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CRITICAL POINTS APPROACHES TO ELLIPTIC PROBLEMS DRIVEN
BY A p(x)-LAPLACIAN

S. Heidarkhani! and B. Ge? UDC 517.9

We establish the existence of at least three solutions for elliptic problems driven by a p(z)-Laplacian.
The existence of at least one nontrivial solution is also proved. The approaches are based on the variational
methods and critical-point theory.

1. Introduction

In the present paper, we study the following elliptic problem:

—Apzyu = Af(x,u) in Q,

ey
u=0 on 01,

where
Apzyu = div (| Vu[P®~2vy)

is the p(z)-Laplacian operator, 2 € RY, N > 1, is a nonempty bounded open set with smooth boundary 0%,
p € C(Q) satisfies the condition

N <p = inf p(x) < p(z) < supp(z) < +0o0,
ze2 €

A>0,and f: Q x R — R isan L'-Carathéodory function.

In recent years, the investigation of differential equations and variational problems with variable exponent has
become a new and interesting topic. It arises from the nonlinear elasticity theory, the theory of electrorheological
fluids, etc. (see [29, 31]). Problems of this kind also have extensive applications in various research fields, such
as the image-processing model (see, e.g., [16, 24]), stationary thermorheological viscous flows (see [1]), and the
mathematical description of the processes of filtration of ideal barotropic gases through porous media (see [2]).

Note that, for p(x) = p = constant, there is a large literature dealing with the problems involving the
p-Laplacian with Dirichlet boundary conditions, both in the scalar case and for elliptic systems in bounded or
unbounded domains. It is not necessary to cite these works here because the reader can easily find them. Numerous
authors investigated the existence and multiplicity of solutions for the problems with p(x)-Laplacian. In recent
years, the interest to the study of variational problems and elliptic equations with variable exponent is increasing.
We refer the reader to [19, 21, 27] for the theory of LP(*) and W'P(®)(Q). The problem of p(z)-Laplacian with
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Dirichlet conditions in the scalar case was studied by Fan and Zhang [20]. In fact, in [20], Fan and Zhang, first,
introduced some basic properties of the generalized Lebesgue—Sobolev spaces VVO1 »(@) (€2), which can be regarded
as a special class of generalized Orlicz—Sobolev spaces, second, presented several important properties of the
p(z)-Laplace operator, and finally, under certain appropriate conditions imposed on the nonlinear term, established
some existence results for the weak solutions of problem (1). Bonanno and Chinni [7] used a three-critical-point
theorem for nondifferentiable functionals due to Bonanno and Marano [12] (Theorem 3.6) and established the
existence of at least three weak solutions for the problem

_Ap(x)u = )\(f(m,u) + ug(x,u)) in €,
u=20 on 0f),

where Q@ € RN, N > 1, is a nonempty bounded open set with smooth boundary 992, p € C(Q), \ and p
are two positive parameters, and f,g: 2 x R — R are two functions measurable with respect to each variable
separately and possibly discontinuous with respect to u. In [8], Bonanno and Chinni also studied the multiplicity
of solutions for problem (1) on the basis of a convenient form of the recent three-critical-points theorem established
by Bonanno and Marano [12].

In the present paper, motivated by [7, 8], we first apply two related three-critical-points theorems for differ-
entiable functionals due to Bonanno and Candito [6] to prove the existence of at least three weak solutions to
problem (1) (see Theorems 4 and 5) and then use a very recent local minimum theorem for differentiable function-
als due to Bonanno [5] (under different assumptions imposed in Theorems 4 and 5) to establish the existence of at
least one nontrivial weak solution to problem (1) (see Theorem 7). Theorems 4 and 5 extend the results of [8].

For a thorough account on the subject, we refer the reader to the papers [9, 10, 13, 14, 22, 23, 26].

2. Preliminaries and Basic Notation

In the present section, we introduce some definitions and results used in the next section. First, we introduce
some theories of Lebesgue—Sobolev spaces with variable exponent. The details can be found in [17, 19, 21]. We set

Lf@D::{peLwGD:eﬁ%ﬁMx)>l}

For p € L3°(2), we denote

p- =p (Q) =essinfp(x) and  pT =pT(Q) = esssupp(z).
xe) zeQ

For any p(x) € LY (£2), we define the variable-exponent Lebesgue space

LP®)(Q) = { u: u is a measurable real-valued function such that / lu(z)[P®dz < 0o
Q

We introduce a norm (the so-called Luxemburg norm) in this space by the formula

p(z)

ul@) | <1

A

||UHLP(Z)(Q) =inf{ A>0: /
Q
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The space (LP*)(Q), |-llpz)) is a Banach space. We define the variable-exponent Sobolev space W) (Q) as
follows:

WLp(oc)(Q) _ {u c LP(:U)(Q); |Vu| € Lp(x)(Q)}.

This space is equipped with the norm
[ullwrre @) = llull e @) + 1Vl Lre )
By Wol’p(x)(Q), we denote the closure of C§°(Q) in WP (Q). In Wol’p(x)(Q), we consider the norm
[ull: = IVull o @)

We now present some facts used in what follows.

Proposition 1 (see [20]). (i) The spaces LPW)(Q), W'P@)(Q) and Wol’p(x) (Q) are separable and re-
flexive Banach spaces.

(ii) There is a constant ¢ > 0 such that
”UHLM@(Q) < CHVUHLP(I)(Q)

forall u e Wol’p(m)(Q).
Proposition 2 (see [7]). Let

%wz/mmwwm

Q
For u € VVO1 P(@) (), the following assertions are true:

(i) |lu]| <1(=1;>1) <= pp(|Vu]) < 1(=1;>1).

1 1 TR—.
(ii) If ||ul| > 1, then —||u||P S/Vuxp(x)dazgup.
[[ul p+H | Qp(x)| (2)] p,H |

1 1 1 _
mDWW<LWn+MW§/WWWmMSMV-
p p

a p(z)

As shown in [20, 27], WP(#)(Q) is continuously embedded in W'~ (Q) and, since p~ > N, WP~ (Q)
is compactly embedded in C°(Q). Thus, W1P(#)(Q) is compactly embedded in C°(Q). Therefore, in particular,
there exists a positive constant ¢y such that

lull oy < collul @

for each u € Wol’p(x)(Q).
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By X, we denote the Sobolev space VVD1 #(@) (Q). Let

u) = Luﬂr: @) dge
G(w) !M@W<npd

forall w € X. Wedenote L = G’': X — X*. Then

L(w)(v) = / V(@) PO 2V u(2) Vo (z) da
Q

for all u,v € X.
Proposition 3 (see [20]). (i) L: X — X* is a continuous, bounded, and strictly monotone operator.

(ii) L is a mapping of the type (S4), ie., if u, — w in X and limsup,,_, o (L(uy),u, —u) < 0, then
Up, —> uin X.

(iii) L: X — X* is a homeomorphism.

We say that v is a weak solution to the problem (1) if v € X and
/ V()PP 2V u(z) Vo(z)ds — )\/f(:c,u(x))v(x)dx =0
Q Q
forevery v € X.
We set

§(z) =sup {6 > 0: S(z,8) C Q}

where S(x,0) denotes a ball of radius § with center at . For all = € €2, we can prove that there exists zy €
such that S(xo, D) C Q, where D = sup,cq d(z). We set

N/2

where I' is the Euler function. Moreover, for each » > 0, we define

m:=

= max { (), ()

and, in addition,

ﬂ%ﬂz/ﬂ%@%
0

forall (z,t) € Q x R.
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3. Existence of Three Solutions

In the present section, we establish the existence of at least three weak solutions of problem (1). As our
main tools, we use two three-critical-points theorems. In the first of these theorems, the coercivity of the func-
tional & — AW is required; in the second theorem, a suitable sign hypothesis is assumed. The first result was
obtained in [4]. The second result was obtained in [3]. Here, we recall these results according to [6].

Theorem 1 ([6], Theorem 3.2). Let X be a reflexive real Banach space, let ®: X — R be a coercive
and continuously Gdteaux differentiable functional whose derivative admits a continuous inverse on X*, let
W : X — R be a continuously Gdteaux differentiable functional whose derivative is compact, and let

inf & = &(0) = ¥(0) = 0.

Assume that there is a positive constant v and v € X with 2r < ®(v) such that

SUD e p—1(]—oco,r)) ¥ (U) _29(@)
r 3®(v)’

(aj)

(az) forall

the functional ® — \V is coercive.

Then, for each

)\ e ] 3 2(0) r [
2 \Il(ﬁ)7 SUPyed—1(]—o0,r]) \Il(u) ’

the functional ® — ANV has at least three distinct critical points.

Theorem 2 ([6], Theorem 3.3). Let X be a reflexive real Banach space, let ®: X — R be a convex,
coercive, and continuously Gateaux differentiable functional whose derivative admits a continuous inverse on X ™,
let V: X — R be a continuously Gdteaux differentiable functional whose derivative is compact, and let

(i) infx ® =®(0) = ¥(0) =0;

(ii) for any A > 0 and for every uy and us that are local minima for the functional ® — AV such that
U(uy) > 0 and ¥(ug) > 0, the following inequality be true:

inf W(suj + (1 —s)uz) > 0.
s€[0,1]

r
Assume that there are two positive constants r1 and o and T € X with 2r; < ®(v) < 52 such that

Supueq)*l(}—oo,rl[) \I/(’LL) 2‘11(6) X
o1 n RETION

SUPycd—1(]—o0,r2]) U (u) 1‘1’(5)
(b2) - <3 o(0)
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Then, for each

3 ¢(v)
20(v)’

<

2
PYS ] min { n , r2/ }[,
SUPyca—1(]—oo,r[) Y(U) SUPucd—1 (oo ¥ (W)
the functional ® — AV has at least three distinct critical points lying in ®~*(]—o0, r5[).

The following theorem is a special case of our main results:

Theorem 3. Let Q C R? be a nonempty bounded open set with smooth boundary 0, let f: R — R be
a continuous function, and let

F(t) = / £(6) de
0

forall t € R be such that F(h) > 0 for some h > 0 and F(§) > 0 in [0, h]. For fixed p(z) = p > 2, it is
assumed that

lim inf @ = lim sup Fe) = 0.

&0 [P et [€IP

Then there is \* > 0 such that, for each A > \*, the problem
—Apu = \f(u) in €,
u=20 on 0}

admits at least three weak solutions.

Remark 1. The results similar to Theorem 3 were obtained in [11] (Theorem 0), where a class of Dirichlet
quasilinear elliptic systems driven by a (p, ¢)-Laplacian operator was considered, and also in [25] (Theorem 1),
where a quasilinear second-order differential equation was studied.

We formulate the existence results as follows:

Theorem 4. Let f: Q x R — R be an L'-Carathéodory function such that

essinf F(z,£) >0
€
forall £ € R. Assume that there exist two positive constants v and h such that
1 [ /2n\" f2n\"" V2V -1
(Ag) wmm{(D> ’(D) }mD 5N > 2r;

/qup|t|<60% F(z,t)dx 2essinfyeq F(x, h)

O RORr

(A2)
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o) SPiarn, Ptz
tlP” /p* ; :

(A3)  lmsuppy 4o
Then, for each

P (RO

92 essinfyeq F(x, h) / SUD|¢| <oy, F(2, 1) dx
o <

)

problem (1) admits at least three weak solutions.

Proof. In order to apply Theorem 1 to our problem, we introduce the functionals &, ¥ : X — R for
each u € X, as follows:

L oua P9 g
@(u>_9/p(x)\vm| d

and

It is well known that ® and ¥ are well defined and continuously differentiable functionals whose derivatives
at the point v € X are functionals ®’(u), U'(u) € X* given, for every v € X, by the formulas

&' (u) (v) = / Vu(@)P@ 2 Vu(z) Vo(a)de

and

respectively. At the same time, ¥ is sequentially weakly upper semicontinuous. Moreover, ¢ is sequentially
weakly lower semicontinuous and ®’ admits a continuous inverse on X *. Furthermore, ¥’ : X — X* is a compact
operator. We set

0 for x € Q\ S(zo, D),

D
w(x) _ h for =« S S<LEO, 2>, (3)

\?(D—\/Zjvl(xi—xmﬂ) for mGS(xo,D)\SGEO’g)'
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It is easy to see that w € X and, in particular, we get

1 oOm\P~ [2n\P" oN _q
p+m1n{<D> ’(D) }mDN SN < O(w)

and

W(w) > / Fla, w(z))dz > essinf F(z, h)m <D>N.

e 2
S(zo, D/2)

In view of (4), it follows from (A1) that ®(w) > 2r. The embedding X < C°(Q2) implies that

101 — oo rD) = {0 B <)t =2 -Luxp(“”)xr
571 = oourl) = {u € Xi®(u) <1} = Jue Xi [ | Vula) P <

- {u € X;lu(x)| < coyy forall z e Q}
This yields
sup U(u) = sup /F x,u(z))dr </ sup F(x,t)dzx.
ued ! (J]—oo,r) ue®~t(J—oo,r() [t|<coyr

Therefore, in view of the assumption (A 2) and inequalities (4) and (5), we get

SUPyed 1 (J—oo,r) V(%) Sup“@‘l(]—oo,r[)/QF(%U(J?))dJJ

T T

- g essinfyeq F(z, h) < 2 ¥(w)

e (5)(5) fern

Furthermore, it follows from (A 3) that there exist two constants 7, ¢ € R with

/QSUPItISr:ow F(x,t)dz

r

n <

“)

&)
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such that

P n

Qe F(2,t) <n— + 7 forall z€Q andall te€ R".

p

We fix u € X. Then
1 |u(@) P
Flx,u(x)) < + 9 forall z € Q. (6)
(@, u(x)) o (77 =

Further, in order to prove the coercivity of the functional ®—\¥, we first assume that > 0. Thus, if ||u| > 1,

then, for any fixed
1 2h\P~ [2h\P"
— mi — — oV 1
3p+mm{<D> ’<D) }( ) r

92 essinfyeq F(x, h) / SUD|t|<cor, F (2, 1)da
o <

)

in view of inequalities (2) and (6) and Proposition 2, we find

B(u) — AU (u) = / p(1$)|Vu(x)|p(w)d:c -\ / F(z,u(z))dz
Q Q
.

N iHqu Y /Q|u(:v)| dx B

~pt Q2o pt co

> i” Hp_ _ )\77 ‘Q|COHU||p7 _ &

~pt Qfeg  p* co

T 1 0

>

Lo Ll -2,
/qupﬂgc(m F(x,t)dz

and, hence,

lim  (®(u) — A¥(u)) = +o0.

llull=+o0

On the other hand, for n < 0, it is clear that

(P(u) — AV (u)) = 4o0.

im
lluf| =00

Both cases lead to the coercivity of the functional & — AW.
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Thus, the assumptions (a;) and (a2 ) in Theorem 1 are satisfied. Hence, by using Theorem 1, in view of the
fact that the weak solutions of problem (1) are exactly the solutions of the equation

' (u) — AV (u) = 0,

we arrive at the required assertion.

Theorem 4 is proved.

Theorem 5. Let f: Q2 x R — R be an L'-Carathéodory function such that

essinf F(z,£) >0
€

for all £ € R and satisfies the condition f(x,t) > 0 for all (z,t) € Q x (RT U {0}). Assume that there exist
three positive constants 1, T2, and h with

1. [ [2n\" [2n\*" N2V -1
2T1<p+mm{(D> ’(D) mD 5N

and
1 oh\P~ [2h\P" N2V -1y
such that
F(x,t)d
(B1) /qup|t|<co’yr (z,t)dx _ 2 essinfyeo Fz, h)
" 3L () () Vv
e x5 3
F(x,t)d
(B,) /qupltlgcm" (@, t)da essinf,cq F(z, h)

S (7 3 g

Then, for each

e (5) () feros

e |2
€2 essinf,cq F(z, h) ’

7,2

(& 2

Y
/QSUPﬂgcmT F(x,t)dz /QSUPﬂgcmT F(x,t)dz

min
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problem (1) admits at least three nonnegative weak solutions v, v, v® such that

1 .
/M\ij(x)]p(x)dx <ry  foreach e, j=1,23.

Proof. Let ® and V¥ be as in the proof of Theorem 4. We apply Theorem 2 to our functionals. Obviously,
® and ¥ satisfy Condition 1 of Theorem 2. We now check that the functional & — AW satisfies Condition 2 of
Theorem 2. Let v* and ©** be two local minima of ® — AW. Then w* and w** are critical points for & — \¥
and, hence, they are weak solutions of problem (1). Since f(x,¢) > 0 forall (z,¢) € Q x (RT U {0}), it follows
from the weak maximum principle (see, e.g., [15]) that u*(z) > 0 and u**(x) > 0 for every x € Q. This
means that su* + (1 — s)u™ > 0 for all s € [0,1], that f(su* + (1 — s)u*,t) > 0 and, consequently, that
U(su* + (1 — s)u*™*) > 0 for all s € [0,1]. Moreover, the conditions

1 [ [2n\" [2n\*" NG L
27“1<p+m1n{(D> ’(D) mD 5N

and

enable us to conclude that

Further, in view of the embedding X — C%(Q), we get

‘Irl(] —oo,r[) ={ueX;®(u) <r}=que X;/p(lx)|Vu(x)]p(x)d$ <r

C {ue X; Ju(z)| < coyp, forall z € Q}
and, hence,
sup U(u) = sup /F(x,u(x))dxg/ sup F(z,t)dx.
u€P~1(]—o0,r1]) uE<I>—1(]—c>o,7“1[)Q o [t|<coyr

Therefore, in view of the assumption (B 1), we find

SUPyed—1(]—o0,r1[) \I/(u) SUPyued—1(]—oc0,r1]) /Q F(x, u(m))dm

™ ™

/qupltécmrl F(x,t)dz

1

<
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< 20(w)

s { (@p (%Y} evoy Ot

As above, by using the assumption (B ), we obtain

infycq F(x,h
- essinfyeq F'(x, h)

Wl N

SUPuca1 (| _oomp Y(u)  °PuEd (00D /g Fla, wlz))de

T2 T2

/Q SUD|¢| <y, £ (@5 1) dT

T2

IN

—_

essinf,ecq F'(x, h) < 1 ¥ (w)

() G) e

Thus, the assumptions (b1) and (bs) in Theorem 2 are satisfied. Hence, in view of Theorem 2 and the fact
that the weak solutions of problem (1) are exactly the solutions of the equation ®'(u) — AV’ (u) = 0, problem (1)
admits at least three distinct weak solutions in X.

Theorem 5 is proved.

At the end of this section, we prove Theorem 3.

Proof of Theorem 3. We fix

1 2h>p
9p \ D
A> AN =27
2 F(h)
Si . F(¢) . : _
ince liminf,_, W =0, there is {7 }nen C |0, +o0] such that lim,, 7, = 0 and
lim |Q’ HlaX|t‘§CO(an)1/p F(t) —0
n—-+00 n e
Hence, there exists 7 > 0 such that
T 9 /2h\? A
D
and
oF < 3D*r (2h\P
T — ] .
4p D

The required assertion follows from Theorem 4.
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4. Existence of a Nontrivial Solution

First, we recall, for the reader’s convenience, Theorem 2.5 from [28] presented in the form of Theorem 5.1
from [5] (see also Proposition 2.1 in [5] for the related results). This theorem is our main tool in proving the main
result.

For a given nonempty set X and two functionals ®, ¥: X — R, we define the following functions:

SUPuea—1 (Jryro[) ¥ (1) — (V)

Hry,7re) = inf
(r1,72) veEDd~1(Jry,r2[) ro — ®(v)
and
P("”l 7‘2) _ sup \I/(U) — SUPyed-1(]—o0,r1) \Il(u)
’ ved—1(Jr1,r2]) Q(v) —m

forall ri,70 € R, 71 < 7o.

Theorem 6 ([5], Theorem 5.1). Let X be a reflexive real Banach space, let ®: X — R be a sequentially
weakly lower semicontinuous, coercive, and continuously Gdteaux differentiable functional whose Gdteaux deriva-
tive admits a continuous inverse on X*, and let V: X — R be a continuously Gdteaux differentiable func-
tional whose Gdteaux derivative is compact. Also let I, = ® — A\V. Assume that there are 11,792 € R, r1 < 19,
such that

I(r1,r2) < p(ri,ra).

Then, for each

1 1
p(ri,re)’ 9(r1,m2)

A€

there is ug x € ®~(|r1,r2]) such that Iy(ugy) < I\(u) for any u € @1 (Jr1, r2[) and I\ (up ) = 0.

We formulate the main result of this section as follows:

Theorem 7. Let f: Q x R — R be an L'-Carathéodory function such that

1 >
eiselng(x,ﬁ) >0

for all £ € R. Assume that there exist a nonnegative constant r1 and two positive constants ro and h with

1 [ /2n\" [2n\*" N2V -1
7°1<p+m1n{<D> ’<D> }mD o

and

1 om\P~ [2h\P" oN _ 1
F max { <D> 5 <D> } mDN 2N < Ty
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such that
DAY
/qup|t|§50’7r2 F(x,t)dr — essinf,eq F(xz, h)m <2>
L ey
2 omax{ (28 e
2T D) '\D
DAY
/qupﬂSCO%1 F(x,t)dr — essinf,ecq F(xz,h)m <)

: 7
1 <2h>” <2h>p* 7
1 e min D "\ D

(C1)

Then, for each

Lo (Y (2
1 p+m1n D "\ D

D\’
/quPtlﬁcwrl F(x,t)dr — essinf ecq F(xz, h)m <2>

(8 (3]

D\YN
/qupt|<cmr2 F(x,t)dr — essinfyeq F(x,h)m <2>

A€

Y

problem (1) admits at least one nontrivial weak solution ug € X such that

1
_— p(z)
ry < Q/p($) |Vug(x)|P*¥ dx < ro.

Proof. In order to apply Theorem 6 to our problem, we assume that the functionals &, ¥: X — R are
the same as in the proof of Theorem 4. As follows from the proof of Theorem 4, ® and ¥ satisfy the regular-
ity assumptions of Theorem 6. We choose w as indicated in (3). Taking into account relation (4), in view of

the conditions
1 [ /2p\" f2n\"" N2V -1
ry < F min { <D) , <D> mD 5N

1 om\?~ [2n\P" oN _q
— i i DN
pmax{(D> (D> }m <,

and

we find
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By virtue of the embedding X < C°(€2), we get

<I>—1(} _ oo,TQD = {u € X;P(u) < r2} =< uéE X;/p(1$)|Vu(x)|p(m)d:n < 1o

C{ue X; |u(z)| < coyr, forall z € Q}.
This yields
sup U(u) = sup /F(:U,u(x))dx S/ sup F(x,t)dx.
u€P1(]—o0,r2|) uE@fl(}—oo,rg[)Q 3 [t|<covry

Therefore, we obtain

SUPyed—1(]—oc0,r2[) \Il(u) - \Il(w)
ro — ®(w)

19(7‘1, 7“2)

IN

/quPtlﬁcmrg F(z,t)de — ¥(w)
- ro — ®(w)

DAY
/qupﬂgc(m? F(x,t)dr — essinf,ecq F(xz,h)m <2)
< ~
v U L2 (20
2 P X D ) D

On the other hand, arguing as earlier, we conclude that

‘Il(w) — SUPyed—1(]—o0,r1]) \Ij(u)
O(w) —ry

p(ri,re) >

U(w) — /qul)ltlﬁcmrl F(x,t)dz
O(w) —m

v

DAY
/qup|t|§60%1 F(x,t)dx — essinf eq F(z, h)m (2)

T —imin % " % "
1 p+ D ) D

Hence, it follows from the assumption (C1 ) that

v

Hri,re) < p(ri,ro).
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Therefore, by applying Theorem 6 for each

r —imin % " % "
1 p+ _D ) _D

D\
/QSUPItIScowl F(z,t)dr — essinf,cq F(z, h)m (2>

S (Y (2
T9 pimax D s D
D

N
/qupt|<co,%2 F(z,t)dx — essinfyecq F(z, h)m <>

A€

)

2

we conclude that the functional ® — AW has at least one critical point uy € X such that 1 < ®(ug) < 72, i.e.,

1
_ p(z)
ry < /p(x)wug(x)] dx < ro.

Thus, in view of the fact that the weak solutions of problem (1) are exactly the solutions of the equation
' (u) — AV (u) = 0,

we arrive at the required assertion.
Theorem 7 is proved.

We now establish the following corollary of Theorem 7:

Theorem 8. Suppose that

wen{(5) ()} G5)(B) )

Let f: QxR — R be an L'-Carathéodory function such that essinf,cq F(z,€) > 0 forall ¢ € R. Assume that
there exist two positive constants r and h with

1 oh\?~ [2n\P" oN 1
~ m - - DN
P ax{<D> ’<D> }m o =

such that

DA\
/Sup|t|<c0% F(z,t)dx essinfyeq F'(z, h)m (2>
() <

T Foe ) (5) )
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Then, for each
- +
1 . < 2h ) P < 2h ) b
— min — I
P D D r

D\N "’
essinf,cq F(z, h)m <> /qup|t|<cmr F(x,t)dz

)

2

problem (1) admits at least one nontrivial weak solution ug € X such that

1
_— p(z)
r1 < /p(x)Wuo(x)] dx < ra.

Proof. The required assertion follows from Theorem 7 if we take r; = 0 and ro = r. Indeed, in view of our
assumptions, we get

D\N
/qup|t<cwr F(z,t)dx — essinfyeq F(z, h)m (2>
R AN AN
r e maxy (o) o
Fes{(5)(5)
— max < | — —
- D "\ D
( 1-P ) / SUP|¢|<cor, I (2, t)dx
< Q

{5

D
/quptISCo% F(x,t)dx essinfycq F(x, h)m 5
= <

7“ P (5)(5) )

In particular, we find

DAY
/QSUPItSC(m F(z,t)dx — essinf,cq F(z, h)m <2> /QSUPItSCO%« F(z,t)dx

- <
I\ ) o\ D

Hence, the application of Theorem 7 completes the proof.

Theorem 8 is proved.



1900 S. HEIDARKHANI AND B. GE

Let f: R — R be a continuous function and let

t
F(t) = / £(6) de
0

for all t € R. The following result is obtained as a direct consequence of Theorem 7.

Theorem 9. Let f: R — R be a nonnegative continuous function. Assume that there exist a nonnegative
constant r1 and two positive constants Ty and h with

1 [ /2p\" f2n\"" N2V -1
r1<p+m1n{<D) ’<D> mD 5N

and

1 oh\P~ [2h\P" oN 1
p_max{<D> ’<D> }mDN 5N < rg9

such that

|Q|F (covry) — F(h)m l;)N ‘Q’F(Co’ym)—F(h)m( >N
o (B) L (B) ) ] (3)(3) )

Then, for each

(Cs)

) (3)) e (3))

A€

the problem

—Ap@u = Af(u) in €,
u=20 on 0N

admits at least one nontrivial weak solution ug € X such that

1
_ p(z)
ry < /p(x)]Vug(x)] dx < ra.

At the end of the paper, we present the following special case of our main result in this section:
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Theorem 10. Ler p(z) = p > N, let h: Q — R be a positive and essentially bounded function, and let
g: R — R be a nonnegative function such that

Then, for each

the problem

—Apu = Mh(x)g(u) in Q,

u=20 on 0Of)
admits at least one nontrivial weak solution in X.

Proof. For fixed

1 r

/Q h(z)dz

Ae o,

there exists a positive constant r such that

Moreover, the condition

1E—>H014r z’(f)l oo
implies that
t
JNGE
tl—i>I(1)1+ ) tp =t

Therefore, we can choose a positive constant h satisfying the inequality

1 /2n\P N2V -1




1902 S. HEIDARKHANI AND B. GE

such that

1 2 < Jo
A D hp

N
pDPessinf cq h(z)m <>

Hence, by using Theorem 8, we arrive at the required result.

Remark 2. All proofs in the present paper are based on finding the values of the corresponding functionals
on the function w(x) introduced in (3). Note that this is the same function as in [7].

The research of S. Heidarkhani was partly supported by a grant from IPM (No. 91470046).
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