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Abstract
Exploration of the transient evolution of the rheological properties of dense inertial flow can reveal the equilibrium mecha-
nism of granular materials maintaining their own stability under shear. Here, discrete element method simulations are 
performed to study the transient flow characteristics of a dense granular system under plane shear in the inertial regime. We 
quantitatively analyze the changes in the system’s flow state, interfacial friction coefficient, effective friction coefficient, 
microstructure anisotropy, and internal shear strength. Simulation results show that the evolution of the horizontal flow 
experiences three typical stages, namely transmission, adjustment, and stabilization. Moreover, the shear dilatancy caused 
by the vertical movement of particles, gradually weakens the spatial geometric constraint and reduces the system’s tangen-
tial load-bearing capacity, thereby decreasing the interfacial friction coefficient �′ , which represents the boundary driving 
strength. On the other hand, the shear flow induces variations in the anisotropies of both contact orientation and contact 
forces, thus improving the system’s internal shear strength �∗ and increasing the effective friction coefficient �

e
 . By compari-

son, �′ is greater than �
e
 until approximately equal in the steady flow state. Therefore, during the evolution of the flow state, 

the boundary driving strength is reduced while the system’s shear resistance is enhanced, and eventually a balance between 
them is achieved. Distinguished from the micromechanical behaviors, the internal shear strength always mainly originates 
from the anisotropies in contact orientation and in normal contact force. Moreover, the contribution of the anisotropy in 
contact orientation becomes more predominant with increasing shear velocity.
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1  Introduction

Under shear, granular materials exhibit fascinating prop-
erties such as sustaining stress as a solid or flowing as a 
fluid [1–3]. Granular flow has motivated many studies over 
the past decades, since the rheological properties of dense 
granular materials play an important role in various natural 
phenomena and industrial applications such as geographi-
cal faults, powder metallurgy, three-body friction, and 
particle flow lubrication [4–10]. Generally, three different 
granular flow regimes are categorized according to the flow 
rate, including the quasi-static regime, inertial regime, and 
collisional regime [11–14]. In the inertial regime, when a 
dense granular system is subjected to continuous shear, a 
local flow near the boundary is first generated after the ini-
tial static equilibrium is broken, and gradually a global flow 
is achieved and ultimately maintained at steady state [15, 
16]. Moreover, the evolution of the flow state is accompa-
nied by dilatancy, which represents the volume expansion 
of the granular system [17–20]. Two representative quanti-
ties, i.e., the macroscopic friction coefficient � and the solid 
fraction � , are most commonly employed to characterize 
the rheological properties of dense granular flow [21–25]. 
Depending on the calculation method, the macroscopic fric-
tion coefficient � can be referred to three different meanings, 
namely, the interfacial friction coefficient �′ , the effective 
friction coefficient �e , and the internal shear strength �∗ . 
The interfacial friction coefficient �′ can be understood as 
the driving strength provided by the boundary for main-
taining the particle flow, which is defined as the ratio of 
the shear stress to the normal stress on the shear boundary 
[23–28]. The effective friction coefficient �e and the internal 
shear strength �∗ represent the shear resistance to the flow 
of the system. When the granular system is assumed to be 
a continuous medium for stress analysis [29], the effective 
friction coefficient �e is expressed as the ratio of the devia-
toric stress to the average stress in the system [30, 31]. The 
internal shear strength �∗ is derived from the anisotropies of 
the microstructure formed by contacts [21, 32]. In the steady 
state, the boundary driving strength and the system’s shear 
resistance are in equilibrium, and these three coefficients �′ , 
�e and �∗ are approximately equal and can be unified as the 
macroscopic friction coefficient �.

The interfacial friction characteristics could be influenced 
by several geometric factors, including the boundary surface 
structure, the thickness of particle layers, and the shape and 
constrained extent of particles [33–38]. Most experimen-
tal studies on the interfacial friction characteristics address 
local shear deformation, where stick–slip or particle flow 
occurs only near the boundary due to either the small shear 
velocity or the short shear strain. However, when the bound-
ary cumulative shear strain is large enough in the inertial 

regime, the system reaches a steady flow state eventually. 
In this case, the interfacial friction coefficient �′ tends to be 
a constant value independent on the initial filling state of 
the dense granular system. Moreover, the interfacial friction 
coefficient �′ has a significant dependence on the flow rate, 
which is determined by the shear velocity and the applied 
normal stress [39–41]. For rigid dry granular materials, the 
flow rate can be measured by the dimensionless inertial 
number I, which represents the ratio of the inertial force to 
the confining pressure [14, 42, 43]. Numerous experimental 
and simulation results have confirmed that in the inertial 
regime, the interfacial friction coefficient �′ monotonically 
increases as a function of the inertial number I [23–25, 
43–45]. It is a familiar feature of granular rheology that the 
interfacial friction coefficient �′ is closely related to the sys-
tem’s flow rate during the shear process.

On the other hand, the interparticle contact and contact 
forces exhibit anisotropy, which are the microscopic ori-
gins of the system’s shear resistance [12, 21, 46–48]. At the 
microscopic scale, particles transfer forces through inter-
particle contacts. The variation in the flow state changes 
the contact status and the force transmission paths between 
particles, thereby altering the topology and mechanical prop-
erties of the microscopic contact force network [47–50]. As 
a result, the internal shear strength significantly changes dur-
ing inertial flow due to the temporal and spatial variations 
in the microstructure of the contact force network between 
particles. Much work has been carried out on analyzing the 
internal shear strength under static filling or steady inertial 
flow situations. For the stationary granular system, the inter-
nal shear strength is independent of the size polydispersity 
of the filled particles [51–53]. In addition, the influences of 
the different particle shapes on the internal shear strength 
were also investigated [12, 33, 34, 38, 54–58]. For the steady 
inertial flow state, Azéma et al. [12] compared the rheologi-
cal properties of a frictionless granular system between pen-
tagonal particles and circular discs. Binaree et al. [34] fur-
ther explored the integrated effects of interparticle friction 
and particle shape on the internal shear strength. In addition, 
the rheological properties and microstructure characteris-
tics of some cohesive granular systems were investigated 
[59–61], where the effect of viscosity on the internal shear 
strength was discussed.

By virtue of the abovementioned studies, the steady rheo-
logical properties of dense granular materials have been well 
studied under equilibrium conditions. Under some circum-
stances, it is necessary to study the transient behaviors, for 
example, whether a steady flow can be obtained for a par-
ticular granular system, and how long it takes for a static sys-
tem to achieve the steady flow state. To answer these ques-
tions, we should understand how the equilibrium is gradually 
established, and figure out which factors could affect the 
evolution process. To this end, it is essential to perform a 
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dedicated investigation into the transient evolution of the 
rheological properties. Here we choose one of the most com-
monly studied granular flow models—the plane shear model, 
as our research target. The composing structure and motion 
manner of this model are simple. Additionally, under the 
steady flow state, the flow velocity linearly increases along 
the height, which can be used as a direct criterion for judging 
whether the system reaches steady state [62]. The particle 
flow of this model is still a hot topic very recently [39, 59, 
63]. Discrete element method (DEM) serves as a power-
ful tool for studying the mechanical properties of granular 
materials because it can extract the microscopic informa-
tion of individual particles and also analyze the macroscopic 
behaviors of the whole granular system [64, 65]. Therefore, 
this paper employs DEM simulations to analyze the evo-
lution flow process of a plane shear system by carefully 
characterizing the evolution principles of the flow state, the 
mechanical behaviors, and the microstructure characteristics 
at different moments. Moreover, we clarify the influences 
of the flow state on the interfacial friction coefficient, the 
effective friction coefficient and the internal shear strength 
and finally reveal the equilibrium mechanism between the 
boundary driving strength and the system’s shear resistance. 
In addition, the influences of the shear velocity are explored.

2 � DEM Model and Basic Theories

2.1 � DEM Model of Plane Shear

In the two-dimensional DEM model, the granular material 
is described as a collection of discrete discs. The contact 
force dependent on the force–displacement relationship 
between particles is defined by the soft contact method. The 
motion information of each particle is derived from its own 
unbalanced force using Newton’s second law. As shown in 
Fig. 1a, the dense granular system consists of Np = 2 × 104 
cohesionless rigid disc particles with an average diameter 
of d = 1mm . The solid fraction � of the system is 0.84. 

Initially, the system’s width along x-axis is L = 200d , and 
the height along y-axis is H = 96d . Compared with similar 
studies, the number of particles included in this simulation 
model is large enough to ensure the statistical confidence of 
the analysis results. The particle size distribution polydis-
persity is set as 20% to avoid crystallization. The top and 
bottom plates are rough boundaries formed by the bonding 
monodisperse particles with diameter d , while the sidewalls 
are periodic boundaries. During shear, the bottom plate is 
fixed, and the top plate slides tangentially at a constant 
velocity Vs and applies a constant normal stress P to the 
granular system.

For cohesionless rigid particles, a linear contact model 
(spring-dashpot model) is used to define the contact forces 
between particles, as shown in Fig. 1b. The linear model 
consists of two parts, namely, a stiffness model and a slip 
model. The stiffness model provides a linear elastic relation-
ship between the contact force and the relative displacement. 
The normal contact force f n

c
 is composed of the normal 

linear force f n
cl

 and the normal damping force f n
cd

 , written 
as f n

c
 =  f n

cl
+ f n

cd
  = kngs + dnġs , where kn is the normal con-

tact stiffness, dn is the normal damping coefficient, gs is the 
surface gap between particles, and ġs is the relative normal 
translation velocity. For dry granular materials, the normal 
contact force between particles is always compressive, so 
the equation f n

cl
+ f n

cd
≤ 0 is satisfied. The tangential con-

tact force f t
c
 is incrementally updated using f t

c
= f ot

c
+ Δf t

c
 , 

Δf t
c
= ktΔ𝛿s + dtΔ𝛿̇s , where f ot

c
 is the tangential contact force 

before updating, kt is the tangential stiffness, Δ�s is the rela-
tive tangential displacement increment, dt is the tangential 
damping coefficient, and Δ𝛿̇s is the relative tangential trans-
lation velocity. The relative motion between particles follows 
the Coulomb relationship ||f tc|| ≤ �cf

n
c
 , where �c is the sliding 

friction coefficient between particles, dictating that relative 
sliding between particles is allowed only when the equal 
sign is satisfied.

Fig. 1   a Two-dimensional DEM 
model of a dense granular sys-
tem under plane shear, b linear 
contact model between particles
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2.2 � Parameters Setup of DEM Model

A series of dimensionless parameters related to the par-
ticle material properties and the shear conditions are set 
according to references [38, 43], which mainly include the 
contact stiffness coefficient k , the stiffness ratio s , and the 
restitution coefficient e . The dimensionless contact stiffness 
coefficient k = kn∕P measures the rigidity of particles and 
limits the maximum deformation of particles under exter-
nal load, where P is the applied normal stress, and kn is 
the normal contact stiffness. In detail, a large value of k 
represents rigid particles, and a small value represents soft 
particles. Relevant studies have shown that once k exceeds 
104 , it will no longer influence the results because rigid par-
ticles are ensured [23, 66]. Therefore, k is set to 104 herein. 
The stiffness ratio s = kt∕kn takes an empirical value of 0.5. 
The normal and tangential damping coefficients dn and dt 
are related only to the restitution coefficient e once the stiff-
ness coefficient kn and the stiffness ratio s are determined, 
that is, dn = 2�n

√
mkn and dt = 2�s

√
mskn , where �s and �n 

are normal and shear critical-damping ratios, respectively, 
and �s = �n = − ln(e)

/[
�
2
+ (ln(e))2

]
 . The restitution coef-

ficient e determines the threshold value for granular system 
transformation from dense flow to dilution collision [14]. To 
broaden the range of inertial flow, e is set as a fixed value 
of 0.1. The particle–particle and particle–wall friction coef-
ficients are both set to 0.4 and notated as �c . A combined 
set of e = 0.1 and �c = 0.4 is frequently used in simulations 
because it results in a strong dissipative granular system that 
well matches the real situation. Table 1 lists the detailed 
parameters of the granular system.

The inertial number, defined as I = 𝛾̇d∕
√
P∕𝜌 , is one of 

the most important quantities to express constitutive laws 
[25], where 𝛾̇ is the shear rate,d is the mean particle diam-
eter, P is the normal stress, and � is the particle density. For 
a frictional granular material, a small value of I ( ≤ 10–2) 

corresponds to the quasi-static regime, while a large value of 
I ( ≥ 10–1) for the collisional regime [22, 24]. In this study, as 
P is a fixed value of 50 Pa, the shear velocity of the top plate 
is selected within the range of 0.5–2.5 m/s, fully ensuring 
an inertial flow with I in the range of 0.033 to 0.133. The 
DEM simulation adopts an explicit numerical scheme in the 
calculation process, where Newton’s second law needs to be 
repeatedly called to update the particle’s position and inter-
particle contact information. During the simulation process, 
the instantaneous micromechanical information is obtained 
by an interval of every 1000 steps, including the particle’s 
position and velocity, contact position and contact forces, 
to monitor the evolution of the flow state and multiscale 
mechanical behaviors.

2.3 � Definitions of Mechanical Behavior Quantities

2.3.1 � Microscopic Quantities

For a two-dimensional granular system, the solid fraction is 
defined as � = Ap∕A , where Ap is the area occupied by the 
particles and A is the total area of the system. The coordina-
tion number Z is the average number of contacts and is cal-
culated using Z = Nc∕Np , where Nc is the total number of 
contacts, and Np is the total number of particles in the sys-
tem. The existing contacts can be grouped into strong con-
tact and weak contact using the following rule: if the force 
magnitude fc of a specific contact is greater than the average 
magnitude of all the contact forces ⟨fc⟩ , namely, fc ≥ ⟨fc⟩ , 
this contact is defined as a strong one; otherwise, if fc < ⟨fc⟩ , 
it is regarded as a weak one. The number ratio of strong 
contacts is defined as Rs

c
= Ns

c
∕Nc , where Ns

c
 is the number 

of strong contacts and Nc is the total number of contacts. 
Additionally, the bearing ratio of strong contacts is calcu-
lated using the sum of the strong contact forces divided by 

the sum of all the contact forces, given as Bs
f
=

∑
c∈s

fc

�
∑

fc , 

where c ∈ s represents the collection of the strong contacts. 
Likewise, for the remaining weak contacts, the following 
equations satisfy Rw

c
= 1.0 − Rs

c
 and Bw

f
= 1.0 − Bs

f
.

2.3.2 � Macroscopic Quantities

The strain rate tensor is expressed as the symmetric part of 
the velocity gradient tensor [67–69]:

where V
�
 and V

�
 are the velocity fields. In our model, since 

we assume that the flow characteristics of particles in the 
sliding direction x are homogeneous, �Vx∕�x and �Vy∕�x are 

(1)𝜀̇
𝛼𝛽

=
1

2

(
𝜕V

𝛼

𝜕𝛽
+

𝜕V
𝛽

𝜕𝛼

)
,

Table 1   The detailed parameters of the granular system

Parameter Symbol Value

Number of particles Np 20,000
Average particle diameter (m) d 1 × 10−3

Polydispersity ± 0.2

Particle density (kg/m3) � 2210
System width (m) W 0.2
Initial system height (m) H 0.096
Coefficient of friction μ 0.4
Coefficient of restitution e 0.1
Stiffness ratio s 0.5
Contact stiffness number k 104

Normal stiffness (N/m) kn 5 × 105

Tangential stiffness (N/m) kt 2.5 × 105
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always 0. Moreover, as the value of Vy is very slight, �Vx∕�y 
composes the main variation in the strain rate tensor.

To measure the transient evolution of the global flow in 
the granular system, a dimensionless equivalent shear strain 
rate ε̇e

xx
 is calculated by averaging the horizontal velocity of 

particles in the system with area A, given as follows:

where Np is the total number of particles, Vs is the constant 
sliding velocity of the top plate, and Vi

x
 is the horizontal 

velocity of particle i. In the evolution process, ε̇e
xx

<1.0, and 
when the system reaches steady state, ε̇e

xx
≈ 1.0.

The stress tensor �
��

 is the sum of static contact stress and 
kinetic contact stress [68, 70, 71], given as follows:

where A is the area of the model, rc is the contact branch 
vector, fc is the contact force, mi is the mass of particle i , 
and �Vi is the velocity fluctuation of particle i relative to the 
average velocity of the corresponding layer.

2.3.3 � Calculation Methods of Friction Coefficients

For the plane shear system, the interfacial friction coefficient 
�

′ is the ratio of the total tangential stress �t to the total nor-
mal stress �n at all contact points between the top plate and 
the top layer particles,

where �t
c
 and �n

c
 are the tangential stress and the normal 

stress on a single contact point, respectively, and c ∈ B 
represents the collection of contacts between particles and 
the top plate. The effective friction coefficient �e is defined 
as the ratio of internal shear stress to normal stress, and 
�e = �xy∕�yy , where �xy and �xy are stress tensor components 
defined in Eq. (3).

2.4 � Stress–Force–Fabric Relationship

The stress–force–fabric relationship provides an effec-
tive approach for establishing the quantitative relationship 
between the macroscopic stress tensor and the microstruc-
ture anisotropy parameters [72]. Based on this relationship, 
we conduct a statistical analysis on the distribution functions 
of contact orientation, normal contact force, and tangential 
contact force in polar coordinates, denoted as P(θ), fn(�) , 
and ft(�) , respectively, where � is the angle of unit vector n 

(2)𝜀̇
e
xx
(t) =

2

Np

∑
i∈A V

i
x
(t)

Vs

,

(3)�
��

=
1

A

(
∑

c∈A

r�
c
f �
c
+

∑

i∈A

mi
�Vi

�
�Vi

�

)
,

(4)�
�

=

�t

�n

=

∑
c∈B �

t
c∑

c∈B �
n
c

,

along the contact direction. These distribution functions pro-
vide abundant micromechanical information for accurately 
evaluating the anisotropy extent of granular systems. Com-
monly, low-order Fourier approximations are employed to 
describe them:

where fn is the magnitude of average normal contact force 
over the system, ac represents the anisotropy in contact 
orientations, an and at describe the directional variation of 
contact forces, �c is the direction of anisotropy in contact 
orientation, and �n and �t are the preferred directions of con-
tact forces. When the three main principal directions are 
assumed to be collinear and codirectional, the internal shear 
strength �∗ can be approximately given as follows:

This equation shows the microscopic components of the 
internal shear strength of the granular system under plane 
shear.

3 � Transient Evolution of the Flow State

In this part, we employ the simulation results of P = 50 Pa 
and Vs = 0.5 m/s as a demo to quantitatively analyze the 
evolution of flow state. The simulation time is 40 s, which 
is long enough for the system to reach steady state. The flow 
state is characterized by the flow features of both horizon-
tal and vertical directions. In detail, the horizontal velocity 
determining the shear rate is the main movement character-
istic of the particles, and the vertical velocity indicates the 
dilatancy phenomenon.

3.1 � Horizontal Flow Characteristics

Figure 2a shows the time history plot of the equivalent shear 
strain rate ε̇e

xx
 . Throughout the evolution process, ε̇e

xx
 first 

rapidly increases and then gradually approaches a constant 
value of 1.0. Figure 2b shows the horizontal velocity dis-
tribution contours at six representative moments ( P1–P6 ) 
selected in Fig. 2a. Overall, under continuous shear, the 
local flow near the top plate is transferred downward layer-
by-layer and then gradually expands into the whole system; 
ultimately, a global steady flow is formed. The horizontal 

(5a)P(�) ≅
1

2�

{
1 + accos2

(
� − �c

)}

(5b)fn(�) ≅ fn
{
1 + ancos2

(
� − �n

)}

(5c)ft(�) ≅ −fnatsin2
(
� − �t

)
,

(6)�
∗
≅

1

2

(
ac + an + at

)
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velocity decreases from the top layer to the bottom layer, 
which is the result of energy dissipation caused by interpar-
ticle friction and inelastic collisions. In Fig. 2c, the average 
horizontal velocity of particles in the same layer is plotted in 
solid line as a function of the vertical height. Additionally, 
Fig. 2e shows the time history plots of the average horizon-
tal velocity within some representative layers of particles. 
During the evolution process, we divide the whole granu-
lar model into flowing and nonflowing regions, written as 
H(t) = HF(t) + HS(t) , where HF(t) and HS(t) are the heights 
of the flowing and non-flowing regions, respectively. Herein, 

a specific layer is considered flowing only when the average 
horizontal velocity of particles in this layer is higher than 
a threshold value, which is set as 1% of the top plate’s slid-
ing velocity. We further normalize the height of the flowing 
region using DHF = HF(t)∕H(t) and present its evolution as 
a function of ε̇e

xx
 in Fig. 2d.

The evolution results regarding the horizontal flow char-
acteristics in Fig. 2a–e directly reflect the change in flow 
states. During the time interval from P1 (0.5 s) to P3 (6.5 s), 
the flowing region expands from the local region near the 
top plate to the global system, and the horizontal velocity of 

Fig. 2   Evolution process of the system’s horizontal flow state under 
P = 50 Pa and Vs = 0.5m∕s , a time history plot of the equivalent 
shear strain rate ε̇e

xx
 , b the horizontal velocity distribution contours 

at six representative moments, c the average horizontal velocity of 
particles in the same layer (in solid line), d time history plots of the 

normalized flowing region DHF , e time history plots of the average 
horizontal velocity at representative layers, the distribution profiles of 
the normal pressure (f), the scaled gradient of horizontal velocity (g), 
and the local inertial number (h) along the height
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the already flowing region gradually increases. Correspond-
ingly, ε̇e

xx
 increases from 0 to approximately 0.6, and DHF 

quickly increases from 0 to 1.0. It is worth mentioning that 
the system at P3 (6.5 s) has achieved a global flow since 
DHF = 1 in Fig. 2d. During the time interval from P3 (6.5 s) 
to P6 (27 s), the granular system maintains a global flow 
state, meanwhile the horizontal velocities gradually increase 
to constant values for all the selected layers. Moreover, by 
comparing the evolution characteristics, it is found that the 
closer to the top plate, the shorter time is required for the 
particle layer to reach a steady state. In other words, the 
growth rate of the horizontal velocity decreases from top to 
bottom, which is caused by the layer-by-layer attenuation 
of shear momentum. At P6 (27 s), the system has reached a 
steady flow state, under which ε̇e

xx
 approximately reaches 1.0 

(Fig. 2a) and the horizontal velocity profile is almost linearly 
distributed in the vertical direction (Fig. 2c).

Therefore, according to the evolution characteristics of 
the horizontal flow, the flow status experiences three stages, 
namely, transmission (T), adjustment (A), and stabilization (S). 
As outlined in Fig. 2a and d, in the transmission (T) stage, the 
flowing region expands from top to bottom. When the flowing 
region arrives at the bottom surface, i.e., DHF = 1.0 , the trans-
mission stage ends. In the subsequent adjustment (A) stage, 
the profile of Vx continues evolving and finally approaches the 
steady (S) state under which the equivalent shear strain rate 
ε̇
e

xx
 reaches 1.0.
In addition, we employ the distribution profile of the local 

inertial number along the height direction to characterize the 
flow state. Considering the variation in the shear rate with 
height, the local inertial number I(y) is calculated as follows:

In Fig. 2f, when gravity is absent, the normal pressures 
along the height P(y) fluctuate around 50 Pa, which is caused 
by the applied normal stress on the top plate. As a result, the 
profile shapes of the velocity gradient (Fig. 2g) are similar 
to those of the local inertial number (Fig. 2h). Interestingly, 
during evolution, I(y) quickly decreases in the top region but 

(7)I(y) = 𝛾̇
d√
P∕𝜌

=

𝜕Vx

𝜕y

d√
P(y)∕𝜌

gradually increases near the bottom region, clearly indicat-
ing the transfer of momentum from top to bottom. Finally, 
in the steady flow state, the profile of I(y) exhibits a valley 
shape along the height due to the boundary effect. Except 
for the top and bottom boundary regions, the values of I(y) 
fluctuate around the expected value of 0.033 at 0.5 m/s.

3.2 � Vertical Velocity and Shear Dilatancy

Dilatancy is the volume expansion observed in granular 
materials when they are subjected to shear deformation. 
Figure 3 illustrates the shear dilatancy mechanism of dense 
granular flow. Initially, the particles are related to each other 
through contacts and form a dense packing with the maxi-
mum solid fraction, as shown in Fig. 3a. When the solid 
fraction � is larger than a critical value, namely the jamming 
point, a preliminary dilation is necessary for shear deforma-
tion to occur. In other words, for rigid particles, if the sys-
tem’s height undergoing shear remained fixed, the granular 
system would be blocked. To avoid blockage, the volume 
has to be expanded. As shown in Fig. 3b, when sheared by 
the top plate, particles in the flowing region cross the peaks 
and valleys formed by the neighboring particles, causing the 
microscopic arrangement of particles. Whether a particle is 
crossing a peak or valley is indicated by the sign of the par-
ticle’s vertical velocity. It is noteworthy that a particle could 
repeatedly cross peaks or fall into valleys during evolution, 
resulting in vertical velocity fluctuations. Moreover, as the 
horizontal velocity increases, the duration for a particle hori-
zontally moving over a valley is shortened; hence, the verti-
cal distance falling into the valley is reduced, leading to an 
increase in dilatancy.

Figure 4 shows the vertical velocity distribution con-
tours of all the particles at six different moments in the 
evolution process. Additionally, the average vertical veloc-
ity of particles in the same layer along the height direction 
is plotted on the right side for each moment to quantify 
the local dilatancy rate. First, from 0.0001 to 4.6 s, it is 
observed that the upward and downward moving parti-
cles randomly coexist within the system, and the verti-
cal movement gradually propagates from top to bottom. 

Fig. 3   Illustration of shear 
dilatancy in a dense granular 
system: a the initial dense pack-
ing state, and b the movement 
of particles under shear
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At t = 0.0001s , the average vertical velocity is positive 
over the entire height, suggesting that the granular sys-
tem dilates globally. In particular, the particles near the 
top plate expand rapidly under shear. Soon after that, the 
global dilatancy is locally replaced as shown at t = 0.1s . At 
t = 1s and t = 2.7s , the dilating region mainly resides near 
the top plate ( y∕d > 80 ), as the current dilatancy mainly 
comes from the local shear flow of particles. At t = 4.6s , 
the maximum velocity has been transferred from near the 
top plate ( y∕d > 80 ) to the middle part (y/d = 50–80), 
which implies that the dilating region is moving down due 
to the propagation of local flow. Moreover, the sign of the 
average vertical velocity near the top plate changes from 
positive to negative. After the granular system enters a 
global flow state, the profile of vertical velocity along the 
height approaches zero, and the amount of shear dilatancy 

reaches the maximum and slightly fluctuates in the sub-
sequent stages.

The dilatancy extent is measured by the normal strain 
in the vertical direction, �yy =

(
Ht − H0

)
∕Ho , where H0 

is the initial height of the system and Ht is the height of 
the system at time t  . Figure 4b and c show the evolution 
results of �yy as a function of time t  and of equivalent 
shear strain rate 𝜀̇e

xx
 , respectively. In the evolution pro-

cess, �yy gradually increases to the maximum value of 
approximately 0.05 and then stabilizes. Moreover, the 
increase in �yy mainly occurs in the transmission stage 
( 0s ≤ t ≤ 6.5s, 0 ≤ 𝜀̇

e
xx

≤ 0.62 ), indicating that shear dila-
tancy is a prerequisite for particle flow.

Fig. 4   a The vertical velocity distribution contours at six different moments, and the arithmetic average vertical velocity of particles in the same 
layer along the height direction under P = 50 Pa and Vs = 0.5 m/s, b time history plot of �yy , and c the evolution of �yy as a function of 𝜀̇e

xx
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4 � Evolution of Macroscopic Mechanical 
Properties

4.1 � Interfacial Friction Coefficient

This part continues to use the simulation results under the 
condition of P = 50 Pa and Vs = 0.5m∕s to analyze the tran-
sient evolution of the boundary driving strength. Figure 5 
shows the evolution curves of the scaled normal stress �n∕P 
and the scaled tangential stress �t∕P , all of which act upon 
the top plate. To maintain the applied external normal stress 
constant throughout the evolution process, the position of 
the top plate must be dynamically adjusted. In detail, once 
the scaled normal stress �n∕P on the top plate exceeds 1.0, 
the top plate moves slightly upward to reduce the normal 
stress, and vice versa. Therefore, as shown in Fig. 5a, �n∕P 
always fluctuates around 1.0. Additionally, the fluctuation 
extent is closely related to the flow state, in the way that the 
fluctuation is intensive in the transmission stage (T) but mild 
in the adjustment (A), as shown in Fig. 5a. As previously 
discussed, the particle flow state near the top plate changes 
dramatically at the beginning of the shear, and the horizon-
tal and vertical velocities increase rapidly. Under this case, 
the particles collide violently with the top plate, resulting 
in large fluctuations in the normal and tangential stresses. 
Subsequently, the particle flow state changes smoothly, so 
the fluctuations gradually stabilize.

In Fig. 5c, the interfacial friction coefficient �′ is calcu-
lated based on the results of �n and �t in Fig. 5a and b. First, 
it is found that the interfacial friction coefficient �′ gradually 

decreases to a constant value during evolution. In Fig. 5d, 
as the shear dilatancy extent increases, the solid fraction � 
decreases; in other words, shear dilatancy makes the system 
loose. Moreover, � mainly decreases in the transmission 
stage (T) and remains at the minimum value afterward. In 
the transmission (T) stage, dilatancy loosens the system’s 
spatial geometric constraint, thus weakening the tangential 
load-bearing capacity and making the interfacial friction 
coefficient �′ drop rapidly, which can be understood as the 
strain softening of granular material. However, in the adjust-
ment (A) and stabilization (S) stages, the flow velocities 
within the particle layers change very slightly, so the shear 
dilatancy rate is close to zero, and the interfacial friction 
coefficient �′ also tends to be a constant value.

4.2 � Stress–Strain Behavior and Effective Friction 
Coefficient

Furthermore, as shown in Fig. 6, we analyze the evolution 
principles of the internal stress components and their ratios. 
Here, the stress components and their ratios show obvious 
fluctuations during evolution, which are mainly caused by 
the microscopic rearrangement of particles. In Fig. 6a, the 
scaled internal normal stress �yy∕P always fluctuates around 
1.0. Moreover, due to the shear flow of the particle system, 
the internal shear stress �xy rapidly increases to the maxi-
mum value in the beginning ( 𝜀̇e

xx
≤ 0.1 ), and then decreases 

slightly and gradually tends to a constant value, as shown 
in Fig. 6b. In Fig. 6c, �xx∕�yy is always close to 1.0, since 

Fig. 5   The evolution curves of 
the scaled normal stress �n∕P 
(a), the scaled tangential stress 
�t∕P (b), the interfacial friction 
coefficient �′ (c), and the solid 
fraction � (d) with the equiva-
lent shear strain rate 𝜀̇e

xx
 , where 

P = 50 Pa and Vs = 0.5m∕s
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the plane shear model with a periodic boundary condition 
is similar to a confined box.

As mentioned earlier, the ratio of the internal shear stress 
to the internal normal stress is defined as the effective fric-
tion coefficient �e = �xy∕�yy . Similar to �xy , �e first rapidly 
increases to the peak and then gradually drops to a constant 
value. Comparing Figs. 5 and 6, the changes in �n∕P and 
�yy∕P are basically the same, both fluctuating around 1.0. 
However, before reaching a steady state, the internal shear 
stress �xy is always significantly less than �t . As a result, 
in Fig. 6d, there is a significant difference in the evolution 
trend between the effective friction coefficient �e and the 
interfacial friction coefficient �′. Moreover, �′ is greater than 
�e until they become approximately equal in the steady flow 
state. Therefore, the evolution of the flow state from initially 
static to finally steady under continuous shear, is essentially 
realized by achieving the final dynamic balance between the 
boundary driving strength and the system’s shear resistance.

5 � Evolution of Microstructure 
and Microscopic Mechanical Properties

5.1 � Spatial Distribution of the Contact Force 
Network

The contact force network can indicate the spatial distribution 
of contact forces and the force transmission paths inside the 
granular system. Figure 7a clearly presents the contact force 
network graphs at five different moments under the conditions 
of P = 50 Pa and Vs = 0.5m∕s . Here, the existence of an inter-
particle contact is represented by a line segment connecting 
the center of the two contact particles, and the force magnitude 
fc is proportional to the line thickness. Initially, the contact 
force network is dense and uniform. In the evolution process, 
the contact force network becomes sparsely scattered, and the 
spatial distribution of strong contacts has a preferred direction.

We further conduct a quantitative analysis of the contact 
force network. During the transient process, Nc , Ns

c
 , and Nw

c
 

all gradually decrease with increasing 𝜀̇e
xx

 (Fig. 7b–d), which 
is caused by shear dilatancy. Meanwhile, the coordination 
number Z slightly decreases from 3.6 to 2.3 during evolution, 
indicating that the compactness of the filled particles gradu-
ally becomes loose. Our data are consistent with the reported 

Fig. 6   Evolution curves of the 
scaled internal normal stresses 
�xx∕P and �yy∕P (a), the scaled 
internal shear stress �xy∕P (b), 
the ratio �xx∕�yy (c), and the 
interfacial friction coefficient 
�

′ and the internal effective 
friction coefficient �e = �xy∕�yy 
(d), where P = 50 Pa and 
Vs = 0.5m∕s
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data in reference [23]. Although the numbers of both strong 
contacts Ns

c
 and weak contacts Nw

c
 decrease significantly dur-

ing evolution, the contact number ratios Rs
c
 and Rw

c
 are basi-

cally unchanged at Rs
c
≈ 0.37 and Rw

c
≈ 0.63 . In Fig. 7e, the 

force bearing ratio of strong contacts Bs
f
 gradually increases 

from 0.68 to 0.73 during evolution, and a clear overshoot in Bs
f
 

occurs at the onset moment of shearing movement. Although 
the number ratio of weak contacts Rw

c
 is always greater than 

that of the strong contacts Rs
c
 , the force bearing ratio of the 

strong contacts Bs
f
 is much greater than that of the weak con-

tacts Bw
f
 , indicating that the strong contact force network car-

ries a larger portion of the external load. Therefore, the evolu-
tion of the flow state changes the microstructure characteristics 
of the contact force network and improves the load-bearing 
capacity.

5.2 � Anisotropies in Microstructure and Internal 
Shear Strength

Based on the contact force network in Sect. 5.1, we are 
ready to deduce the internal shear strength and anisotropy 
parameters using the stress–force–fabric relationship. First, 
as shown in Fig. 8a–c, the three distribution functions P(�) , 
fn(�) , and ft(�) at four representative moments are compared 
to those of the initial state. Initially, P(�) is approximately 
circular as ac ≅ 0 , indicating that the contact orientations 
are distributed isotropically. However, the distributions of 
both normal and tangential contact forces are anisotropic 
with an = 0.237 and at = 0.075 ; particularly, the anisotropy 
in the normal contact force is very strong. Without flow, the 
contact forces are mainly used to carry the applied normal 
stress, while the internal shear strength is relatively weak so 

Fig. 7   a The contact force network graphs at initial and four rep-
resentative moments under the conditions of P = 50 Pa and 
Vs = 0.5m∕s , and the transient evolution of the total contact number 
Nc and the coordination number Z (b), the strong contact number Ns

c
 

and ratio Rs
c
 (c), the weak contact number Nw

c
 and ratio Rw

c
 (d), and 

the bearing ratios of strong contact Bs
f
 and weak contact Bw

f
 (e) as a 

function of 𝜀̇e
xx



	 Tribology Letters (2022) 70:38

1 3

38  Page 12 of 18

that it is easy for the system to flow. In the evolution pro-
cess, obvious anisotropy is introduced into the distributions 
of contact orientation and contact forces. Moreover, their 
preferred directions are collinear, i.e., �c ≈ �n ≈ �t ≈ θ , and 
here, θ ≈ − 45°. As a result, with the increase in 𝜀̇e

xx
 , ac first 

quickly increases from 0 and then gradually reaches a con-
stant value of approximately 0.32 (Fig. 8a). After passing a 
peak, an gradually decreases to a constant value of approxi-
mately 0.24 (Fig. 8b). Apart from the initial abrupt drop 
and rebound, at basically fluctuates around a small value of 
0.06 (Fig. 8c). In the steady state, the ratio of ac , an , and at 
is approximately 16:12:3, implying that the anisotropies in 
the contact orientation and in the normal contact force are 
the main sources of the internal shear strength.

Next, the reasons for the changes in the anisotropy param-
eters are explained in combination with the system’s internal 
micromechanical behaviors. In the beginning of shear, the 

increase in ac and an could be attributed to the potential shear 
resistance caused by the spatial geometric constraints. Nev-
ertheless, most particles except a few near the top plate have 
not undergone shear flow, so the tangential contact force ani-
sotropy parameter at changes slightly. Since the horizontal 
flow is the predominant deformation pattern, the differences 
in the tangential contact force are slight; thus, at is low and 
makes a small contribution to the internal shear strength. 
Subsequently, because the occurrence of dilatancy reduces 
the spatial geometric constraints among particles, the origi-
nal particles that bear large normal contact forces lose lateral 
support and cannot maintain stability. Once these particles 
are out of balance, the breakage of the established contacts 
causes a decrease in an . On the other hand, particle flow 
reduces the number of contacts, especially in the direction 
of the minimum principal stress, which leads to a gradual 
increase in the contact number difference between along 

Fig. 8   a–c The transient evolu-
tion of anisotropy parameters ac , 
an , and at , as well as the three 
distribution functions P(�) , 
fn(�) , and ft(�) at representative 
moments, and (d) �∗ and �e as a 
function of 𝜀̇e

xx

Fig. 9   a Time history plots of 
the dimensionless equivalent 
shear strain rate 𝜀̇e

xx
 , and b the 

evolution curves of �yy as a 
function of 𝜀̇e

xx
 under four differ-

ent velocities
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the direction of the maximum principal stress and along the 
direction of the minimum principal stress; thus, ac gradually 
increases. In short, the increase in ac leads to a reduction in 
an , which damages the system’s stability.

Last, the internal shear strength �∗ is obtained according 
to Eq. 6, as shown in Fig. 8d. When combining the contribu-
tions of the anisotropic parameters, �∗ first rapidly increases 
to the peak and then gradually drops to a fixed value. Moreo-
ver, the transient evolution curves of �∗ and �e are basically 
consistent, which confirms that the internal shear strength 
originates from the anisotropies in both contact orientation 
and contact forces.

6 � Effects of Shear Velocity on Rheological 
Properties

6.1 � Effects of Shear Velocity on the Transient Flow 
State

We select four velocities of the top sliding plate (0.5, 1.0, 
1.5, and 2.0 m/s) to study the effects of shear velocity on 
the rheological properties. The evolution profiles of the 
horizontal velocity at the other velocities are similar to 
those of Vs = 0.5m∕s . In addition, three distinct stages, 
i.e., transmission (T), adjustment (A), and stabilization 

(S), are identified for all velocities. Nevertheless, there 
still exist differences in the evolution of the flow state 
among them. As shown in Fig. 9a, with increasing shear 
velocity, the time required for 𝜀̇e

xx
 to reach the maximum 

value increases, indicating that the evolution rate of the 
flow state decreases. Under inertial flow, an increase in the 
shear velocity strengthens the inertial effect and reduces 
the duration of contact between particles, thereby weaken-
ing the momentum transfer between particles. Therefore, 
the time required for reaching steady state becomes longer 
with increasing shear velocity. Additionally, in Fig. 9b, 
the maximum normal strain �yy , i.e., the dilatancy extent, 
increases with shear velocity. Therefore, the shear veloc-
ity does not affect the evolution characteristics of particle 
flow, but changes the momentum transfer rate.

6.2 � Effects of Shear Velocity on Macroscopic 
and Microscopic Mechanical Properties

We present the evolution results of normal stress and shear 
stress acting on the top plate ( �n and �t in Fig. 10a and b) 
and within the granular system ( �yy and �xy in Fig. 10c and 
d), respectively. In terms of the evolution characteristics, 
these stresses fluctuate more intensively as the shear veloc-
ity increases, especially for the boundary stresses �n and 
�t . In addition, Fig. 10e shows that the internal shear stress 

Fig. 10   The transient evolution of the scaled normal stress �n∕P (a), 
the scaled tangential stress �t∕P (b), the interfacial friction coefficient 
�

′ (c), the scaled internal normal stress �yy∕P (d), the scaled internal 

shear stress �xy∕P (e), and the effective friction coefficient �e (f) with 
𝜀̇
e
xx

 under different shear velocities
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Fig. 11   Changes in ac (a), an 
(b), at (c), and �∗ (d) as a func-
tion of 𝜀̇e

xx
 under four different 

velocities

Fig. 12   a The contact force network graphs of steady state under different shear velocities, b the strong contact number Ns
c
 and the weak contact 

number Nw
c

 , and c the bearing ratio of strong contacts Bs
f
 and the bearing ratio of weak contacts Bw

f
 as a function of shear velocity
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�xy significantly increases with increasing 𝜀̇e
xx

 at higher 
shear velocities. On the other hand, with increasing shear 
velocity, the magnitudes of shear stresses �t and �xy at the 
same moment significantly increase, while the scaled nor-
mal stresses �n∕P and �yy∕P always fluctuate around 1.0. 
As a result, both the interfacial friction coefficients �′ and 
the effective friction coefficients �e increase as the shear 
velocity increases, as shown in Fig. 10c and f. This could 
be explained by the fact that when the overall shear rate 
increases, the boundary driving strength must be corre-
spondingly improved to overcome more energy dissipation 
and maintain steady flow.

Furthermore, the anisotropy parameters ac,an , and at 
all increase with increasing shear velocity as shown in 
Fig. 11a–c. According to Eq. (6), the system’s internal 
shear strength characterized by �∗ is correspondingly 
improved in Fig. 11d. The changes in these anisotropy 
parameters could be explained by comparing the con-
tact force network graphs in the steady state. As shown 
in Fig. 12a, at Vs = 0.5m∕s , a dense and continuous con-
tact force network is formed as the particles remain in 
contact and interact frictionally with neighbors over long 
durations. By contrast, at Vs = 2m∕s , the distribution of 
contact force is so dispersed that only some local line seg-
ments of contact force exist. As a result, the difference 
in contact number increases between along the maximum 
principal stress and along the minimum principal stress, 
leading to an increase in the contact orientation anisotropy 
parameter ac . As shown in Fig. 12b, in the steady state, 

both the strong contact number Ns
c
 and the weak contact 

number Nw
c

 decrease with increasing shear velocity. Nw
c

 is 
always greater than Ns

c
 . Additionally, with increasing shear 

velocity, the bearing ratio of weak contacts Bw
f
 decreases 

while the bearing ratio of strong contacts Bs
f
 increases, so 

the differences in the force magnitudes become more dis-
tinct, which explains the increase in the anisotropy param-
eters of contact forces an and at.

Finally, we present and compare the different types of 
friction coefficients in the steady state, as shown in Fig. 13a. 
Numerous experimental and simulation results have con-
firmed that for the inertial regime, the macroscopic friction 
coefficient � increases with an increasing inertial number I 
in the following manner:

where �s , �g , and I0 are material-dependent constants. In 
Fig. 13a, our simulation results can be well fitted using 
Eq. (8), where the fitting coefficients and confidence are 
listed in Table 2. These fitting equations form the constitu-
tive laws for the dense granular material under plane shear 
in this study. The three types of friction coefficients are 
approximately equal because the boundary driving strength 
and the system’s shear resistance are dynamically balanced.

Furthermore, Fig. 13b shows the variations in the anisot-
ropy parameters with the inertial number I. Specifically, the 
contact orientation anisotropy parameter ac increases sig-
nificantly from 0.34 to 0.47, and the normal contact force 
anisotropy parameter an gradually increases from 0.23 to 
0.30, while the tangential contact force anisotropy parameter 
at only slightly increases from 0.06 to 0.09. By comparing 
their increasing extents, it can be concluded that ac and an 
are the main sources of the system’s shear strength. Moreo-
ver, the contribution of ac becomes more predominant with 
the increase in the inertial number I.

(8)�e(I) = �s +

�g − �s

I0∕I + 1
,

Fig. 13   a The interfacial fric-
tion coefficient �′ , the effective 
friction coefficient �e and the 
internal shear strength �∗ , and b 
the variations in the anisotropy 
parameter ac , an , and at , as a 
function of the inertial number I 

Table 2   Fitting coefficients of �′ , �
e
 and �∗ using the form of 

� = �
s
+ (�

g
− �

s
)∕(I

0
∕I + 1)

Friction coefficients Fitting coefficients Fitting 
confi-
dence R2�

s
�
g

I
0

�
�

= �t∕�n
0.2505 0.7444 0.3414 0.9974

�
∗
= 0.5(ac + an + at) 0.2598 0.7698 0.3595 0.9997

�e = �xy∕�yy 0.2629 0.7777 0.3373 0.9998
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7 � Conclusions

DEM simulations are employed to investigate the transient 
rheological properties of a dense granular system under 
plane shear in the inertial regime. Simulation results show 
that there are three typical stages in the evolution process 
of the system’s horizontal flow state, namely, transmission, 
adjustment, and stabilization. The shear dilatancy which is 
caused by the vertical movement of particles, weakens the 
system’s tangential load-bearing capacity, decreases the 
interfacial friction coefficient �′ and reduces the boundary 
driving strength. On the other hand, the shear flow induces 
variations in the anisotropies of the contact orientation and 
contact forces, thus improving the system’s internal shear 
strength �∗ and increasing the effective friction coefficient 
�e . As a result, the evolution trends are opposite between 
�

′ and �e ; moreover, �′ is greater than �e until approxi-
mately equal in the steady flow state. Therefore, the flow 
evolution from static to steady flow is realized by achiev-
ing the final dynamic balance between the boundary driv-
ing strength and the system’s shear resistance. In addition, 
an increase in the shear velocity enhances the rheological 
evolution rate, but the evolution pattern is not changed. 
Distinguished from the micromechanical behaviors, the 
system’s shear strength always mainly originates from the 
anisotropies in contact orientation and in normal contact 
force. Moreover, the anisotropy in contact orientation 
makes more contribution as the shear velocity increases.

Our work comprehensively analyzes the competition 
between the boundary driving strength and the system’s 
shear resistance in the evolution process, and thus reveals 
the shear equilibrium mechanism of dense particle flow. 
In addition, the effects of shear velocity on the transient 
evolution are determined, by means of integrated analyses 
on both the macroscopic quantities and the microstruc-
ture characteristics. Together with the previous studies on 
steady flow, our transient analysis would help supplement 
a more complete understanding of the flow behaviors of 
granular materials. In the future, we plan to distinguish the 
contributions of strong contacts and weak contacts on the 
granular flow behaviors.
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