DOI 10.1007/s11253-017-1329-3
Ukrainian Mathematical Journal, Vol. 68, No. 11, April, 2017 (Ukrainian Original Vol. 68, No. 11, November, 2016)

ON THE GROWTH OF MEROMORPHIC SOLUTIONS OF DIFFERENCE EQUATIONS

Sh.-T. Lan' and Z.-X. Chen? UDC 517.9

We estimate the order of growth of meromorphic solutions of some linear difference equations and study
the relationship between the exponent of convergence of zeros and the order of growth of the entire
solutions of linear difference equations.

1. Introduction and Results

In the present paper, we use the main notions of Nevanlinna’s theory (see [8, 12, 13]). In addition, we use the
notation o(f) to denote the order of growth of the meromorphic function f(z) and A(f) to denote the exponent
of convergence of the roots of f(z).

In recent years, numerous results are rapidly obtained for complex differences and difference equations (see
[1, 10, 9, 3, 2, 5, 7]). Chiang and Feng [7] studied the growth of meromorphic solutions of homogeneous linear
difference equations. In the case where there exists only one coefficient with the maximal order, they obtained the
following result:

Theorem A. Let Ay(z),..., A (z) be entire functions for which there exists an integer |, 0 < | < n, such
that

o(A) > max {o(4;)}.
GA

If f(z) is a meromorphic solution to
An(2)y(z +n) + ...+ A1(2)y(z + 1) + Ao(2)y(2) = 0,

then o(f) > o(4;) + 1.

Laine and Yang [11] showed that if the leading coefficient depends on the type but not on the order, Theorem A
remains true. Their result can be formulated as follows:

Theorem B. Ler Ay(z),. .., An(z) be entire functions of finite order such that, among the coefficients of the
maximal order 0 = max{o(Ay),0 < k < n}, the type of exactly one coefficient is strictly greater than the other
types. If f(z) # 0 is a meromorphic solution of the equation

An(2)f(z +wn) + ...+ A1(2) f(z +w1) + Ao(2) f(2) = 0, (1.1

then o(f) > o + 1.

Laine and Yang [11] raised the following question.
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Question: Is it true that all meromorphic solutions f(z)(z 0) of equation (1.1) satisfy the inequality

o(f) 21+ max o(4;)

if there is no leading coefficient?

We impose certain restrictions on the coefficients of the difference equation to give an answer to the posed
question and obtain the following results:

Theorem 1.1. Let cj, j = 1,...,n, be different constants and let
A5(2) = Bi(2)e D £ Qi) =1,...,m,

where h;(z) are polynomials of degree k > 1 and P;(z)(# 0) and Q;(z) are entire functions whose order is
lower than k. Among the leading coefficients of hj(z), j € {1,...,n}, with the maximal modulus, there exists
a term unequal to the other terms. If f(z)(# 0) is a meromorphic solution of equation

An(2)f(z+cn) + ...+ A1(2)f(z+c1) =0, (1.2)

then o(f) > k+ 1.

Corollary 1.1. Let k and Aj(z), j = 1,...,n, be defined as in Theorem 1.1, let Bi(z), i = 1,...,m,
be entire functions whose order is lower than k, and let c;, j = 1,...,n 4+ m, be different constants. If f(z)
(£ 0) is a meromorphic solution of the equation

Bn(2)f(z4 cngm) + .+ Bi(2)f(z + ent1) + An(2) f(z+en) + ...+ A1(2) f(z + 1) =0, (1.3)

then o(f) > k+ 1.

Example 1.1. The function
flz) =€

satisfies the difference equation
e 2Ef(z i) + ¥ f(2 —i) — 27 f(2) = 0.

Clearly,
o(f)=2=deghy +1=deghy + 1.

This example shows that the equality in Corollary 1.1 can be attained. Hence, the estimate in Corollary 1.1 is sharp.

By using Theorems A, B, and 1.1, we deduce the following corollary:

Corollary 1.2. Let cj, j = 1,2, be different nonzero constants, let hj(z), j = 1,2, be polynomials, and
let Aj(z) (#0), j =0,1,2, be entire functions such that

max{o(4;),0 < j <2} < max{deghi,degha}.
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If f(2) (£ 0) is a meromorphic solution of the equation
Ap(2)e" B (2 + e2) + Ar(2)eM O f(2 + e1) + Ao(2) f(2) = 0, (1.4)

then
o(f) > max{deghi,degha} + 1.

Chen [6] studied complex oscillation problems for the entire solutions f(z) of homogeneous and inhomo-
geneous linear difference equations respectively, and obtained certain relations between A(f) and o(f). These
results can be formulated as follows:

Theorem C. Let Aj(z), j = 1,...,n, be entire functions such that there exists at least one transcenden-
tal Aj andlet cj, j =1,...,n, be constants unequal to each other. Suppose that f(z) is a finite-order transcen-
dental entire solution of the homogeneous linear difference equation (1.2) satisfying the inequality

o(f) > max{o(4;): 1 <j<n}+1.

Then X(f) > o(f) — 1. Moreover, if n =2, then \(f) = o(f).

Theorem D. Let F(z), Aj(z), j = 1,...,n, be entire functions such that F(z)A,(z) # 0 and let c,
k = 1,...,n, be constants unequal to each other. Suppose that f(z) is a finite-order entire solution of the
nonhomogeneous linear difference equation

Ap(2)f(z4+cn)+ ...+ Ai1(2)f(z + 1) = F(2).

If
o(f) > max{o(F),0(A;): 1 <j<n},

then \(f) =o(f).

In what follows, we continue to study complex oscillation problems for the entire solutions of linear difference
equations (1.2) and (1.4), and obtain the following results, extending Theorems C and D:

Theorem 1.2. Let ¢;, j = 1,...,n, be different constants and let A;j(z) (# 0), j = 1,...,n, be entire
functions of finite order. Suppose that f(z) is a finite-order entire solution of equation (1.2) such that

o(f) >max{o(A;): 1 <j<n}+1.

Then f(z) takes every finite value d infinitely often and \(f — d) = o(f).

Example 1.2. The entire function f(z) = e satisfies the linear difference equation
flz+1) =T f(z) =0.
Obviously, As(z) =1 and A;(z) = —e**T!. We see that

o(f) =2 =max{o(A1),0(A2)} +1
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but A\(f) = 0 < o(f). This example shows that the condition in Theorem 1.2, i.e.,

o(f) > max{o(A4;): 1 <j<n}+1,
cannot be weakened.

By Theorems D and 1.2, we get the following corollary.

Corollary 1.3. Under the conditions of Theorem 1.2, for any small entire function p(z) (# 0) satisfying
o(p) <o(f), wehave M(f — @) = o(f).

Corollary 1.4. Let h1(z) and ha(z) be polynomials such that
hi(z) =apnz"+ ...+ ag and ho(z) = by 2™ + ... + by,

where anby, # 0, let Aj(z) (#0), j = 0,1,2, be entire functions whose order is lower than max{n, m}, and
let ¢, k = 1,2, be different nonzero constants such that caa, — c1b,, # 0, while n = m. If f(z) (£ 0) is
a finite-order entire solution of (1.4), then

A(f) = o(f) = max{n,m} + L.
Example 1.1 shows that the condition coa,, — c1b,, # 0 for n = m in Corollary 1.4 cannot be weakened.

2. Proofs of the Theorems and Corollaries
We need the following lemmas to prove the formulated theorems and corollaries:

Lemma 2.1 [4]. Suppose that f(z) is a meromorphic function with o(f) = o < oo. Then, for any given
e > 0, one can find a set E C (1,00) of finite linear measure or finite logarithmic measure such that

| (2)] < exp{r ™}

for all z satisfying the relation |z| = r ¢ [0,1] U E as r — oc.

Lemma 2.2 [7]. Let 11 and n2 be two arbitrary complex numbers and let f(z) be a meromorphic function of
finite order o. For given € > 0, there exists a subset E C (0,00) of finite logarithmic measure such that, for all z
satisfying the relation |z| = r ¢ E U [0, 1], the following inequality is true:

flz+m)

_ 0—1+¢
exp{—r 1 < FGetm)

< eXp{raflJrs}_

Proof of Theorem 1.1. Contrary to our assertion, we assume that o(f) < k + 1. Let
hj(z) = ajkzk + h;(z), (2-1)

where aj;, # 0 are constants and /7 (2) are polynomials with degh} <k —1, j=1,...,n.
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We set
I= {z laix| = max ]ajk|}, ; = arga;, € [0,2m), jel.
1<j<n

There exists [ € I such that a;;, # aj,j € I\ {l}. This fact and the definitions of I and 6, enable us to conclude
that

lajk] = |a], 0; #6;, jelI\{l}.
We now choose 6 such that
cos(kO + 0;) = 1. (2.2)

Thus, by 0; # 6;, j € I\ {l}, we find

cos(kd +6;) <1, jel\{l}. (2.3)
Denote
a= lr%l]agxn{\ajﬂ}, b= 1?3;({|ajk|} ¢ =max {b,acos(kf + 0;), j € I\ {l}} <a, (2.4)
and
=0l <kl 8= max (o(P),0(@) <k @.5)
Clearly,

By Lemma 2.1, for any given ¢,
0 <2 <min{l,k+1—0,k—3,a—c},

there is a set Fy C (1, 00) with finite logarithmic measure such that, for all z satisfying |z| = r ¢ F; U0, 1], we
obtain

P: .

It is clear that exp{—h;(2)} is of regular order degh; and exp{hj(2)}, 1 < j < mn, j # I, is of regular
order deg h}. Note that degh; < k — 1, 1 < j < n. Thus, for all large 2, |z| =7, we get

lexp{=hi ()} <exp{r" "<}, |exp{Rj(2)}| S exp{r* )}, 1< j<n AL 2.7)
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Applying Lemma 2.2 to f(z), we conclude that there is a set E2 C (1,00) with finite logarithmic measure
such that, for all z satisfying |z| = r ¢ E2 U [0, 1], we can write

<exp{r’'7},  1<j<n, j#L (2.8)

’f(ZJer)
flz+a)

By using (1.2) and (2.1), we obtain

N flz+¢5) (Pj(z N Q;(z
—oplant) = Y ewl-hi @D (P oot eih ) + B )
Je\{t}
+ el (o () explans*yexpln (o) + E
e @i(z)
+exp{—h;(2)} P) (2.9
Let z = re'?, where r ¢ E; U E5 U [0, 1]. Substituting (2.2)—(2.4), (2.6)—(2.8) in (2.9), we find
exp{arf} < Z exp{ri=1He 4 poite 4 rﬁﬁ} <exp{a cos(kf + Hj)rk + rhoie) 4 1)
JeN{l}
+ Z eXp{,r,lc—l—I—a + ro’—l-‘ré‘ + ,rﬁ+6}
JjéI
X <exp{(b + 5)7”’c + rk_Ha} + 1) + exp{rk_lﬁ + rﬁ+a}
< nexp{(c+ 5)7“’“ 4 opk—lte 4 po—lde 4 rﬁ’La}
< nexp{(c+ 2¢)rk}. (2.10)

Dividing both sides of (2.10) by exp{ar®} and letting 7 — oo, we get 1 < 0. A contradiction. Hence,
o(f) > k+1.

Proof of Corollary 1.1. Assume that o(f) < k+1. By using the same method as in the proof of Theorem 1.1,

we also obtain (2.1)—(2.7).
By Lemma 2.1, there is a set F3 C (1, 00) with finite logarithmic measure such that, for all z satisfying

‘Z‘ :T¢E3U[O,1],

we get

|Bj(2)| < exp{r*™¢}, 1<j<m, 2.11)

where 1 = max{o(B;), 1 <j<m} <k.
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Applying Lemma 2.2 to f(z), we conclude that there is a set 4y C (1,00) with finite logarithmic measure
such that, for all z satisfying |z| = r ¢ E4 U [0, 1], we have

fz—}—cj

<exp{ro e}, 1<j<n+m, j#L 2.12)
(z+¢a)

By virtue of (1.3) and (2.1), we find

—exp{apz"} = exp{—h;(z fz+ ) Pj(z)ex a,2"} exp{h’ Q(2)
Pl = 2 vy (e owtontrontisin + )

+Y " exp{—hy () LE ) (Pj(z) expanz"} exp{hi(2)} + Qﬂ‘(z))

2 FG+a) \ B A
« fe+¢) Qi(2)
—i—Jzn;rlB Teta) + exp{—hj (= )}Pl(z) (2.13)

Let z = re®, where » ¢ Fy U Ey U E3 U E4 U [0, 1]. Substituting (2.2)—(2.7), (2.11) and (2.12) in (2.13),
we obtain

exp{ar®} < Z exp{rF1te fpo-lte o pftey (exp{a cos(kO + 0;)rF 4+ rk=1Tey 4 1)
Jjen{t}

+ Z exp{rk_p“E +poTE rﬂﬁ} (exp{(b + E)rk + rk_Ha} + 1)
Jje1

+ mexp{rﬂlJra + ra—l—&-s} + exp{rk—l—i-a + Tﬁ—l—s}
< nexp{(e+ )rt + 2FTIE g7l LB | it | ol
< nexp{(c+ 2e)rF} + mexp{rP1 e 4 po-1tEY (2.14)

Dividing both sides of (2.14) by exp{ark } and letting 7 — oo, we conclude that 1 < 0. This is a contradic-
tion. Hence, o(f) > k + 1 is true.

Proof of Theorem 1.2. Consider the following two cases:

Casel: d=0.

Contrary to our assertion, suppose that A\(f) < o(f). Then f(z) can be represented as
f(2) = H(z)e"?), (2.15)
where H (z)(# 0) is the canonical product (or polynomial) formed by the roots of f(z) such that

AH) =o(H) = A(f) <o(f)
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and
h(z) = apz® + ap_12"V 4+ .+ ag; (2.16)

here, k € N7 satisfies k = o(f) > A(f) and ap(# 0),ax_1,- . .,ag are constants.
Substituting (2.15) in (1.2), we obtain

An(2)H (2 + cp) exp{h(z + cn)} + ... + AL(2)H(z + c1) exp{h(z + ¢1)} = 0,
or
An(2) exp{h(z + cn) — h(z + 1)} H(z + cp)
ot Ag(2) exp{h(z + c2) — h(z + 1) YH(z + ¢2) + A1(2)H(z + ¢1) = 0. (2.17)
Since o(f) > max{o(A4;): 1 <j <n}+ 1, we conclude that deg h(z) = k > 2. By virtue of (2.16), we get
h(z +¢;) — h(z + c1) = kay(c; — c1) 2" + 3 (2), (2.18)

where 1 (z) are polynomials with degh} <k —2, j=2,...,n.
We set

I'=4<i:|c;—ci|= max |¢j —ci] p.
2<5<n
In what follows, we consider two cases:

Case 1.1. I contains exactly one term.

Without loss of generality, assume that I = {n}. By 0(4;) <o(f)—1=k—-1, j=1,...,n, and (2.13),
we find

o(Ajexp{h(z+¢j) —h(z+c1)}) =deg(h(z +¢j) —h(z+c1))=k—1, j=2,...,n
By the definition of I and I = {n}, we conclude that, in Eq. (2.17), the type k |ax(c, — c1)| of the co-

efficient A, exp{h(z + ¢n) — h(z + c1)} is strictly greater than the types k|ay(c; — c1)| of the coefficients
Ajexp{h(z +¢;) —h(z+c1)}, j =2,...,n— 1. Therefore, by applying Theorem B to equation (2.17), we get

oH)>(k-1)+1=k=0(f).

Thus, we arrive at a contradiction. Hence, A(f) = o(f).

Case 1.2. I contains more than one term.

Without loss of generality, we can assume that 7 = {s,s +1,...,n}, 2 <s <n. Weset

ar, = |ag|e', 0; = arg(c; —c1), j=s,...,n.
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It follows from the definition of I that
le;—cal| <l|en—call, j=1,...,5s—1,
le; —ci|l=len—c], j=s,...,n.
Since ¢; are different constants, §; are also different constants. Thus, we can choose 6 € [0, 27) such that
cos((k—1)0+ 00+ 0,) = 1. (2.19)

By 0; #0,, j=s,...,n—1, and (2.19), we conclude that

cos((k—1)0+69+06;) <1, j=s,...,n—1L (2.20)
Denote
a = |ag(cn — c1)], 5—1@;58{\%( —c1)l},
(2.21)
b= _max facos((k—10+00+6,).8), = max (o(4;),\(f) - Lk~ 2},
Obviously,
8 < a, b<a, a<k-—1. (2.22)

By Lemma 2.1, for any given ¢, 0 < ¢ < min{a — b, 1}, there exists a set E; C (1, 00) of finite logarithmic
measure such that, for all z satisfying |z| = ¢ [0, 1] U E1, we can write

< ote i=1,....,n—1. 22
PO <opprr) G-t .2

It is known that both exp{—h;} and exp{h] — h},} are of regular order < k — 2 < o Then for large 2,
|z| = r, we obtain

lexp{—h:}| < exp{r®tc}, |exp{h; — h;}’ <exp{r**?}, j=2,...,n—1. (2.24)

Applying Lemma 2.2 to H(z), we conclude that there exists a set F5 C (1, 00) of finite logarithmic measure
such that, for all z satisfying |z| = r & [0, 1] U Ea, we get

H(z+c¢j)

ZETG) atey i1 n—1. 225
H(z+cp) b ( )

< exp{r

By (2.17), we obtain

Aj H(z+cj) i _
—exp{kag(c, —c1)2F 71} = ZA et J) p{hj—hn}exp{kak(cj—cl)zk 1
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s—1

A;
+ /Tj >) exp{h; — hy} exp{kay(c; — c1)z" "'}
J=2 n
Ay H(z+ 1)
M HG+e) 22
* An H(Z + Cn) eXp{ h"} ( 6)

We take 2z = e, where r ¢ [0, 1] U Ey U E5. Substituting (2.19)—(2.25) into (2.26), we find
exp{kar® 1} < (n — 2) exp{3r®T} exp{kbr* 1} 4 exp{3r°T¢}
< (n — 1) exp{kbrf~1 4+ 3rate},
Thus,
1< (n—1)exp{3r®"e + kbr*~! — kar*1}.
Letting  — 00, by (2.22), we get 1 < 0. However, this is impossible. Hence, A\(f) = o(f).

Case 2: d # 0.
We set g(z) = f(z) — d. Then

F() = g(2) +d Q.27)
and
o(g) =0(f) >max{o(4;): 1 <j<n}+1 (2.28)
Substituting (2.27) in (1.2), we get
Apn(2)g(z 4+ cn) + ...+ A1(2)g(z + 1) = —d(An(2) + ... + A1(2)). (2.29)

If Ay(z)+ ...+ Ai(z) # 0, by virtue of (2.28), (2.29), and Theorem D, we obtain A\(g) = o(g), i.e.,
A(f —d) = o(f)-

If A,(2)+ ...+ Ai(z) =0, then g(z) is an entire solution of the difference equation
Ap(2)g(z4+cn)+ ...+ A1(2)g(z + 1) = 0.

In view of (2.28) and Case 1 considered above, we conclude that A(g) = o(g), i.e., A(f —d) = o(f).
The analysis of Cases 1 and 2 demonstrates that f(z) takes every finite value d infinitely many times

and \(f —d) =o(f).
Proof of Corollary 1.4. Without loss of generality, we can assume that n > m. By Corollary 1.2, we know

that o(f) > n+1. If o(f) > n+1, then, by Theorem 1.2, \(f) = o(f). Hence, we can assume that o(f) = n+1.
Suppose that A\(f) < o(f), then f(z) can be represented as

f(z) = g(z)e"®), (2.30)
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where g(z)(% 0) is the canonical product (or polynomial) formed by the roots of f(z) such that

a(g9) =Ag) =A(f) <o(f)=n+1,
and
h(z) = dpy12" ™ 4+ dp2™ + ...+ do (2.31)

is a polynomial, where d,,+1 # 0,d, ..., dy are constants.
Substituting (2.30), (2.31) in (1.4) and dividing by e(*), we obtain

Ag(2)eMFHR) M) g (5 4 o) 4 Ay (2) T RETE g (2 4 e1) 4 Ag(2)g(2) = 0. (2.32)
By virtue of (2.31), we can write

h(z + Cl) — h(Z) + hl(Z) = ((n + 1)Cldn+1 + an)zn —+ hT(Z%
(2.33)
h(z 4 c2) — h(z) + ha(2) = (n + 1)cadp12™ + by 2™ + h5(2),

where hj(z) and h3(z) are polynomials of degree not greater than n — 1.
Consider the following two cases:

Case I: n > m.
By (n+ 1)cadn41 # 0, we can write

deg(h(z 4+ c2) — h(z) + ha(z)) = n > deg(h(z + c1) — h(2) + hi(z)).

Combining this with (2.32) and Corollary 1.2, we get o(g) > n+1. A contradiction. Hence, A(f) = o(f) = n+1.
Case2: n=m.
If (n+ 1)c1dp+1 + ap, # 0, then it follows from (2.33) that

deg(h(z 4+ c1) — h(z) + h1(2)) = n > deg(h(z + c2) — h(2) + ha(z)).

Combining this with (2.32) and Corollary 1.2, we conclude that o(g) > n+1 = o(f). A contradiction. Therefore,

AMf)=o0o(f)=n+1.
If (n+ 1)cidp+1 + an = 0, then, for ¢; # 0, we find

b —
(n+ 1)eadps1 + by = — ey + by = Lom — 2 g,
C1 c1

Hence,
deg(h(z 4+ c2) — h(z) + ha(z)) = n > deg(h(z + c1) — h(2) + h1(z2)).
Together with (2.32) and Corollary 1.2, we have o(g) > n + 1. A contradiction. Thus, A(f) = o(f) =n+ 1.
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