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PERTURBATION AND ERROR ANALYSES OF THE PARTITIONED LU
FACTORIZATION FOR BLOCK TRIDIAGONAL LINEAR SYSTEMS

C.-Y. Wu! and T.-Zh. Huang’ UDC 519.62

We present the perturbation and backward error analyses of the partitioned LU factorization for block
tridiagonal matrices. In addition, we consider the bounds of perturbations for the partitioned LU factor-
ization for block-tridiagonal linear systems. Finally, numerical examples are given to verify the obtained
results.

1. Introduction

We consider a linear system Ax = b, where A is a nonsingular block tridiagonal matrix of the form:

A Cy
By Ay Oy
A= , (1.1)
Csfl
BS AS
where
Ay eRbR B e RFRi-L and G € RM R

forall 1 < <s.

Our aim is to solve the linear system Az = b efficiently and accurately for the indicated nonsingular block
tridiagonal matrix. Applying the partitioned LU factorization to the general matrix, we get the following repre-
sentation of the partitioned LU factorization for nonsingular block tridiagonal matrices:

L Un LGy
BoUp' I I I
A= = L1 DUy,
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where
Ay — BoU 'Ly Oy
Bsg As Cs
S1 =
Csfl
BS AS
If Ay — Bs UﬁlLil can be factorized as follows:
Ay — BoUp ' Ly} = LaoUss,
then D satisfies the relation
I
Lo
D1 = LyDsUs = B3U2_21 I3
I
I
L Uz Ly Co
X I I3 ,

Sa

I

where the form of S is similar to the form of S7 and, hence, it can be ignored. For a given 4, if the first block
of S; can be factorized, then the partitioned LU factorization may run up to the (i + 1)st step. Otherwise,
the factorization must terminate at the ¢th step. Suppose that the factorization may run up to the completion.
As a result, we obtain

A=1ILy...Lg_ 1L UU;_1...Uq,
where
D, 1 =L,U,.

Note that the form and content of the partitioned LU factorization and the general block LU factorization are
different because every step in the process of the former factorization needs one more LU factorization comparing
to the latter and the factors L; and Uj; in the former are triangular forms that are not satisfied for the latter.
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In the literature, there are numerous papers dealing with the perturbation bounds for usual or pointwise LU,
Cholesky, or QR factorizations. The references dealing with this problem include Barrlund [1], Stewart [2, 3, 4],
Chang and Paige [5], Dopico and Molera [6], etc. The first-order perturbation bounds are frequently used, see
Chang, Paige, and Stewart [7] and Stewart [2, 3]. Dopico and Molera [6] presented expressions for the terms of
any order in the series expressions for the perturbed LU and Cholesky factors. When the above factorization for
the original matrix A in (1.1) runs to completion, the question is whether the perturbed matrix A+ E exists for the
partitioned LU factorization. If E satisfies the inequality

[E] < €lA],

where ¢ is sufficiently small and |A| stands for a matrix of the absolute values of the entries of A, then the
partitioned LU factorization for the perturbed matrix A 4+ E exists. The relationships between

k k k k

respectively, are considered, where Si(f)(A) and Dg?)(A) stand for the blocks (i, 7) of Sy and Dy, respectively.
Moreover, the perturbation bounds for the factors are also established.

The error analysis is one of the most powerful tools for studying the accuracy and stability of numerical
algorithms. The references relevant to this problem include Higham [8, 9, 10], Amodio and Mazzia [11], Demmel,
Higham, and Shreiber [12], Zhao, Wang, and Ren [13], Mattheij [14], Forsgren, Gill, and Shinnerl [15], Bueno
and Dopico [16], etc. In the present paper, we apply the special property that the factors L; and U; are triangular
forms. Then some assumptions on the BLAS3 that cannot be used in the error analysis of the general block LU
factorization can be used in the error analysis of the partitioned LU factorization. Hence, the error analysis of
the partitioned LU factorization for block tridiagonal linear systems can be considered. Comparing the results
of Higham [8], Demmel and Higham [17] with the results obtained in the present paper, we conclude that the
difference between the former and the latter is well visible. In view of the assumptions, the latter conditions are
weaker than the former. Finally, two numerical examples are considered to illustrate the results of our theory for
the indicated matrices generated by the discretization of the partial differential equation —Aw = f and the random
block tridiagonal matrices from the MATLAB 6.5, respectively.

2. Perturbation Theory

In this section, we perform the perturbation analysis of the factors of the partitioned LU factorization.

2.1. Some Properties. We first consider the relationship between the first block of Si(A + E) and the first
block of Si(A).

Theorem 2.1. Suppose that the partitioned LU factorization for the block tridiagonal matrix A in (1.1) runs
up to the completion. Assume that € is sufficiently small such that |E| < €| A|. Then

S A+ E) =S (A) + T + O(e),

where Ty, 1 < k < s, satisfy

~1

1\ -l —Tk1 —Ep_1x gk=1) C

T, = E, T, = (Bk(Sﬂ“ U) Ik>< ) ( 1 ) b
—FErr—1  Eppg Iy,

)
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Proof. To save clutter, we omit “+O(e?).” The proof is essentially inductive. For k = 1, we find
SV(A+ E) = (As + Ex) — (Bs + E2))U (A + E)LT (A + E)(Cy + Ena).
Since A7 = U7'L7! and |E| < €|A|, we get
Sﬁ)(A + E) = (A + Ea2) — (Ba + Eo1)(A7 '+ AT En AT (C1 + Ero)

= Ay — BgAl_lCl + Foo — E21A1_101 — BgAl_lEnAl_lCl — BQAl_lE12

~Fi1 —Ep\ (AN
— S0(4) + (BoAT! D) < )( .
—FEy  Ea I

For k =i — 1, by the assumption, we find
(i—-1) _ oli-1)
Sii A+ E)=5y (A)+T,

where it follows from the structure of 7; that 7; = O(e). For k = i, we get
. . -1
SY(A+ E) = (Aix1 + Biyrin1) — (Bt + Eis14) (Sﬁ Yt T1> (Ci+ Eiit1)
-1 oy —1 oy -1
= Aj1 — Bin1U;'Ci 4+ Eiv1i41 — Eiy1 (Sﬁ 1)> C; — Bit1 (5& 1)) T; <5§11 1)> C;

-T, —Ei7i+1> (Sﬁ—l))ﬂ G

Eiv1i Eivii0

= Sﬁ) (A) + (Bi+1 (Sﬁ_l))_l Ii+1)<_

Iia
Theorem 2.1 is proved.

As above, this result implies the following theorem:

Theorem 2.2. Suppose that the partitioned LU factorization for the block tridiagonal matrix A in (1.1) runs
to the completion. Assume that € is sufficiently small so that |E| < €| A|. Then

S5 (A + B) = S5(A) + aij (T + O(e2) + (1 = o) By,

where

1, k<i<s-—1, 1, i=j5=1,
B; = o =
0, 1<i<k, 0, otherwise.
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Proof. By the partitioned LU factorization, we obtain

Si(f)(A—i—E) = ng)(A) +Eij, i, # 1.

Combining (2.1) with Theorem 2.1, we find
SU A+ E) = SW(A) + ai(Te + O(e?) + (1 — i) By,

where
1, i=j5=1,
Oél'j =

0, otherwise.

In view of the form of Dy, we conclude that
DX (A+E)=DP(4), 1<i<k
It follows from (2.2) that
Dgf)(A +E) = DS“)(A) +ai (T + O(*)) + (1 — i) Eij, k<i<s—1.
In view of (2.3) and (2.4), we can write

DI(A+ E) = DY (A) + Bi (aij (Ti + O(?) + (1 — i) Ej).

ij
where

1, k<i<s—1,

Bi =

0, 1<i<k.

Theorem 2.2 is proved.

1953

2.1)

2.2)

(2.3)

(2.4)

Corollary 2.1. Let the partitioned LU factorization for the block tridiagonal matrix A in (1.1) run to com-

pletion. Assume that € is sufficiently small so that |E| < €| A|. Then

SO A+ B) =Py +0(),  DP(a+E) =DM (A)+0(e).

Proof. From the proof of Theorem 2.1 and the form of T, it follows that 7}, = O(¢). Then

T, + E;j + 0(62) = O(e).
Therefore,

sPA+E) =sPW+00, DY A+ E)=D)+0(e)
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In view of the inequality |E| < €| A, if e is sufficiently small, then, for the spectral radius, we get
p(LT'EU) < 1.

Therefore, it has the unique block LU factorization (see Theorem 12.1 in [8] for details). In this case, the question

is whether the matrices S Elf), 1 <k <s—1, admitthe LU factorization, i.e., whether the perturbed matrix A+ F

admits the partitioned LU factorization. By Theorem 2.1, we conclude that
SW(A+ E) = 5% (4) + Th, + O(e).
Under the assumption of Theorem 2.1, we find

SW(A+ E) = List g1 Uns o1 + T + O(€)

= L1541 (Ik+1 + Loty (T + 0(62))(];;:1,“1) Uk41,k+1-

Since
Ty +O0() =0(e), p(L'EUT') <1,

we get
p<L’;i1,k+1(Tk + 0(62))[]1;31,“1) <L

ie, Ixt1 + L,;il i1 (T + 0(62))Uk_+11 )41 admits the LU factorization. Thus, SYf)(A +E)(1<k<s—-1)
have the LU factorization. Hence, the perturbed matrix A + E admits the partitioned LU factorization. These
results enable us to formulate the following theorem:

Theorem 2.3. Suppose that the partitioned LU factorization for the block tridiagonal matrix A in (1.1) runs
to completion. Assume that € is sufficiently small and such that |E| < €|A|. Then the perturbed matrix A + E
admits the partitioned LU factorization.

2.2. Perturbation Bounds for the Factors. In this section, we present the bounds for the factors. First,

)

we consider the bound for Sfjk . Obviously, we can easily get the following componentwise perturbation bound

for Sﬁ) by applying Theorem 2.1:
S1 (A +B) = 17 (4)] < Ay,

Unless otherwise stated, in this section, we assume that the norm without subscripts ||.|| is an arbitrary subordinate
(k)

and monotone matrix norm. For S)7’, we get the following theorem:

Theorem 2.4. Assume that the partitioned LU factorization for the block tridiagonal matrix A in (1.1) runs
to completion and that

() e

-1
w8 (567) 7 Becral + 1wt}



PERTURBATION AND ERROR ANALYSES OF THE PARTITIONED LU FACTORIZATION 1955

—1 —1
w—maX{HBk S(k 1) HH(SE’;AU CkH}
with
[ou(stt) ] J(stt) e 1

Assume that € is sufficiently small so that |E| < €| A|. Then

Jsta+ e - s <o (Ja + 25T )e v o

Proof. We first consider the bound for Tj. It follows from Theorem 2.1 that

Ty = <Bk<S(kz 1)) Ik)( Tk _Ekl,k> (Sﬁ;_l))—le

—FEpr1 Egk I
~_B, (s{’;‘”)_l Th1 (55’;‘1)>_1 o

— Ep k1 <S§lf71)) Cr — By (S(k U) Ey_1 + Ei .

Taking the monotone norm on both sides, we conclude that

el < 2 (st 7 (s70) " e i

(s67) e

Rearranging this inequality, we find

| A k-1l + €

ke -1
B(587) | 1ucasd + el

o
o

Then

wk 1
ITk] < o (HAlH n ((_3)

Theorem 2.4 is proved.
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By using Theorems 2.2 and 2.4, we can easily establish the perturbation bounds for Sfj (A) and ij(A), ie.,

|
k—1 _ )

(k) _p® | < Wi X = 1) ’ 2
[P+ E) - DY) <w (Mﬂ+wmuw_ne+”MMk+“€>

k-1
. & B x(w —1
#ﬂA+m—$ﬂMHSJ10MM+J )

A — 2|| A 2
k_l(w—l))€+ H ’L]H6+0(6 )7

3. Error Analysis

Throughout this section, we use the conventional error model of floating-point arithmetic. The evaluation of
an expression in the floating-point arithmetic is denoted by fI(-) with

fllaob) = (aob)(1+9), 0] <u, o=+4,—,%,/

(see, e.g., [8]). Here, u is the unit roundoff of the applied machine.
Unless otherwise stated, in this section, the norm without subscripts denotes

[A] := max; j|as;].
Note that, for this norm, the best inequality is
IAB| < nl|A[[[|BI,

where A € R™*™ and B € R"*P. It is well known that this norm is inconsistent but, for sparse matrices, it is
a simple and proper choice.

Based on the techniques of fast matrix multiplication, the use of BLAS3 affects the stability only by increasing
constant terms in the normwise backward error bounds (see [17] for details). We have the following assumptions
concerning the underlying level-3 BLAS:

(a) The computed approximation C' to C = AB, where A € R™*" and B € R™*?, satisfies the relations
C=AB+AC,  [|AC] < er(m,np)ul A Bl + O(u?),

where ¢ (m,n,p) is a constant depending on m, n, and p.

(b)y If T € R™™ and B € R™*P, then the computed solution X of the triangular systems 77X = B
satisfies

TX =B+AB,  [AB|| < cs(m.pulT||X]| + O(u2),

where cy(m, p) denotes a constant depending on m and p.

Assumption (b) in the BLAS3 cannot be applied in the error analysis of the general block LU factorization
because the factor U is not a triangular form. In view of this consideration, the partitioned LU is presented for
block tridiagonal matrices because the factors L and U are triangular forms, i.e., the errors accumulated in the
process of partitioned LU factorization and substitution can be represented by using the assumption (b). We first
recall the error analyses of the partitioned LU factorization for a general partitioned matrix A € R™*™and of the
corresponding computed solution of Ax = b.
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Lemma 3.1 [17]. Under the assumptions (a), (b), and

LU = Ay + A4, JAAL| < es(k)ul| L |||Tn ]| + O(u?),

the LU factors of A € R™*™ computed by using the partitioned outer product form of the LU factorization with
block size k1 satisfy relation

LU = A+ AA,
where
|AA] < w(8(n, kD)JIA]l + 6(n, DILIITT ) + O(?),

and, in addition,

(5(n,k‘1):1+5(n—k1,k1), 5(]{51,/{1):0,

H(n, k‘l) :HlaX{Cg(kl), Cg(kl,n—k‘l), 1+cl(n—k‘l,kl,n—k‘l)+5(n—k1,k1)+0(n—k1,k1)},
O(kr, k1) = 0.

The following lemma is known as Problem 12.6 in [8].

Lemma 3.2 [8]. Under the conditions of Lemma 3.1 the computed solution of the equation Ax = b satisfies

(A+064)8=b,  [I6A] < cou[|All + [ LINT) + O(u?),

where c,, is a constant depending on n and the block size.

The corresponding error analyses of the block tridiagonal matrix A in (1.1) and its linear systems are presented
in what follows:

Theorem 3.1. Assume that the partitioned LU factorization for the block tridiagonal matrix A in (1.1) runs
up to the completion. Then, under the assumptions (a) and (b),

A+AA=LU,  |IAAL < €l G IZIT D + O6s),
where
0’ Z — ] — 17
k 7k ) =7 = 17
1, i— 41, ok, k1), i=j
i = = s S 17
§ij co(kiy ki)kik(Lii), i=7—1, Gij c i=j#
=] 0, others,
ca(kis ki)kis(Ui), i=7+1,

¢i = max {1+ ci(ki—1, ki1, ki), ca(ki, ki) }.
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Proof. To save the clutter, we omit “+O(u?).” By the assumption (b), we get

UilUs = L+ AL, || AL|| < ea(ks, ka)ull U7 Y[1Tx]),

i
where (:]igl are the computed quantities used to invert Us;. Thus,
[}ﬁl = (L + AIZ‘)UJI-
Therefore,
103111 < 103 + Ow).
By virtue of representation (3.1), we conclude that
1AL < eaki, ka)ul| U Uil

Similarly, we get

~
~

A similar assertion also holds for the following case:

ﬁllﬁz_ll = IZ‘ + A[Z', HAIZH S Cg(ki, k,)u”L”HHLz_zlu = Cg(ki, kz)n(Lu)u

The process of partitioned factorization gives
ByU5 01 = By + ABs,
LulylCy = €1+ ACY.
It follows from representations (2.2)—(2.4) that
[ABs|| < ca(ky, k1)k1£(Ut1) || Bazllu,
[ACL]| < ok, k1) kik(Lnn)||Crllu.
By the assumption (b), we get the following bound for AA; :

|AA || < ca(kr, kr)ul[La|[[|Ur]-

Uﬁlﬁii =1+ AL, IAL]| < ca(ks, ki)ul|U; Uil = ca(ki, ki) (Us ).

3.1

(3.2)

3.3)

3.4)

As for AB3, AAs, and AC5, due to the errors acquired in the processes of multiplication and subtraction of
the matrices and the LU factorization for Ay — BUﬁlﬁ_lCl, they are different from ABs, AA; and ACH,

respectively. Let

Lo1Ujy = BoUy ' L'Cy = H.
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Then the computed approximation H satisfies the relations
BU Oy + AH = H,
IAH]| < e1(ki, k1, ko)ul B2Up || L Call-

Let
Ay — H =G.

Then the computed approximation G to G satisfies

Ay —H+AG =G, |AG| < u(||Az] + 1H]),
ie.,
Ay — BoU'LM O + AG = G,
(3.5)
IAG| < u(l|Asll + (1 + ex(ka, ki, k2)) || B2Upy [ L7 Cal)-
Applying the LU factorization to G , we find

G+ AG" = LygUs, IAG"|| < ea(ka, ka)ul| Loz || |Usz]|.

Combining (3.1) with (3.2), we find
Ay + AAy = [AJQQUQZ + BQUﬁlﬁﬁlC’l,

[AAz]| < U<||A2H + (14 cr(ky, by, ko)) || B2UR 1L Chl

+ ok, k)| Loz U2 )

From the factors LH, Un, ng, and U22 obtained in the process of factorization, it is clear that L11 and U11
are different from Loy and Usy, respectively, because the latter contain the errors caused by the multiplication and
subtraction in addition to the process of factorization. For AA;, 3 < i < s, we get the following similar results:

184 < u(llAdl + (el ko k)| BU 151G
+ ea (i, k) | L | Ui

< u(llAill + el Lo Uiy iall + | Zasl 1 Ts)

where

C; = Inax{l + Cl(k‘i_l,kz 1, ki ) Cg(]ﬂ, k; )}
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For AB;y; and AC;, forall 2 <1i < s—1, we get

IAB; 1| < calki, ki) kir(Usi)|| Biva,iv||u,

|AC;|| < calks, ki)kir(Li) || Cillu.

Therefore,

[AA] < (€ 1AL+ Gyl LT,

where
0,
1,

ij =
CQ(kZ‘, ki)k‘i/i(Lii),

L CQ(ki, kz)kzlﬁ(Um),

Theorem 3.1 is proved.

i=j=1,
ca(ki, k), i=j=1,
i=j#1,
Gij = § & i=Jj#1,
i1=75-1,
0, others.
1=44+1,

Remark 3.1. Comparing Lemma 3.1 with Theorem 3.1, we can formulate the following remarks:

(1) The assumption of Lemma 3.1

LUy = Ay + AA;,

is omitted in Theorem 3.1. This means that the assumptions of Theorem 3.1 are weaker than the assump-

tions of Lemma 3.1.

JAAL| < es(kr)ul| L |||Tn ]| + O(u?),

(2) Itis clear that the proof of the theorem differs from the proof of the lemma.

(3) In the result of the lemma, we use the computed approximate L and U. At the same time, the exact

quantities L and U are used in the result of the theorem.

From Theorem 3.1, we get the following assertion for the block tridiagonal linear systems (note that AL and

AU are obtained in solving the equations Ly = b and Ux = y, respectively):

Theorem 3.2. Let A be as in (1.1). Suppose that the partitioned LU factorization gives an approximate

solution T of the system Ax = b, where & is the exact solution of the system

Then

(A+5A)3 =0b.

10A]l < (€ 1Al + 035 | LINU 1w + O(u?),

Tns

<n ((éin(A) +

where 0i; = Gij + Yans/u.

” /-@(U)) + (Cij +

NYns 1 2
) L AT w+ Ow?),
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Proof. By the assumption, we find
(L+AL)U + AU)z = b.
Then

A =AA+ ALU + LAU + ALAU. (3.6)

In the subsequent proof, we need the bounds for AL and AU. Applying the factorization and the result
of [18], we find

nu

(U1 + AUz =y, AU < o——[0h].
—nu
For a given 7, we obtain
~ - . nu ~
(Ui + AUy =@, Al < 1 Uil
—nu
Thus,
(Us + AUy) ... (U + AUz = v,
nsu | -~ . .
|AU|§ 1 ‘Us‘--'|U1|§’7ns|U|a
—nu
where 7,5 = nsu/(1 — nsu). By the definition of the norm, we get
IAU]| < s T (3.7)
On the other hand, we can write
(Li + ALy ... (Ls+ ALy =b,  ||AL|| < sl L]|- (3.8)

Combining (3.6), (3.7) with (3.8), by Theorem 3.1, we conclude that
ISA] < &AL+ G ILINT D w + (29ns + sl LINT |
< (&l All + 0 I LINU ),

where 6;; = (ij + Yonsn/u and 2y, + 'y,%s < Yans [8, 9]. The remaining part of the proof deals with the relative
error. According to Higham [10], we get

& — || < |[A"HAA+ ALU) + U LAU| |2 ). (3.9
Applying Theorem 3.1, from (3.7) and (3.8), we find

| — ||

< n ((€n(A) + 22m) + (G5 + 1) LI AT )

1] u

Theorem 3.2 is proved.
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Actually, for k; = 1, 1 <1 < s, there exists a relationship between x(U) and x(A) and ||L|| < 1 holds if a
partial pivoting strategy is applied during factorization. Then the relative error mentioned above can be O(k(A)u).
On the other hand, the triangular form of the factors L; and U; in the partitioned LU factorization used in the
present paper gives an advantage of the relative error

1 = z[|/]|2]]-

Remark 3.2. Comparing Lemma 3.2 with Theorem 3.2, we can make the following remarks in addition to
the first comment in Remark 3.1:

1. The coefficient ¢, in Lemma 3.2 is a faint constant; however, the coefficients in Theorem 3.2 are given
exactly.

2. In Theorem 3.2, the relative error of the solution is also considered; however, its form is not analyzed.

4. Numerical Experiments

In this section, we apply MATLAB 6.5 to illustrate the theoretical results on the backward error generated by
the partitioned LU factorization for block tridiagonal matrices and on the relative error of the solution to linear
systems.

Example 4.1. Assume that the block tridiagonal matrices are generated by the discretization of the partial
differential equation

_Au = f7
where
A; = tridiag(—1,4, _l)kixki-

Some results corresponding to this example are listed in Table 4.1.

Example 4.2. et A be random block tridiagonal matrices, where A;, B;, and C; are random matrices with
approximately

0.8 x k’z X ki, 0.2 x k‘l X ki—h and 0.2 x ki—l X kl

uniformly distributed nonzero entries, respectively. The results are listed in Table 2.

It follows from the results presented above that the errors
[A=L«Ul  and [z —2[/[Z]

are very small. However, it is impossible to say that the partitioned LU factorization must be stable because the
backward error contains ||L||. Thus,
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Table 4.1
Size JA=L=U| | llz—2l/]Z]
900 x 900 1.7764e — 015 | 2.2204e — 015
1600 x 1600 | 2.6645¢ — 015 | 1.0880¢e¢ — 014
3600 x 3600 | 3.5527¢ — 015 | 1.4655¢ — 014
Table 4.2
Size | |A—L=U|| | o - &/l
900 x 900 | 5.6843e¢ — 014 | 3.4195¢ — 013
1600 x 1600 | 1.2967¢ — 013 | 1.2765¢ — 012
3600 x 3600 | 8.1712¢ — 014 | 3.3598e — 012

where € is sufficiently small. Applying the partitioned LU factorization studied in the present paper, we get

1
1
1
— 1
€
L=LLyL3= 1 1
€
¢ 1
e —1 .
1
€2 —1

Hence, || L] is boundless if € is sufficiently small.
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engineering and algorithm research center of the Jinan University, high-level university construction and overall
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research project of the Jinan University (No.55610196).
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