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Abstract
A simple model for speed-invariant shear stress in biological aqueous lubrication has been developed based on previous 
observations of these fluid films and our foundational understanding of these complex fluids. The model revealed that the 
exponent of the shear-thinning behavior is not a critical parameter in speed invariance. Additionally, due to the localization 
of fluidization as a result of gradients in concentration through the aqueous gel network, the shear-thinning behavior results 
in a monotonic decline in viscosity to the high shear-rate viscosity plateau, η∞. Finally, and perhaps somewhat surprising, 
was the finding that the optimal gradient was the weakest possible gradient. These findings are consistent with our under-
standing of aqueous lubrication across soft biological interfaces, which is sensitive to the macromolecular quality of the 
gel-spanning networks and the water content but not the sliding speed. The finding that this speed-invariant shear stress does 
not require a unique concentration profile reveals a built-in mechanism of biological resilience to maintain lubricity over a 
wide range of conditions.

Graphical Abstract
Gradients in concentration localize fluidization at the lowest concentration regime during sliding.  This leads to an expanding 
shear zone with proportionally thicker fluidized zones for increasing values of sliding speed resulting in roughly equivalent 
shear rate and shear stress for all sliding speeds
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As de Gennes wrote in his introduction to the 2007 edited 
book Superlubricity, soft systems are a ‘gold mine’ of 
opportunity for research in lubricity [1]. As Dowson often 
discussed, the lubricity of cartilaginous joints is likely the 
most studied and debated natural system, which main-
tains homeostasis and low shear stress across soft articular 
cartilage via a cacophony of potential mechanisms (e.g., 
soft elastohydrodynamic lubrication [2, 3], Gemini gel 
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lubrication [4–12], proteinaceous aqueous shear-thinning 
synovial fluid [13–15], and many others [16–21]). Although 
the importance of joint lubrication has long been recognized 
[22–24], the lubricity across epithelial interfaces via mucin 
networks (e.g., the tear film, human tissue interfaces, the 
digestive tract, and the reproductive tract) may represent the 
most abundant interfaces by both distribution and contact 
area [25, 26].

In human biology, the lubricity within interfaces of 
epithelia and cartilage is achieved by high water-content 
gel-spanning networks of hydrophilic biomacromolecules 
arranged into complex ensembles containing proteogly-
cans, mucins, glycosaminoglycans, hyaluronic acid, and 
many other components [27]. These fragile aqueous gels are 
formed through both entanglements and weak ‘flickering’ 
bonds that enable the gel to fracture, which limits the shear 
stress to the failure stress of the gel [27–29]. Once fractured, 
we propose that these macromolecules collectively create a 
strongly shear-thinning fluid that expands the shearing zone 
in response to sliding speed to maintain a constant shear 
stress. Central to this hypothesis is the need for gradients 
to provide an initiation and a graceful expansion yielding 
nearly constant shear stress independent of sliding speed.

Conventional hydrogels, in contrast to weak ‘flickering’ 
bonds of natural lubricants in the human body, are com-
prised of relatively strong, permanently crosslinked macro-
molecules with a characteristic conformational dimension, 
ξ; the mesh size, ξ, is also approximately equal to the swol-
len size of the macromolecule in solution, ξ ~ Rg. Swollen 
hydrogels therefore exist right at the critical overlap concen-
tration, c*, where the spacing between macromolecules, LD, 
the mesh size, ξ, and the radius of gyration, Rg, are all of the 
same order of magnitude: ξ ~ Rg ~ LD [9, 30, 31]. These gels 
are distinct from brushes, where LD <  < Rg and the macro-
molecules are squeezed together into the brush conforma-
tion. A major difference between conventional hydrogels 

and the fragile gels spanning our biological interfaces is the 
strong irreversible crosslinks of hydrogels that prevent the 
graceful fracture and regelation ubiquitous in biology.

The classic engineering model of fluid lubrication is the 
Stribeck curve, which at low sliding speeds has a friction 
coefficient regime called boundary lubrication that then 
transitions to mixed lubrication with increasing sliding speed 
[32]. This transition from boundary lubrication to mixed 
lubrication has a rapidly decreasing friction coefficient with 
increasing sliding speed. A decreasing friction coefficient 
with increasing sliding speed is a type of instability that 
can manifest as stick–slip [33], such as the ‘squeaking hips’ 
problem that emerged in total hip replacements [34] or the 
pleural and pericardial friction rubs within the inflamed 
chest cavity [35, 36]; healthy biological lubrication appears 
to be absent of such instabilities. The ocular surface has the 
greatest innervation density of any tissue in the human body 
[37], and continuous fine movements are required during 
waking activities; such an interface would be expected to 
be exquisitely sensitive to instabilities. Approximately once 
every 6 s, the eye undergoes a rapid blink where speeds 
between the eyelid and the cornea reach speeds on the order 
of 100 mm/s [38]. Most of this happens with no perceived 
difference in shear stress. Interestingly, and as another exam-
ple, early pendulum testing of animal joints repeatedly sug-
gested a steady and low values of friction coefficient even 
through motion reversals [22].

A simple hypothesis for the apparent speed-independence 
of shear stress in these biological gel-spanning networks that 
is consistent with our understanding of these complex flu-
ids has been elusive. A few of the ubiquitous findings of 
these fragile aqueous gel networks include: (1) these fluids 
are shear thinning, but not with a shear exponent of exactly 
− 1 [39], (2) the high shear-rate viscosity approaches that of 
water [40], (3) there are gradients in macromolecular con-
centration through the gel [27, 41, 42], and (4) the yield 

Fig. 1   Schema of model development. A Cross-section of a gel-
spanning mucin network with decreasing mucin concentration 
toward the center. The dimensionless parameter, z*, is positive in 
both directions from the center and is normalized by the film half-

thickness, h. B A generic, normalized shear stress model across 
the tear film, τ* plotted as a function of z* based on an exponential 
function. C Plot of the normalized shear stress as a function of 
location through the film and the exponent constant, a 
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stress of the gels is proportional to the macromolecular con-
centration [27].

The initial hypothesis that we followed was that the 
gradients in macromolecular concentration were the key to 
the speed invariance, and the model developed below began 
by assuming an unknown exponential form of the yield 
stress as a function of position through the film (Fig. 1 and 
Eq. 1). The fluid film in this case is envisioned as a mucin 
gel-spanning network between two epithelia and will be 
discussed as such during model development although the 
model is equally envisioned to be broadly appropriate for 
biological lubrication, including joints.

As previously mentioned, the model begins from a 
generic assumption of an exponential form of the yield-
stress that is minimum at the central location of the film, �o . 
The exponential function was chosen to be a simple func-
tion that allowed for the strength of the gradient to be easily 
controlled by a single parameter, a, the network yield-stress 
gradient exponent, and facilitates trivial integrals and deriva-
tives. Note that in this model the position, z, is positive in 
both directions, and z* is given by Eq. 2, where the gel film 
half-thickness is h. The variables are illustrated in Fig. 1.

Based on extensive rheological characterization of high-
water-content bio-macromolecular gels, it is essentially 
established that they all show strong shear thinning [43]. 
Shear thinning is important to this model, but it is the 
behavior of shear thinning that is important not the actual 
shear-thinning exponent, b (Fig. 2A). Although the apparent 
viscosity monotonically decreases with increasing shear 

(1)� = �oe
az∗

(2)z
∗ =

z

h

rate, the increasing shear rate with increasing sliding speed 
eventually causes the shear stress to exceed the local yield 
stress, which in turn causes local yielding at the interface 
and further expansion of the fluidized zone. Once the shear 
rates reach the threshold for the lower viscosity plateau, any 
further increases in sliding speed further increase the shear 
stress linearly; this eventually exceeds the yield stress at the 
peripheral interface, which again causes interfacial yielding 
and an increase in the fluidized zone thickness. Note that Fig. 2 
illustrates an interesting finding in that the actual shear rate 
at which this shear-rate independence occurs is unimportant; 
what is important is that it exists! Once the gel yields, the 
fluidization monotonically drives to the minimum high shear-
rate viscosity. Given the assumed Couette flow profile of the 
fluidized zone, the resulting fluid shear stress at any speed, V, 
is then simply given by Eq. 3.

The model development continues by equating the yield 
stress at the border of a particular fluidized range of z* to the 
fluid shear stress within the fluidized zone given by Eq. 3 giv-
ing the equality shown in Eq. 4.

Rearranging Eq. 4 into a dimensionless form gives reveals a 
new dimensionless group, which we assign as the dimension-
less speed parameter, V*, as shown in Eq. 5 and Eq. 6.
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Fig. 2   A Biological fluids are well-known to exhibit shear-thinning 
behavior, which is indicated by a decreasing viscosity with increasing 
shear rate (log–log plot). At high shear rates (e.g., during an eyeblink) 
the fluid film viscosity may reach a lower plateau, defined as the infi-
nite shear viscosity plateau, η∞. B In this model, a localization of 
fluidization in the lowest concentration zone causes the shear rate to 

reach a level such that the fluidization shear stress equals the bound-
ing gel yield stress, and due to the shear-thinning behavior, must go to 
the infinite shear viscosity plateau. C The fluidized region of the fluid 
film adapts in response to sliding speed, giving a fluidized zone with 
Couette flow behavior
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Recognizing that Eq. 6 is actually the definition of the Lam-
bert W function (represented by the symbol W) the closed 
form solution for the normalized half-thickness of the shear 
zone, z*, is only controlled by two dimensionless parameters: 
the dimensionless speed, V*, and the network yield stress gra-
dient exponent, a.

Taking the solution for the normalized shear zone, z* 
(Eq. 7), and substituting this back into the original expres-
sion for the yield stress gradient, Eq. 1, provides a closed 
form dimensionless expression for shear stress, Eq. 8, where 
the shear stress is normalized by the central shear stress at 
z* = 0 as shown in Eq. 9.

As shown in Fig. 3, the normalized shear stress is plotted 
as a function of the normalized sliding speed for various 

(7)z
∗ =

W(aV∗)

a

(8)�∗ = e
W(aV∗)

(9)�∗ =
�
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exponents and revealed an initially surprising result that 
the optimal gradient in yield stress is the shallowest gradi-
ent that facilitates and controls yielding at the center of the 
film. We hypothesize that a gradient must exist in order to 
repeatedly control the location of fluidization, and the con-
ceptual framework is thus that the thickness of the zone is 
continuously responding to the sliding speed and thereby 
maintaining a nearly constant shear stress independent of 
sliding speed (Fig. 4).

For completeness, the dimensional solution is provided 
in Eqs. 10 and 11.

As previously discussed, a simple hypothesis for the 
apparent speed-independence in biological aqueous lubri-
cation consistent with our understanding of these complex 
fluids has been elusive. Following this model development, 
we recognized a number of parameters that we had initially 
assumed to be important were not represented in the solu-
tion. One of the first and potentially surprising findings is 
that the shear-thinning exponent is not a critical parameter; 
what does matter is the high shear-rate viscosity plateau, 
�∞ . The other somewhat unexpected finding was that there 
really is no optimal gradient; the weakest gradient gives the 
most speed-invariant shear stress! This introduces a seem-
ingly curious paradox in that a weak gradient has the least 
favorable conditions for initiating and maintaining fluidiza-
tion in a particular zone; a weak gradient could have fluid-
ized zones randomly initiate and arrest in different locations 
simultaneously. This apparent paradox is mitigated by the 
rheology of these weak flickering bonds on the terminal ends 
of the biomacromolecules. While the imposed shear stress 
causes a rapid rupture via the weakness of these flicker-
ing bonds, the comparatively long thixotropic time ensures 
that once yielded these systems maintain a fluidized state, 
which prevents rapid oscillations between the gel and fluid-
ized states. The balance between rapid fluidization and slow 
gelation effectively eliminates the instabilities and erratic 
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Fig. 3   Normalized shear stress, τ*, is dependent upon the exponential 
product of the Lambert W function, normalized sliding speed, V*, 
and the steepness of the mucin gradient, a. Decreasing the steepness 
of the mucin gradient (decreasing the thickness of the fluidized mucin 
region) gives rise to lower shear stress across the sliding interface

Fig. 4   Illustration of the 
expanding shear zone model 
for speed independent shear 
stress. A–C increasing values 
of sliding speed result in 
proportionally thicker fluidized 
zones of roughly equivalent 
shear rate and shear stress
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behavior that could occur under weak gradients that pro-
mote potentially uncoordinated (random) initiation zones 
that undergo both rapid initiation and arresting of yielding. 
The long thixotropic time (seconds) is a result of two fac-
tors: (1) long relaxation times of the macromolecules (µs) 
and (2) a low probability of a successful bonding event due 
to end-group bonding (1:1,000,000).

The model developed in this manuscript is for aque-
ous gel networks that are unique from conventionally 
crosslinked hydrogels, which have permanent crosslinks as 
opposed to the flickering bonds associated with the natural 
proteoglycan macromolecules and the gel networks mod-
eled here. Interestingly, Gemini hydrogel contacts have 
occasionally demonstrated speed-independent friction 
regimes. One early hypothesis offered for the dissipative 
stresses in Gemini hydrogel contacts was that the dissi-
pation resulted from fluid shearing through a hydrody-
namic penetration depth into the hydrogel surface [44–46]. 
Models proposed by Milner for hydrodynamic penetration 
depth [47] suggest that the penetration depth should be 
on the order of the mesh size and not dependent on the 
surface shear speed. The predicted result as a function of 
speed is thus monotonically dependent on sliding speed 
(i.e., � ∝ V

1
⋅�−1 ). However, as proposed by Meier et al., 

if the hydrodynamic penetration depth increases linearly 
with sliding speed, then the shear rate and the resulting 
shear stress would be constant [11]. Intuitively, increas-
ing sliding speeds and deformations of the surface chains 
may actually work in the obverse and actually reduce the 
mesh-size and the hydrodynamic penetration depth rather 
than increasing it, but to our knowledge accurate measure-
ments of the hydrodynamic penetration depths have not 
been reported, and this remains an open research problem.

Collectively, this expanding fluidized zone model and 
these findings make some biological sense. The model 
reveals that the lubrication is sensitive to the macromo-
lecular quality of the gel-spanning networks ( �o ) and the 
water content that controls the high shear-rate viscosity 
( �∞ ) but does not require a particular shape of the concen-
tration profile. The long thixotropic recovery time ensures 
the stability of fluidized zone under conditions of weak 
gradients. Finally, this combination of properties provides 
a resilient and robust model for speed-invariant lubrication 
in biological systems.
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