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DETERMINATION OF THE LOWER COEFFICIENT IN A PARABOLIC
EQUATION WITH STRONG POWER DEGENERATION

N. M. Huzyk UDC 517.95

We establish conditions for the existence and uniqueness of the classical solution to the inverse problem of
identification of the time-dependent lowest coefficient of the first derivative in a one-dimensional degener-
ate parabolic equation. The Dirichlet boundary conditions and the integral condition of overdetermination
are imposed. We study the case of strong power degeneration.

Introduction

In the present paper, we study the coefficient inverse problem for a one-dimensional parabolic equation with
strong power degeneration. In addition to the solution of the direct problem, the time-dependent coefficient of the
first derivative of an unknown function with respect to the space variable is also regarded as unknown.

The inverse problems of determination of the time-dependent lowest coefficient in a one-dimensional parabolic
equation without degeneration were studied in [1-4] in domains with fixed boundaries and in [5-7] in domains
with free boundaries. The conditions of unique solvability of these problems for different collections of boundary
conditions (Dirichlet and Neumann) and conditions of overdetermination were established.

The direct problems for parabolic equations with degeneration are studied fairly completely. At the same
time, the inverse problems for these equations are, in fact, not investigated at all. Thus, we can mention only
the works [8, 9] devoted to the inverse problems for parabolic equations with degeneration caused by a function
depending on the space variable.

The inverse problems of determination of the coefficient

a=a(t), tel0,T],
in the parabolic equation with power degeneration
up = a(t)tPuzy + bz, uy + c(z, t)u + f(z,t)

were considered by Ivanchov and Saldina [10, 11]. They showed that, unlike the case of weak power degenera-
tion (0 < 8 < 1), for the solvability of the problem in the case of strong power degeneration (8 > 1), certain
conditions should be imposed on the lowest coefficients of the equation as ¢ — 0.

The conditions of solvability of the inverse problems of determination of the time-dependent lowest coefficient
in a parabolic equation with weak power degeneration were obtained in [12, 13] in the case of domains with fixed
boundaries and in [14, 15] in the case of domains with free boundaries. The well-posedness of the inverse problem
of simultaneous determination of two time-dependent coefficients in a weakly degenerate parabolic equation was
established in [16].

Our aim is to establish conditions for the unique solvability of the inverse problem of determination of the
lowest coefficient in a parabolic equation in the case of strong power degeneration.
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1. Statement of the Problem and Main Results

In a domain Q7 = {(z,t): 0 < x < h, 0 < t < T}, we consider the inverse problem of determination of
the coefficient b = b(t) in the equation

up = a(t)tPugy + b(t)ug + clz, t)u + f(z,t) (1)
with the initial condition
u(z,0) = ¢(x), x€]0,h], ()
the Dirichlet boundary conditions
w(0,8) = pu(t),  ulh,t) = pa(t), te[0,T], ©)

and the integral condition of overdetermination

h
/u(m,t)daj = pus(t), te€[0,T]. 4)
0

We study the case of strong degeneration where 5 > 1.
The following theorem establishes the conditions required for the existence and uniqueness of the solution of
problem (1)—(4):
Theorem 1. Assume that the following conditions are satisfied:
(i) ¢ € CHo,n], a € C[0,T], p; € CO,T), i =1,2,3, and c, f € C(Qp) and satisfy the Holder
condition with respect to the variable x with exponent o, 0 < o < 1;
(i) a(t) > 0, pa(t) — pa(t) # 0, t € [0,7], [f(z,8)] < A1t [e(z,t)] < Ast?, (2,1) € Qr, and
|ph(t)] < Ast?, t € [0,T], where A;, i = 1,2,3, are positive constants and ~y > —

is an arbitrary

fixed number;

h
(iii)  p1(0) = ¢(0), p2(0) = ¢(h), and/ p(x)dz = p3(0).
0
Then there exists a unique solution
(b,u) € C[0,Ty] x C*H Q) NC(Qp,),  |b(t)] < Mot",
. : B+1 .
of problem (1)—(4) with n = min -, (- where the numbers My > 0 and Ty, 0 < Ty < T, are determined

by the initial data of this problem.

2. Reduction of Problem (1)—(4) to an Equivalent System of Equations

We temporarily assume that the function b = b(t) is known.
To reduce the direct problem (1)—(3) to a system of integral equations for the functions v = wu(z,t) and
v = v(x,t), where v(x,t) = uy(z,t), we use the Green functions G (z,t,&,7), k = 1,2, of the first (k = 1)
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and second (k = 2) boundary-value problems for the heat-conduction equation
up = a(t)tﬁum.

It is known [17, p. 12] that these functions are given by the formulas

“+o00
exp [~ (&= &+ 2nh)”
571 = 3 a2, (7 (o)

+(=1)* exp <—m>> ’

O<z, &§<h 0<7<t<T, k=12,

where

As a result, we obtain

h

t
u(z,t) = /Gl(x,t,f,O)gO(f)df—F/Glg(w,t,O,T)G(T)Tﬁul(T)dT
0
t h
Gie(z,t, h,T)a(T) T)dT + Gi(x,t, &, 1) f(& T)dédr
| /]

t h 5
+ 0/ 0/ Gi(x,t,&,7)(b(T)v(E,7) + (&, T)u(E, 7))dédr = X;I

t t h
+/G (l‘ t, h T ,u,2 dT+//G1x .’E,t,f, (gaT)dédT
0 0 0

t h 5
+O/O/GM z,t, &, 7)(b(T)v(&, ) + c(&, T)u(€, 7)) dédT = ;J
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Note that Eq. (8) is derived from Eq. (7) as a result of differentiation with respect to the space variable.
Moreover, we use the relations

Glm($7t7§>7—) = —Ggg(l',t,f,T) and GQT(xatagvT) = _a(T)TﬁG2§§(:C>t7§77—)a

which can be easily verified with the help of relation (6).
To obtain an equation for the function b = b(t), we integrate Eq. (1). By using (2)—(4), we get

h
b(t) = | ua(t) — a(t)t’ (v(h,t) = v(0,1)) - /(f(xﬂf) +e(a, tyu(z, 1) do | (p2(t) — m (@)™ O
0

te[0,7T].

We now analyze the behavior of the integrals on the right-hand sides of relations (7) and (8). Since

h

¢ ¢
/G1 (x,t,&,0)dE + /Glg(l',t,o,T)a(T)Tﬁ dr — /Glg(:n,t, h,T)(I(T)TB dr =1,
0 0 0

we have

3
don<a, (10)
=1

where C is a positive constant depending on the estimates for the functions ¢(x), p1(t), and ua(t). In view of
the fact that

h

Gl(mat7£77_) < G?(xvtaEaT)a /GQ(matagaO) dé' = 1a (11)
0

we obtain

[14] < Cy, || < Cs,  (x,t) € Qr, (12)

where Cy and Cs are positive constants determined by the initial data of the problem.
To estimate the other integrals on the right-hand sides of equalities (7) and (8), we use the following estimates
for the Green functions [17, p. 12]:

Cs

h
— |, Giz(x, 8,8, 7)df < ————.
e<t>—0<v>> 0/ N O

GQ(x7t>£77_) < 04 (1 + (13)

By using the definition of the function 6 = 6(t), we establish the behavior of the expression

dr

I
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where Ag = minp 7y a(t) as t — 0. In the last integral, we perform the change of variables z = % and obtain

1 1
Ig,/ / 1/ / Cet 2.
1—z1+
0 0

This means that the integrals J2, J3, and J4 behave as t# when t — 0.
Denote

v ‘
8

(14)

| /\

Ut) = t d V()= t e [0,7).
(t) = JCIQ[%IU(SE )l an ) (M)EH[%X[M\U(%T)I, € [0,T]

By using (11), (13), and the conditions of the theorem, we obtain the following inequalities from relations (7)—(9):

t

U(t) < C7+ Cs / (|6(D)|V(T)+7U(1))dr, t€]0,T], (15)
0
() [V (7) + 7T (7)
CE / W D an e, 16
[b(t)] < Cut” + Crat?V (t) + Crat’U(t), t € [0,7]. (a7

It follows from relations (15)—(17) that the function v = u(z,t) is continuous in Q, the function v = v(x,t)

behaves as >~ when ¢ — 0, and b(t) tends to zero as t — 0 as the power function ¢".
We solve the system of inequalities (15)—(17). Denote

5(t) = max [b(r)!

It is clear that this function satisfies inequality (17). Since the functions b = b(¢) and V = V(£) are nondecreasing,
we rewrite

U(t) < Cs + CsTH)V (£) + Cs / PUYdr, te0,T).
0

By using Lemma 2.2.2 in [17, p. 23], for the last inequality, we get
U(t) < Cu(1+50V (@), te0,T), (18)
Thus, inequality (17) takes the form

b(t)(1 — Crst"V (1)) < Cigt” + Crat®V (1), t € [0,T). (19)
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In view of the behavior of the function V' = V'(¢) as t — 0, we can state that there exists a number ¢1, 0 < t; < T,
such that the inequality

1
1—-Ci5t{V(t) > 5 (20)
holds. This means that inequalities (18) and (19) can be rewritten in the form
b(t)] < b(t) < Cirt? + CistPV (1), € [0,1], (21
U(t) < Cro (1+0V @) + VA1), e [0,t). 22)
Substituting (21) and (22) in (16), we arrive at the inequality
c [ V() + V)
20 T T)+T T
< .
0
Denote
Vi(t) = V(t)t'= .
We multiply inequality (23) by % . Since 8> 1, we get
1 1 1
1 B+1 < B <3
ViBb+L — " t—(%)BT t2\t— T
As a result, we obtain the following inequality from (23):
C / Y (1) +7VE(7)
Vi(t) < Cop + 2 / ! L g e o], (24)
Vit t—T1
0

1
Let v < 6% Then

Thus, we denote

and obtain

t
Y—55-1/2
Va(t) < 023+022/de7, te[0,t]. (25)
\/i 0
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Further, we square both sides of (25) and apply the Cauchy and Cauchy—Buniakowski inequalities [18, pp. 49, 382]:

¢ B+
o- 72 Vo (T)
Vi (t) < 2035 + 4C5,t7 /QdT.
5 (1) 23 22 N
0
-8B
2
In the last inequality, we replace ¢ by o, multiply the inequality by F, and integrate it with respect to o
-0
from O to ¢. As aresult, we get
t s V2o t
2
/ U\/tii_()da < Ot "2 4 CoptBYE / =5 VA ) dr
0 0

By using the last inequality in (25), we obtain

V4
Vo(t) < Cos + 027/ ,32+§T) dr. (26)
T2 7
Denote
[ Vi)
T
X(t) = o+ Cr [ 2 ar. e
T 2

Thus, it follows from (26) that V5(¢) < x(t). Differentiating (27) and using the last inequality, we get

Cor
X' (t) < s X,

2 -
whence
Cog /7 — 251
x(t) < - —.
{’/7 — 5 = 3C5Cort"™ 5

Taking the number t3, 0 < t3 < T, such that

-1 _B-1
N — 57 — 3C5,Carty 2 >0, (28)

we conclude that x(t) < Cag or

Va(t) < Cas,  t €0,t2].

1
In the case where v > , inequality (24) is reduced to the form

V22(7')
t—

dr.

|

t
Va(t) < Cog + C30/
0
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Reasoning as in the solution of (25), we obtain
Va(t) < Cs1, tel0,t3],

where the number t3, 0 < t3 < T, is determined by the constants Cy9 and C3g. Thus,

lv(z,t)] < t];{ll’ (x,t) € [0, h] x (0, 4], (29)

where M; = max{Csg,C31} and t4 = min{ty, t2,t3}. According to (17) and (22), we find
lu(z,t)] < M, (x,t) € [0,h] x [0,4], (30)
|b(t)| < Mot", t€[0,ty]. 31)

This means that we have established the a priori estimates (29)—(31) for the solutions of the system of equa-
tions (7)—(9).

Thus, problem (1)—(4) is reduced to the equivalent system of equations (7)—(9). We understand the indicated
equivalence as follows: if a pair of functions (b, u) is a solution of problem (1)—(4) for (x,t) € [0,h] x [0, 4],
then the triple of functions

(u,v,b) € C(Qy,) x C([0,h] x (0,ta]) x C[0,ta], [b(t)] < Mot", t € [0,t4],
satisfies equality (7)—(9) and, conversely, if (u, v, ) is a solution of system (7)—(9), then (b, u) belongs to the class
C0,t4] x C*1(Q4,) N C(Q,,) and satisfies problem (1)—(4) and the estimate |b(t)| < Mot", t € [0, t4].

Indeed, the first part of this assertion follows from the procedure used to deduce the system of equations (7)—(9).
To prove the converse assertion, we differentiate both sides of equality (7) and obtain

t

h
Uy (x,t) = /Gz(a:,t,f,O)cp’(f) df—/Gg(x,t,O,T);/l(T) dr
0

0

t t h
+/G (.%' t,h,T ,LLQ dT + //Glx x,t 57 (§7T) dgdr
0 0 0

t h
+ 0/ O/ Gra(, 1, &, T)(B(T)0(E, 7) + (€, Tul€, 7)) dE dr.

Since the right-hand sides of the obtained equality and equality (8) coincide, we get
’U(:ZZ,t) Euw(xat)7 ($7t) € [Ovh] X (07t4}

Moreover, the established behavior of the functions b = b(t) and v = v(z,t) implies that the product b(¢)v(zx,t)
is a continuous function in Q, ,- By using this result in equality (7), we arrive at an integrodifferential equation
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for the function v = u(x,t) and conclude that the function u belongs to the class C*!(Qs,) N C(Q,,) and is
a solution of problem (1)—(3) [17, p. 49]. Thus, we can rewrite Eq. (9) in the form

h
a(t)t? (ug(h, t) — uz (0, 1) 4+ b(t) (u(h, t) — u(0,t) + /(f(x, t) + c(z, t)u(z,t)) de = p5(t)
0
or

h
/ut(m,t) de = (1), € [0,t].
0

By using the consistency condition

h
/ (@) di = 15(0),
0

we arrive at condition (4), which completes the proof of equivalence of problem (1)—(4) and the system of equa-
tions (7)—(9).

3. Proof of Existence of a Solution of Problem (1)-(4)

By using the Schauder theorem on fixed point of a completely continuous operator, we prove the existence of
solution for the system of equations (7)—(9) equivalent to problem (1)—(4).
We introduce new functions

and rewrite the system of equations (7)—(9) in the form

i=1

4 t h
u(x,t) = le+//G1xt§,
0 0

» (7"‘[3511?( Ywl(é, )+c(5,7)u(§,7)) dedr, (x,t) €Q,,, (32)
x (717 p(rw(e ) + e(€ Tyule ) ) dedr, (w,1) €Q,,, (33)

Xt pa(t) — pa ()7L, t €0, t4]. (34)
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We take arbitrary (u,w,p) for which inequalities (29)—(31) are true. By using (29)—(31), we estimate the
right-hand sides of equations (32)—(34) as follows:

4
P, w,p)] = Zm//cmtf, T p(ryulE, ) + el (6, )) de dr

0 0

< Cy 4 Ot 5" 4 Cagt? ™1,

‘PQ(u’w7p)‘ =

4 t h
TN gt Gra(z,t,&,7) (77 7% p(r)w(€, 7) + (&, TYulE, 7)) dE dr
v ! [enteren )

< Cy+ 034t77 + Cs5t”.

Note that the constants C7 and Cy in the obtained estimates are smaller than Ms and M7, respectively.
We choose a number t5, 0 < t5 < T, such that the inequalities

n—E52 1
C7 + Caaty 2 + Castd™ < M, (35)
b1
Co+ Caaty * + Cssty < M) (36)
are true. This yields
[Pr(u, w,p)| < My, (,t) € [0,h] x [0, 5], (37)
| Py(u,w,p)| < My, (x,t) €[0,h] x [0,t5]. (38)

In addition, by virtue of (37) and (38), it follows from (34) that

13

|P3(u7w,p)|5‘<ué(t)—a(t) “(w(h, 1) = w(0,1))

h
- /(f(x,t) + c(:c,t)u(x,t))dx) N po(t) — pi (1) < Mo, te€0,t5].  (39)
0

In the Banach space

= (C(@Qg,))* x (C[0, Tv)),

we define a set

N = {(u,w,p) € (C(Qr,))* x (C[0,To]): [u(z,t)| < Mo, [w(z,t)| < M, |p(t)] < Mo},
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where Ty = min{t¢y, ¢5}. Itis clear that the set N is closed and convex. We rewrite system (32)—(34) in the form
of an operator equation

w = Puw,
where w = (u,w,p) and the operator P = (P, P2, P3) is given by the right-hand sides of equations (32)—(34).
As follows from the reasoning presented above, the operator P maps the set N into itself. The complete continuity
of the operator P is proved in exactly the same way as in [11] and [17, p. 27]. Thus, by virtue of the Schauder

theorem on fixed point of a completely continuous operator, there exists a continuous solution of system (32)—(34)
and, hence, a solution of problem (1)—(4) for 2 € [0, k] and ¢ € [0, Tp).

4. Proof of Uniqueness of a Solution of Problem (1)—(4)

We prove the uniqueness of solution of problem (1)—(4) by contradiction with the help of the system of equa-
tions (32)—(34). Assume that there are two solutions (u;, w;, p;), ¢ = 1,2, of the system of equations (32)—(34).
Thus, we get the following system for the differences v = u; — ug, w = w1 — wg, and p = p; — pa:

t h
u(x,t)://ch(x,t;fﬁ)
00

y <Tn—%p1(7_)w(§7 )+ T"_%wz(f, T)p(7) + (&, T)u(€, 7')) dédr, (z,t) € QTO, (40)

t h
'lU((L',t) _tﬁgl//Glm(xvt7§7T)
0 0

< (T p () + 7 T wa(§ TIp(r) + el ul, ) ) dedr, (@) € Qpyy @41)

h
p(t) = a(t)t%(w(h, t) —w(0,t)) — /c(x,t)u(:c,t) dx
0
Xt pa(t) — m ()™, tel0,To). (42)

Substituting equality (42) in (40) and (41), we obtain

t h
u(z,t) = //Gl(x,t,ﬁ, T) <7'7’B21p1(7')w(§,7') + wo (&, T) (Ta(T)(w(h,T) —w(0,7))
0 0

h
— / C(C,T)u(C,T)dC> (na(7) = mm)‘l)df dr, (w.1) € Qr, 43)
0
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t h
wio, ) = 155 / / Gro(w, t,6,7) [ 7775 pr(F)w(E, ™) + wale, 7)  ra(r) (w(h, 7) — w(0, 7))
0 0

@

—

h
- / (6 (¢, 7)dC | (pa(r) — ()~ \dedr,  (a.t) € Q. (44)
0

We supplement the system of equations (43), (44) with the following two equations for the functions w(h, t)
and w(0,1):

t h
wih, 1) = 157 / / Gra(ht,6,7) [ 77725 pr()w (e, 7) + wale, 7) [ a(r) (w(h, 7) — w(0, 7))
0 0

h
[l mulC e ) (ua(r) - () ! ) dedr, e 0.1, @
0

t h
w(o’“:t%l/ / Gra(0,,6,7) [ 7 T pr(r)wle, 7) + ws (€, 7) [ ra(r) (w(h, 7) — w(0, 7))
0 0

@

_7'7

h
- / o(C, (¢, )dC | (a(7) — (7)Y | dedr, t e [0,Ty). (46)
0

As aresult, we arrive at the system of homogeneous integral Volterra equations of the second kind (43)—(46).
In view of (11) and (13), we conclude that the kernels of this system have integrable singularities. Hence, the
system possesses solely the trivial solution.

The theorem is proved.

Remark. 1t follows from the proof of the theorem that the behavior of the function b = b(t) as ¢ — 0
guarantees the convergence of the integral J; and makes it possible to establish the behavior of the function
v = v(z,t) as a solution of the integral equation (8).
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