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EXACT CONSTANTS IN JACKSON-TYPE INEQUALITIES
FOR L,-APPROXIMATION ON AN AXIS

A.A.Ligun! and V. G. Doronin? UDC 517.5

We investigate exact constants in Jackson-type inequalities in the space L, for the approxima-

tion of functions on an axis by the subspace of entire functions of exponential type.
Let L, be the space of real-valued functions f defined and measurable on (—eo, o) that satisfy the con-
dition

oo

I£IP = [1f0P <e

and let L5, r>0, be the set of all functions f such that their (r — 1)th derivatives on the axis are locally abso-
lutely continuous and f " ¢ L, (if r is not an integer, then f (" is the derivative in the sense of Weyl).
Let E; denote the class of entire functions of exponential type =0, let

B; = Lzﬂ Es,
and let
As(f) = inf{[lf - gll| &5 € B} (1)

be the approximation of a function f € L, by the set B;.
Denote the pth integral modulus of smoothness of a function f by

®,(f;0) = sup{|A% || Iml <1}, )

where A’,’] f(x) is the difference of order p of a function f at a point x with step 1.
As usual,
! A
F(f;o) = Lim.—— | exp(—iwt) f(t)dt 3)
A—oo N 2n _A

is the Fourier transform of a function f.

! Deceased.
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Inequalities of the form
X r
As(f) < = o,(f";8/0) )
(¢

are called Jackson-type inequalities. In these inequalities, the least constant

c'As(f)
R = Rg, (8 = sup — 0"~
o rers 0, (£7:8/0)

f#const

(&)

is called exact.

The problem of the determination of exact constants in Jackson-type inequalities in the space L, was
studied in many works (see, e.g., [1—5] and the bibliography therein).

The aim of the present paper is to generalize exact Jackson-type inequalities for the best approximations of
periodic functions by trigonometric polynomials in the space L, (which were investigated in [3, 4]) to the case
of approximation of functions by entire functions of exponential type on the entire axis in the space L,.

The following theorem is true:

Theorem 1. For any a>1, 6 >0, r=20, and p =1, 2,... and any nonzero nonnegative summable
function 0(t), 0 <t<b<mn, the following inequalities are true:

2r 42 2r -1
A
swp ot < ot @y, 00) ©)
A r). a — sSysa
f];ioﬁst jo mp(f ,t/G)G(t)dt
where

b
@, ,0:3) = ¥ [(1-cosyn” B()dr. ()

0

Proof. 1tis known [1] that, for any function f € L,, one has

ash = | IR o) do. (8)

lo|2c

Hence, taking into account that the function |F(f;w)| is even by virtue of the fact that f is real-valued, we

conclude that the following relation holds for any function f e L,:

o

Ay = 2fIF(fioPdo = Y [ 2/F(f;0) do
c u=0 s
e+l 2P 2" b 1 o
o a” ' C ® -[0 ( —COSGMGZ’) G(t)dt

=Y | 2rfof do

2wl ® 2r b ® 14
n=0 gig 2”(a”0‘) () J. (l—cosut) 0(r)dt

a‘c 0 a"o
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b e+l p
} J‘O {J%luc G2|F(f, 0))|2 2P(02"(1 — COSﬁ)l) d@}e(l)dt
a a-c
>
= b
1=0 () 6?27 inf y*" [ (1~ cosyr)” B(r)dr
1<y<a 0
b pee X 2 Ap 2 Q] r
_ j j 21F(f; o) 2P0 [ 1-cos—2-¢| dw +6(r)dt
0 O auc
s Z 2r\H _2r~p . ’ (9)
H=0 (@) 6™2" inf @, ,(6:)
Using the fundamental properties of the Fourier transformation, we obtain
F(A% 1D 0) = (@) (M -1)" F(f: 0). (10)

According to the Plancherel theorem, since Af f ) e L,, the functions F (Apnf @ )) belong to L, and have
equal norms. Taking (10) into account, we get

||Aﬁ’1f(’)(-)||2 = 2T|F(f;w)|22pm2r(1—cosnw)”dm. (11)
0

With regard for the definition of modulus of smoothness [relation (2)], we obtain

[27 Y F(f; o) 0 (1 - cosx)’ do < wp(F"; x). (12)
0

Applying this estimate to (9), we obtain the following relation for any function fe€ L}:

_ '[;’wé (f(’);t/a“c)e(t)dt 3 J(f wfa (ﬂr);t/c)ﬂ(t)dt °° (L)u
a r

Aé(f)sz 2r\W 2rnp = 2rap 2
H:O (a ) c 2 ];I;£Q®b’r’p(e’y) 9 2 lglglga@b,r,p(e’y) H:O

b
L [0 (£:t10)60r)dr. (13)
0

a2r ) -1
= — {2” inf q),,’,’p(e;y)}

a”’ -1 1<y<a o

Finally, passing in the inequality obtained to the supremum over f € L, f# const, we get inequality (6).
Theorem 1 is proved.

Let h>0 and o, 20. Consider the functions

8,(t) = {1/h(|t]<hi2);0(t|>hi2)}
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and

0,(1) = D 0oy d,(t &),

k=1

where 0<&; <&y <...<§, and b=, +h/2.
Setting 0(¢) = 0,,(r) in Theorem 1 and passing to the limit as 7 — 0, we obtain the following result:

Corollary 1. Forany a>1,6>0, r20, p=1,2,..., 0; 20, and 0<&, <&, <...<¢&,, the fol-
lowing inequality is true:

-1
2r 42 2r n
6AS5(f) .
sup % 2 (Gfm £/ ) = afr 1{21) 1<H;£ay2r 2 o —COSQkY)p} : (14)
el (0 4X0)] ; o - Y= =
f];;ior%st k=1 kTP k k=l
Passing to the limit as @ — oo in relations (6) and (14), we obtain
2r 42 -1
GTAS(f) .
sup ! < {2’” inf 2" @y, y)} : (15)
L” . y=z
_fj;ionzst _[0 ), (f ,t/c)e(t)dt
Gerz(f) n -1
sup o < {27 infy* 2 o (1—-cos& )P . (16)
r n 2 (r). y2 —
fely zk_lakwp(f ’ék/c) k=1
f#const =

Note that these results agree well with the results of [5] (the upper bounds in Corollaries 1 and 2).
We set

Cpp = (4=2720P)" (17)

and
- = 2 aresin2—(r/P-1
£§=¢,,= - arcsin2 . (18)
The following statement is true:
Theorem 2. Suppose that r > p are such that, for every irreducible fraction /L, one has
|&—1/L| 2 4P, (19)

Then, forany 6 >0 and 8> (1 + )&, the following inequalities are true:

Ro.rp®) < ¢, ). (20)
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Proof. We choose

a =&+ ——tan(nt), Q1)

pT
o = Q+0)/2, o, = (1-a)2, (22)
& = A-9n, & = 1+9m. (23)

It follows from (14) that, for any function f € L, and any a > 1, one has

. 2( (0. 2( 4.
o AS(f) < a’ oy @, (71 €1/0) + ey @, (1€, /o)
a®” —127 inf y*"{oy(1 - cos&;y)” + ay(l - cos&,y)”}
1<y<a
L@ @ (fiA-gmio) + oy wp(f 7 1+ /o)
T a1 27 inf O, ,(y)
I<y<a
2 r).
L wy(f7: (1 +&n/o) o)
a’ —1 27 inf 0,,00)
1<y<a
where
0,,00 = ¥ {oy(1-cos(1-E)my)” + 0y(1 - cos(l +E)my)”}. (25)
Passing to the limit as a — oo, for any function f € L, we get
2(p(n).
® ;(1+Q)m/o
6> Ag(f) < o ) ) (26)
27 inf @, ,(y)
y=1
The quantity
infe,.,(
was studied in [4], where it was shown that
. _ _ p =2(rl p)=2\P
;r;fle,,p(y) =0,,0) = 2°(1-2 ). (27)

Using this result and inequality (26), we establish that the following relation holds for any function f e L, and
any 8= (1 + &)m:
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2r+2,
R S e S o) < (1 o00) es)

This yields inequality (20).
Theorem 2 is proved.

Theorem 3. Forany >0, r>0, p=1,2,..., and >0, the following inequalities are true:

moa2
zk 1Bk (29

N, ,(0) = sup
o BiBa By 27 H‘1€<D6( Zk lkerk(l—coskt)p

Proof. Under the conditions of the theorem, we choose an arbitrary vector B = (8, B,, ..., B,,) and con-

sider a sequence of even functions f, 5 € L,, namely,

Y By cosk(c +01,)x, 0<x<2nm,
B n
Fog(X) = [ W, (x) 2 By cosk(c+o,)x, 2nn<x<(2n+m, (30)
k=1
0, x=2n+m,

where

Cn+hr 4y
v, = Ho 3 cos (- D ay,

the constant H, is defined by the condition v, (2nm) =1, and o, = 1//n.
By analogy with [1], we first construct the Fourier transform F(f, p; ®) of the sequence f, p(x) and

then use relation (8). As a result, we obtain the asymptotic equality

As(fp) = 2nm Y Bril+o(D},  n—co. (31)

k=1

In what follows, we use the quantity ® ( f,frl)g, o/ 6). For this reason, we first construct (step by step with

respect to p) the function Ap I, ) p(x) and then establish the following asymptotic equality for each p=1,2, ...
as n — oo:

m

|4 £ = 27 nno + 0,) 7 {1+ o(1)} 2 K2 B2(1 = cosk(o +a,)M)” +o() |.

(32)
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This implies that, for any fixed &, B, r, p, and n, the following relation holds uniformly in ¢, 0 <o <

s £ || = 2"l + o)} 62 Zk” Bi(l - coskom)”, n — co. (33)
k=1

Using the definition of the exact constant in a Jackson-type inequality [see (5)] and relations (31) and (33), for
any vector B= (B, B, ..., B,,) we get

6% A2 <f(r)) 6% 2nm ZZ 151% {1+oD}

O (i do)  max || ah £
Inl<é/c

vV

Xo,,(8)

o> 2nm Y Bi{l+ 0(1)}

(r)
max”
I1]<5 t/G

o*2nm Y " Br{l+o()}
max 2" nn{l + o(D} 67 Y " K7 B (1 - coskt)”

11]<8

m Bz
= 2P {I+0o(1)}, n— o (34)
2P max z _lkzr Bk (1 - coskt)?

1|<5

Passing to the upper bound over B = (8, B,, ..., B,,), we complete the proof of Theorem 3.
Theorem 4. Forany 6>0, r>0, p=1,2,..., and 8> (1 -&)n, the following inequality is true:
Rs, pO) 2 ¢ ) (35)

Proof. In Theorem 3, we set (B,B,) = (1, B). Using (30), we obtain the following relation for any 6 >
-Om:

Ko, p(8) = sup L+ = sup— 1P (36)
P B ZP‘In‘ag[(l—cost)p + 22r|32(1—0032t)p] g 27 max ‘I’B(u)
< ue| ug,1

where u = cost,

cosd, (I-&m<d<m,
Ms =
-1, d=>m,
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and
W) = (1—w) [1+ 27 7B +w)? . (37)
In [4], it was proved, in particular, that, for B = 3, ,, where

the function W () is equal to zero at the point u, € [ug, 1], where
r.p

u, = cos(l-&m = 2720/P=1 _q, (39)
Using this result, we get

(22(r/p)+2 _ 1)

ug[l:ls)’(l]\{lﬁrp(u) = lPBr,p(u*) = 22r+p+1(22(r/p)+1_1)' (40)

Finally, by virtue of (36) and (40), we obtain

N 1487, o 1+p7,
TEPTTT 2P max Wy ) 2PWs (uy)
ue MB,I] P np

1 22r+p+1(22(r/p)+1_1) B 22r e
2p(22(r/p)+2_1)17+1 - (22(r/p)+2_1)17 = Crp

[1 + (22209 1))

Theorem 4 is proved.
Comparing Theorems 2 and 4, we establish the following statement:

Theorem 5. Suppose that the conditions of Theorem 2 are satisfied. Then the following equality holds for
all > (1 +&m:

NG,,,p(S) = ¢ p

REFERENCES

1. V. Yu. Popov, “On the best mean-square approximations by entire functions of exponential type,” Izv. Vyssh. Uchebn. Zaved.,
Ser. Mat., 121, No. 6, 65-73 (1972).
2. A.A.Ligun, “On some inequalities between the best approximations and moduli of continuity in the space L,,” Mat. Zametki,

24, No. 6, 785-792 (1978).



120 A. A. LIGUN AND V. G. DORONIN

3. A. A. Ligun, “Exact Jackson-type inequalities for periodic functions in the space L,,” Mat. Zametki, 43, No. 6, 757-769
(1988).

4. V. Doronin and A. Ligun, “On the exact constants in Jackson’s type inequalities in the space L,,” East J. Approxim., 1, No. 2,
189-196 (1995).

5. V. G. Doronin and A. A. Ligun, “On exact Jackson-type inequalities for entire functions in  L,,” Visn. Dnipropetrovs’k. Univ.,
No. 8, 89-93 (2007).



