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ON SOME EXTREMAL PROBLEMS OF DIFFERENT METRICS
FOR DIFFERENTIABLE FUNCTIONS ON THE AXIS

V. A. Kofanov UDC 517.5

For an arbitrary fixed segment [o, ] C R and given r e N, A, Ag, and p >0, we solve

the extremal problem

B
J.|x(k)(z)|qdz — sup, gq=p, k=0, ¢g=1, 1<k<r-1,

o

on the set of all functions xeLZo such that ”x(r) <A, and L(x), < Ay, where

b 1/p
L(x), := (j | x(t)|? dt) Ca,beR, | x()] >0, tea b)
a
In the case where p = oo and k=1, this problem was solved earlier by Bojanov and Naidenov.

1. Introduction

Let G denote either the real axis R or a finite segment [0, B] C R. We consider the spaces L,(G), 0<

p S o, of all measurable functions x: G— R such that ||x||; ) <eo, where
P

1/p
(j|x(z)|pdz) if 0<p<os,
”x”L,,(G) ‘= G
vrai sup | x(1)| if p=oo.
teG

For reN and p,se (0,c0], we denote by L;’ s the space of all functions x: R— R for which D g

locally absolutely continuous, x € L,(R), and X e Ly(R). We write x|, instead of |x|, g, and L,
D

instead of L ...
In the present paper, we study some modifications of the known extremal problem

”x(k)”q — sup, O0<k<r-1, g=1, (1)
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on the set of all functions x e L;,’ ¢ such that

re

[E3& || <A, xll, < A, 2)

It is known (see, e.g., [1, p. 47]) that problem (1) is equivalent to the determination of the exact constant C in
the Kolmogorov—Nagy-type inequality

1—
[«®| < cllxe |« 7. o<k<r-1, 3)
q s
for functions x e L, ;, where
_r—k+1/g-1/s
r+1/p-1/s

Only in some cases is the exact constant in inequality (3) known for all r e N. For a detailed description
of the cases in which the exact constant in inequality (3) is known, see [1-3].

For an arbitrary segment [o, B] C R, Bojanov and Naidenov [4] solved the problem

i
jq>(|x(’<)(z)|)dz — sup, 1<k<r—1,

o

on the set of all functions x € L, that satisfy (2) with p =s = o here, the function ® is continuously differ-
entiable on [0, =), positive on (0, o), and such that ®(7)/t does not decrease and ®(0) = 0.

Consider the class W of functions @ continuous, nonnegative, and convex on [0, ) and such that
®(0) =0. For p>0, we set

L(x), := sup {||x||Lp[a’b] ca,beR,|x()]|>0,1€((a, b)}.

Functionals of this type were studied in [5]. Note that L(x),, = ||x|., and L(x"); < 2| x]||,.
In the present paper, we solve the modifications of the Bojanov—Naidenov problem

B
[o(x)dr > sup,  ®ew, p>0,
o

and

p
J®(|x(k)(t)|)dt — sup, deW, 1<k<r-1,

o

on the class of all functions x € L, that satisfy the conditions
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=] < 4. Lw, < 4
instead of conditions (2) with s =p = oo.
2. Auxiliary Statements

Let ¢,(t), reN, denote the rth 2m-periodic integral of the function @,(#) = sgn sin¢ with mean value
zero on a period. For A >0, we set @, (1) := A" @,(At). Denote a rearrangement of the function |x|, x €
Li[a, b], by r(x,1) (see,e.g., [6], Sec.1.3). Weset r(x,)=0 for r>2b-a.

Note that if a function x € L, satisfies the condition L(x) p <o for a certain p >0 and |x(¢)| >0, te

(a, b), where a =—oc0 or b=+, then x(tf) >0 as t—> —o or t— +oo. In this case, we assume that
x(—o0) =0 and x(+e) =0.

Lemma 1. Let reN, let A,,p >0, and let an interval (a, b), —o < a < b < o, and a function
x e L., be such that

” x™

< A, L), < o,

x(a) = x(b) =0, |x(®)]>0, te(a,b).
Also assume that A >0 satisfies the condition
L(x), < A L@, ), 4)

Then, for any function ® €W and any measurable set E C (a, b), WE < /A, the following inequal-
ities are true:

b /A
Jo(xml)d < ch(ArcpM(t)|”)dr 5)
a 0
and
m+0© E
[o(xol)dr < | <D(|A,(p7w(t)|p)dt, 0= “7 ©6)
E m—0
where m is a point of local maximum of the spline @, ..
Furthermore, if —co<a<b < oo, then
1 b }Ln/l
L P A P
b_a£¢(|x(z)| Jar < g CI)( A,y ,0)| )dt. )
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Proof. We fix an arbitrary function x € L, and an interval (a, b) that satisfy the conditions of Lem-
ma 1. First, we prove the inequality

5l < Afos, |- ®)
Assume that (8) is not true. Then there exists ® < A such that

Ixl = A9, ©)
Assume that 7, € R satisfies the condition

[90.r [l = @000 (10)

and ¢ is the maximum zero of the spline ¢, , suchthat ¢ <7,. We fix an arbitrary €> 0. There exists a point
te € (¢, ty) for which @, (7)) = || Qo r || —¢e. Weset 0:=15— . Itisclearthat 8 - 0 as € — 0. For suf-

ficiently small € >0, we define a function y.(r) on [c, ¢+ T/®]| as follows:

P (t—8) ifte[c+d 1],
Ye(t) i= {0y, +8) if te[ty,c+n/w—-3],

0 if te[c,c+8|U[c+m/w—-8,c+m/o].

It is obvious that W, (ty) = |9, | —€ and () = @, (1), te [c,c+m/w], as € > 0. Since L(x), <o,
it follows from (9) and (10) that there exists a shift x.(f) : =x(t + T,) such that x;(fy) =0 and

%) 2 A (|00, ] —€) = A welty). (1)

Note that, by virtue of (9), the function x satisfies the conditions of the Kolmogorov comparison theorem
[7]. According to this theorem [7], one has

|xe(D)] =2 A we(t), t€[c+d c+n/ow-3].
Therefore,

L(x)p = L(xa)p 2 A, ”WS ”Lp[c+6,c+n/w—8]'

Passing to the limit as € tends to zero, we get
L(x), 2 A L@y ,), > AL, ),

which contradicts condition (4). Thus, inequality (8) is proved.
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We now prove inequality (5). Let X denote the restriction of the function x to (a, b) and let (T) denote
the restriction of the spline A, @, , to [c,c+ m/A], where c is a zero of the spline @, .. By virtue of the
Hardy-Littlewood theorem (see, e.g., [6], Proposition 1.3.11), to prove (5) it suffices to show that

d :
[rixe.o)ar < jr(|<pm ”,z)dz, £>0. (12)
0 0

By virtue of relation (8) and the condition x(a) = x(b) =0 of Lemma 1, for any z € (O, %17 a, b)) there

exist points t; € (a,b), i=1,...,m, m =2, and two points yj € (c, c+ m/A) such that

z = |X@)| = [90;))|- (13)
According to the Kolmogorov comparison theorem, we have
X)) < [0l (14)
Therefore, if points 6, and 6, are chosen so that
z = r(x,0)) = r(¢,0,),
then, according to the theorem on the derivative of a rearrangement (see, e.g., [6], Proposition 1.3.2), we get

-1

m -1 2
|r'(x, 8))] = [2|x'<z,-)|‘1] < [2 I@’(yj)l_l} = |r(9,6,)].
i=1 Jj=1

9

This implies that the difference A(z) : = r(x,1) — r(@,t) changes its sign (from to “+”) at most once.

The same is true for the difference A (1) := rP(x, 1) — rP(o,1).
Consider the integral

:
1€) := [A, ).
0

It is clear that 1(0) =0. We set M := max{b —a, T/A}. Then, by virtue of (4), for any &> M, we have
1€ = L, — AP Ly )b < 0.

Furthermore, the derivative I'(z) = A p(#) changes its sign (from “-” to “+”) at most once. Hence, I&) <0
for all > 0. Thus, inequalities (12) and (5) are proved.
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We now prove (6). Note that |@| is a comparison function for |Xx|, i.e., relation (14) follows from (13).
The proof of (5) was based on exactly this fact and inequality (4). Therefore, using (5) instead of (4), we can
prove by analogy that

5 3
[rl@qxr.n)d < [H@(glr.n)d, &>o.
0 0
This yields
wE HE m+0
Jo(aoP)ar < [ ozl n)a < [ roqaro)a = [ of|a 0, 0f
£ 0 0 m—0

which proves (6).
It remains to prove (7). Let —ec <a < b < +o0. We choose d € (a, b) so that

d b
jcp(| (1) |”) dt = jcp(| x(t)|p) dt =1
a d

By virtue of (5), there exists y € [0, t/(2A)] for which

I= jcp(

c

A0 |p)dt

where c¢ is a zero of the spline ¢, ,. By virtue of the Kolmogorov comparison theorem, we obtain d-a 2y
and b —d>y. Therefore,

b d b
Jo(xwP)ar = [ox@))ar + [ xw)]”)ar
a a d
d-a‘f p b-d} P
s & { (| 4,0, 0 Jar + - { (| 4,0, )ar

c+y

(b—a)i J ¢(|Ar(p}b’r(t)|l’)dt

Cc

It is easy to see that the function

A0 )

< =
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does not decrease on [0, 7t/(2L)]. Therefore,
b c+m/(2\) c+m/h

foflxot)ar s 602 ] of a0l ju = 60 [ of

a c

Ar q)}b’r(t) |p)dt7

which is equivalent to (7).
Lemma 1 proved.

Setting @(¢) = 17'P, g > p, we obtain the following corollary:
Corollary 1. Under the conditions of Lemma 1, one has

L(x)q < A, L((px’r)q, qZzp.
In particular,

Ixll < Ao -

Lemma 2. Let reN and A,, p > 0. Suppose that a function xe€ L, has zeros and satisfies the
condition

” x

< A, L(x), <o,

and A >0 is chosen so that
L), < A L@y,

If 1, is a zero of the function x and c is a zero of the spline @, ., then, for an arbitrary function ®eW
and any &€ (0, /L], one has

to+& c+&

[ o) < | c1>( A,cpm(z)|”)dz (15)
ty c
and
11 c
f o xOP)dr < | cp( A,cph,(r)|”)dt.

-8 =&

Proof. Passing to the shift x(-+ T) if necessary, we can assume that 7, = c.
Let us prove inequality (15) (the second inequality of Lemma 2 is proved by analogy). We set () : =
A, @ ,(1). In the proof of Lemma 1, we have established that the spline ¢ is a comparison function for the
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function x, i.e., the inequality |x(§)| = |@(m)| implies that |x"(§)| < |@’(n)|. Therefore, |x(¥)| < |@(r)|, €
(c, c+m/(2))). If the last inequality holds for all 7€ (c, ¢ + &), then inequality (15) is obvious. For this rea-

son, we can assume that the difference A(z) : = |x(t)| — |@(r)| changes its sign on (c, ¢ +&). Moreover, it has at

most one change of sign (from
same is true for the difference

to “+”) on (c¢,c+m/A) because ¢ is a comparison function for x. The

Ap() := O(x)I") = D(|BO)I").

Let a point d € (¢, ¢ +/A) be such that A(r) £0, 7€ (¢, d), and A®) 20, te (d,c+m/A). Then Ag(t) <0,
te (c,d), and Agp(t) 20, te (d, c+m/M).
Consider the following two cases:

(i) |x@)]>0, re(c,c+8);
(ii) x(r) has azeroon (c, ¢ +&).

We set

c+t

Ip(t) = j Ay (1) du .

Let us prove the inequality I4(f) <0, t € (0, ©/A), which is equivalent to (15).

First, assume that |x(¢)| >0, € (¢, c +&). By assumption, we have d < c +&. Hence, |x(1)| 2 |9(t)| >0,
te (d, c+m/)), and, therefore, |x(¢)| >0, t€ (¢, ¢c +m/A). Then, according to inequality (5), Igp(mt/A) < 0.
Furthermore, I4(0) =0, and the derivative [g(f) = Ag(c+1) changes its sign (from “-”
once on (0, w/A). Thus, Ig(7) <0, te (0, /).

Now assume that x(r) has azeroon (c,c+&). Weset ¢; := sup{t € (¢,c+T/N): x(¢t) = 0}. It is clear
that x(c;) =0 and |x(¥)| £ |0(®)|, t € (c,¢;). Therefore,

to “+”) at most

Y Y
Jo(xoP)ar < [o(jow)dt, ye[ccl (16)

c

If ¢c+&<c, then relation (16) follows from (15). Now let ¢; <c+§&. Then |x(r)| >0, 1€ (c;, c + T/A).
In this case, inequality (15) is already proved. Assuming that 7, :=c; and using (15) with ¢ +& - ¢, instead of
€, we obtain

c+§ 2c+&—¢ c+&

[ o(xP)ar < [ @(ewl)a < [ o(em)ar. (17)

S

The last inequality follows from the obvious relation
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a+d c+8

ae(c,i1rtl/f7u—5) -a[ (D(la(t)lp)dt - I@(l@(t)|p)dt, EE

>1a

c

Adding (17) and (16) with y= ¢, together, we get (15).
Lemma 2 is proved.

Lemma 3. Suppose that re N, A,,p>0, and a function x e L. are such that

(r)

=], < 4. Lk, <e

oo r

and A >0 satisfies the condition

L(x), < A L@, ,),.

Then, for any function ® €W and an arbitrary segment [a, b] CR, b —a < /A, the following in-
equality is true:

b m+0
[o(xw)P)dr < | q)( Ar(pm(t)|p)dt, ©= b;“, (18)
a m—0

where m is a point of a local maximum of the spline ©, .. In particular,

b /A

[o(xor)a < | (D(

a

Ay, 0 ).

Proof. If |x(t)] >0 for te€ (a, b), then inequality (6) yields (18). Assume that x(r) has a zero £, e
(a, b). Then, according to Lemma 2,

to c+T/A
[o(x))dr < | <I)(|A,(px’r(t)|p)dt (19)
a c+n/A—(ty—a)
and
b ct+b—t
Jo(xor)a < | (D( Ar(px,r(t)|p)dt, (20)
% c

where c¢ is a zero of the spline ¢, ,. Adding (19) and (20) together, we obtain (18) because

m+6/2

A, of Jdr = [ o
m—=0/2

P T
usg&]{@( Ay, 0 ), 5<T.

Lemma 3 is proved.
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3. Main Results

917

We fix an arbitrary segment [o, }] CR, reN, and A,, Ay, p > 0. Recall the structure of the extremal
function Pap]r in the Bojanov—Naidenov problem [4]. To this end, we first choose A > 0 that satisfies the

equality
Ay = A L9y ,))
and then represent the length of the segment [c, B] in the form
B-a-= n% +20, ©¢e(0, 1/(2N)),
where neN or n=0. We now set
Paplr D 1= Ay (+7T),

where T is chosen so that

9001 @+ O = 005, B-0)] = Aoy, .

Itis clear that @[, g}, € L. and

H‘Pfg,m,r

= 4 Lopy), = A

oo

Theorem 1. Let reN, Ay, A,,p>0, ®eW, and [0,B] CR. Then

p
sup J. (I)(| x(t)|p)dt: xelLl, Hx(r)

o

<A, L(x), <Ay} =

QR ——™

Proof. We fix an arbitrary function x € L, such that

(r)

|« < A, L), < A

According to (21), we have

L(x), < A L®;.,),.

Weset a; :=o+kn/A, k=0, 1,...,n. By virtue of Lemma 3, we get

cb(| Oa.pl. O ) d .

21

(22)

(23)
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ap +1 /A
[ o(x))”)dr < j¢(|A,<pM(z)|”)dz, k=0,1,...,n-1,
ak 0
and
B m+0
[ @(x))ar < | <1>(|A,<ph,(t)|”)dt,
n m—0

where m is a point of a local maximum of the spline @, , and © is defined by (22). Thus,

/A m+
| x()|")dr < n j cp( A,(px’r(t)|p)dt 4 jecb(
0 m—0

R e—e—m™

P _ ¢ p
A,y ,0)| )dt - jcp(| e ). ()] )dt.
o

The equality here is realized for x = Paplr
Theorem 1 is proved.

Let ¢ > p. Setting ®(¢) = 177, we obtain the following corollary:

Corollary 2. Under the conditions of Theorem 1, the following relation holds for any q = p > 0:

B
sup j |x()|? dt: x e LL,, | x"
ol

B
<AL, < Aol = [ |opap), o dr.
o

For [o, B] CR and k, reN, k<r, we consider the function

Poplrk® = Orapp,E+T),  Tpi= ﬁ(1+(_1)k+1)’

where Pap]r is defined by (23). It is clear that
k
Oeprk® = Olapr—i O
Furthermore, @[ 4, € L. and

lefeprnil. = 4 L(‘P[a,m,r,k),, = 4o-

Theorem 2. Let k, reN, k<r, Ay, A,,p>0, ®eW, and [0, B] CR. Then

i
S AL L), SAgp = Id)(‘(pflgm,r,k(t)‘)dt.

o

B
sup j@(‘ x(k)(t)‘)dt cx e L, H P
o
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Proof. We fix an arbitrary function x € L, such that

” ™

< A, L), < A,

According to (21), we have
L(x), < A L(9) ),
According to Corollary 1, we get

Ixl.. < A,

O r

By virtue of the Kolmogorov theorem, we obtain

[+“1. < A

(pk,r—i|

b
Therefore,

L), < 2] < 240l = Ao

Applying Theorem 1 with p =1 to the function e 7k we get

B p
CD(‘x(k)(t)‘p)dl < Jq)(|(P[a,B],r—k(t)|p)dt = J(D(‘(pfgc?ﬁl,r,k(’)‘p)dt'
o o

Qe ™

The equality here is realized for the function x = P[aBlrk:

Remark 1. For p =, Theorem 2 was proved by Bojanov and Naidenov in [4].

919

Corollary 3. Under the conditions of Theorem 2, the following relation holds for any ¢ =1 and p > 0:

B
sup J ‘x”‘)(t)‘q dt:xelLl,, H %

o

[o. B,

=)

B
q
<A, L), <At = [ o)y, o ar.
o

The theorem below specifies Theorems 1 and 2 for functions that have zeros and for periodic functions.

Theorem 3. Let reN, p >0, and ®eW. Then the following inequality holds for any segment

[o, B] C R and any function x € L, such that L(x), <o and x(0) = x(B) =0:

qu, ( L), J”“P [
A\ o,

p
1

B-a

1/p
r+lip @.(2)| |dt.

B ; .
E[(I)(|x(t)| Jar < .

(24)
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In particular, for any q = p, one has

B 1/q Tl: 1/q L) r 1p
1 1 X r+1/p —
—— [l dar| < |=[lo@[dr| |[—=Z]" """V (25)
B - o T 0 L((pr)p <
Furthermore, if ¢ 2 1 and k = 1,...,r—1, then the following inequality holds for any segment
[a, b) C R and any function x € L, that satisfies the condition x(k)(a) = x(k)(b) =0:
1/q /g r—k
p n
1 1 x|, ) r kir
L TP I L P O (m) RIS 26)

Proof. We fix an arbitrary segment [0, B] C R and a function x € L., such that L(x) p <eo and x(o) =
x(B) =0. Weset A, := || Py ||oo and choose A >0 that satisfies the condition

L(x)p = ArL((Pk,r)p = Arx—r—llp L(q)r)p’

1.€.,

1

A= L@y, v (27)
A Le,)

Consider the set of all segments [a i b j] C [o, B] such that
x(a;) = x(b;) =0, |x(1)| >0, te(a;, b)).

It is clear that

B bj
Je(xP)ar =Y [ x@)de
o J a;

J

and

Y (bj—a) < B-o
J

Note that, on each interval (a o bj), the function x satisfies all conditions of Lemma 1. Estimating the inte-
grals

bj
| (x| )ar

aj
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with the use of inequality (7) and taking into account the definition (pm(t) := X" @,(Ar), we obtain

B /A
jcb(|x(¢)|1’)dz < Z(bj—aj)% j q>( Ar(px,r(t)r)dt
o J 0
T/ b1
< B-o X [ of|a0,,0f )i = B-0L [0 4,270, )as.
0 0

Hence, taking into account that A, : = || %" ||oo and M is defined by (27), we obtain (24). Setting ®(r) = 19'?
in (24), we get (25).

It remains to prove (26). We fix an arbitrary k = 1,...,r— 1, a segment [a, b] C R, and a function
x € I, that satisfies the condition x®(a) = xX®(b) =0. Applying inequality (25) with p =1 to the function
A= L;_k, for ¢>1 we obtain

r—k

B 1/g - 1/g ©Y \r—r+1 1
(ﬁl Ix“”(t)l"dr] < [i]lcpr_kmlth] [,f(((p—);J e (28)
o r—k’1

- 0

Taking into account the obvious relations

L<x(k))1 < 2f|x*h] L@, = 20l

and estimating ” x k=D ” (for k> 1) with the use of the Kolmogorov inequality
r—k+1 -1

k- < 1™ ]r O
”x ”oo ||(Pr—k+1||oo(”(pr”w ”)C ”oo ’

we deduce (26) from (28).
Theorem 3 is proved.

Remark 2. For a 2mn-periodic functions x € L, inequality (26) with b —a = 2 transforms into the
well-known Ligun inequality [8]

r—k

iR ES kI
A o B - L
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