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Abstract

In this paper, we derive upscaled equations for modeling biofilm growth in porous media.
The resulting macroscale mathematical models consider permeable multi-species bio-
film including water flow, transport, detachment and reactions. The biofilm is composed
of extracellular polymeric substances (EPS), water, active bacteria and dead bacteria. The
free flow is described by the Stokes and continuity equations, and the water flux inside
the biofilm by the Brinkman and continuity equations. The nutrients are transported in the
water phase by convection and diffusion. This pore-scale model includes variations in the
biofilm composition and size due to reproduction of bacteria, production of EPS, death of
bacteria and shear forces. The model includes a water—biofilm interface between the free
flow and the biofilm. Homogenization techniques are applied to obtain upscaled models in
a thin channel and a tube, by investigating the limit as the ratio of the aperture to the length
€ of both geometries approaches to zero. As & gets smaller, we obtain that the percentage
of biofilm coverage area over time predicted by the pore-scale model approaches the one
obtained using the effective equations, which shows a correspondence between both mod-
els. The two derived porosity—permeability relations are compared to two empirical rela-
tions from the literature. The resulting numerical computations are presented to compare
the outcome of the effective (upscaled) models for the two mentioned geometries.
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1 Introduction

Biofilms are sessile communities of bacteria housed in a self-produced adhesive matrix
consisting of extracellular polymeric substances (EPS), including polysaccharides, proteins,
lipids and DNA (Aggarwal et al. 2015). The proportion of EPS in biofilms is 50-90% of the
total organic matter (Donlan 2002; Vu et al. 2009). Water is by far the largest component
of the matrix, giving biofilms the nickname "stiff water" (Flemming and Wingender 2010).
Biofilms provoke chronic bacterial infection, infection on medical devices, deterioration of
water quality and the contamination of food (Kokare et al. 2009). On the other hand, bio-
films can be used for wastewater treatment and bioenergy production (Miranda et al. 2017).
In microbial enhanced oil recovery (MEOR), one of the strategies is selective plugging,
where bacteria are used to form biofilm in highly permeable zones to diverge the water flow
and extract the oil located in low-permeability zones (Raiders et al. 1989). In wastewater
treatment, one of the strategies consists of using biofilms to break down compounds which
are not desirable to discharge into the natural environment (Capdeville and Rols 1992).

Two of the motivations to derive upscaled models are to accurately describe the average
behavior of the system with relatively low computational effort compared to fully detailed
calculations starting at the microscale (van Noorden et al. 2010) and to determine effec-
tive parameters (Helmig et al. 2002). The values of these effective parameters can be deter-
mined using known values from pore-scale experiments. Recent works have been carried out
to derive upscaled models; for example, Collis et al. (2017) obtained a mathematical model
describing macroscopic tumor growth, transport of drug and nutrient through homogenization
and Jin and Chen (2019) upscaled a pore-scale model for primary fluid recovery and showed
that the macroscopic equation for the water flux is fundamentally different from Darcys’ law.
We also refer to Peszynska et al. (2016) where the authors upscale a pore-scale model for
biofilm growth and compare to the experimental results and Schulz (2019a) where the author
derives effective quantities for a permeable biofilm in a perforated domain. In contrast to
Schulz (2019a), we consider different pore geometries and a multi-component biofilm.

The present work builds on Landa-Marbén et al. (2019), where a pore-scale model is
discussed. The model includes permeable biofilm and evolution of different biofilm com-
ponents: active bacteria, dead bacteria and EPS. The importance of including biofilm per-
meability is underlined by the fact that the dominated mechanism of nutrient transport
within some biofilms is convection (Lewandowski and Beyenal 2003). This mathemati-
cal model is based on laboratory experiments performed by Liu et al. (2019), where the
biofilm was grown in micro-channels. Here, we upscale this pore-scale model to derive
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effective equations, by investigating the limit as the ratio of the height to the length of the
micro-channel approaches to zero.

In this general context, the objective of the research reported in the present article is to
obtain core-scale models (also known as Darcy-scale or macroscale models) for perme-
able biofilm in two different pore geometries: a thin channel and a tube. The motivation
for choosing these two geometries is because experiments are performed in the laboratory
in micro-channels (Liu et al. 2019) and tubes (Bott and Miller 1983), they may represent a
fracture in a core sample (Bringedal et al. 2015) and some porous media can be modeled as
a stack of micro-tubes or micro-channels (van Noorden et al. 2010).

To summarize, the novel aspect in this work is the derivation of core-scale models from
a pore-scale model for a biofilm which is permeable to the flow and has a variable (in time
and space) height. The fluid flow in the biofilm is modeled by the Brinkman equation,
whereas in the remaining pore space the Stokes model is adopted. This is done for two dif-
ferent geometries. We derive analytical expressions for the upscaled quantities and provide
numerical simulations for the upscaled models in both cases.

The structure of this paper is as follows. In Sect. 2, we describe the pore-scale biofilm
model. In Sect. 3, we present the dimensionless pore-scale biofilm model. In Sect. 4, we
perform formal homogenization on the model equations and obtain upscaled equations. In
Sect. 5, we compare the upscaled models with the upscaled model of van Noorden et al.
(2010) and with the well-known core-scale model of Chen-Charpentier et al. (2009). We
compare the derived porosity—permeability relations to empirical porosity—permeability
relations from the literature. Also, we perform numerical simulations in the upscaled mod-
els and we compare the results for the biofilm height and nutrient concentration for the two
different effective models. Finally, in Sect. 6 we present the conclusions.

2 Pore-Scale Model

The pore-scale mathematical model considered here follows ideas from Alpkvist and Klap-
per (2007) ,van Noorden et al. (2010) and Deng et al. (2013). A detailed description of
this model can be found in Landa-Marban et al. (2019), where a comparison of laboratory
measurements and numerical simulations is also presented.

The biofilm has four components: water, EPS, active and dead bacteria (j = {w, e, a,d}).
Let 0; and p; denote the volume fraction and the density of component j. The sum of vol-
ume fractions is constraint to 1 (6,,+ 6, + 6, + 6, = 1). Given that biofilms are mostly
water (Flemming and Wingender 2010), we assume that the volume fraction of water 6, is
constant. The biomass phases and water are assumed to be incompressible (d,p; = 0), and
the biofilm layer is attached to the pore walls. Figure 1 shows schematically the phenomena
considered for the biofilm formation.

t=0 0<t<T t=T
Initially, Inflow: Water flux: Nutrients: Biomass: Outflow: Over time,
th.e blf)ﬁlm Water and Insu‘ie and Transpt?rted by Ma@e of EPS, Biom o] the bloﬁlm
properties |_g) Ly outside the convection and  active and L water and f-w{Properties
are given 'm_‘ eRICTES biofilm. difussion. dead bacteria. - change
(height are ‘Water-biofilm interface: flow out (height
and injected. . A nf . X ow out. S
anc Changes in time due to EPS production, bacterial and
biomass). reproduction, death of bacteria and detachment. biomass).

Fig. 1 Conceptual pore-scale model showing the processes for the biofilm dynamics
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We consider two different pore geometries: a tube in cylindrical coordinates
r = (r,,z) and a thin channel in Cartesian coordinates x = (x,y,z). The z direction is
taken along the length L of the tube and thin channel (see Figs. 2, 6). In the first case,
the pore has circular cross section and in the second a rectangular one. In both cases,
the length is much larger than the cross-sectional aperture. In both cases, we assume
a certain symmetry. For the cylindrical pore, we assume that the processes are radially
symmetric, and hence, there is no angular dependence (see Fig. 2). For the thin channel,
there are no changes in the x direction, i.e., the width of the channel, so it can be reduced
to a two-dimensional strip (see Fig. 6). This assumption is based on experiments, show-
ing that when the width of the channel is much smaller than its height, the growth of
the biofilm occurs only at the upper and lower walls along the channel (Liu et al. 2019).
We present in detail the upscaling of the model equations on the tube geometry. The
upscaling on the channel geometry is shown in “Appendix.” Figure 2 shows the different
domains, boundaries and interface in the pore with tubular geometry.

We consider a thin tube of radius ¢ and length L. We denote the biofilm height
by d which only depends on z and time as a result of the symmetry assumption. The
domain is occupied by the water Q7 (1) = {r| r € [0,0 — d(z,1), ¢ € [0,27),z € (0, L)}
and biofilm Q. (1) = {r|r € (0 —d(z,1),0),p € [0,27),z € (0,L)} phases with the
biofilm located along the tube wall I = {r|r=o9,¢ €[0,27),z € (0,L)}. Clearly,
r =0 —d(z,t) separates the water and biofilm regions. The water domain has three
boundary parts: the inflow Iy, (1) = {r| r € [0,0 — d(z,1)), ¢ € [0,27),z = 0}, the out-
flow I7,, () ={r|r€[0,0-d(z1),p €[0,2r),z = L} and the interface between the
water and the biofilm I () = {r| r=0—-d(z,1),9 € [0,27),z € (0,L)}. Similarly,
for the biofilm we have the inflow I, () = {r| r € (0 —d(z,1),0), ¢ € [0,27),z = 0}
and outflow I (1) = {r|r € (06 —d(z,1),0),p €[0,27) z=L} boundary parts, the
water-biofilm interface I'; ,,(7) and the solid tube wall I'; . Although the tube is a three-
dimensional domain, recalling the rotational symmetry, we only write the r- and z-com-
ponents of the vectors in order to reduce the length of the mathematical expressions.

The unit normal v pointing into the biofilm and the normal velocity of the interface v,
can be written in terms of the biofilm height d as (van Noorden et al. 2010)

v=(1,0.d) /\1+(0.d), v, =-0,d/\/1+(3.d)" at I, (ab)

The water flux outside the biofilm £ (¢) is described by the Stokes and continuity
equations

Trs
(0,7/2,0) (0,7/2,1L)
I'r,
Crip(t) g QT.b(t)$U Tob(t)
G T, wb(t)
Ui (t) S LR S O) 70w (t)
7 o Drws(®)
Fron® bﬂ 4@ QTJ)(t)?U < I'r,0b(t)
(0,3m/2,0) (0,37/2,L)

Fig.2 Pore of radius ¢ and length L in cylindrical coordinates
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ﬂAqw = pr’ V- q, = 0 in 'QT,W(I)’ (2a,b)

while the water flux inside the biofilm £27,(¢) is described by the Brinkman and continuity
equations

(1/0,)Aq, — (u/k)g, =Vp,, V-q,=0 in Qp, (). (3a,b)

Here, p,, and p,, are the water pressures and ¢q,, and g, are the water velocities in the water
domain and biofilm domain, respectively; u is the water viscosity (constant, not dependent
on biofilm species) and & is the permeability of the biofilm (assumed isotropic). The Brink-
man model can be derived by upscaling, assuming that the volume of the porous medium
skeleton is much smaller than the volume of the reference cell (Hornung 1997). As bio-
films are mostly water, the Brinkman model is a good choice to model water flux inside
biofilms. At the interface I, (2), one has the continuity of the velocity and of the normal
stress tensor

0 =4V - [1(Va, +Va;) =p,| = v+ [(u/6,)(Va, + Vay) —py] at Tr ()
(4a,b)
where [ is the identity matrix. At the wall Iy, we consider the no-slip boundary condition
q,=0.

To model the nutrient transport and consumption, we let ¢, (« € {w, b}) stand for the
nutrient concentration in water or biofilm (mass per total volume of biofilm), respectively,
and D is the nutrient diffusion coefficient in water. Then, the nutrients in the water £ ,(¢)
satisfy the convection—diffusion equation

o, +V-J,=0, J,=-DVc,+q,c, inQp (1) (5a,b)
and in the biofilm Q7 ,(7) satisfy the convection—diffusion-reaction equation
0,(6,c,) +V-J, =R, J,=-0,DVc,+q,c, in Q2,0 (6a,b)

where J,, and J,, are the nutrient flux outside and inside the biofilm, respectively. Further at
I’y 4 (8), we impose the mass conservation and continuity of nutrient concentration

(Jb _JW) v= Vn(gwcb - cw)’ ¢, =c, at FT,wb(t)' (7a,b)

At the solid wall I'; ;, the normal flux is o - J,, = 0, where v is the normal vector at the pore
wall. The reaction term R,, for the consumption of nutrients is given by

R, = —p,0,p,c,/(k, +c,) in Q7,(1) (8)

where y, is the maximum rate of nutrient consumption and k,, is the Monod-half nutrient
velocity coefficient.

The movement of the biomass components 6, in £ ,(¢) due to reproduction, production
of EPS and death of active bacteria can be modeled as a Darcy flow (Alpkvist and Klap-
per 2007). We denote by u the velocity of the biomass and @ the growth velocity potential.
Then, we consider the following equations (Alpkvist and Klapper 2007; Landa-Marban
et al. 2019)

u=-Vo, V-u=(1-0,)"%(R/p;), i€lead} in 2,0. (9ab)
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The growth velocity potential is set to zero @ = 0 at the interface Iy 4, (#) and homogene-
ous Neumann boundary condition v - V@ = 0 on the wall I .

For each of the biomass components 0; in £2;,(¢), we impose mass conservation
(Alpkvist and Klapper 2007)

pi0,0; +p,V-(0u)=R; i€{ead} in Q) (10)

and Neumann condition v - V8, = 0 at the interface I ,;(7) and v - V6; = 0 on the wall
Iy . The reaction terms for the biomass components are given by

Rd = Kyes0, Pa> Re = _YeRb’ Ra = _YaRh - kresgapa in QT,h(t) (lla,b,C)

resa

where Y, and Y, are yield coefficients and k. is the bacterial decay rate.

The water—biofilm interface changes in time due to changes inside the biofilm and the
water flux provoking detachment of components which is known as erosion. Thus, the
normal velocity of the interface Iy () is given by van Noorden et al. (2010)

frv-u), d=o
V,=qVveutkyS, 0<d<o at Iy, (12)
0, d=0

where f*(x) = max(0,x). Here, kg, is the stress coefficient and S is the tangential shear
stress, given by van Noorden et al. (2010)

S= 0= vwhHu(Vq, +Vgvil at Ty, @. (13)

Advanced numerical schemes are necessary to solve this mathematical model as it involves
a moving interface. When the pore is clogged, the active bacteria keep dying, consuming
nutrients and producing EPS which leads to changes in the volume fractions of biomass
components. In this model, we ensure that the biofilm—water interface does not overlap by
taking the positive cut f* when d = ¢. This pore-scale model can be extended to consider
more complex systems. For example, one can add different kinds of nutrients, different
active bacteria species in the biofilm or bacterial attachment.

3 Non-dimensional Model

Before seeking an effective model, we bring the mathematical equations to a non-
dimensional form. To this aim, we introduce the reference time z,., length L, radius
Orep» Water velocity g, ¢ = L ¢/, biomass velocity u,, pressure p,; and concentration
- The thin tube is characterized by the ratio of its radius to the length € = g,t/L,¢.
which is called the dimensionless aspect ratio. We define dimensionless coordinates and
time as 7 = r/Q,., 2 = 2/Ly and 7 = t/t.;. The non-dimensional biofilm height is given
by d=d/o.. The non-dimensional unit normal (1) is given by
v(7,2) = (1,5654_1’)T/\/1+ (5025_1)2. We notice that a factor of £ appears in the second

component of the non-dimensional unit normal, as a result of the transformation of the
coordinates
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pa= L2 (oref 4 ) _ ia%(%fd) = ed.d.

Note that we have omitted the dependence of the vector variables on ¢
V(r, ,z) = v(#,7)). This is justified by our assumption of the radial symme-
try. The non-dimensional nutrient concentrations and densities are given by
Co=0Cp/Cois Cp=0pfCey and p;=p;/cy (i E{e,a,d}). The water veloci-
ties arc given by QW(?’ Z) = (C_Iw,?’ ZIW,Z)T = (qw,r/(eqref)’ qw,z/qref)T and
4,(7.2) = @3- Gp2)" = @b/ (€Grep) @b/ drer)’- The biomass velocity is given by
a(7,2) = (i, ;)" = (u,/(€tyeg), 1, /u,er)”. We assume that the velocities in the radial direc-
tion are of the order p,/?.; (see van Noorden et al. 2010). Hence, they scale by 1/& when
compared to the longitudinal velocities. The biomass volume fractions are dimension-
less; therefore, in the non-dimensional model we simply define 8, = 6,,i € {w,e,a,d}.
Finally, the pressures and growth velocity potential become p,, = p,,/Press Py = Pp/Pret
® = @ /(e®u,;L.;). We observe that the growth velocity potential @ is scaled by 1/&? in
order to have the biomass velocities in the radial direction of the order p,;/f.; (see van
Noorden et al. 2010). We define the following dimensionless parameters Pe = q,.¢L,.¢/D,
/_Zn = LietHns kn = kn/cref’ k= k/ofef’ = ﬂLrefqref/(ofefpref)’ kslr = prefkslr/uref and
ke = tiorkyes- The domains and boundaries are scaled accordingly.

In this way, the dimensionless system of equations for the water flux (2—4) is given by

1, /. _ L=
;ai(rqwj) + 0ZQW,Z =0 in QT,W(Z)’ (14)
11 —q = 22— (_]W,? 25 = . = -
A(50:(70,3,;) + €00, = —-| = €70;p,  in O, @, (15)
I I _ - . A
H [;ai(ra#’]lvi) + gza?z,qwi:l = apr n “QT,w(t)’ (16)
1, /. _ . =
~0;(72y;) +0:3,: =0 in 27, (D), a7
ﬁ 1() o 22— (?b,? _ ﬁ_ 25 = . = —
— | 20;(70:qy ) + €705 — — | = ZQpr +€ 0Dy, 10 27,7, (18)
0,1r r k
ALy _ P =
= |30.(70,2,.) + £0%,.] = Zaye+oby in 27,0, (19)

QD|§|

2;20;@“ - 5_21_7w - zéﬁa;‘?h,i + 5_21311 = 623[ p (ai(_]h,z + 5262%,7)

w w

(20)
- ﬁ(aff_hv-,z + 5202%;7)] at Iy,
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A _ - i _ L _
/‘(0qu,2 + ezazqw,?) =0; <252§_‘3qu,z —Pp— Zfzﬂazqw,z +Pw)
+

ﬂ w (21)
—(0,qy; + £°0.3;)  at Ty,
ew
G2 Gwz) = @pyrGpz) At Tp oy, (@, (22)
(@p7+Gpz) = (0,0) on I (23)

where (14-16) are the dimensionless Stokes and continuity equations, (17-19) are the
dimensionless Brinkman and continuity equations, (20-22) are the dimensionless interface
conditions and (23) is the dimensionless condition on the wall.
The dimensionless equations for the transport of nutrients (5-7) in the water and biofilm
are given by
1

_ €2 -
0;C,, — 5= | —=0:(70;¢,) + 9¢C,,

1., _ o LA
iCw Pe 7 + ;a?(rqw,icw) + ai(qw,zcw) =0 in ‘QT,W(t)’ (24)

z - O, [e2. - | _ 5 . s
04(0,,cp,) — P_:: [Ta;(ra;c,,) + 0§cb] + ;d-(rqb’;cb) +0:.(g,:Cp) = R, in Q7,(0),

(25)
£72 73 = - - ~ - A = -
- E(aicw - awaicb) - (cbqh,? - cwqwj) + afd(gwcb - cw)
o.d i i i (26)
+ E(azi‘w —0,,0.¢,) + 0:d(Cpq,- — €,4,,z) =0 at L7 (@,
& =0, at Iy, @7
9;¢,=0 on Iy (28)

where (24) is the dimensionless transport equation of nutrients in the water domain, (25)
is the dimensionless transport equation of nutrients in the biofilm domain, (26-27) are the
dimensionless coupling conditions at the interface and (28) is the dimensionless condition
on the wall. The dimensionless reaction rate (8) for the consumption of nutrients is given
by R, = —1,0,0,¢,/(k, + €})-

The equations for the growth velocity potential (9) become

uref 1 —— — ¥ . 3 -

— | 20;(Fitz) + 0ui;| = 2 in Q2 (D), (29)
Gret LT

(7, ;) = _(0767 62025) in QT,/;(;), 30)

®=0 at [;,0, 31
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0:0=0 on I (32)

where (29-30) are the dimensionless equations for the biomass growth velocity potential,
(31) is the dimensionless reference potential at the interface and (32) is the dimensionless
condition on the wall. We define the dimensionless sum of the biomass reaction terms as
Z= (1 - ew)_l[(yep_a/ﬁe + Ya)ﬁneaz‘b/(kn + E.b) + (p_a/p_d - 1)kre59a]'
The equations for the biomass components (10) become
_ u _ _ _p c
0.0, + = (2,0.,0, + 1.0.8,) = Y,j1,8,2¢ —
ref o Pe kn + Eh

-0, in QT’h(f), (33)

Uper ,_ n — n - Eb . A -
a? ot _(uia?oa + "‘zaz@a) = Ya“neaf - kresaa - 0(12 mn ‘QT,b(t)’ (34

Gref kn + Cp
O Uper _ 0 = 0 7 ﬁa 0 a3 3 -
0:0, + — (4;0,0, + ui-0.0,;) = kresp_—ea -6, in Qp, @), (35)
ref d
—0:0;,+€0.d0.0, =0 i€ {ead} at I} ,®, (36)
0.0, =0 i€{ead} on Iy, (37)

where (33-35) are the dimensionless conservation of mass equations for the biomass com-
ponents, (36) is the dimensionless condition at the interface and (37) is the dimensionless
condition on the wall.

The dimensionless biofilm height (12) is given by

f_((_uf - azaﬁz)uref/Qref)’

afa = (—ﬁ; - azaﬁi)uref/qref - \/ 1+ (5624_1)251_%“3,
05

S
Il
—_

<d<1 at I'7 @
0

QUi
Il

(38)
where f~ is the negative cut (f~(x) := min(0,x)). The dimensionless tangential shear
stress (13) is given by

S=110~vvHa + M7l at Tr @ (39)
where the matrix M is given by

W = < _al?quﬁf 5az_qw,?
€0:4,; 04,

) at Iy (. (40)
4 Upscaling
The pore-scale mathematical model describes the biofilm formation in a three-dimensional

domain. Under some model assumptions, when the length of the tube is much larger than its
radius, it is possible to reduce the dimensionality of the problem from three to one dimension,
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letting the aspect ratio € approach to zero. We perform a formal asymptotic expansion of the
variables depending on &, namely p,,, Py, €, Cps G @, i, D, 0,,,8,,0,, 8, and d. For all except
d, we assume y(F,7) = jy,(F, D) + €7, (F.7) + O(e?). The corresponding asymptotic expan-
sion of d is d(z,7) = d(z,7) + £d,(Z,T) + O(€?). In van Noorden et al. (2010), Kumar et al.
(2014) and Bringedal et al. (2015), the authors present upscaled models of pore-scale mathe-
matical models for reactive flows. Following the same ideas, we can obtain the corresponding
upscaled model in the tube pore geometry.
We define the average water velocity (g) as the following integral

27 1-d, 1
(DED=(q,)3ZD +(q,)ZD = 1 / ( / Gy z0TdF + / . qh,z,o7d7)d<p-
7 Jo 0 1—d,
41)

Notice that we divide by the cross-sectional area of the tube. We consider the following
spatial regions in the tube:

1—-d A0<L@p<2r Az <7<z +6z},
FS1AOL@<2r Az, <7<z +6z).

g[11|
iL
N1

- O
IA
ll

wll]l
JL
~I

These regions are a disk of radius 1 — d and a ring of thickness d, respectively; both of
length 6z. Integrating (14) and (17) over the previous regions and using the Gauss’s theo-
rem, we obtain

21+62
0=/ vz,wdm/ V-qbd\_/:Z;r/ (=D, - 7)., oz
£ £, z

1

1-d 7+62 B
+ 27[/0 (qw,?lizzl-%z - qw,fl?zzl >7d? - 2”/ [(] - d)éb : Vl?:l—a + qb : ‘7|7:]]dz
21

1
+ 2 / (‘_Ih,z
1-d

Recalling the no-slip condition for the water flux on the wall (23) and the continuity of
fluxes at the interface (22), the previous equation becomes

= +8c  dbz

=z

. )?d?.

1-d
/ <6w,2
0

Dividing the previous equation by 6z and in the limit where 6z approach to zero, we obtain
for the lowest order terms in &

1
=46z ‘_1w,2|z=z, >?d7 + /1—3 (5117,2|z:z1+5z - ‘_Ib,z|z:z] >7d7 =0.

where we use the definition of the average water velocity (g) (41).
The lowest order terms in the Stokes model (14-16) lead to

0:(74,,7.0)/T + 0:Gy,z0 = 0, 0:P,,0 =0, [10,(70:§,,20)/T = 9D, 0. (42a,b,c)

From (42b), we conclude that p,,; does not depend on the 7 coordinate. Analogously, for
the Brinkman model (17-19), the lower-order terms in € give

0:(Fqy;0) /T + 0G0 =0, 0:pg =0,  fi0:(70:q;,- )/ (70,,) — iy, - o/ k = 0-py.
(43a,b,c)
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From (43b), we conclude that p,, also does not depend on the 7 coordinate. Since neither
D0 10T Py, o depend on the 7 coordinate and from the lowest order terms in (20), we have that
Do = Py at the biofilm—water interface, and we obtain that p, ((Z.7) = p;, oz, D) = po(Z, ).
We turn our attention to Egs. (42¢) and (43c). It is possible to find solutions for ¢, ., and
qp 0 integrating twice with respect to 7 both equations and in addition using the symmetry,
interface and boundary conditions (21-23). After integration, we get

Qyzo = P[4+ E)po/fi.  Gyzo = (FI(EF) + GYy(—EF) = K)0:po/ i (44a,b)

where £ = i4/ éw /k, iis the imaginary number and J,(Z) and Y, (Z) are the Bessel functions

of order v of first and second kind, respectively (see Olver 2012). The Bessel functions
appear naturally when solving elliptic equations in cylindrical coordinates and are widely
used in various areas such as nuclear physics, acoustics and hydrodynamics (Korenev
2002). The coefficients appearing in (44) are

E =2W‘§W[Jo(§)Yo(—§W) = Jo(EW)Yo(=E)] + ER[Jy(EW)Y | (=Ew) + Yo(=Ew)T, (Ew)]
4[EJo(D)Y(=Ew) + &Y (=E) 1 (Ew)]
L@k + WA@Y, (=Ew) + Yo(=E), (Ew)]
4[8J5(O)Y(=Ew) + &Y (=), (Ew)]

_2REY (—Ew) + wh, Yy (=) ~ 2RET, (&) + W, Jo(&)
2O (=Ew) + EYy (= EWIT T 2UEN(O)Y 1 (=Ew) + EYo(=E)T, (Ew)]
where w = 1 — d;. We remark that most of the mathematical commercial software includes
Bessel functions; therefore, it is easy to use the above expression. Although the Bessel

functions are evaluated with complex numbers, both fluxes g,, - o and g,, - ; are real numbers.
To obtain the water velocity defined in (41), we integrate (44) as follows

a_P 2r 1—d, 1
@)= / { / [7 /4 + ElrdF + / ) [FJO(?f)+GY0(—?§)—I_<]?d7}dqo
0 0 1

s

T —dy
=2{w*/16 + Ew?/2 — ETV[FY (=&) = GJ,(&) — FwY (—w&) + GwJ,(wE)]
— k(1 = w*)/2}0:po/
= — k7(dg)d;py/ -
This gives the Darcy’s law (g) = —k7(d,)0:po/ fi, Where k7(d,) is the effective permeability
given by

_ 4
Ky (dy) = —% - WE

| AP = GIL (&) = Fwl\ (-wd) + Gwl,(wD)] |
4
which changes according to the biofilm height (w = 1 — d,)).

The growth velocity potential equations (29) and (30) for the lower-order terms in &
are

k(1 —w?)

Uyef[0;(Fity o) /T + Ozl 1/ Greg = 2o Hlrg = —0,@, Gig=0 (45a,b,c)

where the boundary conditions for the interface (31) become @, = 0 and wall (32) becomes
0,d, = 0.
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In dimensionless form, the volume fraction equations (33-35) are
0:0; + Uyop(:0,0;, + 1,0.0) /¢,y = R, — 0,2, i = {e,a,d}. (46)

We focus on biofilms where the biomass components change slightly along the 7 direction,
resulting in the appr0x1rnat10n 910()" zZ,0) = 010(1, 7). Using (45c), the lower-order terms in
(46) are 0; Gl 0= = 0,02

Integrating (45a) over 7 (it-y = 0 from (45c)), we get an expression for i;, which
cannot fulfill both conditions at the same time: #;, = 0 on the wall and i;, < co when
7 = 0. For the channel, the solution is a function such that it fulfills the homogeneous
Dirichlet condition on the wall and is equal to (q,.;/u,.;) > When the channel is clogged.
Then, we consider the following expression for the radial biomass velocity

i 0 = Gref Z (_ ) (47)
ref

where the squared dependence on the radius honors the radial geometry, as it is shown for
the nutrients below.

For the nutrients, integrating (24) and (25) over 7 and ¢ yields

1-d
2r / {08, - o[ 10,00,2,) + 072, | + 10,08,52,) + 0.@,z2,) [rdr =0,
0 Pe r : r ’ o

: 0,7 1 1
2 / {a @,2,) - —e[ 220,700, + agzz,,] + 20,(19,,8) + 0.8,.2)
1-d

+i 0 p % }‘d‘ 0
#,0,p,= rdr = 0.
Uk, 4T,

Interchanging the integration and the differentiation operators, these equations become

1-d _ 1-d 1
J, /0 ¢, 7dr | + aid(i-éw)b:l_a - 0: /0 (%dzéw - _w,25w>7’d?

-1 _,_ - 1
- aid<%raicw - rqw,fcw) _— <62P ra C rqwr w> _—_ =0,
1 _ _ _ 1
af(/ ewchrdr> - ewafd(cb?)litl—fl - az [/ (_a &~ ap ZZ‘h)rdrjl
(O 0 .
+ 0:d %rdzch —7q,:Cp s ~\ pe 70;C, — 74y, :C), .

.
+ fi,0,0, ——7rdr=0.
F=1-d 1-a k, + ¢,

The lower-order terms in the equations for the conservation of nutrients (24) and (25) are
0,(70;C,,0) = 0 and 0,(79,¢,, ) = 0, respectively. The interface coupling condition (27)
becomes ¢,, o = ¢, while the boundary condition on the wall (28) becomes 0;¢;, = 0.
From these equations, we conclude that ¢, and ¢,, do not depend on r, yielding
0@ 1) = C,0(Z,T) = y(Z, 7). Then, using the aforementioned results, the equations for the
nutrients can be written as
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1-d,
+0:| ¢ / Gy 5ordr ) =0,
0

o - 1-(1—dy)?. _ YA
0:{0,,50[1 — (1 — dy)*1} — 0, T%%Co +0.(c [ gyzordr
€ 1-d,

1—-(1—-dy)? _ I
4 ( O)ﬁpe 0

(1 —dy)?

2Pe 9:%o

0:[¢,(1 — dp)*] - az[

N =

S

nPava0 5 _
2 k, + ¢,

=0

where we use the interface condition (26). Then, adding both previous equations we finally
obtain

_ - _ .. 67,0, _ e A
0[20O7(dy, 0,)] + 0. |20(q) — ———2—0.5 | = —[1 = (1 = d)*13,0, 05, ——
Pe k, + ¢,
where we define ©,(d,, 0,,) as
0,(dy,0,) = (1 —dy)* +6,[1 — (1 —dy)*].

We focus on the water—biofilm interface (38):

f_(uref(_ﬁ? - aiaai)/qref)’ a =1,

05d = § Upep(—it; — 0.dit,) /G — /1 + (€0.d)2ekyS, 0<d <1, (48)
0, d=0

Following van Noorden et al. (2010), we regularize the formulation of (48). First, we let H,
and H, be the set-valued Heaviside graphs

| a<o e a<a
Hyd)=410,1], d=0, Hd=4100,1], d=1, (49)
(1, d>o {0, a1,

where we set Hy(d = 0) =0 and H,(d = 1) = 0. Observe that this choice guarantees that
d:d never becomes negative whenever d = 0 and positive when d = 1. Then, (48) is written
as

d.d € Hy(d)H, (Zz){uref(—n; = 0.d.) [ Gyes — \J 1 + (e0-d)2eky i |(1 — VPHM + MT)V|| }
+ [1 = H{(Df  (tye(—it; — 0:dlit;) / Grer)-
(50)
For practical calculations, the multi-valued functions are replaced by regularized Heaviside
functions, defined by

0, d<0, 1, d<1,
Hso(d)=14d/s, de[0,6], Hs(d)=4A+6-d)/5, de[l,1+6], (51)
1, d>s, 0, d>1+3s,

where 6 is a small regularization parameter. Then, we can write (50) as
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afa =H6,O(H)H5,l(a)uref(_ui - aiauz)/qref +[1 - H&,l (a)]f_(uref(_uf - aiaﬁz)/Qref)
— Hyo()H;,(d)\/ 1 + (£0-d)2ekg i |1 — 97 )M + MT)P||.

Using (3940, 45c, 47) for the lower-order terms, we have

(52)

0:dy = H o(do)H; 1 (do){[1 = (1 = dp)*1Z — k110,42 1} + [1 = H  (d)1f~(Zp).
(53)
Using (44a), we obtain

didy = Hj o(do)H; 1 (do){[1 = (1 = d)*1Z = k(1 = dp)|9:pg /2} + [1 = Hj 1 (do)If ™ (Z)-

The original model is obtained when passing 6 to zero (van Duijn and Pop 2004), obtaining
finally

_ f__(z_:o)’ _ _ _ a() =_17
0idy = —kg(1 = d)]0:po /2 + [1 — (1 — dy)*1%,, 0<dy <1,
0, dy = 0.

5 Discussion and Comparison with Other Biofilm Models

The extension from a channel (tube) to a porous medium is done by considering a stack
of channels (tubes) of void space and solid material (van Noorden et al. 2010), where we
denote by ¢ the porosity of the porous medium. As Steefel and Lichtner (1994) and van
Noorden et al. (2010), we assume that all tubes have the same diameter and are equally
separated. Therefore, multiplying the upscaled model equations by ¢, the corresponding
core-scale mathematical models are obtained. Table 1 shows the core-scale equations of
the van Noorden model (van Noorden et al. 2010), the porous medium formed by chan-
nels and the porous medium formed by tubes, where v = ¢bq is the Darcy velocity. The
van Noorden model accounts for water flux, transport of nutrients and bacteria, bacterial
attachment, detachment of biomass due to erosion, growth of biomass due to nutrient con-
sumption and death of bacteria. In our model, we do not include transport of bacteria and
bacterial attachment. The reason is because the pore-scale model was built based on labo-
ratory experiments, where only nutrients were continuously injected after inoculation of
bacteria and biofilm re-attachment was not observed (Landa-Marbén et al. 2019). For the
details of the upscaling on the thin channel domain, see “Appendix.”

From Table 1, we observe that for the Darcy flow, the permeability is different for the
three models. A discussion of these relations is given below in this section. We observe that
the channel and tube models include the effects of the biofilm porosity and thickness on the
transport of nutrients. For the van Noorden model, the nutrient consumption depends on
the biofilm height while for the channel and tube model, the nutrient consumption also
depends on the volume fraction of active bacteria. Comparing the tube and channel model,
we observe a different function of the biofilm height, due to the cylindrical geometry. For
the biofilm height, the difference between the van Noorden and channel model is on the X~
term, where for the van Noorden model the total sum of reactions accounts for bacterial
reproduction and decay, while in the channel structure it also accounts for EPS. Finally, for
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Table 1 Core-scale equations for the *channel, btube and “van Noorden models

Name Upscaled equation
Darcy® v =—¢rc(d)dp/p, 0.,y =0
Darcy® v=—¢kp(d)dp/u, 0,y =0
Darcy® v=—¢(1 —d)ydp/3u,0,v=0
Nutrients® 0,[¢pcOc] +0.[cv — pO0.c/Pe| = —dpp,0,u,c/(k, + c)
Nutrients® 0,[pcO7] + 0.[cv — $pO10.c/Pe] = —[1 — (1 — d)*1¢pp,0, ¢/ (k, + )
Nutrients® 0,(¢pc) + 0.(cv — ¢o.c/Pe) = —dp, p,c/(k, + ¢)
M a
Height (), d=1
0d =13 —ka(1—d))op|+d=, 0<d<1
0, d=0
s ohtb
Height (), d=1
0,d =13 -k —d|opl/2+[1-(1-d*1Z, 0<d<]1
0, d=0
Height (), d=1
0d =13 —kg(1—d)op|+d=, 0<d<]I
0, d=0
Bacteria™® 0,0, = You,0,c/(ky + ©) — k0, — 0,2
EPS*® 0,0, = (pa/ )Y 1n0sc/(ky + ) — 0,2
Dead®P 019d = pakresea/pd - edz
Reactions®? S=1=0,)""Yp,/p,+Y)0,u,c/k,+ )+ (p,/ps — Dki0,]
Reactions® X =Y, pyc/ky +0) = ke

the bacterial, EPS and dead bacterial volume fractions, the model equations are the same
for the channel and tube models, while for the van Noorden model the active bacterial vol-
ume fraction is constant with value 1.

In van Noorden et al. (2010), the authors compared their upscaled model with a well-
known macroscale model by Taylor and Jaffe (1990), where a mathematical model for an
impermeable single-species biofilm including flow, transport and reactions is built. We
compare the two derived upscaled models with a macroscale model by Chen-Charpentier
et al. (2009), where a mathematical model for impermeable multi-species biofilm including
water flow, transport of nutrients and reactions is built (Table 2). In this model, the authors
considered a biofilm formed by two bacterial species which consume nutrients, reproduce
and die. The porosity of the core decreases as the biofilm grows which decreases the per-
meability of the core.

In Table 2, K is the permeability, 05, up, kg, Ox, pg and kg are the volume fractions,
maximum rates of nutrient utilization and Monod-half nutrient velocity coefficients of the
contaminant-degrading microbe and the strong biofilm-forming microbe, respectively, ¢,,
and K, the clean surface porosity and initial permeability, respectively, and # an experi-
mentally determined parameter. In Chen-Charpentier et al. (2009), the porosity decreases
as the component concentrations increase. In our models, the porosity in the porous
medium decreases as the biofilm height increases. However, in Chen-Charpentier et al.
(2009) the authors do not include the detachment effects. The permeability in both tube
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Table 2 Core-scale equations for

the model comparison (Chen- Name Equation

Charpentier et al. 2009) Darcy v=-Kdp, 0v=0
Nutrients 0,c+0,(cv—Dd,c) =R
Porosity ¢ =o(1 -6z —6g)
Permeability K =Ky(@/pp)
Component B 0,0 = YgugOpc/(ky + ) — k.05
Component K 0,0 = YipgOgc/(ky + ¢) — ko 0x
Reactions R = —pgbpc/(ky + c) — ugbyc/ (kg + ¢

and channel models has different functions as a result of the different geometries and also
because of the water flow inside the biofilm. Notice that there is a quartic function of the
biofilm height in one of the permeability terms in the porous medium formed by tubes, as
proposed in Suchomel et al. (1998) and Mostafa and van Geel (2007). Unlike the equation
for the transport of nutrients in the Chen-Charpentier et al. (2009) model, the channel and
tube models include the effects of the biofilm porosity and thickness.
Porosity—permeability relations for evolving pore space is an active research field (see
Hommel et al. (2018) for a review of these relations and Schulz (2019b) for a recent study
providing porosity—permeability relations depending only on the underlying pore geom-
etry). Thullner et al. (2002) present the following relation which includes the biofilm per-

meability £
K= K0[<—¢ Poi ) +k
d)O - ¢crit

where ¢, is the critical porosity at which the permeability becomes zero. Vandevivere
(1995) proposed the following relation of permeability and porosity for a plugging model

(54

1
1+k

2
K = K,[exp(—=0.5(B/B.)*)] <¢i> +[1 — exp(=0.5(B/B,)*)] :
5 _

k
[(1 = k/Kp)b/do)
(55)
where B is a relative porosity given by B=1— ¢ /¢, and B, is the critical point where
biofilm begins to detach and form plugs. Figure 3 shows our derived porosity—permeabil-
ity relations, the one derived by van Noorden and the two proposed relations by Thullner
and Vandevivere for different values of biofilm permeability. The values of parameters are
Guie =0, n=1.76, B, = 0.1 (Hommel et al. 2018) and 6,, = 0.1. For a biofilm with high
permeability k = 10~!, we observe a faster reduction in permeability for Vandevivere. As
the biofilm permeability k decreases, we observe that the van Noorden et al. (2010) model
represents the limit case in the channel model for impermeable biofilms. In general, we
observe different behaviors of the relations as the porosity decreases.

We perform numerical simulations considering both effective models (channel and tube)
to compare the biofilm height over time. We consider two different porous media of length
L = 0.1 m: The first one has pores formed by thin channels of height 2/ = 0.2 mm and the
second ones with tubes of diameter 2¢ = 0.2 mm. For the inlet boundary, we set p; = 2 Pa.
The injected nutrient concentration is ¢; = 1 kg m™. The porosity @ is set to 0.4. Recalling
that biofilms are mostly composed by water, we set the water volume fraction in the biofilm
equal to 90%. We set the initial EPS and active bacterial volume fraction equal to 5%; thus,
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Fig.3 Ratio of initial to reduce 1r

permeability of different poros- —B— Channel (k=10"1)
ity—permeability relations for two 0.9 | =A—Tube (k=10"")
different biofilm permeability Thullner (k= 1071)

0.8 [{ —+— Vandevivere (k = 10’1)
—©— Channel (k = 107%)
0.7 H=7 Tube (k =107?)
Thullner (k = 1073)
0.6 | —¥— Vandevivere (k = 10~%)
= = van Noorden

values k

0.5

0.4

0.3

0.2

Ratio of initial to reduce permeability

1

Ratio of initial to reduce porosity

the initial dead bacterial volume fraction is 0. In Table 3, the values of parameters for the
numerical simulations are presented.

We implement the model equations in the commercial software COMSOL Multiphys-
ics (COMSOL 5.2a, Comsol Inc, Burlington, MA, www.comsol.com). A decoupled finite
element algorithm is used to solve the mathematical model equations. First, we solve for
the pressure and concentration. Then, we compute the volume fractions and biofilm height.
We iterate between both steps until the difference between successive values of the solution
drops below a given tolerance {. We perform numerical simulations and we compare the
results of the two upscaled mathematical models.

Table 3 Model parameters for the numerical studies

Name Description Value References

u Water viscosity 1073 Pas Well known

P Water density 103kgm™ Well known

My Maximum growth rate 1.1x1073s7! Alpkvist and Klapper (2007)
k, Monod-half velocity 107*kgm™ Alpkvist and Klapper (2007)
Pe EPS density 60kg m™ Alpkvist and Klapper (2007)
Pa Bacterial density 60kg m™3 Alpkvist and Klapper (2007)
Pa Dead bacterial density 60kg m™> Alpkvist and Klapper (2007)
D Nutrient diffusion 1.7% 10 m?s7! Duddu et al. (2009)

Y, Bacterial growth yield 0.553 Duddu et al. (2009)

Y, EPS growth yield 0.447 Duddu et al. (2009)

Kipes Bacterial decay rate 3.5%1070s7! Duddu et al. (2009)

k Biofilm permeability 107 m? Deng et al. (2013)

kg Stress coefficient 2.6 % 10719 m (Pas)™! Landa-Marbén et al. (2019)
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To check if there is a correspondence between the pore-scale and upscaled models as
is close to zero, numerical simulations can be done for both models to compare the average
solution of one of the variables. Figure 4 compares the upscaled model with the pore-scale
model in the channel for different values of €, where the percentage of biofilm on the whole
domain is plotted over time. We called this coverage area a and for the channel and tube is
given by

L

L
ac(t) = i / d(z, 0dz [100,  ap(t) = 1—02% / (0—d(z.0Ydz|100,  (56)
0 0

respectively.

For all numerical simulations, we fix the value of the height of the channel 2/, where we
set the initial biofilm height as d = I/5. Then, the length of the channel is changed accord-
ingly to match the value of e. We observe that the coverage area in the pore-scale simula-
tions approaches the one computed from the upscaled model as € gets smaller.

Figure 5a shows the biofilm height along the length for both porous media for an
injected nutrient concentration of ¢; = 0.1kg m™> (¢;/k, = 10%). Initially, the left part
(0 < z< L/2) has a biofilm height of d =1/2 (d = ¢/2 for the tubular pores) while the
right part (L > z > L/2) has a height of d = [/4 (d = ¢/4 for the tubular pores). This initial
condition is given to study the biofilm development after clogging. We observe that the
biofilm keeps growing even though the left part of the pore is clogged. This result cannot
be observed using the van Noorden model because the water flux stops once the channel is
clogged. Figure 5b shows the biofilm coverage area for different ratios of injected nutrients
and Monod-half nutrient velocity coefficient. Initially, the biofilm height is d = 0.1/ for the
tubular pores and d = 0.19/ for the channel pores. This initial condition is given to study
the biofilm development in both porous media for the same initial biofilm coverage area.
We observe that the biofilm grows faster in the tubes when we inject enough nutrients and

Fig.4 Percentage of biofilm 60 r
coverage area over time for the == Upscaled Y/
upscaled model and for decreas- —c = 0.01
; : 55 [ | o ¢ = (.05
ing values of epsilon e=0.
e=0.1
50 ===t = 0.5
45+
g 40
®©
351
30
25
20 :
0 0.5 1 1.5 2 25 3
t (days)
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Fig.5 Biofilm height (a) and coverage area (b) in the porous medium formed by channels and tubes
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Fig.6 Pore of length L, height 2/ and width w in Cartesian coordinates

it grows faster in the channels when we lower the injected nutrient concentration. To give
a physical explanation of this result, let us consider the case when the biofilm thickness is
half value of the aperture (d = 0.5). Then, 50% of the cross-sectional area is biofilm for the
channel while 75% for the tube. This implies that in the tube, the biofilm needs to consume
more nutrients to have this thickness in comparison with the channel.

6 Conclusions

In this work, we upscale a mathematical model for permeable biofilm considering a thin chan-
nel and tubular pore geometries. The upscaled models differ mainly in the effective perme-
ability terms which are functions of the biofilm height. As e gets smaller, we obtain that the
percentage of biofilm coverage area over time predicted by the pore-scale model approaches
the one obtained using the effective equations, which shows a correspondence between both
models. After comparing with the model proposed by van Noorden et al. (2010), it is possible
to derive this model as a particular case of the channel model. The derived upscaled models
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and the Chen-Charpentier et al. (2009) model are very similar. In this manner, the upscaling
provides additional support for this model. The numerical simulations show a faster increase
in coverage area in the porous medium formed by tubes than the one formed by channels when
a large nutrient concentration is injected (c;/k, = 10%). These two upscaled models could be
used to model porous media where the geometries of the fractures are similar to thin channels
or tubes. To validate the core-scale upscaled models, designed laboratory experiments are nec-
essary which is the subject of our future research.
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Appendix: Upscaling of the Mathematical Model in a Thin Channel

In Sect. 4, we show with details how to obtain the upscaled model equations in a tube. Follow-
ing the same ideas, in this “Appendix” we show how to upscale the model equations in a chan-
nel. We consider a thin channel with height 2/, width w and length L. When the width is much
smaller than the height, experiments show that the growing of the biofilm occurs only in the
upper and lower walls along the channel (Liu et al. 2019). Therefore, we can model the bio-
film in the thin channel in a two-dimensional domain. Figure 6 shows the different domains,
boundaries and interface in the rectangular geometry.

To achieve non-dimensional quantities, we use the reference values defined in Sect. 4 (7.,
Liots Grep> Ureps Pres a0d Cop), Where we consider the height of the channel /. instead of the
radius of the tube g,.;. We define dimensionless coordinates and time as y = y/l..;,Z = z/L.ot
and 7 =1/t The thin channel is characterized by the ratio of its height to the length
€ = l.¢/L.;- All dimensionless variables and quantities are analogously defined as in Sect. 3,
where we use /¢ instead of ¢,.; and we denote the dimensionless variables with ~ instead of .

The dimensionless system of equations for the water flux is given by

05,5+ 0:4,,: = 0 in Q¢ @, (57)
A(€2020,5 + 00,5) = €205, in O, (@), (58)
f(€?02q,,; + 024,,2) = 0p,, in Q¢ (@), (59)
055 + 04,z =0 in ¢, (@), (60)
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—(6202611,\ +07Gy5) = €720:p) + kqb} in Q¢ @), 61)
0,
i Lox
é_(e 02qbz + a qbz) azpb + kqbz mn ‘QC,b(t)’ (62)
- i _ _
20105q,,5 — L) iy + €Dy = 0d [_(ayqbz +€%0.3,5)
w 0, (63)
_ﬁ(aquz te azqw y)] at FC wb(t)
_ 24 = S i _ _
(0 4y:te€ az‘Iw,y) = azd<25 —0:4,7 — Dy
~26°f10:3,,; + P,,) (64)
a oo _
+ é—(ayq,,2 +£%0.3,5) at Tey,(@
i
Gy @w2) = @30 Gpz)  at Ty, (65)
@3- Gpz) = (0,0) on I, (66)
The equations for the nutrients become
08, — —(e7207¢, + 078,) + 03(§,,5¢,) + 0:(G,,2¢,) =0 in Q¢ (@), (67)
_ - 2 M
(avqwz +e azqu) aZ (26 é_afq pb - 26 ﬂa7qwz +pw>
i " (68)
+ é_ (05(_] te azqh v) at FC,Wb(?)
- m(a Cy éwayab) - (qub,y - szlw&) + afa(évt'éb Ew)

o.d ) ) ) (69)

+ PLe(az&w 0,,0:C;) + 0:d(€,qpz — €,Gy,2) =0 at T (D,
¢, at Tey(@), (70)
(71)

¢, =2¢,

0;¢, =0 on fC,s

where Rh = _ﬁnéaﬁaah/(ién + Ch)
The dimensionless equations for the growth velocity potential are given by
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Urer ~ ~ S A ~
— (05l + 0;i1;) = 2 in Q¢ (1), (72)
Gref ’
(ﬁy’ it;) = —(0&@, 6202(13) in Qc,b(?x (73)
=0 at I¢,@, 74)
0;@=0 on I, (75)

where £ = (1—8,)"'[(Y,5,/5, + Y)ii,0,8,/ K, + ) + (] Pg — Dkyes0,]
The equations for the biomass components become
o Uper o o =Py Gy
0,0, + ~(11,0.0, + 1.0,0,) = Y, j1,0,~* -
v ret nE o apekn+5h

—éef in QC,I;G)’ (76)

~ u ~ ~ . C I ~ o~ o~
0,0, + f(ﬁyaﬁa +101:040,) = Y, 1,0, —— — k0, - 0,5 in Qc, . (77

ref n Ch

~ Upep = Py x e . o=
0,0, + qii(uyazed +ii:0;0,) = kf“ﬁ_j,e“ -0,% in Qc,0, (78)
—0;0,+¢€0.d0.0, =0 i€ {ead} at I, (79)
0,0, =0 ie{e.ad} on [, (80)

For the biofilm height, we have

f_((i‘y - azaaz)uref/qref)s a =1
0d =4 —/1 + (€0:d) ek S + (it — 0:di e /Gy, O <d <1 At Teyp®
0, d=0
81
where
S=110-v9HaM +MPe|| at Fe @) (82)
and
o ()_;,F]W& eazf]w,;. ~ -
M= < €—I asz]w,E aZQW,Z a FC’Wb(t)' (83)

We define the average water velocity (g) as the following integral

1 1=dy ~(1=dg) 1
<a><z,f>=<c7w><z,f>+<z7b><z,f>=5( [ ot [ g [ fzb,z,odi)
- 1

~(1—dy) 1 —dy
(34)
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We define the following space regions in the channel

7,462 1-d
=2/ aw . 17|5,:1_3d2 + / B (l?w,z T=g 46z Z]w,2|2=zl )dj)
Z) -
—(1-d)

71+6z
_/ (qb.a|y=_(l_a)+qb.a|_\~,=_1)dz+/] (%;IZ: Z=z])dy
2 -

71+6z 1
- / (qb Vo + 8- V|y:1_a)dZ + /1 . (Z]b,Z|Z:zl+5z - 51b,2|z=z, )df’-
7 -

Recalling the no-slip condition for the water flux on the wall (66) and the continuity of
fluxes at the interface (65), the previous equation becomes

1-a ~(1-3)
[ (st )04 [tk ek, )

(1-d) .
1
* /1 a (qh’:"‘|2=~1+52 - qb,2|2=z1 )dy =0.

Dividing the previous equation by 6z and letting 6z approach zero, we obtain for the lowest
order terms in €

= qpz

o
+
>
a

where we use the definition of the water velocity (g) (84).
The lowest order terms in the Stokes model (57-59) lead to

954,50 + 0:4yz0 =0, 05D, =0, ﬂavz Gyz0 = O:Dy0- (85a,b,c)

From (85b), we conclude that p,,, does not depend on the y coordinate. Analogously, for
the Brinkman model (60—62), the lower-order terms in € give

ayzlb,y,o + azflb,z,o =0, 3;1319,0 =0, ;26}2, Zlb,z,o/ 0, — ﬁzlb,z,o/ k= azﬁb,@
(86a,b,c)
From (86b), we obtain that p,, does not depend on the y coordinate and from the low-
est order terms in (63), we conclude that p, ((Z,7) = ), ((Z, ?) = po(Z, 7). Integrating twice
(85) and (86) with respect to ¥ and using the symmetry, interface and boundary conditions
(64-66)

e o:p - N7
Qo = (yg + V> =2 Gyzg = (W + Xe T - ) ZH : (87a,b)
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where A = 1/, /k and the coefficients are given by

(& +B)(e b + ety — \ RO, (e~ — o) — 2k

s

e=do? 4 edot

ke" — 1/ kB, he* ke™"* + 1/ kB, he*
W=——2 _— X=

4o’ 4 odoh ’ =40’ 4 odoh

where i = 1 —d,,.
To obtain the water velocity defined in (84), we integrate (87) as follows

0.5 1-dy /<2 —(1—dy) ) o
(q) = o / (y— + V> dy + 2/ (We* + Xe™™* — k)dy
2a | J_q-ay \ 2 -1

We( edo? — 1) — Xe* <e“~10’1 - 1) ~

13 ( ~~ ()?po

=—+Vi+ — kd, |[—
6 A 0 i

B KC(ao)a 5
= zPo-

This is the Darcy’s law (§) = —k(dy)d:p,/ fi, Where k(dy) is the effective permeability
given by

We"l(eao’l - 1> — Xe? (e“klo’1 - 1)
A

- 13
kc(dy) = iraie AV —

+ kd.

The growth velocity potential equations (72) and (73) for the lower-order terms in € are
Ure (5l o + Oz 0) [ Gre = %, Uiy = _ayéo’ ;=0 (88)

where the conditions at the interface (74) become 430 = 0 and wall (75) becomes 6#130 =0.
In dimensionless form, the volume fraction equations (76-78) are

050, + (15050, + 1:0-0,) / gror = R, — 6,5 (89)

with i = {e,a,d}. We focus on biofilms where the biomass components change slightly
along the y direction, resulting in the approximation 6, (¥,%,7) = 0;,(Z, 7). Using (88c), the
lower-order terms in (89) are

00,0 =Rio— 0,05 (90)

Integrating (88a) over y and using the boundary conditions (74-75), one gets
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ﬁ}*,O = Qrefi‘o(y + 1)/uref' (91)

For the nutrients, integrating (67) and (68) yields

Interchanging the integration and the differentiation operators, these equations become

1-d . 1-d) 1
0; / B Ewdy + 2(37d2‘w|5,:_(1_5) - (32 / ~ <P_aZEW - EIW,ZEW>d)7 (92)
-(1-d) -(1-a \F¢

~7 1 1
—20;d<—af —G @ ) —2(—a~~ . ) =0,
“ \Pe 2w T dwzlu y=—(1-d) €2Pe ¥w = GwsCw j=—(1—d)
~(1-d) 5 5 B
20 / 0,04y | = 20,,0:d, |, _a)
-1
—(1-d) é . é (93)
—20. 20.¢, — G, -0, |d7| + 20.d| =Z0.¢, — G, ¢
¢ [1 <Pe “ qb’zcb> Y : <Pe “ Qb'zcb> F=—(1-d)
+2< 0, 0.8, — § > +24,p /_(l_a)é % _45-0
——0;C), — 4, 5C, HP, = =0
€2Pe y“b qb,} b = (1-2) a . akn+6‘h y

Next, the lower-order terms in the equations for the conservation of nutrients (67-68) are
0§EW70 =0and 652,5,,70 = 0. The interface coupling condition (70) becomes ¢, = €, (, while
the boundary condition on the wall (71) becomes 0;¢, , = 0. The symmetry in § implies that
both nutrient concentrations do not depend on , resulting in &,,((Z,7) = €,((Z. 1) = ¢,(Z, ).
Using the aforementioned results, both equations (92) and (93) can be written as

\ o 2-2dy A .
9iC0(2 = 2dy)] = 0:\ —5—9:C | + 0| & ~ Gyz0dy ) =0,
€ ~(1-dy)

. .8, ~(1-dy) N g
0:(2dy0,,¢) — 0: <2d0%656‘0> +0:| ¢ /1 Gpz099 ) + 2dy 1,50, — =0
- n 0

where we use the interface condition (69). Then, adding both equations we finally obtain

~ ~ C,
a”EO:| = _dOﬁnoa,Oﬁai(—,.

0;[¢,0¢(dy, 6,)] + 0 [Eo@ - P
n 0

@ Springer



110 D. Landa-Marbén et al.

where we define O(d,, ,,) as
O.(dy,0,) =1—dy+06,d,.

We focus on the water—biofilm interface (81):

f_((ﬁ)"’ - a2aﬁ2)uref/qref)’ a = 1’
0d =3 —1/1+ (€0:dYeky iS + (it — 0-dit )it/ Gy, 0 <d <1,
0, d=0.

Using the set-valued Heaviside graphs (49), we can write the previous equations as

o.d € Hy(d)H (3){—\/1 + (e0.d)2eky, fil|(1 — V9N + MT) ¥
0 1 € kg fil| vv il 04)
+[ﬁi - aZEI”T{E]uref/qref} + [1 - Hl (a)]f_((ﬁy - azglﬁz)uref/qref)'

Using the regularized Heaviside functions (51), we can write (94) as

o,d =H5,o<21>H5,1<5l){ —\/ 1+ (€0.d)eky, il |1 — 79 )N + M) 7|
+[ﬁ_? - aiaﬁz]uref/qref} + [1 - H(S,l(a)]f_((ﬁy - azglﬁz)uref/qref)'
Using (82-83, 87a, 88a, 91), for the lower-order terms in € we have
0:dy = Hj (do)H; 1 (o) kg (1 = dy)|0:50| + do o] + [1 — Hy 1 (do)If~(Zp).

Letting 6 go to zero in order to return to the non-regularized formulation, we get

5 &) . dy=1,
iy = k(1 = dpI0:pol +dyZ).  0<dy <1,
0, dy = 0.
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