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Abstract
The photoelastic technique was applied to capture in situ plane stress in a block-on-cylinder contact. This method allows 
researchers to qualitatively visualize the distribution of principal stress difference during wear processes. Additionally, 
numerical simulation of the evolution of wear was conducted. The conjugate gradient method together with fast Fourier 
transform was employed to solve the pressure distribution. Based on the computed pressure, the block wear was solved with 
Archard’s wear law. The subsurface stress was computed using the influence coefficient method. The simulated results of 
wear and stress were compared with the experimental results; the similarities and differences between the results highlight 
the usefulness and limitations of the numerical method. However, the photoelastic technique together with the numerical 
method casts light on the nature of wear.
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Nomenclature
d  Thickness of a birefringence specimen
E*  Equivalent Young’s 

modulus,1∕E∗ =
(
1 − �2

1

)/
E1 +

(
1 − �2

2

)/
E2

fσ  Material stress fringe value
G*  Equivalent shear modulus, 

1∕G∗ =
(
1 − 2�1

)/
G1 −

(
1 − 2�2

)/
G2

g  Gap between two contact bodies
g0  Initial gap between two contact bodies
Ic  The set of all nodes that are in contact
Ig  The set of all nodes in the calculation domain
k  Wear coefficient
p  Normal pressure distribution
P  External normal loads
q  Tangential pressure distribution, q = µp
s  Total sliding distance
u ̅z  Elastic deformation along the z direction
x, z  Spatial coordinates
x1,2  Domain of contact
Δh  Wear depth increment

Δs  Sliding distance increment
Δx  The size of one mesh grid
δ  ‘rigid-body’ approach
σx,z, τzx  Stress component

1 Introduction

Wear is a widespread phenomenon in friction pairs with rel-
ative motion. It has been reported that wear failure accounts 
for approximately 60–80% of the total failure of mechani-
cal pairs and components. Predicting wear and the risk of 
scuffing in friction pairs is essential to enhancing machine 
designs and predicting service life. Moreover, in situ inves-
tigations concerning the evolution of the maximum shear 
stress in the subsurface will allow us to better understand 
wear failure mechanisms.

According to the maximum shear stress theory, failure 
occurs when the maximum shear stress from a combina-
tion of principal stresses equals or exceeds the value of the 
maximum shear stress at yielding in uniaxial tension. Mar-
shall et al. [1] and Hu et al. [2] introduced the concept of 
an instantaneous cohesive-length scale that describes the 
nature of stress fields around corners and defines when lin-
ear elasticity and Coulomb friction can provide an accurate 
description of the interfacial behavior. However, there is 
limited research on the value and position of the maximum 
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shear stress in the case of line contact during wear processes. 
Thus, the combination of numerical simulation and in situ 
plane stress observation during wear enables us to master the 
processes of stress evolution and wear mechanisms.

Optical methods such as photoelasticity are useful experi-
mental techniques that enable researchers to obtain strain 
and stress information on a specimen surface or an area of 
interest. The photoelastic technique relies on birefringent 
materials, which have a unique optical property wherein two 
refracted rays will be observed when a single ray of light is 
incident on the material’s surface. Photoelastic patterns pro-
vide information about the principal stress difference and the 
principal direction. With the growth of material processing 
techniques, preparing birefringent materials such as epoxy 
resin and polycarbonate becomes easier and less expensive. 
Thus, transmission photoelasticity has been extensively used 
to explore stress distribution. Dally and Chen [3] studied 
the friction of multipoint contacts using photoelasticity and 
introduced an overdeterministic method to obtain normal 
and tangential forces associated with isochromatic patterns. 
Bryant and Lin [4] developed a photoelastic technique to 
observe contact interfaces with and without sliding. Bur-
guete and Patterson [5] studied the 3D stress distribution 
between a cylinder and a half-space using stress freezing. 
More recently, Fang et al. [6] applied this technique to study 
elastohydrodynamic lubrication.

Although the photoelastic pattern can qualitatively 
show the stress distribution beneath the contact surface, it 
is impossible to obtain stress components directly. There 
are several techniques for the analysis of fringe patterns 
[7–10]. However, these methods are mainly used in static 
contact. Therefore, fringe pattern analyses will be greatly 
complemented by the use of numerical simulations [11, 
12]. Hundreds of wear equations have been developed to 
simulate wear processes for different conditions [13]. How-
ever, Archard’s wear law is the best-known and widely used 
model [14]. The major difficulty in simulating wear is com-
puting pressure distribution for arbitrary profiles during con-
tact. To overcome these difficulties, several methods, such 
as the finite element method [15–18], the Winkler surface 
model [19, 20], and the boundary element method [21], have 
been employed. These methods are either time-consuming 
or inaccurate. The conjugate gradient method (CGM) [22], 
which converges for arbitrary rough surfaces, together with 
fast Fourier transform is a good choice to solve the pressure 
distribution due to its comparatively high speed of conver-
gence and explicit iteration format.

In this paper, photoelasticity was employed to capture 
the instantaneous isochromatic fringe during wear in a line 
contact. Numerical simulations of the evolution of wear and 

pressure distribution were also conducted. Archard’s wear 
law was used to calculate the wear volume, and the CGM 
algorithm was used to calculate the contact pressure. Moreo-
ver, the subsurface stresses were computed. The photoelastic 
technique together with the numerical method casts light on 
the nature of wear.

2  Wear Simulation

2.1  Basic Equation

The wear model of a line contact is shown in Fig. 1. Accord-
ing to contact theory [23], the elastic deformation on the 
surface induced by normal and tangential tractions was 
expressed by

where E* and G* are the equivalent Young’s modulus and 
shear modulus, respectively, C is a constant, and [x1, x2] is 
the region of tractions.

Wear occurs from relative sliding between two counter-
parts. Physically, wear is caused by frictional work, which 
is proportional to the tangential traction and the sliding dis-
tance. However, Archard introduced an experimental wear 
coefficient k that indirectly includes the tangential effect. In 
Archard’s wear law, which is widely accepted and reason-
ably concise, wear depth is considered proportional to nor-
mal pressure and sliding distance. It is expressed as

where Δh is the wear depth, k is the wear coefficient, p is 
the normal pressure, and Δs is the relative sliding distance. 
Additionally, when the contact pressure is known, the sub-
surface stress field for plane strain conditions is expressed as

(1)

ūz = −
2

𝜋E∗ ∫
x2

x1

p
(
x�
)
ln ||x − x�||dx� − 1

2G∗ ∫
x2

x

q
(
x�
)
dx� + C,

(2)Δh = kpΔs,

Fig. 1  Schematic diagram of line contact
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The principal stress difference τ is expressed as

2.2  Numerical Procedure for Normal Pressure

It is known that the wear depth and the subsurface stress 
field are related to the contact pressure according to the 
description in Sect. 2.1. However, many non-Hertzian con-
tact problems rarely permit closed-form analytical solu-
tions. This is particularly true in the case of wear, where 
the contact shape cannot be described by a simple quadratic 
expression because it varies with time. Numerical methods 
are well suited for determining the contact pressure. A cal-
culation domain [x1, x2] is selected and uniformly divided 
into N elements. The nodes of the grid used in the contact 
analysis are denoted by i (0≤i≤N). The set of all nodes in the 
grid is marked by Ig. It should be noted that the calculation 
domain must be large enough to include all contact regions 
after wear.

The elastic contact problem based on the material 
removal can be described by the following equations and 
constraints:

(3)
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where g is the gap between the two contact surfaces, P 
is the external normal loads, u ̅z is the surface normal dis-
placement, Δx is the discretization size, g0 = x2/2R is the 
initial gap, h is the total wear depth, and δ is the ‘rigid-body’ 
approach of the two solids; the superscript represents the 
time discrete point and the subscript represents the spatial. 
The diagram of the gap is shown in Fig. 2.

The iteration scheme based on the CGM was employed to 
solve the discrete contact problem (5). Additional informa-
tion about the CGM can be found in Ref. [22].1 The nodal 
displacements u ̅zi produced by the corresponding contact 

pressure pi and qi are computed at each iteration step. Equa-
tion (1) gives the integral form expression to solve the sur-
face normal displacement. However, the equation is a sin-
gular integral, and it should be expressed in a discrete form. 
Assuming that the Coulomb friction law is satisfied between 
normal and tangential tractions, i.e., q = µp, the relationship 
between surface normal displacements and traction can be 
written as

where Ki−j is the influence coefficient. The traction dis-
tribution is approximated by a stepwise constant function, 
which is uniform within each discrete element of the surface. 
Following this approximation, the influence coefficients Ki−j 
are calculated as delineated in Appendix A.

After obtaining the contact pressure, the wear depth 
increments can be solved using Eq. (2); the total wear depth 
is the sum of the wear depth increments. Furthermore, after 
the contact pressure is solved, the subsurface stress field 
would be obtained using the discrete form of Eq. (3), which 
can be written as follows:

(6)ūzi = −
∑
j

Ki−jpj
(
i, j ∈ Ig

)
,

(7)�rs
(
xi, zk

)
=

N∑
j=0

Nrs
i−j

(
zk
)
pj +

N∑
j=0

Trs
i−j

(
zk
)
qj,

Fig. 2  Schematic diagram of the gap between the two contact sur-
faces (g = 0 in the contact region)

1 There is a typo in Eq.  (31b) of the reference; it should be 
pij ← (P0/P) pij.
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where Nrs
i−j

(
zk
)
 and Trs

i−j

(
zk
)
 are the stress influence coef-

ficients of the node i at the depth zk for the normal traction 
pj and the tangential traction qj, respectively. The explicit 
formulas for Nrs

i−j

(
zk
)
 and Trs

i−j

(
zk
)
 could be obtained by mak-

ing an assumption of the stepwise uniform distribution of 
contact pressure; the details can be found in Appendix B.

As the numerical results are to be compared with the 
experimental data described in Sect. 3.2, a specific move-
ment is necessary. Our simulation employed a sliding dis-
tance increment Δs = 25 mm to calculate the wear.

3  Experimental Details

3.1  Photoelasticity Method

A typical optical setup for photoelasticity, which is used to 
analyze isochromatic patterns, is shown in Fig. 3. This setup 
consists of a monochromatic light source, two linear polar-
izers, two quarter-wave plates, a CCD camera, and a bire-
fringent specimen that experiences wear under preloads. A 
monochromatic light passes through a polarizer  Pπ/2 whose 
optical axis is vertical. Then, the linearly polarized light 
passes through the first quarter-wave plate  Qπ/4, the fast axis 
of which subtends an angle of π/4 with a reference axis ox. 
The light emitted from the first quarter-wave plate becomes 
a circularly polarized light. The beam emitted from the first 
quarter-wave plate passes through a birefringent specimen 
with retardation δ, the fast axis of which makes an angle 
θ with the ox axis, the second quarter-wave plate  Q3π/4, an 
analyzer  P0, the optical axis of which is horizontal, and a 
CCD camera.

The light emerging from the analyzer can be derived 
using the Jones calculus [24]. The Jones vector Ed can be 
written as

(8)Ed = P0Q3�∕4R�,�Q�∕4P�∕2.

The light intensity Id is the product EdEd
∗ , where Ed

∗ 
denotes the complex conjugate Ed . Therefore, the light inten-
sity can be expressed as

where Ia denotes the amplitude of the incident light vec-
tor. Meanwhile, the retardation δ of the specimen is related 
to the principal stress difference as [24]

where fσ is the material stress fringe value, which depends 
on the birefringent material and incident light wavelength, 
and d is the thickness of a specimen. The material stress 
fringe value can be measured using pure bending beam 
experiments [6] or disks under diametral compression tests 
[25].

(9)Id = Iasin
2 �

2
,

(10)�1 − �2 =
�f�

2�d
,

Fig. 3  Optical arrangement for photoelasticity

Fig. 4  Experimental setup

Fig. 5  Variations in the friction coefficients with time
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3.2  Experiment

Figure 4 shows the experimental setup for this work. A trans-
parent block made of epoxy resin, 60 mm in width, 40 mm 
in height, and 4 mm in thickness, is subjected to the constant 
normal load of P = 44 N. These configurations enable the 
block to approximate a plane stress state without causing too 
much plastic deformation and can make the photoelastic pat-
terns in the observation domain not too dense and too sparse. 
The material fringe value fσ of the specimen is determined 
to be 14.6 kN/(m·fringe) by a four-point bending test. The 
cylinder–block wear tester, as shown in the inset, is placed 
in a circular polariscope. The diameter of the carbon steel 
cylinder is 49.22 mm, and the rotation speed is 100 r/min, 
which enables the camera to capture pictures more clearly 
without making the experiment consume too much time. The 
Young’s modulus and Poisson’s ratio are 2.1 GPa and 0.4, 
respectively, for the block and 210 GPa and 0.3, respectively, 
for the cylinder. A 587-nm-wavelength monochromatic light 
emitted from a low-pressure sodium lamp is used as the light 
source. The photoelastic patterns are collected by a CCD 
camera with a resolution of 659 × 494 pixels.

The experiments were conducted at room temperature 
under dry friction conditions. Prior to the photoelastic 
experiment, the friction coefficient between the epoxy resin 
and carbon steel was measured by a ring–block wear tester. 
The variation in the friction coefficient with time is shown in 
Fig. 5. After running in, the friction coefficient maintained 
a constant value of approximately 0.25. The wear scars of 
the specimen under a desired sliding distance were meas-
ured by a three-dimensional surface profilometer (Talysurf 
CLI 1000, Talyor Hobson). The wear coefficient k could be 
determined as [12]

where V is the total worn volume, s is the total slid-
ing distance, and P is the normal load. Here, the dimen-
sional Archard wear coefficient k = K/H is used as the 

(11)k =
V

Ps
,

proportionality constant to the pressure p times the sliding 
distance s, as shown in Eq. (2).

4  Results

4.1  Surface Topography Evolution

In this study, the steel cylinder and epoxy resin block were 
used as the friction counterpart. The sliding line contact 
was composed of the cylindrical surface and the block. 

Fig. 6  3D wear scar of the epoxy resin

Fig. 7  Profiles of worn blocks for the sliding distances of 31 m (a), 
77 m (b), 155 m (c), and 233 m (d)
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Owing to the obvious difference between the hardness of 
the friction pairs, the cylinder was treated as a rigid body, 
and therefore the wear occurred solely on the block. The 
three-dimensional wear scar after running 155 m is shown 
in Fig. 6. It seemed that non-conforming contact changed 
into conforming contact during the wear processes. Figure 7 
displays wear scars obtained with the help of TalyMap from 
cross-sections perpendicular to the sliding direction and 
worn volume under 31, 77, 155, and 233 m sliding distances. 
The wear coefficient was estimated to be 2 × 10− 9 MPa− 1 
using Eq. (11).

4.2  Pressure and Wear Scar Evolution

The simulation was carried out after the desired param-
eters were obtained. The evolution of contact pressure in 
the simulation is shown in Fig. 8. The maximum contact 
pressure and contact width were 18.75 MPa and 0.758 mm, 
respectively, consistent with the Hertz solution. The 

maximum contact pressure decreased gradually, while the 
contact width showed the opposite trend with the increase 
in sliding distance. The contact pressure tended to be evenly 
distributed when the sliding distance increased to a certain 
value; this trend became more obvious as the sliding dis-
tance continued to increase. Figure 9 shows the evolution 
of surface profiles in the simulation. This figure indicates 
that the maximum wear depth increases gradually when the 
sliding distance increases.

4.3  Photoelastic Pattern

The examples of the isochromatic patterns near the con-
tact surfaces are shown in Fig. 10; the area of interest 
is 4 mm × 3 mm. Figure 10a, c shows the experimental 
results. As shown in these images, the maximum fringe 
order occurs inside the body within a small distance from 
the contact surface. Figure 10a shows the fringe pattern 
at static contact. An eccentric fringe pattern, shown in 
Fig. 10c, was observed when the two bodies were about to 
slide against each other, which is consistent with the theo-
retical results [23]. Simultaneously, simulation results at 
static contact and initial sliding are shown in Fig. 10b, d.

Figure  11 shows the experimental and simulation 
results of photoelastic patterns during wear processes. 
As the sliding distance increases, the wear volume of the 
block also increases. From the experimental results, it can 
be observed that the enclosed area of the maximum fringe 
order declined as the wear volume increased.

5  Discussion

Using photoelasticity to observe the sliding distance vari-
ant plane stress has enabled this novel study. Additionally, 
experimental results were compared with numerical simu-
lations. The main results are presented; first, a block-on-
cylinder contact wear tester was placed in a circular polari-
scope, which allowed us to use a CCD camera to capture 
the in situ sliding distance variant isochromatic pattern of 
the block during wear, and, second, numerical simulations 
were conducted in the framework of the CGM method and 
Archard’s wear law. Wear processes were quantified by 
analyzing profiles and measuring wear volumes from the 
wear test. The photoelastic results qualitatively illustrated 
the evolution of the maximum shear stress in the subsur-
face during the wear processes.

Figures 7 and 9 show the experimental and simulation 
results of the wear profiles with different sliding distance. 
Comparing the two figures, it can be seen that there is 
a large gap between the wear volumes when the relative 
sliding distance is small. The main reason is that the sur-
face roughness will affect the measurement results when 

Fig. 8  Evolution of the contact pressure in the simulation under dif-
ferent sliding distances

Fig. 9  Wear scar evolution of the block in the simulation under differ-
ent sliding distances
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the wear distance is small, which affects the accuracy of 
wear volume measurements. Figure 8 shows the evolution 
of normal contact pressure at different sliding distances. 
According to the results of Ref. [11, 26], the center of the 
contact strip will be displaced from the axis of symmetry 
when two different elastic bodies come into contact and 
will eventually become symmetrical with the existence of 
wear. However, these trends are not obvious in Fig. 8 due 
to the low friction coefficient.

The photoelastic patterns in static contact shown in 
Fig. 10a, b are similar, while at the initial sliding stage 
the inclination angle of the maximum order fringe is larger 
than the experimental results (shown in Fig. 10c, d). The 
inclination angle is influenced by the tangential force. 
In this study, the Coulomb friction law was employed to 
calculate the tangential force; however, the relationship 
between normal and tangential forces is more complicated 
[27]. In addition, it can be observed from Fig. 5 that the 
friction coefficient is a time-variant value. At the begin-
ning of macro sliding, the friction coefficient is smaller 
than 0.25, which is the value used in this paper. Every fac-
tor mentioned above might cause differences between the 
theoretical and experimental results. Due to the wear vol-
ume differences between the experiment and simulation, 
the isochromatic patterns will inevitably be different. How-
ever, it could also partially explain the trend of the maxi-
mum shear stress in the subsurface. At this point, there are 
still difficulties separating principal stress directly from the 
isochromatic patterns under dynamic conditions. Figure 12 

shows shear stress evolution near the contact surfaces by 
the simulation method. This method reproduces the value 
and position of the maximum shear stress during wear 
processes. As the wear volume increases, the value of the 
maximum shear stress gradually decreases. Additionally, 
the maximum shear stress position transferred from the 
subsurface to the edge of the contact region.

It is noted that, in the simulation method, the mathemati-
cal treatment for the tangential force is classical, i.e., it 
assumes a constant friction coefficient. However, the fric-
tion coefficients vary with time, which will influence the 
photoelastic patterns. In addition, Archard’s wear law was 
employed to calculate wear volumes; nonetheless, hun-
dreds of wear laws have been developed that are suitable 
for different occasions [13]. Furthermore, the quarter-wave 
plate can be used for only one specific wavelength due to its 
nature. This will lead to the fact that the emitted light is not 
a circularly polarized light in the strict sense but an ellipti-
cally polarized light. A broader investigation regarding the 
involvement of these effects on the results will be the focus 
of future research.

6  Conclusions

The photoelastic method was applied to observe in situ plane 
stress during wear in a line contact. As there are still some 
difficulties in separating principal stress directly from the 

Fig. 10  Photoelastic patterns of 
static contact and initial sliding 
for the experiment (a, c) and the 
simulation (b, d)
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isochromatic patterns under dynamic conditions, numerical 
simulation was also conducted in this study. The main conclu-
sions were as follows:

a. The photoelastic technique was employed to observe 
real-time isochromatic patterns, which can qualitatively 
illustrate the evolution of the maximum shear stress dur-
ing wear processes in a line contact.

b. The normal contact pressure was computed by the 
CGM algorithm for arbitrary contact profiles, and the 
Archard’s wear law was applied to calculate wear vol-
umes.

c. Based on the numerical results of wear, the photoelastic 
patterns were simulated and compared to the experimen-
tal results. In addition, the value and position of the max-
imum shear stress were computed. The simulation results 

Fig. 11  Photoelastic patterns for 
the experiment and the simula-
tion, respectively, after running 
31 m (a, b), 77 m (c, d), 155 m 
(e, f) and 233 m (g, h)
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showed that as the wear volume increased, the value of 
the maximum shear stress decreased gradually. Addition-
ally, the maximum shear stress position transferred from 
the subsurface to the edge of the contact region.
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Appendix A

The surface deflection distribution produced by a given con-
tact pressure p(x) is shown in Eq. (1). As the ‘rigid-body’ 
approach δ in Eq. (5) can be determined based on the load 
balance condition, the constant C in Eq. (1) can be merged 
with it. Equation (1) can be expressed as the Green function:

where Ig is the grid area and K(x) represents the surface 
displacement distribution produced by a unit concentrated 
normal force acting at the origin. Comparing Eq. (A.1) with 
(1), the kernel K(x) is given by

where H(x) is the Heaviside step function. Under the 
assumption of stepwise constant distribution of contact pres-
sure, the influence coefficient Ki−j is given by

(A.1)u = −∫Ig

K
(
x − x�

)
p
(
x�
)
dx�,

(A.2)K(x) =
2

�E∗
ln |x| + �

2G∗
H(x),

(A.3)
Ki−j = ∫

xj+Δx∕ 2

xj−Δx∕ 2

2

�E∗
ln ||x� − xi

|| +
�

2G∗
H
(
x� − xi

)
dx�.

Fig. 12  Shear stress evolution 
with sliding distance: static 
contact (a), initial sliding (b), 
31 m (c), 77 m (d), 155 m (e), 
and 233 m (f)
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Integrating Eq. (A.3) yields an explicit formula for Ki−j, 
which can be expressed as

where f (x) = x(ln |x| − 1).

Appendix B

where
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