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ON WEAKLY PERIODIC GIBBS MEASURES FOR THE POTTS MODEL
WITH EXTERNAL FIELD ON THE CAYLEY TREE

M. M. Rakhmatullaev UDC 517.98+530.1

We study the Potts model with external field on a Cayley tree of order £ > 2. For the antiferromagnetic
Potts model with external field and £ > 6 and g > 3, it is shown that the weakly periodic Gibbs measure,
which is not periodic, is not unique. For the Potts model with external field equal to zero, we also study
weakly periodic Gibbs measures. It is shown that, under certain conditions, the number of these measures
cannot be smaller than 27 — 2.

1. Introduction

The notion of Gibbs measure for the Potts model on a Cayley tree is introduced in the ordinary way (see
[1, 2, 3, 4]). The ferromagnetic Potts model with three components on the Cayley tree of the second order was
studied in [5]. It was shown that there exists a critical temperature 7, such that, for 7" < T, one can find three
translation-invariant Gibbs measures and an uncountably many Gibbs measures that are not translation invariant.
The results obtained in [5] were generalized in [6] for the Potts model with finitely many states on the Cayley tree
of any (finite) order.

In [7], the uniqueness of translation-invariant Gibbs measure on the Cayley tree was proved for the antifer-
romagnetic Potts model with external field. The work [8] is devoted to the investigation of the Potts model with
countably many states and a nonzero external field on the Cayley tree. It was proved that this model possesses
a unique translation-invariant Gibbs measure.

All translation-invariant Gibbs measures were determined in [9]. In particular, it was shown that, for suffi-
ciently low temperatures, their number is equal to 27 — 1. It was proved that there exist [¢/2] critical temperatures
and the exact number of translation-invariant Gibbs measures was found for each intermediate temperature. More-
over, there are works generalizing the Potts model to the case of competing interactions (see [14, 20, 21]).

The notion of weakly periodic Gibbs measure was introduced and some measures of this kind were obtained
for the Ising model in [10, 11]. In [19], we also studied weakly periodic Gibbs measures for the Ising model and
determined weakly periodic Gibbs measures different from the measures obtained in [10, 11]. In [12], for the Potts
model, we studied weakly periodic ground states and weakly periodic Gibbs measures. The weakly periodic Gibbs
measures obtained in [12] were also translation-invariant.

In [13], we proved the existence of weakly periodic Gibbs measures for the Potts model that are not translation
invariant.

The present paper is devoted to the investigation of weakly periodic (nonperiodic) Gibbs measures for the
Potts model with external field on the Cayley tree. In Sec. 2, we present the main definitions and known facts.
The results obtained for weakly periodic Gibbs measures are presented in Sec. 3. The proofs of all results can be
found in Sec. 4.
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aaa, aada, aq,a, aaa, aaa, aaa, aad, a,a,a,

a,a, aa,

Fig. 1. Cayley tree 72 and elements of the group representation of the vertices.

2. Definitions and Known Facts

Let 7% = (V, L), k > 1, be a Cayley tree of order k, i.e., an infinite tree in which exactly k + 1 edges leave
every vertex; here, V' is the set of vertices and L is the set of edges 7.

Let G} be the free product of k£ 4 1 cyclic groups {e, a;} of order two with generators ay,ag, ..., a1,
respectively, i.e., a? =e.

There exists a one-to-one correspondence between the set of vertices V' of the Cayley tree of order k and the
group Gy, (see [7, 15, 16]).

This correspondence is constructed as follows: Every fixed vertex xg € V is associated with the identity
element e of the group Gj. Since, without loss of generality, we can assume that the analyzed graph can be
regarded as plane, every neighboring vertex of the point x( (i.e., e) is associated with the generator a;, ¢ =
1,2,...,k + 1, in the positive direction (see Fig. 1).

At each vertex a;, we now define a word of length two a;a; for the neighboring vertices of a;. Since one
of the neighboring vertices of a; is e, we set a;a; = e. Then the remaining vertices neighboring with a; can
be enumerated in a unique way following the rule of enumeration presented above. Further, for the neighboring
vertices of the vertex a;a;, we define a word of length three as follows: Since one of the vertices neighboring with
a;a; is a;, we set a;a;a; = a;. Then the enumeration of the other neighboring vertices is unique and has the form
aa;ar, i,7,0 =1,2,...,k+ 1. This agrees with the previous step because

;i = aia? = a;.
Hence, we can establish the one-to-one correspondence between the set of vertices of the Cayley tree 7% and the
group Gp.

The representation constructed above is called a right representation because, in this case, if = and y are
neighboring vertices and g and h € G} are the corresponding elements of the group, then either ¢ = ha; or
h = ga; for some ¢ or j. A left representation is defined in a similar way.

In the group Gy, (respectively, in the Cayley tree), we consider a transformation of left (right) shift defined as
follows: For g € G, we set

T,(h) = gh,  (T,(h) =hg) V¥he Gy

The collection of all left (right) shifts on G, is isomorphic to the group Gj.
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Any transformation S of the group G induces a transformation S on the set of vertices V of the Cayley
tree 7F. Therefore, we identify V with GJ.

Theorem 1. A group of left (right) shifts on the right (left) representation of the Cayley tree is a translation
group (see [7, 16]).

For any point z° € V, we set

W, ={z eV |da® z)=n}, Vn:UWm, and Ln:{(:v,y>€L\x,y€Vn},

m=0

where d(x,y) is the distance between x and y on the Cayley tree, i.e., the number of edges in the path connecting
x and y.
By S(z) we denote the set of “direct descendants” of the point x € Gy, i.e., if x € W,,, then

S(x) ={y € Wyy1: d(z,y) = 1}.

We now consider a model in which the spin variables take values from the set ® = {1,2,...,q}, ¢ > 2, and
are located on the vertices of the tree. Then the configuration o on V' is defined as a function

zeV —o(x)ed.

The configurations o, and w, on V,, and W,,, respectively, are defined in a similar way. The set of all con-
figurations on V' (respectively, on V;, and W,,) coincides with = &V (respectively, with Qy, = ®Y» and
Qw, = QDW"). It is easy to see that

PV = oVn-1 x oM,

The union of configurations o, _1 € ®V»—1 and w,, € ®"» is defined by the following relation (see [14]):

On-1Vwn = {{on-1(2),z € Viur}, {wn(y),y € W} }.

The Hamiltonian of the Potts model with external field « is defined as follows:
H(U) =—J Z 5U(z)a(y) -« Z 510(90)7 (D
(z,y)EL zeV

where J, o € R.
We define the finite-dimensional distribution of the probability measure p in the volume V), as follows:

pn(on) = Zrtl exp {_5Hn(0'n) + Z ho(m),x}a (2)
zeEW,

where 3 = 1/T, T > 0 is temperature, Z, * is the normalization factor, {hgc = (hig,.-- hgz) € RI, z € V}
is a collection of vectors, and

Hn(gn) =—J Z 50(1’)0(3;) -G Z 510(:v)'

(z,y)ELn €V
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We say that the probability distribution (2) is consistent if, for all n > 1 and 0,1 € PVn-1,

> pn(0n-1V wn) = ptn-1(0n-1). 3)

wn€PWn
Here, 0,,—1 V wy, is the union of configurations, i.e., o1 V wy, € ®" such that
(On—1Vwn) v, , =0n-1 and (op—1Vwy) |w, = wn.
In this case, there exists a unique measure 1 on ®" such that, for all n and o, € ®"», we get
/J({U v = Un}) = pn(on).-
This measure is called a split Gibbs measure corresponding to Hamiltonian (1) and the vector-valued function h,,

zeV.
The following assertion describes the condition for h, guaranteeing the consistency of ji,, (o) :

Theorem 2 [7]. The probability distribution

tn(on), n=12 ...,

in (2) is consistent if and only if, for any x € V|

he = Y F(hy,0,0), (4)
yeS(z)
where
F:h=(h,...,hg1) ERI = F(h,0,a) = (F,...,F;_1) e RT!
is defined as

_ hi =1k
(0—1)e +Zj:1eﬂ—|-1

F; = aBd; +1n 0 = exp(JB)
q—1 h. ’ ’
0+ ijl e
and S(x) is the set of direct descendants of the point x.
Let G, /Gy = {Hy,..., H,} be aquotient group, where G, is a normal divisor of finite index r > 1.

Definition 1. A collection of vectors h = {h,, v € Gy} is called Gy -periodic if hy, = hy Vo € Gy,
y € Gy, ; the G -periodic collections are called translation invariant.

For z € Gy, we denote | = {y € Gj;: (z,y)}\S(z).

Definition 2. A collection of vectors h = {hy, x € Gy} is called G} -weakly periodic if hy = hsj for
x € H;, .CUJ,EH]' Vx € Gi.

Definition 3. A measure 1 is called G -periodic (weakly periodic) if it corresponds to a Gj,-periodic
(weakly periodic) collection of vectors h.



602 M. M. RAKHMATULLAEV

3. Weakly Periodic Measures

The level of difficulty of the problem of description of weakly periodic Gibbs measures depends on the struc-
ture and index of the normal divisor used to impose the condition of periodicity. In [17], it is shown that the group
G}, does not have normal divisors of odd index other than 1. Therefore, we consider normal divisors of even index.
In the present paper, we restrict ourselves to the case of index 2.

Let ¢ be arbitrary, i.e., 0: V — ® = {1,2,3,...,q}. In the present paper, we consider the case ¢ > 2. Let
A cC{1,2,...,k+ 1}. Itis known that any normal divisor of index 2 of the group G}, has the form

Hy = {:L‘ e Gy, : wa(ai) is even},

€A

where wy(a;) is the number of letters a; in the word x € Gy [7]. Note that, in the case |A| = k + 1, where
|A| denotes the number of elements in the set A, i.e., A = Ny, the notion of weak periodicity coincides with the
notion of ordinary periodicity. Indeed, for |A| = k + 1, we get

Hy= {:B € Gy: wa(ai) is even} = {z € Gy: |z|iseven} = G,(f).
€A

Thus, x| € Gk\G,(f) for x € G,?) and x| € G,(f) for x € Gk\G](f). In view of Definitions 1-3, this implies that,
in this case, the notion of weak periodicity coincides with the notion of ordinary periodicity. Hence, we consider
A C Ng such that A # Np.

Let

Gr/Ha = {Hy, Gy \ Ha}

be a quotient group. For simplicity, we denote Hy = H4 and H; = G\ H4. The H 4-weakly periodic collections
of the vectors h = {h, € RI™!: z € G}} have the form

(hy for xy € Hy, x¢€ Hy,
hg for x € Hy, € Hi,

hs for x¢€H1, x € Hy,

hy for x € Hy, x¢€ Hj.
Here, h; = (hi1, hi2, . . ., hig—1), © = 1,2, 3,4. Thus, by virtue of (4), we get
hi = (k — [A])F(h1,0) + [A|F(h2, 0),
= (Al =1)F(h3,0) + (k+ 1 — [A]) F(ha,0),
(5)

hs = (|A| = 1)F(h2,0) + (k + 1 = |A|) F(h1,0),

hy = (k — |A])F(hg,0) + |A|F(hs3,0).
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We introduce the following notation:
i = 25 i=1,2,3,4, j=1,2,...,q— 1.

Then the last system of equations can be rewritten in the form

k—|Al |A]

—121]+Z Zli-l-l

S (5
|Al-1
—1,23]—}-2 231 (91243+Z Z4Z—|—1

0—122j+z 221+1

R1; = €xXp (a551j)

2214-9

k+1—|Al

225 = €Xp (aﬁélj)

Zz; 23 + 0 B

_ Z4i + 6

|A]-1 k+1—|A|

9—121J+Z zlz—i—l

—1 Z12+9

— 1 22] + Z 2’21
Zi: Z9; + 0
k—|A

q—1
0—1)Z4j—|—z__ za; + 1 —123]4—2 Zgz—l-l

23711 z4; + 0 Zj ' 23; + 6

Z3j = exp (aﬁélj)

1A

z45 = exp (afdy;)

|
) ©)
|
|

where j =1,2,3,...,q— 1.
Consider a mapping A : R4*@1 — R44~1 defined as follows:

k—| Al a—1 [A]
. — 1 le + Z Zli +1 (0 — 1)22j + Zi*l z2i + 1
z1; = exp (afd1;) =i ;
Zi: z1;+ 0 Zi:l z9; + 0
qg—1 g—1 k+1—|A|
, (9_1)2'3]'4‘2; 23 +1 —1Z4j+zi71 245 + 1
z?j = exp (066513) g—1 — q—l — )
Zi Z3i + 0 i: z4i + 0
(7
q—1 q—1 k+1—|A|
, 9_1)22j+2._ z2i + 1 —121j+2i_1 z1i+1
235 = exp (af01;) Zq T ) q—l - p )
- 2t
=1 ’L:
k—| A q |A]
, —1Z4J—|—Z Z4i—|-1 —1Z3J—I—Zi1Z3i+1
zy; = exp (afd15) — q—1 — ,
Zi— 245 + 0 'L'—l z3; + 6

where j =1,2,3,...,q— 1.
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We introduce the notation

I, = {(zl,zg,...,zq_l) ERI: 2 =29 = ... = 2, gl = ... = Zg1 = 1}, ®)

My, = {(zW, 23 23 W) ¢RI ;0 e 1,0 =1,2,3,4}. ©)

Here, m =1,2,...,q — 1.
Lemma 1.
1. For a # 0, the set My is invariant under the mapping A.

2. For a =0, the sets M,,, m=1,2,...,q — 1, are invariant under the mapping A.

We first consider the case o # 0. Denote
Zi = Zil, 1= 1,2,3,4, and )\:exp(aﬁ).

Then, on the invariant set M, the system of equations (6) is reduced to the following system of equations:

NEZE S R Gz g -1 \A
2= _ ,
! 0+q—2+ 2 O+q—2+ 2

O3 +q-1 Ozt qg-—-1 Fri-ld
O+q—2+2 c9+q—2+24
(10)
L= A 922-!—(]—1 1411 021+q kt1-4]
T\t g—2+2» 0+q—2+ 21
_A< Oz +q— 1 )’f 'A'< bz +q -1 )'A
S \l+g—2+2 0+q—2+ 23
Further, denote
_ bOz+q-—-1
S S prapt

The following lemma is evident:
Lemma 2. The function f(z) is strictly decreasing for 0 < 6 < 1 and strictly increasing for 1 < 6.

Proposition 1. Let z=(z1, 22, 23, 24) be a solution of the system of equations (10). If z;=z; for some i#j,
then

Z1] — 29 = 23 = Z4.

Consider the antiferromagnetic Ising model with external field, i.e., 0 < § < 1. Assume that |A| = k. Then
the system of equations (10) has the form
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Z1 = )\(f(ZQ))k,

(11

k

24 = )\(f(23)) .

The investigation of the system of equations (11) is reduced to the investigation of the system of equations

2= M(f(z)) 7 (MF)"),

(12)
2= A(/(22)" 7 (M)
Denote
(=) = A (D) (13)
Then the system of equations (12) can be rewritten in the form
zo = w(z-?))v
(14)
z3 = P(22).

The number of solutions of the system of equations (14) is equal to the number of solutions of the equation
(¢ (z)) = z. The following lemma is true:

Lemma 3. Let v: [0,1] — [0,1] be a continuous function with a fixed point £ € (0,1). Suppose that
the function  is differentiable at the point £ € (0,1) and +'(§) < —1. Then there exist xog and x1 such that
0<zy<&<z <1andy(xg) =21, y(x1) = 20 (s€e [18, p. 70]).

Note that the equation
2= Af"(2)
has a unique solution z, (see [4, p. 109]).

Proposition 2. For k > 6 and X\ € (A1, \2), the system of equations (14) has three solutions of the form
(24, 24), (25,23), and (23, 25), where \; = bf, 1=1,2, and

(h—1—VEZ— 6k + 1)(1—0)(0 +q— 1)FV/k

b =
! 20+ q— 2+ 2,)? ’
(15)
) (k—1+ V2 —6k+1)(1—0)(0+q— 1)z D/*
2 = .
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By virtue of Theorem 2, the following theorem is true:

Theorem 3. For |A| =k, k > 6, and o € (ay,2), the antiferromagnetic Potts model with external field
has at most two H 4 -weakly periodic (nonperiodic) Gibbs measures, where «; = KT Inb; and T is temperature.

Remark 1.

1. The condition k > 6 is necessary in order that the inequality k> — 6k + 1 > 0 be true. Hence, for
2 < k < 5, the method proposed in the present paper cannot be applied and the problem remains open.

2. The problem of investigation of weakly periodic (nonperiodic) Gibbs measures for normal divisors of the
other even indices in the Potts model with nonzero external field remains open.

Consider the case o = 0. Then the system of equations (6) on the invariant set M, is reduced to the system
of equations
AL CO+m 4 )z + g —m
mze +0+q—m—1

O@+m+1)z+qg—m
mz+60+qg—m—1

O@+m+1Dzg+qg—m
mzg+60+qg—m-—1

mzzs+0+qg—m—1
(16)

O@+m+1z1+qg—m
mz+60+qg—m—1

@+m+1z+qg—m
mze+60+qg—m—1

AL CO0+m+ 1) +q—m

mzs+0+qg—m—1

O@+m+1zg+qg—m
mzg+0+qg—m-—1

a=( )
(H+m+123+q m)|A| !
w=( )
w=( )

(
(
o
(

Denote

@+m+1)z+qg—m

fm(2) = mz+0+q—m-—1"

It is easy to see that the function f,,,(2) is strictly decreasing for 0 < 6 < 1 and strictly increasing for 1 < 6.
By analogy with Proposition 1, we can prove the following assertion:

Proposition 3. Let z = (21, 22, 23, 24) be a solution of the system of equations (16). If z; = z; for some
1% j, then z1 = z0 = 23 = 2z4.

Consider the case where 0 < 6 < 1 and |A| = k. In this case, the system of equations (16) takes the form
k
<1 = (fm(z2)) )

Z9 = (fm(z3>)k_1 (fm(24)),
(17)

23 = (fm(22))" " (fin(21)),

2= (fn(23))".
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The following theorem is true:

Theorem 4. Let |A| =k and k > 6. If one of the following conditions is satisfied:
4k 4k

i <qg< and 0 < 60 < 6y;

O v S hr Vot 2
Ak

(ii) g < and 6, < 0 < 0y,

E+14+vVk?2—6k+1

then there exist at least 29 — 2 weakly periodic (nonperiodic) Gibbs measures, where

4k —kqg—q—qVk? —6k+1 0 4k —kqg—q+qVk? —6k+1
2 = .

b1 = 4k 4k

Remark 2.

1. The Hj-weak periodic measures appearing in Theorems 1 and 3 are new and enable us to describe
a continuum set of nonperiodic Gibbs measures unknown earlier.

2. 1If, instead of (9), we consider M,_1, then Theorem 4 coincides with Theorem 3 in [13].

3. In the case ¢ = 2, the Potts model describes the Ising model. For |A| = k and ¢ = 2, Theorem 4
coincides with Theorem 4 in [19]. The case where |A| = 1 and ¢ = 2 was studied in [10, 11].

4. The problem of investigation of weakly periodic (nonperiodic) Gibbs measures for normal divisors of the
other even indices in the Potts model with zero external field remains open.

4. Proofs
Proof of Lemma 1. 1. Letz = (z(l), 22 (), 2(4)) € M. Then
Xern,  i=1,234

By definition (8), we obtain 20 = (zi,1,1,...,1), where z; # 1, i = 1,2,3,4. In view of this result and (7),
we find

0+q—2+2z
9—|—q—2—|—24

0+q—2+2\"M r0+q-2+ 2\

17 ]:2737 7q_17
0+q—2+ 2 O+qg—2+ 2
0+q—2+2 A= 0+q—2+2z kF1-14] ‘

:17 ]:2737"'7q_1a
0+q—2+2 O+q—2+2

_(0t+a—2+2 41 0+qg—2+2 kH*'A‘_l 9 _q

0+q—2+2 0+q—2+2 I E &g

Hence, A(z) € L.
The second part of the lemma is proved similarly.
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Proof of Proposition 1. We derive the following equalities from the system of equations (10):

2o (ST (e (e,
=-(53) 19)

2= (F T ()

2o (FE) (R
2= (1)

o (ST (e (L),

Let z = {21, 29, 23, 24} be the solution of the system of equations (10) and let z; = zo. In view of the strict
monotonicity of the function f(z) and equality (19), we get z; = zo = z3. In this case, we obtain z; = z4
from (21) and, therefore, z; = 29 = 23 = 24.

Let z; = z3. In view of the strict monotonicity of the function f(z) and equality (19), we get 21 = 23 = z3.
In this case, it follows from (21) that z; = z4 and, thus, z; = 29 = 23 = 24.

Further, let z; = z4. Thus, in view of the strict monotonicity of the function f(z) and equality (20), we find
zo = z3. In this case, it follows from (22) that

22 f(22) = 24f(24). (24)
We now consider a function
0z+qg—1
we) =21 = ey

and find its derivative
5(2) = 022 +2000+q—2)z+ (¢g—1)(0+q—2)
0+q—2+2)? '

It follows from # > 0, z > 0, and g > 2 that the function ¢(z) is strictly increasing. Hence, (24) is true only
for zZ9 = Z4.

The other cases are proved similarly.

The proposition is proved.

Proof of Proposition 2. 1t is easy to see that function (13) satisfies the following assertions:
M) ¢(2) = 2,
(ii) the function %(z) is defined on R,

(iii) (=) is bounded and differentiable at the point z,.
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Hence, by Lemma 1, for 1)/(z,) < —1, the system of equations (14) has three solutions of the form (zy, zx),
(23, 73), and (23, z3). The inequality 1/’(z.) < —1 is equivalent to the following inequality:

k—1 k—1
)2 2.2 F _ 1. ko
k(l 0)*(0 +q— 1)z +b(k:—1)(1 0)(0+q— 1)z

+b <0,
0+ 2. +q—2)* (0 + 2z +q—2)2

where b = /. Therefore,
(b - bl)(b - b2) < 07

where by and by are given by (15).
Proposition 2 is proved.

Proof of Theorem 4. The investigation of the system of equations (17) is reduced to the investigation of the
system of equations

2= (fn(2) " (i (23))F),

(25)
2= (fn(22)" i ((Fim(22))").
Introducing the notation
(2) = (fn(2)* ™ Fn((fn(2)"), (26)
we reduce the system of equations (25) to the system
22 = ¢(23),
(27)
z3 = p(22).

It is easy to see that function (26) satisfies the following assertions:

(i) (1) =1,

(ii) the function ¢(z) is defined on R,
(iii) (z) is bounded and differentiable at the point z = 1.

Thus, by Lemma 3, for ¢'(1) < —1, the system of equations (27) has three solutions of the form (1, 1),

(25, 23), and (23, z3). The inequality ¢'(1) < —1 is equivalent to the inequality

6—1)>2 6—1
M+(k—l)w+l<0. (28)

Hence,

2k(0 — 61)(6 — 03) < 0,

where 01 and - are given by (12).
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It is clear that if k& < 5, then 6; and 02 are complex. If £k = 5, then #; = 65 and inequality (28) has no
solutions.

We now consider the case k£ > 6. Assume that 6; and 65 are both negative. Then inequality (28) does not
have solutions. If §; <0 and 0 < 0, < 1, i.e.,

4k 4k
<q< )
k+1+Vk?2—-6k+1 E+1—+vVk?—6k+1

then inequality (28) possesses a solution 6 € (0, 62). This proves the first assertion of Theorem 3.
We now prove the second assertion. Let 0 < #; < 1 and 0 < 62 < 1. Then the following inequality is true:

_ 4k
q_k+1+\/k2—6k:+1'

In this case, inequality (28) possesses a solution 67 < 6 < 9. It is easy to see that #; and 6> cannot be
greater than 1. By virtue of Theorem 2, for any m, under the conditions of Theorem 4, we get two weakly periodic
(nonperiodic) Gibbs measures. It follows from (8) that m is the number of coordinates of a vector from Ra-1
unequal to 1. It is clear that the number of these vectors is equal to

qg—1
cpry =201 -1

m=1

Hence, under the conditions of Theorem 4, we obtain 2(29~1 — 1) = 29 — 2 weakly periodic (nonperiodic) Gibbs
measures.
Theorem 4 is proved.

The author expresses his deep gratitude to Prof. U. A. Rozikov for the statement of the problem and useful
advice.
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