵
+

6↵ − 5↵ + 1

2 · 6↵

◆����




1

↵+ 1

✓
2↵ + 1

2↵
− 5↵+1 + 1

3 · 6↵

◆
+

✓
5↵ − 1

6↵+1

◆�
⇢− 1

21/q
.
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7. J. Hadamard, “Étude sur les propriétés des fonctions entières en particulier d’une fonction considérée par Riemann,” J. Math. Pures

Appl. (9), 58, 171–215 (1893).
8. S.-R. Hwang, K.-C. Hsu, and K.-L. Tseng, “Hadamard-type inequalities for Lipschitzian functions in one and two variables with

their applications,” J. Math. Anal. Appl., 405, 546–554 (2013).



NEW FRACTIONAL INTEGRAL INEQUALITIES FOR DIFFERENTIABLE CONVEX FUNCTIONS AND THEIR APPLICATIONS 499

9. S.-R. Hwang, K.-L. Tseng, and K.-C. Hsu, “New inequalities for fractional integrals and their applications,” Turk. J. Math., 40,
471–486 (2016).

10. U. S. Kirmaci, “Inequalities for differentiable mappings and applications to special means of real numbers and to midpoint formula,”
Appl. Math. Comput., 147, 137–146 (2004).
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