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Abstract
Flow of complex fluids in porous structures is pertinent in many biological and industrial 
processes. For these applications, elastic turbulence, a viscoelastic instability occurring at 
low Re—arising from a non-trivial coupling of fluid rheology and flow geometry—is a 
common and relevant effect because of significant over-proportional increase in pressure 
drop and spatio-temporal distortion of the flow field. Therefore, significant efforts have 
been made to predict the onset of elastic turbulence in flow geometries with constrictions. 
The onset of flow perturbations to fluid streamlines is not adequately captured by Debo-
rah and Weissenberg numbers. The introduction of more complex dimensionless numbers 
such as the M-criterion, which was meant as a simple and pragmatic method to predict 
the onset of elastic instabilities as an order-of-magnitude estimate, has been successful 
for simpler geometries. However, for more complex geometries which are encountered in 
many relevant applications, sometimes discrepancies between experimental observation 
and M-criteria prediction have been encountered. So far these discrepancies have been 
mainly attributed to the emergence from disorder. In this experimental study, we employ a 
single channel with multiple constrictions at varying distance and aspect ratios. We show 
that adjacent constrictions can interact via non-laminar flow field instabilities caused by a 
combination of individual geometry and viscoelastic rheology depending (besides other 
factors) explicitly on the distance between adjacent constrictions. This provides intuitive 
insight on a more conceptual level why the M-criteria predictions are not more precise. 
Our findings suggest that coupling of rheological effects and fluid geometry is more com-
plex and implicit and controlled by more length scales than are currently employed. For 
translating bulk fluid, rheology determined by classical rheometry into the effective behav-
iour in complex porous geometries requires consideration of more than only one repeat ele-
ment. Our findings open the path towards more accurate prediction of the onset of elastic 
turbulence, which many applications will benefit.

Article Highlights 

• We demonstrate that adjacent constrictions “interact” via the non-laminar flow 
fields caused by individual constrictions, implying that the coupling of rheological 
effects and fluid geometry is more complex and implicit.
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• The concept of characterizing fluid rheology independent of flow geometry and 
later coupling back to the geometry of interest via dimensionless numbers may fall 
short of relevant length scales, such as the separation of constrictions which con-
trol the overlap of flow fields.

• By providing direct experimental evidence illustrating the cause of the shortcom-
ing of the status-quo, the expected impact of this work is to challenge and augment 
existing concepts that will ultimately lead to the correct prediction of the onset of 
elastic turbulence.

Keywords Multiple microchannel · Microfluidics · Viscoelasticity · Polymers

1 Introduction

In the last few decades, there have been significant efforts to understand the flow behaviour 
of complex fluids in intricate geometries more relevant to applications in a wide variety of 
industrial processes such as moulding, extrusion, coating, spraying, flow of polymer melts 
and aqueous solutions, lubricant grease for machine bearings, pharmaceutical applications 
(Hossein et al. 2016; Mahmoodi et al. 2021) and in medicine, where the non-Newtonian 
rheology of blood is important and a very relevant factor in the development of arterial 
stenosis where multiple local arterial narrowing can evolve due to the unsteady blood flow 
caused by the instability, which leads, in the worst case, to potentially life-threatening bio-
medical conditions in the cardio-vascular system (GAO et al. 2009; Li et al. 2014; Musta-
pha et al. 2008; Rabby et al. 2014). Another important class of application is in the recov-
ery and/or storage of fluids in the sub-surface, where the impact of the complex rheology 
can be significant (Clarke et al. 2016; Parsa et al. 2020; Skauge et al. 2018; Wever et al. 
2011; Zamani et al. 2015). All these applications combine a non-Newtonian fluid rheology 
with complex geometries to some degree, therefore, understanding those interactions and 
their effects on the overall process is key for the improvement and the determination of the 
optimal application window.

The conventional method used in investigating the interplay between the fluid flow rhe-
ology (assumed to be independent of the container) and geometry is to reduce the level of 
complexity and decompose these applications into the flow geometry and the properties of 
the complex fluid, which is characterized by independent measurements. The bulk rheol-
ogy of the fluid is typically measured with standard methods such as a rotational rheometer 
independent of the specific geometry in the application. The effective in situ behaviour of 
the fluid flowing inside the complex geometry is then obtained by coupling the bulk rheol-
ogy with the local geometry and fluid velocity using concepts such as shear rate and exten-
sional rate. The assumption is that a universal in situ behaviour can be described by using 
scaling relationships or dimensionless groups, where similar behaviours can be found for 
different geometries and flow rates but identical shear and extensional rates.

The fluids most relevant for technical applications often exhibit in addition to the vis-
cous response also an elastic component (Sadeghi et  al. 2012). The complication with 
these so-called viscoelastic fluids is that the in situ behaviour of these fluids in the com-
plex flow geometry can show additional effects compared to what is observed in the cor-
responding bulk rheology measurements. Elastic turbulence, which is an important feature 
for many of the relevant applications, is an instability caused by the interplay of the fluid’s 
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elasticity occurring within specific flow geometries such as channels with constrictions 
such as in arterial stenosis. The term “elastic turbulence” has been used in analogy to Kol-
mogorov’s turbulence, but it occurs already at much lower Reynold’s numbers (van Buel 
and Stark 2020; Choueiri et al. 2021; De et al. 2017a; Groisman and Steinberg 2000; Jun 
and Steinberg 2011; Kawale et al. 2017; Samanta et al. 2013; Steinberg 2021). One of the 
consequences of elastic turbulence is the significant and over-proportional increase in pres-
sure drop (De et al. 2017a). For Newtonian fluids, the pressure drop increases proportional 
with the increase in flow rate (shear rate). For the complex fluids of interest, such as poly-
mer solutions and blood which exhibit mostly shear-thinning viscous behaviour (Qi and 
Shaqfeh 2018), expectations are for the pressure drop to decrease less rapidly than Newto-
nian fluids, which is one of the reasons why polymer solutions are selected for improved 
oil recovery processes. However, elastic turbulence causes the pressure drop to increase in 
a strongly over-proportional manner which leads to far reaching consequences, for instance 
the risk of heart attack in arterial stenosis and overpressure of the sub-surface during fluid 
storage/recovery. In cases where polymer solutions are present, elastic turbulence leads to 
repeated and rapid stretching and collapse sequences of the polymer chain (Varshney and 
Steinberg 2019) which may damage high molecular weight polymers resulting in an unde-
sired strong reduction in viscosity (De et al. 2017a; Garrepally et al. 2020).

Due to its relevance, many attempts have been made to parameterize the in situ effective 
rheology and predict the effective pressure drop of a viscoelastic fluid flowing in chan-
nels with constrictions or porous materials. Several scaling and dimensionless groups such 
as shear or extensional rate, Weissenberg number (Wi), and Deborah number (De) have 
been employed to understand the onset of this elastic turbulence (van Buel and Stark 2020; 
Walkama et al. 2019). Most of these parameters have identified transitions in flow regimes 
from steady to unsteady behaviour and even time-dependent flow behaviour (Zilz et  al. 
2012). However, when probing in detail the flow behaviour in more complex geometries 
having varying lengths between constrictions and varying aspect ratios, capturing the onset 
of turbulence is not as simple as the use of the dimensionless parameters mentioned above 
and attempts to predict the onset have been largely unsuccessful.

This is a long-standing problem. It has always been clear that De and Wi numbers cap-
ture only the end members of the more general case. We find that the De and Wi should 
coincide in situations where only one length scale determines the dynamics of the problem. 
When multiple length scales are critical to determining the problem, a geometric factor 
can relate both dimensionless numbers. Hence, McKinley and co-authors introduced the M 
criteria which combine both De and Wi, to capture the in situ effective behaviour by only 
one scaling group (Alves and Poole 2007; Browne et al. 2020; Mckinley et al. 1996; Pakdel 
and McKinley 1996; Zilz et al. 2012), which is intended as a simple and pragmatic order-
of-magnitude estimate for the onset of viscoelastic instabilities.

Most of the literature has focused on geometries with one single constriction (Ekanem 
et al. 2020; Haward et al. 2019; Hopkins et al. 2021; Raihan et al. 2021; Zhao et al. 2016) 
to conceptualize the fundamental fluid rheology – geometry relationship. In such geom-
etries, the M criteria have been reasonably successful as a dimensionless parameter that 
predicts the onset of distortion to the fluid streamlines from laminar behaviour where the 
surrounding is laminar and the instability initiates at the single constriction. However, it 
has not been successful either in conceptualizing the behaviour in more complex geom-
etries (Browne et al. 2020; Cruz et al. 2014; Haward 2016; Haward et al. 2012; Sousa et al. 
2015) with multiple or repeated constrictions, such as found in porous media (Mckin-
ley et  al. 1996) and also in applications such as arterial stenosis where blood (which is 
a viscoelastic fluid) flow encounters irregular arterial surfaces and asymmetric lesions at 
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multiple locations (Khodaparast et al. 2014; Mustapha et al. 2008; Qin et al. 2019; Rabby 
et al. 2014; Zografos et al. 2020). The established literature on the topic mainly focuses on 
either single repeat units or structures with many repeat units which start with regular pat-
terns and an increasing degree of randomness is introduced. The deviations of the observed 
onset of elastic turbulence from the prediction by the M-criteria are then largely explained 
by an emergence as a consequence of disorder (Cruz et al. 2014; Haward 2016; Haward 
et al. 2012; Sousa et al. 2015).

However, that systematics leaves a gap as to how the effective in situ behaviour becomes 
more than the sum of its individual parts. By addressing the problem with a sequence of 
constrictions at varying separation distances, it becomes evident why De, Wi and M do not 
provide an entirely sufficient description of the instability, including its onset. The cause 
is a more complex interaction between adjacent constrictions which couple via the flow 
field resulting from a combination of respective local geometry at the constriction and fluid 
rheology. Depending on the distance between adjacent throats in the flow geometry, the 
flow field turbulence, which is elastic in nature, moves upstream (Qin et al. 2019) and may 
interact with the preceding throat, depending on different conditions that relate to the inter-
action between the fluid velocity and the porous media geometry. By using a flow geom-
etry consisting of a single channel, with a sequence of constrictions with varying distance 
between adjacent constrictions and varying aspect ratio, which is the elementary geometry 
typically considered for arterial stenosis (Khodaparast et al. 2014; Mustapha et al. 2008; 
Qin et al. 2019; Rabby et al. 2014; Zografos et al. 2020), we can show in an elementary 
way the varying interaction between subsequent throats via the (unstable) flow field, where 
the magnitude of the interaction depends on the degree of flow field instability, i.e. has 
an onset which coincides when the unstable flow field reaches the adjacent upstream pore 
throat. This means that for a given bulk fluid rheology, in a porous medium, the effective 
pressure drop is also influenced by the specifics of the porous medium in terms of distance 
between constrictions and size of the constrictions which introduces another length scale 
into the problem.

2  Materials and Methods

2.1  Polymer Solution Preparation

Hydrolyzed polyacrylamide (HPAM), an anionic polyelectrolyte, was used as the viscoe-
lastic fluid because it is a commonly used and well-studied model system and has practical 
relevance for a range of applications (Garrepally et al. 2020; Jun and Steinberg 2011; Yao 
et al. 2019).

It is comprised of both acrylamide monomer and 30% acrylic acid monomer and was 
obtained from SNF Floerger. It has a molecular weight range between 18 and 20 MDa. 
The HPAM solution was prepared in the presence of 0.5% NaCl and purchased from 
Sigma-Aldrich. The solution was also prepared in de-ionized (DI) water with a protective 
package (containing 15% isopropanol, 7.5% thiourea, and 77.5% water) added to mini-
mize polymer degradation, such that the final concentration of isopropanol is 20% of the 
polymer concentration. Preparation of the solution was carried out on a magnetic stirrer 
with a magnetic stirring rod placed inside the solution at a high speed for the first 10 min 
and reduced to medium speed for 48 h to ensure proper dissolution and hydration of the 
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individual polymer molecules. (De et al. 2018a, b). Figure 1 shows the bulk characterisa-
tion of HPAM using standard rheometry.

2.2  Microfluidic Experiment and Visualization

Experiments were carried out in two microfluidic channels of length 37.2 mm long, com-
prising four constrictions represented by throats and five channel bodies represented by 
pores. The channels were designed in-house and fabricated by Dolomite, United Kingdom. 
The first channel has a throat width of 0.4 mm, and the second channel 0.2 mm. Image 
analysis was performed for both channels and only in the first three throats with its associ-
ated pore bodies as denoted with a red line in Fig. 2. HPAM and Newtonian fluid (Gly: 
water) as described in Table 1 is injected into the channel at different flow rates from left 
to right, such that an average velocity  Uav = Q/hw is imposed. Channel 1 has a contraction 
ratio (CR = width of pore/width of constriction =  wu/wc) of 5, and channel 2 has a CR = 10. 
Exact dimensions are listed in Table 2. The geometry is inspired by previous work [29] 
which provided guidance for which geometry and dimensions the onset of elastic turbu-
lence can be expected to occur for a given fluid system and typical flow rates that make 
imaging at sufficient frame rates feasible to capture the flow field.

The dimensionless M number is utilized in place of the flow rate Q. The critical M 
denoted as  Mcrit (Eq.  2) occurs at the onset of an infinitesimal perturbation to the fluid 
streamline. We obtain different M numbers from 2 to 18 in both channels as the flow rate 

Fig. 1  Bulk characterization of hydrolyzed polyacrylamide (HPAM). (A) Shear viscosity versus shear rate 
with a Carreau Yasuda fit (B) Shear stress as a function of the shear rate (C) Amplitude sweep of G’ G” 
versus strain, showing the linear viscoelastic region (D) Frequency sweep of G’G” versus the angular veloc-
ity at a strain of 0.1
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of HPAM is increased. The flow behaviour of both channels is shown, where CR = 5 is rep-
resented by M = 2, 6,9 and 13, while CR = 10 represents M = 4, 8, 14 and 18. For imaging, 
the flow cell was divided in two separate field of views, namely pore I-IIIa and the pore 
IIIb and IV, which were afterwards connected (which is still visible as a small discontinu-
ity, which has no influence on the conclusions).

Fluid flow visualizations were carried out using a micro-particle image velocimetry 
(µ-PIV) technique. The polymer solution was seeded with fluorescent 2.0 µm polystyrene 
microspheres obtained from microParticles GmbH. The particle concentration was 0.5% 
w/v. The µ-PIV set-up consisted of an inverted microscope (Leica DMi8), comprising an 
objective lens of 2.5 × magnification (Leica HC PL Fluotar 2.5 × /0.07 numerical aperture 
objective) and a Thorlabs plano-convex round cylindrical lens (f = 250 mm) enclosed in a 
2.5 × camera adapter (Leica 10,441,675).

The microchannel was first cleaned with an Aquet cleaning solution, using a 10 ml gas 
tight Hamilton syringe. Afterwards, HPAM-Na was injected into the microchannel with the 

Fig. 2  Microfluidic channel geometry investigated for polymer solution flow by microparticle image veloci-
metry technique A represents channel 1 with a contraction size of 0.4 mm and an aspect ratio (AR) of 5. B 
Represents channel 2 with a contraction size of 0.2 mm and an aspect ratio (AR) of 10. The imaged region 
considered is marked with red lines

Table 1  Description and summary of the properties of each solution

Solution Polymer 
Conc. 
(ppm)

Salt Csalt (%) ηo 
(Pas)

Re λ 
(s)

CY fitting parameters

range ηo (Pa s) η∝ (Pa s) n a �
CY
(s)

Gly.: water 
(84% Gly. & 
16% water)

– – – 0.06 10–2–10 – – – – – –

HPAM 2000 NaCl 0.5 0.59 10–3–10–1 4 0.82 0.01 0.04 1.01 0.07

Table 2  Characteristic 
dimensions of the micro-
channels used in this work

Geometry Channel 
width, w

u
 

(µm)

Constriction 
width, w

c
 

(µm)

Aspect ratio 
(AR = w

u
/w

c
)

Channel 
height, h 
(µm)

Channel 1 2000 400 5 200
Channel 2 2000 200 10 200
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same syringe for 5 min to ensure a steady flow, before flow field visualization of HPAM-
Na began. The fluid effluent was collected in a vial with a long tubing connected to the 
microchannel outlet and free from any obstruction, to prevent downstream perturbations 
and backflow.

During flow visualization, images were acquired at a constant x–y plane, located at the 
midpoint of the z-axis direction. The centre plane of the channel was determined by first 
observing the top and bottom surface, with the help of supplier markings, then averaging the 
distance between both surfaces to get the mid-plane. In order to avoid long streak images dur-
ing flow visualization, the exposure time was set at 550 µs and then reduced continuously 
as the flow rate increased, ensuring that all particle displacement between successive frames 
were optimal. The velocity distribution in each frame was obtained, by carrying out a cross-
correlation analysis with the particle displacement and time between two successive frames. 
This correlation analysis was processed using the PIVLAB open-source tool on MATLAB.

2.3  Dimensionless Numbers

The polymer solution is injected into the microchannel at a controlled volumetric flow rate, 
using two syringe pumps, obtained from Fischer Scientific, UK. The upstream average veloc-
ity in the channel is Uav =

Q

hwu

where h is the channel height and wu is the channel upstream 
width. The Reynold’s number, Re, is defined in Eq. 1, based on the average velocity, uc

where the density of the polymer solution is � , the hydraulic diameter, dh = 2wch

(wc+h)
 , and the 

velocity at the contraction is uc . We have expressed the viscosity, �0 , as the zero-shear rate 
viscosity because choosing either the zero-shear rate viscosity, infinite-shear rate viscosity 
or the local-shear rate-dependent viscosity, will have negligible effect on the magnitude of 
Re, for all flow conditions.

Due to the instabilities of viscoelastic solutions, which have been studied and observed in 
so many situations, especially with microchannels (Browne et al. 2020; Gutiérrez et al. 2020; 
Hopkins et al. 2021; Howe et al. 2015; Mitchell et al. 2016), a dimensionless M criteria, for 
the onset of purely elastic flow instabilities, were proposed as a pragmatic and simple con-
cept by Pakdel & Mckinley (Mckinley et al. 1996; Pakdel and McKinley 1996). This dimen-
sionless M criteria, in Eq. 2, considers both the elastic stresses and the curvature of the fluid 
streamlines, as elastic instabilities emerge from the coupling of both quantities causing a ten-
sion in the fluid streamline.

where the first term �u
ℜ

 , relates to the Deborah number, De, with �u , representing the length 
scale to which perturbations to the base viscoelastic stress and velocity fields relax. Here, 1∕ℜ 
is the radius of curvature and a dimensionless measure of the relative distance over which the 
disturbances are advected compared to the local curvature of the flow. �11 represents the stress, 
and �̇� represents the shear rate. Since our geometry has a hyperbolic contraction, we use Eq. 3, 
to estimate the radius of curvature at the contraction.

(1)Re =
�ucdh

�0

=
2�Q

�0(h + wc)

(2)
[

𝜆u

ℜ

𝜏11

𝜂0�̇�

]
1

2

≥ Mcrit
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The second term in Eq.  2 is representative of the Weissenberg number, which is the 
ratio of elastic stresses to viscous stresses. Therefore, we can write the dimensionless M 
criteria in relation to Deborah and Weissenberg number as follows:

The Deborah number is De = �u

ℜ
 and the Weissenberg number is Wi =

𝜏11

𝜂0 �̇�
 . Defining the 

Deborah number for a fluid that is both viscoelastic and shear-thinning can be more diffi-
cult. Here, we use the zero-shear rate viscosity limit for consistency. Note that, there are 
also more advanced definitions with a modified dimensionless number that also considers 
the shear-thinning (Xie et al. 2022).

The stress,�11, in Eq. 2 is represented by the normal stress N1 and obtained using the 
equation 2F

�R2
 where F is the normal force obtained during rotational experiment, while 

using a cone and plate geometry (angle = 2o ) and R is the radius of the plate geometry.
Calculating and inputting all the terms in Eq. 2, with Mcrit being the onset for purely 

elastic instability in the microchannel, we obtain M values, that range ≈ 2 – 18, for the 
experiments carried out in this work.

3  Results and Discussion

The core of the experiment is a microfluidic device that consists of single channels with 
multiple constrictions at different distance. For the constrictions, two different aspect ratios 
AR (ratio of upstream width and constriction width) were considered. For details, we refer 
to Fig.  2. In Fig.  3, we show the velocity field as obtained from particle image veloci-
metry, for a viscoelastic aqueous solution of high-molecular weight polyacrylamide (for 
details see Table  1). The injection rate is varied to cover flow regimes from laminar to 
elastic turbulence. Note that, Fig. 3 is a combination of the two aspect ratios (CR = 5 and 
CR = 10) studied. The different injection rates and aspect ratios result in an increasing Pak-
del–Mckinley M criterion.

We observe that for M = 2, the flow field is mainly laminar. For 4 ≤ M ≤ 6, the flow field 
remains laminar but not fully symmetric. We observe that at M = 4, the first disturbance 
to the fluid streamline occurs with a localized distortion at each individual constriction 
(essentially an unsteady eddy at the upstream location of each pore throat) with an evolu-
tion of a streamwise vortex (Browne et  al. 2020) suggesting that  Mcrit = 4. We also find 
that as the velocity proceeds to higher M number, the flow perturbations do not remain 
localized in each pore and constriction of both channels. These perturbations and vortici-
ties grow in length as shown in Fig. 3 causing interactions between pores depending on 
the pore length and are characterized by flow instabilities or turbulence that are elastic in 
nature and usually termed “elastic turbulence”(De et al. 2017b; Ekanem et al. 2020; Grois-
man and Steinberg 2004). The vortex-like structures that were previously constrained to 
the constriction at lower M values begin to form bridges between adjacent constrictions at 
M = 8 for the smallest separations (pores I and II).

At sufficiently large M (M = 8), the perturbed flow develops into larger circulating vor-
tices in pore II, the smallest pore body, and is advected upstream of the preceding constric-
tion (Qin et al. 2019). In the largest pore body represented by pore III, this behaviour of 

(3)ℜ =
wp − wc

2
=

wc

2
(CR − 1)

(4)M =
√

DeWi
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overlapping flow fields is observed at M = 13 supporting the strong relationship between 
flow rate and distance between connecting constrictions. This overlapping flow field 
continues more strongly as the M increases. For increasing M, we observe the develop-
ing viscoelastic instability that propagates progressively upstream (Qin et  al. 2019) and 
begin bridging between the closer spaced constrictions. At M > 13, we observe an increase 
in vortex structures having different sizes with a reduced velocity of the fluid streamlines 
within the pores, which help to keep the fluid momentum balanced. At this point, the flow 
fields which are overlapping transition towards a non-local effect (Jun and Steinberg 2011). 
The change from the non-overlapping flow field below M = 8 to an overlapping flow field is 
representative of the complex flow behaviour from a local to a non-local effect. Because of 
this transition to an overlapping flow field, the separation distances between the constric-
tions become relevant, i.e. an additional length scale is involved which is not captured by 
the current dimensionless parameters (De, Wi, M). In the past, this aspect has been dif-
ficult to observe and determine in the more complex geometries, or pore structures that 
have been previously studied, because the channelling of flow paths at high velocities is 
mostly observed and dependent on the local order–disorder scheme. However, the sys-
tematic variation in separation distances and the visualization of the associated flow fields 
show that the flow field instability overlapping to the next upstream constriction provides a 
coupling that marks the onset of a localized to a non-local, globally unstable flow pattern. 
These observations are clearly shown in the movies provided in the supplemental mate-
rial (S1 – S8) for all M numbers. From the spatial–temporal patterns of the fluid vortices 
at increasing velocity, we infer that the interplay between the viscoelastic rheology and 
separation distance between constrictions controls the degree of elastic turbulence and flow 
field overlap.

Fig. 3  A Velocity streamlines of the flow fields. B Normalized velocity (|ux|/Uin, where  Uin is the inlet 
velocity) for each pore body from pore I – pore IV for all M numbers. |ux| is the velocity of the fluid within 
the flow domain in each channel. Flow instability increases with M number with the overlapping flow field 
beginning at M = 8. The overlapping flow field is characterized by circulating and unstable flow fields 
which fill the entire pore body upstream and downstream of each pore leading to a complex non-local effect
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The M criteria have been commonly regarded as a measure for the onset of flow field 
perturbation (Haward et al. 2016; Mckinley et al. 1996). However, variations in the onset 
of elastic instabilities are observed for different magnitude of M depending on the exact 
geometry (Browne et al. 2020). While keeping in mind that M has been established as a 
practical measure with order of magnitude accuracy, the question arises as to why a predic-
tion is not more precise. A leading idea is that there might be missing parameters or effects. 
Our experiments confirm that view, but also provide an intuitive explanation.

In our geometry, we observe that the systematically increasing separation distances has 
an influence on the onset of elastic turbulence which can be intuitively related to the coin-
cidence with the overlap of the flow field between constrictions. However, the changing 
lengths between constrictions is not considered in De or Wi and consequently also not in 
M.

In order to support this rather intuitive insight that neither De, Wi or M consider the 
effect of separation distance of pores and the flow field overlap, in the following analy-
sis, we provide a more quantitative description through the coefficient of variation (CoV), 
shown in Fig.  4. The CoV is a statistical analysis of the temporal flow field variations 
determined from the standard deviation divided by the mean of  ux along the centre line of 
the observation region at y = 0. The CoV is determined using  ux instead of  uy because  ux 
samples the entire parameter space in an efficient way. Although, most of the distortions to 
the flow field are observed in  uy,  ux accounts for the upstream and downstream perturba-
tions, averages these distortions over the entire length of the channel and accounts for a 
single position in  uy making  ux a more efficient analysis. For comparison, to put the CoV 
for the HPAM solution into perspective, we also plot the CoV for a Newtonian fluid (Gly: 
water) where the CoV is independent.

If a parameter such as De, Wi or M was truly the non-dimensional parameter describ-
ing the effective behaviour of elastic turbulence, then CoV for different separation of con-
strictions and different AR should all collapse on the same curve. A collapse for M < 8 
is observed for both aspect ratios because the flow fields are non-overlapping. However, 
as the M number increases beyond 8 (i.e. beyond the onset of elastic turbulence), a clear 
deviation in the CoV for the two different AR is observed for the pores with the shortest 
separation distance between adjacent constrictions while for pore IIIa where the separation 
distance to the next downstream constriction is largest (keeping in mind that the instabil-
ity propagates upstream), still a full collapse of the CoV vs. M is observed (Fig. 4C). Pore 
IIIb (Fig. 4D) is an in-between situation, and pore IV (Fig. 4E) is at the very end without a 
constriction further downstream. In other words, the non-collapsing CoV vs. M for exactly 
the situations where the flow fields start overlapping is a very strong indication for the 
separation distances being an additional relevant parameter so far not considered in M, De 
and Wi. The phenomenon could be even more complex because the overlap in flow fields 
makes the phenomenon essentially non-local. The quantification via CoV confirms our pre-
vious observations in Fig. 3.

While Fig. 3 provides only specific snapshots in time, we use a space–time plot shown 
in Fig. 5 to visualize the impact of flow field overlap in a spatio-temporal way. In that way 
we can clearly show that the flow regime is impacted by the separation distance between 
pore throats.

We select two regions: pore II and IIIa which differ in the most significant degree in 
terms of flow field overlap. In the space–time plot, the  ux velocities at y = 0 are plotted in 
space over the entire time of the experiments, such that the  ux velocities observed in each 
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time frame are plotted against the specified space represented. This is shown for all M 
numbers in pores II, and III. Likewise, below M = 8, the spatial temporal plot is denoted 
by a blue colour indicating low velocities and minimal perturbations to the flow field. For 
M > 8, there is an interplay between fast flowing and slow flowing velocities that result 
in flow fluctuations and elastic turbulence. Taking pore II and pore III into consideration 
because pore II represents a short pore length and pore III, a longer pore length that is 
double the size of pore II, we observe that the unstable flow field which begins to overlap 
characterized by an elastic turbulence in pore II begins at M = 8, but more prominent at 
M = 9. However, due to doubling of the pore length in pore III, the overlapping flow fields 

Fig. 4  The coefficient of variation (CoV) of  ux [y = 0] is plotted as a function of the M number in each pore 
body for HPAM at CR = 5 and CR = 10 and for the Newtonian fluid, Gly: water at CR = 10.  ux [y = 0] repre-
sents the x-velocity at the centre line of the flow domain where y = 0. The coefficient of variation (CoV) is 
the standard deviation divided by the mean of the velocity
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begin at M = 13. Interestingly, we find similar spatial–temporal flow behaviour for M = 9 
and M = 13 in pore II and pore III, respectively [see Fig. 5]. As this turbulence continues 
to propagate upstream of each throat, a new length scale is formed which becomes depend-
ent on the existence of a fully developed elastic turbulence. These results are suggestive of 
a strong interplay between the fluid flow rate and the nature of the order–disorder porous 
media geometry, such that while the distance between the contraction in a channel is valid 
at low flows where perturbations are small, this distance become invalid when a full-scale 
perturbation to the flow field occurs.

To further support the hypothesis that the moment when flow fields between adjacent 
pores overlap mark a distinct behaviour and consequently separation distances between 
constrictions become a relevant system parameter, we consider another, dynamic length 
scale, the vortex length lv (Browne et  al. 2020). The dimensionless vortex length L is a 
characteristic length that represents the length of the vortex formed as the fluid streamlines 
become perturbed in relation to the width of the channel, wu (i.e. L = lv/wu). L is determined 
for all M numbers and in pores I, II, and III representing the pores upstream of each throat. 
The dimensionless vortex length plotted against the M numbers (Browne et al. 2020) for 
all three pores mentioned shows a collapse of all curves. There is an increase in L as M 
increases from M = 4, where perturbations to the fluid streamline begin until M = 8/9 where 
the curve begins to flatten out as shown in Fig.  6. This further indicates that there is a 
dynamic length scale which is changing until the flow fields begin to overlap and a fully 
developed instability occurs which obscures that dynamic length scale.

One pertinent question that has been discussed for decades is when the actual elastic 
turbulence begins, how does it relate to the rheological macroscopic behaviour as in the 
apparent shear thickening observed, and most importantly, how can it be defined by a scal-
ing group or dimensionless group? We observe from recent work in single contraction 
channels that the apparent shear thickening rheology does relate to the start of an elastic 
turbulence and when the unstable flow field upstream of the throat or contraction becomes 
fully developed. This may not be the case for the multiple contraction channels used in this 
work as our results show that the turbulence may relate to the onset of the fluid stream-
line perturbation, when the overlap of the flow fields within the pore begins, or when the 
fully developed instability is seen as in M = 14 in Fig. 3. In such single contraction chan-
nels, a single dimensionless parameter was used to identify the changes in the flow behav-
iour. However, with the micro-channels used in this work, a more complex dimensionless 
parameter or number, may be required to identify the changing flow fields because multiple 
geometric length scales will have to be considered to determine the true onset of the elastic 
turbulence.

Fig. 5  (A) the channel showing marked regions in pores II and III where space–time plots were plotted in 
B. (B) space–time plots for pore II and III for all M numbers, representing channel 1 with CR = 5 and chan-
nel 2 with CR = 10. The space–time plot represents the centre line velocity,  ux [y = 0], of the 2 mm marked 
space in pores II and III plotted over the entire time of the experiment of 0.15 s. Results are indicative of 
the flow fluctuations and overlapping flow field in each pore. M = 9 and M = 13 for pore II and pore III and 
outlined in red indicating the start of an overlapping flow field

▸
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4  Conclusion

In summary, we have provided intuitive insight into the onset and evolution of elastic tur-
bulence in complex geometries and geometries with multiple constrictions. By imaging the 
flow field of a non-Newtonian viscoelastic solution in a microfluidic complex geometry 
consisting of multiple constrictions with varying lengths between constrictions and varying 
the aspect ratio, we can relate the onset of elastic turbulence and subsequent evolution with 
the fact that flow fields between adjacent constrictions overlap.

We studied the velocity flow fields and streamlines with increasing M parameter using 
the micro-particle image velocimetry technique. The M parameter identified the  Mcrit = 4 
for the onset of perturbations to the fluid streamline and M = 8 as the onset of an overlap-
ping flow fields.

The covariance of the flow field provided a means of characterization of the different 
regime and was useful in identifying clearly the separation between successive constric-
tions as an extra flow parameter. In our geometry, flow fields between adjacent constric-
tions begin to overlap at M = 8, which at increasing M developed into a full instability 
(Browne and Datta 2021).

However, for different geometries (constriction aspect ratios), the streamwise covariance 
of the flow field does not collapse for De, Wi or M. The reason is that these parameters do 
not consider the separation distance between constrictions which is evidently relevant.

We show that perturbations to the fluid behaviour which transform towards fully devel-
oped turbulence begins from a localized phenomenon, that is characterized by flow distur-
bances around the constriction of the microchannel and later transforms to a non-localized 
phenomenon, where the flow turbulence is infinite and fully developed reaching the total 
length of the pore body repeat unit distance. We further argue that these dimensionless 
parameters that have been used for over decades may not be the appropriate parameters 
to define the onset of the elastic turbulence in these geometries because of the unique and 
dynamic length scale formed by the flow fields as the velocity increases.

Fig. 6  A Shows the image of the velocity vector flowing in the channel with symbols describing the dimen-
sionless vortex length L. Here, L is the ratio of the vortex length lv to the upstream channel width wu. The 
vortex length is an average of five different frames and lp is the length of each pore. BA dimensionless 
vortex length L is plotted against the M number (Browne et al. 2020) for pores I, II, and III, which represent 
the pores upstream of each contraction. There is a collapse of all three curves with a transition from lv < lp to 
lv = lp at M = 8, indicating where the flow fields begin to overlap. Insert plot shows that as the AR increases, 
L increases reaching a plateau and filling up the pore body faster



165Towards Predicting the Onset of Elastic Turbulence in Complex…

1 3

Our findings suggest that a criteria describing the onset of elastic turbulence would ben-
efit from consideration of streamwise length scales of the confining geometry such as dis-
tances between adjacent pore throats. This length scale in relation to the dynamic length 
scale of the flow field could be a parameter describing how the pores are interacting with 
each other and potentially parameterize the transition of the flow regime from a local insta-
bility to a collective phenomenon with global flow field.

It is noteworthy that our geometry, which finds importance in a wide variety of applica-
tions in industrial and biological processes, will have significant impact in understanding 
the onset of fluid turbulence and threshold during polymer extrusion processes, moulding, 
fluid behaviour in porous media for remediations and local arterial opening during multiple 
stenosis formation in the prevention of cardiovascular diseases. We also find that our work 
opens a pathway towards a vast field of research correlating in detail the actual flow field 
behaviour towards predicting the onset of elastic turbulence.
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