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INITIAL-BOUNDARY-VALUE PROBLEM FOR A SEMILINEAR PARABOLIC EQUATION
WITH NONLINEAR NONLOCAL BOUNDARY CONDITIONS

A. L. Gladkov' and T. V. Kavitova? UDC 517.95

We consider an initial-boundary-value problem for a semilinear parabolic equation with nonlinear nonlo-
cal boundary conditions. We prove the principle of comparison, establish the existence of local solutions,
and study the problem of uniqueness and nonuniqueness.

1. Introduction

We consider nonnegative solutions of the initial-boundary-value problem for a semilinear parabolic equation
up = Au + c(z, t)uP, e, t>0, (1.1)

with a nonlinear nonlocal boundary condition

0 t
ué:z:,) = /k(a:,y,t)ul(y,t) dy, x e, t>0, (1.2)
v
Q
and the following initial condition:

u(z,0) = ug(z), =z €, (1.3)

where p > 0, [ > 0, € is a bounded domain in the space R™, n > 1, with sufficiently smooth boundary 02,
and v is the unit outer normal to Jf2.
For the data of problem (1.1)—(1.3), we make the following assumptions:

c(z,t) € CR. (A x [0,+0)), 0<a<l, c(z,t)>0,
k(a,y,t) € C(OQ x Q x [0,+00)),  k(z,y,1) 2 0,

up(x) € CH(Q), up(x) >0, =€, 6u££$) = /k:(x,y,O)ué(y) dy, x € 0.
Q

Numerous works are devoted to the investigation of initial-boundary-value problems for parabolic equations
and systems with nonlinear nonlocal Dirichlet boundary conditions (see, e.g., [1, 2, 3,4, 5, 6, 7, 8, 9] and the ref-
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erences therein). In particular, the initial-boundary-value problem for Eq. (1.1) with nonlocal boundary condition

ule.t) = [yt 0dy, weon, >0,
Q

was studied in the papers [2, 3] and [4, 5] for ¢(x,t) < 0 and ¢(z,t) > 0, respectively.

Note that, for p < 1 and [ < 1, the nonlinearities in Eq. (1.1) and in the boundary condition (1.2), respectively,
do not satisfy the Lipschitz condition in the right semineighborhood of the point u = 0. The problems of unique-
ness and nonuniqueness of the solutions of initial-boundary-value problems with non-Lipschitz nonlinearities were
investigated by numerous authors for various parabolic equations and systems (see, e.g., [10, 11, 12, 13, 3, 5, 14]
and the references therein).

In Sec. 2 of the present paper, we prove the principle of comparison for problem (1.1)—(1.3). In Sec. 3, we
establish the existence of local solutions. The problems of uniqueness and nonuniqueness of the solution are
investigated in Sec. 4.

2. Principle of Comparison
Let Qr = Q x (0,T), St = 0Q x (0,T), I'r = Sp UQ x {0}, and T > 0.

Definition 2.1. A nonnegative function u(z,t) € C*1(Qr) N CY°(Qr UTr) is called an upper solution of
problem (1.1)—(1.3) in Qr if

up > Au+ c(z, t)uP, (x,t) € Qr, 2.1

WD > [ kel dy, (w0 € 51, 2
Q

u(z,0) > up(z), =€ Q. (2.3)

A nonnegative function u(z,t) € C>1(Qr)NCYY(QrUT'y) is called a lower solution of problem (1.1)~(1.3)
in Qr if inequalities (2.1)—(2.3) are true with the opposite signs. A function u(z,t) is called a solution of prob-
lem (1.1)—(1.3) in Q7 if u(x,t) is simultaneously an upper solution and a lower solution of problem (1.1)—(1.3)

in Q.

Definition 2.2. A solution u(z,t) of problem (1.1)—(1.3) in Q7 is called maximum if, for any other solu-
tion v(x,t) of problem (1.1)~(1.3) in Qr, the inequality v(z,t) < u(z,t) holds in Q.

Theorem 2.1. Let ug(z)#£0 in Q and let u(x,t) be a solution of problem (1.1)—(1.3) in Q7. Then u(x,t) >0
for (z,t) € Qr U St.

Proof. Since ug(z) # 0 in  and uy — Au = c(x,t)u? > 0 in Qp, according to the strong principle of
maximum, u(z,t) > 0 in Q7. We now show that

u(x,t) >0 for (xz,t) € Sy.

Assume that there exists a point (xq,ty) € St such that u(zg, ty) = 0. Then, by virtue of Theorem 3.6 (see [15]),
Ou(xg, tg)/Ov < 0, which contradicts condition (1.2).
Theorem 2.1 is proved.
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Theorem 2.2. Let u(x,t) and v(x,t) be upper and lower solutions of problem (1.1)—(1.3) in Qr, respec-
tively. In addition, suppose that u(x,t) > 0 or v(z,t) > 0 for min(p,l) < 1 and (z,t) € Qr UT'r. Then
u(z,t) > v(x,t) for (z,t) € Qr U7,

Proof. Assume that, for t € (0,7, a nonnegative function (z,7) belongs to C%'(Q,) and satisfies the
homogeneous Neumann boundary condition. We multiply (2.1) by ¢ and integrate the obtained inequality over
the domain ();. By using the Green formula and the formula of integration by parts, we get

/u(:]:,t)np(a:,t) dx > /u(m,O)cp(x,O) dx

Q Q

+// u(x, 7)pr(z,7) + ulz, 7)Ap(z, 7) + c(x, 7)uP (z, 7)(x, 7)) de dr
0

+/t/g0ac7'/ k(x,y,)ul(y, ) dy dS, dr. (2.4)

0 00

On the other hand, the lower solution v(x,t) satisfies inequality (2.4) with the opposite sign

/v(a:,t)go(x,t) dzx < /’U(l‘, 0)p(x,0) dz

Q Q

4
o]
0

v(x, T)pr(x, 7) +v(z, 7)Ap(z, T) + c(z, 7)vP (2, T)p(x, 7)) du dT

+
o
:a\

(e, 7) / k(o )0l (g, 7) dy S, dr. @.5)
o0 Q

Let w(x,t) = v(z,t) — u(x,t). It follows from from inequalities (2.4) and (2.5) that

/w(w,t)cp(m,t) dx < /w(x,O)go(x,O) da

Q

)

t
+ O/Q/w x,T) %(x )+ Ap(x, 7) + p (@, T)e(x, 7)oz, T)) dx dr

t
w1 [otar /el Yy, 7)h(x, . Ty, 7) dy dS, dr, 26)
0 90
where 6;, ¢ = 1,2, are continuous positive functions in @t for min(p,l) < 1 and continuous nonnegative

functions in Q,, otherwise.
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We define the function ¢ (z,7) as a solution of the problem
or +Ap+ pQ;f*l(x, T)e(x, T)p =0, (z,7)€ Q,

dp(z,
gé)((aiﬂ - 07 (;C?T) € St7

(P(x7t) - 1,/}(.%'), T €,

where (x) € C§°(2), 0 < 1 < 1. According to the principle of comparison for linear parabolic equations,
the solution ¢(z,7) of the analyzed problem is nonnegative and bounded. By virtue of (2.6) and the inequal-
ity w(z,0) < 0, we obtain

t
w(z, t)Y(x) de < m(t) wy(z, 7) dz d, (2.7)
/ /]
where

we = max(0,w),  m(t) =192 sup k(z,y,7)supbh(z,7)supp(x,7),
8Q><Qt Qt St

and |09 is the Lebesgue measure of the set 0€2. Note that m(t) < m(Tp) for ¢t € (0,7p] and any Tp € (0, 7).
We choose a sequence

Un(z) € C5°(Q), 0<tn <1,
that converges in L!(£2) to the function
1 for w(zx,t) >0,

Ye(x) =
0 for w(x,t)<0.

Replacing ¢ (x) in (2.7) with v, (z) and passing to the limit as n — oo, we obtain

/w+(az,t)d1‘gm(To)/t/w+($,7')dde, te (0,Ty).
0 Q

Q

In view of the arbitrariness of T; and the Gronwall lemma, w4 (z,t) < 0 in Q7.
Theorem 2.2 is proved.

Theorem 2.2 yields the following assertion:

Theorem 2.3. Suppose that problem (1.1)—(1.3) has a solution in Qr with a nonnegative initial condition
for min(p, 1) > 1 and a positive initial condition, otherwise. Then the solution of problem (1.1)—(1.3) is unique.

3. Existence of Local Solutions

In this section, we prove the existence of a local solution of problem (1.1)—(1.3) by using the formula of
representation of the solution and the principle of contracting mappings.
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Assume that the sequence {e,,} is such that 0 < ¢, < 1 and &,, — 0 as m — oo. For ¢ = &,,, m =

1,2,..., we introduce new functions ug.(z) satisfying the following conditions:
upe(z) € C1(QY), upe(z) > €, e, () > uoe; (2),
€ > €5, woe(x) = up(x) as e — 0,
Oupe ()

= /k(l‘,y,O)UBg(y) dy, x€ 0N
Q

ov

Note that, for min(p,l) < 1, the Lipschitz condition in the right semineighborhood of the point u = 0 is
not satisfied for at least one nonlinearity in (1.1) and (1.2). For this reason, we consider an auxiliary problem for
Eq. (1.1) with boundary condition (1.2) and the initial condition

ue(z,0) = uge(x), x €. (3.1)

Theorem 3.1. For some T > 0, problem (1.1), (1.2), (3.1) possesses a unique solution in Q.
Proof. Let Gy(x,y;t — 7) be the Green function of the heat-conduction equation with the homogeneous

Neumann boundary condition. Note that the function Gy (z, y;t — 7) has the following properties (see, e.g., [16]):

Gn(z,y;t—71) >0, r,ye, 0<7<H, (3.2)

/GN(x,y;t—T)dy:I, ref, 0<7<t. 3.3)
Q
It is known that the function u.(x,t) is a solution of problem (1.1), (1.2), (3.1) in @, if and only if

t

ue(x,t) = /GN(l‘,y; t)upe(y) dy—l—//GN(a:,y;t—T)c(y, T)uE (y, T) dy dr
Q 0 Q

¢
+//GN($,§;t—T)/k(f,:l/,T)Ué(:l/,T) dy dSe dr = Lu.(x,t), (x,t) € Qo- (3.4)

0 00 Q

To prove the solvability of Eq. (3.4), we use the principle of contracting mappings. A sequence {uc,(x,t)},
n=1,2,..., is defined as follows:

uea(z,t) =6, (2,t) € Q,, (3.5)
and
Ue pt1(2, 1) = Lug (2, t), (r,t) €Q,, n=12.... (3.6)
Let

My = sgp upe ().
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By induction, we show that, for M > max(e, My.) and some v € (0, o], the following relations are true:

SUp Ue p(z,t) <M, n=12,....

Q@

3.7

For n = 1, inequality (3.7) is obvious. Thus, we assume that inequality (3.7) is true for n = m and prove it

for n = m + 1. Indeed, by virtue of (3.2)—(3.4) and (3.6), we find

t

demmi1(z,8) = / G, y; Dyuoe(y) dy + / / Gyt — T)ely, Tl oy, ) dy dr
Q 9]

0

t
+//GN(x,§;t—7‘)/k:(ﬁ,y,T)ulam(y,T)ddeng

0 9Q Q
< Mo + MPu(t) + M u(t),

where (z,t) € @), and

t
v(t) = SUP//GN<«T7y§t = 7)e(y, 7) dy dr,
Q
0 Q

u(t) = SUp /t
0

Note that (see [17]) there exist positive constants ¢; and a; such that

GN(%,f,t_T)/k(§7yaT)dy dedT
2Q Q

p(t) <avt for 0<t<d.

By virtue of (3.2) and (3.3), we get

l/(t) S agt for 0 S t S 52,

where dy and ay are positive constants. We choose «y such that 0 < v < min(dy, d2) and the inequality

sup (MPv(t) + M'pu(t)) < M — Mo,
(0,7)

(3.8)

(3.9

(3.10)

(3.11)

is true. Inequality (3.7) with n = m + 1 now follows from (3.8) and (3.11). By virtue of (3.2)—(3.6) and the

properties of ug-(x), we get
Uepn(T,t) > €, (z,t) €Q,, n=12,....
Applying the Lagrange formula for n = 2,3, ..., we obtain

Sup [te 1 (2, 1) — ten (@, 1))
-

(3.12)
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—sup//GNxs, Py, T (€, 7) — Wy (€,7)) dE dr

+// e /’“5’% Ul (Y, 7) = by (y,7)) dy dSg dr
Q

< sup (P07, (o, )0(E) + 1051, )pu(t) ) 51D fie (1) — 1 (1)

Y Q~

n—1
< sup p(t) sup [ue,n (@, 1) — tuepn—1(2, )] < (M +¢) (SUP p(t)> :
0,7) Qv 0,7

where 6, ,,(x,t), i = 1,2, are functions continuous in @7 and such that oy < 6, ,,(z,t) < My, (z,t) € @,Y, and
plt) = pled ™" + MY u(t) + (ol + M{Hu(t), te0.9]

Note that the positive constants «; and M; are independent of n. By virtue of (3.9) and (3.10), there exists
a constant 7" € (0, ) such that

sup p(t) < 1.
0,1)

Hence, the sequence {uc ,(z,t)} is uniformly convergent in Q7 as n — oo. We define

ue(x,t) = hﬁm Uen(2,t).

By virtue of (3.7) and (3.12), we get

ggua(.%',t) SMv (xat) GQT'

Passing in (3.6) to the limit as n — oo and using the Lebesgue theorem on the limit transition under the in-
tegral sign, we conclude that the limit function u.(x,t) satisfies Eq. (3.4). Therefore, u.(x,t) is a solution of
problem (1.1), (1.2), (3.1) in Q7.

By contradiction, we prove the uniqueness of the solution of problem (1.1), (1.2), (3.1) in Q7 for small values
of T. Assume that problem (1.1), (1.2), (3.1) has at least two solutions u.(x,t) and v.(x,t) in Q7. Reasoning as
above, for small values of ', we get

t
s . (1, ) — ve( ) = s / / G, &5t — T)ely, 7) (uP (€, 7) — vP(€, 7)) d€ dr
Qr 0%

t

t—T7 ) (ul ) T
+0/84GN<x,5,t >/k:<s,y, )t (y, ) — vk (y, 7)) dy dSe d

Q
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< sup (p@fﬁl(x, tv(t) + 165 (x, t),u(t)) sup |ue(x,t) — ve(x,t)|
Qr Qr

S @ Sup |u8($7t) - Us(x>t)|,
Qr

where 0;(z,t), i = 1,2, are positive functions continuous in @, and 0 < « < 1. It is clear that u.(z,t) =

ve(x,t) in Q.
Theorem 3.1 is proved.

Theorem 3.2. For some T > 0, problem (1.1)—(1.3) possesses a maximum solution in Q.

Proof. Let u. be a solution of problem (1.1), (1.2), (3.1). It is easy to see that u. is an upper solution
of problem (1.1)-(1.3). By Theorem 2.2, for 1 < &9, the inequality u., < u., is true. By the Dini theorem
(see [18]), for some T > 0, the sequence {u.(x,t)} uniformly converges in Q1 as ¢ — 0 to a function u(x,t).
Passing in (3.4) to the limit as ¢ — 0 and using the Lebesgue theorem on the limit transition under the integral
sign, we conclude that the function u(x, t) satisfies the equation

t

u(a, 1) = / G (&, ; yuoly) dy + / / G (@, y:t — T)e(y, )Py, 7) dy dr
Q 0 Q

t
+ / / Gl &t —7) Q/ k(E,y, 7y, 7) dy dSe dr

0 00

in Qp. Therefore, u(z,t) is a solution of problem (1.1)—(1.3) in Q7. It is easy to see that u(x,t) is a maximum
solution of problem (1.1)—(1.3) in Q7.
Theorem 3.2 is proved.

4. Uniqueness and Nonuniqueness

In this section, we use some results from [5, 13].

Theorem 4.1. Let up(x) = 0 in Q and let u(z,t) be a maximum solution of problem (1.1)—(1.3) in Q7.
Assume that, for some to € [0,T'), at least one of the following two conditions is satisfied:

0<p<1l and c(xg,tg) >0 forsome xo € S, 4.1
0<l<1l and k(z,yo,t0) >0 forany x= € IQ andsome yy € Of). 4.2)

Then the maximum solution u(x,t) of problem (1.1)—(1.3) is nontrivial in Q.

Proof. Let condition (4.1) be satisfied. In view of the continuity of the function ¢(z, t), there exist a neighbor-
hood U (zg) of the point z¢ in €2 and a constant 7 € (tg,T') such that ¢(x,t) > ¢y > 0, z € U(xy), t € [to, T1].
Consider an auxiliary problem

up = Au+ c(x, t)uP, x e U(xy), to<t<Ti,
u(z,t) =0, x€dU(xg), to<t<Ty, (4.3)

u(z,tg) =0, x € U(xp).
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We now construct a lower solution of problem (4.3). Let

1

ufz,t) = C(t —to) '"Pw(z,1),
where C' is a positive constant and w(z, t) is a solution of the problem
wy = Aw, x€U(xg), to<t<Ty,
w(z,t) =0, xz€dU(xg), to<t<Ty, 4.4)

w(x,to) = w()(l’), x € U(xo)

Here, wo(x) is a nontrivial nonnegative function continuous in U(zo) and equal to zero on 0U(zp). Note that
u(xz,t) =0 for t =ty or x € OU(xg). By virtue of the strong maximum principle,

0 <w(z,t) < My= sup wo(x), x=€U(xg), to<t<Ty.
U(CC())

For all (x,t) € U(xg) X (to,T1), the following relation is true:
C »_ »_
u, — Au — c(z, t)uf = 17(75 —to)1Pw — ¢z, t)CP(t — to) 1-PwP <0,
-p
where

C < My Heo(1 = p)] /0P,

Let u(z,t) be the maximum solution of problem (1.1)—(1.3) in Q7 with the trivial initial condition. By The-
orem 3.2,

u(x, t) = il_r% UE(xv t)7

where u.(z,t) is a positive upper solution of problem (1.1)—(1.3) in Q. It is easy to see that u.(z,t) is an upper
solution of problem (4.3). According to the principle of comparison, for problem (4.3), we get

ue(z,t) > u(z,t), (x,t) € U(zo) X [to, Th).

Passing to the limit in this inequality as € — 0, we obtain

u(z,t) > u(z,t), (x,t) € U(xg) X [to, T1).

By using (1.2) and the strong maximum principle, we conclude that the maximum solution u(x,t) > 0 for x € €,
to <t <1y

Assume that condition (4.2) is satisfied. Then there exist a neighborhood V (y9) C Q of the point o and
a constant Ty € (to,T") such that k(z,y,t) > 0 for x € 9Q, y € V(yo), to <t < Th.

We now perform the change of variables proposed in [19]. Let T € 02 and let 72(Z) be the unit inner nor-
mal to 0N) at the point . Since Of2 is a smooth surface, there exists a constant 6 > 0 such that the mapping
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P 00 x [0,6] — R™ given by the formula (7, s) = T + sn(T) specifies new coordinates (7, s) in the neigh-
borhood 052 in . The results of direct calculations show that, in these coordinates, the operator A applied to the
function ¢(Z, s) = g(s) independent of the variable Z at the point (7, s) has the form

9% ”Z‘l H;(@) 9y
A = — d — J —( 4.5
g(LL‘,S) 882(1:’5) = 1—SH](E) 88(37?8)7 ( )
where H;(Z), j =1,...,n — 1, are the principal curvatures of Jf2 at the point Z.

Let a > 1/(1 —1), 0 < & < 1, and let ty < T3 < min(Th,to + 62). At points of the set Qsmy, =
08 x [0, 9] x (to,T3) with coordinates (Z, s, t), we define a function

u(T, s,t) = (t —to)" (éo - \/ts—itoi :

Moreover, at points of the set  x [to, T5) \ Qs.1,, we take u(7, s,t) = 0. It is necessary to show that u(Z, s, t) is
a lower solution of problem (1.1)—(1.3) in Q x (¢g, T4) for some Ty € (tg, T3). Indeed, applying (4.5), we get

ﬂt(jv S, t) - Ag(fa S, t) - C(CL‘, t)gp(jv S5, t)

= aft —to)*! <50 - \/ts—itoi

3 \a—3/2 __ S 2_ _ a1 __ S
+25(t to) (fo %t—to>+ 6(t — to) (fo ﬁ_t0>+

s )2 - H(7)
VE—to H;(z)

— c(z, )uP (T, 5,t) < 0

— 3(t — tg)* /2 (go _

1—
+ =1 §

in  x (tg,T3) for sufficiently small values of &.
It is clear that the equalities

ou ,_ _ Ou _ B a—t o
%(m,(),t) = —g(a:,o,t) =3(t—tg)™ 2¢&;

are true. For x € 0f) and sufficiently small values of ¢ — t(, we get

Oy /k:(x,y, ' (y, ) dy

ov
Q

3l
= 3(t - tO)aiég(Q) - (t - tO)al / k(l‘, (y7 S)?ﬂ‘“’(?a 5)‘ <§0 - \/%) dyds

00 x[0,8] +

o
§3(t—to)0‘_%€§— (t—to)al%/@//ﬁ(% @, 2VE—10), ) (7, 2vE — to)| (&0 — 2)7 dz

o0 0
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1 1
<3(t—t0)* 282 — C(t — )2 <0,

where J (¥, s) is the Jacobian of transition to new coordinates and the constant C' is independent of ¢. The remain-
ing part of the proof is performed in exactly the same way as in the first part of the theorem.
Theorem 4.1 is proved.

Remark 4.1. Assume that the conditions of Theorem 4.1 are satisfied but (4.1) and (4.2) are replaced with
the following conditions:

0<p<1l and c(z,t)#0 in @, forany 7 >0 (4.6)

and

0 <l <1 and there exist sequences {tx} and {yr}, k€ N,
suchthat ¢ >0, lim ¢tz =0, 1y € 9N, 4.7)
k—o0

k(z,yg,tx) >0 forany x € 0N.

Then the maximum solution of problem (1.1)—(1.3) is positive in Q7 U St.

Corollary 4.1. Assume that the conditions of Theorem 4.1 are satisfied with (4.1) and (4.2) replaced by (4.6)
and (4.7) and that

c(xz,t) and k(z,y,t) donotdecreasein t € [0,t] forsome te (0,T). 4.8)

Then there exists only one positive solution of problem (1.1)—(1.3) in Q7 U Sr.

Proof. Let u(z,t) be the maximum solution of problem (1.1)—(1.3) with ug(z) = 0 in 2. It follows from Re-
mark 4.1 that the inequality u(x,¢) > 0 holds for (z,t) € Q7 U Sr. Assume that there exists another positive
solution v(x, t) of problem (1.1)—(1.3) in Q7USy with the trivial initial condition. By virtue of (4.8), v(z, t+7) is
a positive upper solution of problem (1.1)—~(1.3) in Q;_.. for 7 € (0,¢). It follows from Theorem 2.2 that

u(z,t) <v(@,t+7)
for (z,t) € Q;_, UTI';_.. Passing to the limit as 7 — 0, we obtain u(z,t) < v(z,t) for (z,t) € Q; UT}.
By Definition 2.2 and Theorem 2.3, we conclude that v(x,t) = u(x,t) forall (x,t) € Qr U St.

Corollary 4.1 is proved.

Theorem 4.2. Assume that min(p,l) < 1, ug # 0, condition (4.8) is satisfied, and let at least one of
conditions (4.6) and (4.7) be satisfied. Then the solution of problem (1.1)—(1.3) is unique.

Proof. To prove uniqueness, it suffices to show that if v is a solution of problem (1.1)—(1.3), then
u(z,t) <v(z,t), (z,1) € Qmy, 4.9)

where u is the maximum solution of problem (1.1)—(1.3).
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We now consider three cases: 0 </ <land 0<p<1l,0<l<landp>1,and0<p<1landl > 1.
Let0 <l < 1and 0 < p <1 Denote z=u — v. Then z satisfies the problem

2t < Az +c(z,t)2P,  (z,t) € Qpy,

0z(z,t)
ov

< / k(e,y, 02 (g, ) dy,  (2,8) € S, 4.10)
(9]

2(z,0) =0, xe€Q.
By virtue of Corollary 4.1, there exists a unique solution A of the problem

hi = Ah +c(z, t)h?,  (z,t) € Qry,

Oh(x,t)
ov

_ / Kz, g, Oy, ) dy,  (x,t) € S,
Q

h(z,0) =0, x €,

such that h(z,t) > 0, x € Q, 0 < t < Ty. Let T3 = min(7}, T). By using the arguments from the proofs of
Corollary 4.1 and Theorem 2.2, we can show that h > z and « > h. Further, we denote @ = h — z and apply the
inequality (see, e.g., [20])

h? —u? 4+ v? > (h —u+v)9,
where 0 < ¢ <1 and max{h,v} < u < h + v. This yields

at > Aa+c(z,t)a’, (z,t) € Qry,

da(z,t)
v

> / k(z,y, 0 (y, 1) dy, (2,t) € St
Q

a(x,0)=0, ze€Q.

We now show that a(z,t) > 0 in Q7,. Indeed, assume the contrary. Then, by virtue of Theorem 2.1, there
exists ¢ € (0,73) such that a(z,t) = 0 in Q7. Hence,

Oh(x,t)  Ov(xz,t) 0z(x,t)  Ov(x,t) Ou(x,t)
l l _ _ _
/k(:v,y,t)(h (y:t) o' (y,1)) dy = —5 = + — = = =+ =
Q

- / ke, y, ) (y, 1) dy = / k(e )(2(0.1) + v(y. 1)) dy

Q Q

- / k(o0 ) (h(y,t) + o(y.t) dy,  (x.1) € Sp.
Q
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Under condition (4.7), we arrive at a contradiction with the facts that 0 < < 1, h(x,t) > 0 and v(z,t) > 0

in Qf, and k(x,yg,tx) > 0 for any z € 9Q and some y;, € 92, 0 < ¢, < t. Under condition (4.6), we arrive at
a contradiction by using a different method. Indeed,

c(z, t)(h+v)P =c(z,t)(z +v)P = c(x, t)uP

ug—Au = (z+v) — A(z +v)

= (h+0v); = A(h+v) = c(z, 1) (A" + 7)), (2,1) € Qp,

but this contradicts to the facts that 0 < p < 1, h(z,t) > 0 and v(z,t) > 0 in Qf, and ¢(z1,t1) > 0 for some
1 €Qand t; € (O,E).

Since a(xz,t) > 0 in Qz, applying Corollary 4.1 and Theorem 2.2, we conclude that a(x,t) > h(z,t)

in Q7 U I'z. Hence, inequality (4.9)istruefor 0 </ < 1land 0 < p < 1.

Consider the second case where 0 < ! < 1 and p > 1. It is easy to see that there exists a constant 8 > 0

such that

uP(x,t) — oP(x,t) < B(u(x,t) —v(z,t)), (z,t) € Qry,

where Ty < T,. Let z = u — v. Then the function z satisfies problem (4.10) with p = 1 and Sc¢(x,t) instead
of ¢(z,t). The remaining part of the proof is performed in exactly the same way as in the first case with p = 1.

The third case is considered similarly.
Theorem 4.2 is proved.

Remark 4.2. Let ug #Z 0 and let, for some 7 > 0, at least one of the following conditions be satisfied:
[>1 and c(z,t)=0 in Q,
p>1 and k(z,y,t)=0 in 0Q x Qr,

c(r,t)=0 in Qr and k(x,y,t)=0 in 002 x Q.

Then, by virtue of Theorems 2.1 and 2.3, the solution of problem (1.1)—(1.3) is unique.

Ju—
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