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Abstract The effect of mass diffusion of chemical species with first-order reaction on
peristaltic motion of an incompressible Jeffrey fluid has been investigated. The fluid flows
through vertical porous media in the gap between concentric tubes with heat and mass trans-
fer. The inner tube is uniform, while the outer one is a non-uniform tube has a sinusoidal
wave traveling down its wall. A perturbation solution, under long-wavelength assumption, is
obtained which satisfies the momentum, energy, and concentration equations for the case of
small porosity parameter. Numerical results for the behaviors of pressure rise and frictional
force per wavelength as well as for the skin friction, Nusselt number, and Sherwood num-
ber with other physical parameters are obtained. Several graphs for these results of physical
interest are displayed and discussed in detail.

Keywords Peristaltic transport · Chemical reaction · Heat and mass transfer ·
Non-Newtonian fluids · Flows through porous media

1 Introduction

Peristaltic transport is a form of fluid transport generated by a progressive wave of area
contraction or expansion along the length of a distensible tube containing fluid. Peristalsis
induces in general propulsive and mixing movements. Peristaltic pumping is found in many
applications such as for the transport of slurries, sensitive or corrosive fluids, sanitary fluid,
and noxious fluids in the nuclear industry, to name but a few examples. Extensive literature on
the topic is available for viscous fluids (Hayat et al. 2008, 2009; Srinivas and Gayathri 2009;
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Srinivas and Kothandapani 2009). The theory of non-Newtonian fluids has received great
attention during the recent years, because traditional viscous fluids cannot precisely describe
the characteristics of many rheological fluids. The governing equations for such fluids are
complicated and more nonlinear than the Navier–Stokes equations and present interesting
challenges to physicists, computer scientists, mathematicians, and modelers.

Simultaneous heat and mass transfer from different geometries embedded in porous media
has many engineering and geophysical applications such as geothermal reservoirs, drying of
porous solids, thermal insulation, enhanced oil recovery, packed-bed catalytic reactors, cool-
ing of nuclear reactors, and underground energy transport. Nakayama and Koyama (1987a,b)
studied free convection over a vertical flat plate embedded in a thermally stratified porous
medium. Gorla et al. (1996) have considered the effects of thermal dispersion and stratifica-
tion on mixed convection about a vertical surface in a porous medium. Hassanien et al. (1998)
studied the heat transfer characteristics of mixed convection flow over a vertical flat plate
embedded in porous medium. The similarity solutions of hydromagnetic mixed convection
heat and mass transfer for Hiemenz flow through porous media are explained by Chamkha
and Khaled (2000). Recently, Liao and Pop (2004) offer a comprehensive account of the
boundary layers over a vertical flat plate embedded in a porous medium.

In view of their importance, several authors have studied peristalsis in both mechani-
cal and physiological situations. Abd El Naby and El Misery (2002) discussed the effect
of an endoscope on the peristaltic mechanism of a generalized Newtonian fluid. El Misery
et al. (2003) studied the peristaltic transport of a fluid with variable viscosity through the
gap between concentric uniform tubes. Hayat et al. (2006) investigated the peristaltic flow
of a Jeffrey fluid through the gap between concentric uniform tubes. Hayat et al. (2008)
explained the influence of an endoscope on the peristaltic flow of a Jeffrey fluid through
tubes. The interaction of peristalsis and heat transfer has also received some attention as it
might be relevant in processes like hemodialysis and oxygenation. Radhakrishnamacharya
and Radhakrishnamurty (1993) investigated peristalsis with heat transfer in a non-uniform
channel. Radhakrishnamacharya and Srinivasulu (2007) explained the effect of elasticity of
the flexible walls on peristaltic transport of an incompressible viscous fluid, with heat trans-
fer. Vajravelu et al. (2007) studied the interaction of peristalsis with heat transfer for the flow
of a viscous fluid in a vertical porous annular region between two concentric tubes.

On the other hand, the analysis of blood flow through tapered tubes is very important
to understand the behavior of the flow as the taper of the tube is an important factor in the
pressure development. It has been pointed out that the blood vessels bifurcate at frequent
intervals and although the individual segments of arteries may be treated as uniform between
bifurcations, the diameter of the artery decreases quite fast at each bifurcation (Dwivedi et
al. 1982). It has been observed that even for the small angles of taper (up to 2 ), the effects of
tapering of the blood vessels cannot be neglected (Chaturani and Pralhad 1985). As pointed
out by How and Black (1987), this study is also very useful for the design of prosthetic
blood vessels as the use of grafts of tapered lumen has the advantage of surgical benefits,
the blood vessels being wider upstream. The important hydrodynamic factor for tapered tube
geometry is the pressure loss which leads to the diminished blood flow through the grafts. It
has been pointed out that in some diseased conditions, e.g., patients with sever myocardial
infarction, cerebrovascular diseases, and hypertension, blood exhibits remarkable non-New-
tonian properties (Chien 1981; Chaturani and Samy 1985). Hence, it is appropriate to model
blood as a non-Newtonian fluid when it flows through narrow arteries at low-shear rates
(Sankar and Hemalatha 2006, 2007a,b,c). Gupta and Seshadri (1976) analyzed the peristaltic
flow through non-uniform channels and tubes with reference to the flow of spermatic fluid
in vas deferens, neglecting the inertia terms (considering them to be small in comparison
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to the viscous terms). Srivastava and Srivastava (1982) extended the analysis to that of a
two-layer model. Deshikachar and Rao (1985) studied the effect of a magnetic field on the
flow and oxygenation of an incompressible Newtonian conducting fluid in channels with
irregular boundaries. Rao and Deshikachar (1986) investigated the effect of unsteadiness on
magnetohydrodynamic (MHD) flow of a conducting incompressible viscous fluid in chan-
nels of varying cross section. Misra and Pandey (1995) put forward a theoretical analysis for
the axisymmetric peristaltic motion of a Newtonian viscous incompressible fluid through a
flexible tube of changing cross section, where the nonlinear convective acceleration terms are
not negligible compared to the viscous terms. Elshehawey et al. (1998) studied the peristaltic
motion of Carreau fluid in a non-uniform channel. Mekheimer (2004) studied the effect of
a uniform magnetic field on peristaltic transport of a blood, represented by a couple-stress
fluid, in a non-uniform two-dimensional channels. Also, Elshehawey et al. (2005) studied the
axisymmetric peristaltic motion of a viscous compressible liquid through a flexible pore of
variable cross section. Mekheimer (2005) studied the peristaltic transport of a viscous incom-
pressible fluid (creeping flow) through the gap between coaxial tubes. Eldabe et al. (2007)
investigated the peristaltic pumping of MHD non-Newtonian biviscosity fluid through an
axisymmetric non-uniform tube in the presence of a radial magnetic field.

In this article, a mathematical model is presented to study the effects of chemical reaction
on the interaction among peristalsis, heat, and mass transfer for the motion of a non-Newto-
nian Jeffrey fluid embedded in a vertical porous medium in two-dimensional tubes. The outer
tube is non-uniform and has a sinusoidal wave traveling down its wall, and the inner one is
a rigid, uniform tube. This problem, to the best of our knowledge, has not been investigated
yet. The momentum, energy, and mass equations have been linearized under long-wavelength
assumptions, and analytical solutions for the flow variables have been obtained. Numerical
results for the behaviors of pressure rise and frictional force per wavelength as well as for
the skin friction, Nusselt number, and Sherwood number with other physical parameters are
obtained. Several graphs for these results of physical interest are displayed and discussed in
detail.

2 Formulation of the Problem

Consider the flow of an incompressible Jeffrey fluid through porous medium in the gap
between two coaxial vertical tubes. The influences of chemical reaction, heat, and mass
transfer are taken into account. The outer tube is non-uniform and has a sinusoidal wave
traveling down its wall, and the inner one is a rigid, uniform tube. We choose a rectangular
coordinate system for the tubes with x̄ along the center line of the inner and the outer tubes,
ȳ is the radial distance measured, the inner tube is at ȳ = ȳ1 and kept at a temperature
Ti and concentration Ci, and the outer tube is at ȳ = ȳ2 and kept at a temperature To and
concentration Co. The geometry of the two wall surfaces, see Fig. 1, are

ȳ1 = ai and ȳ2 = a0 + b sin[ 2π
λ
(x̄ − ct̄)] (1)

in which ai signifies the radius of the inner tube, a0 indicates the radius of the outer tube at
the inlet, c is the wave speed, t̄ is the time, b is the amplitude, and λ is the wavelength. The
radius of the tapered tube is given by Sankar and Hemalatha (2007c)

a0(x̄) = R − x̄ tanψ (2)

where R is the radius at x̄ = 0, ψ is the angle of taper which is considered as a constant in
this study (the case of convergent tube ψ = constant).

123



188 M. F. El-Sayed et al.

Fig. 1 Flow configuration

The mass transfer is the flow along the wall surface of the coaxial tubes (in the gap between
them) that contains a species A slightly soluble in the fluid B. Let C0 be the solubility of A in
B, and concentration of A at the inner tube is Ci. Also, let the reaction of a species A with B
be the first-order homogeneous chemical reaction of rate constant k1. The concentration of
dissolved A is considered small enough. Under these assumptions, the governing momentum,
continuity, temperature, and concentration equations for this problem can be written as

ρ

(
∂ ū

∂ t̄
+ ū

∂ ū

∂ x̄
+ v̄

∂ ū

∂ ȳ

)
= −∂ p̄

∂ x̄
+ ∂ S̄xx

∂ x̄
+ ∂ S̄xy

∂ ȳ
+ ρgβ

(
T − T

)

+ρgβ∗ (
C − C

) − μ

k0
ū (3)

ρ

(
∂v̄

∂ t̄
+ ū

∂v̄

∂ x̄
+ v̄

∂v̄

∂ ȳ

)
= −∂ p̄

∂ ȳ
+ ∂ S̄xy

∂ x̄
+ ∂ S̄yy

∂ ȳ
− μ

k0
v̄ (4)

∂ ū

∂ x̄
+ ∂v̄

∂ ȳ
= 0 (5)
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ρcp

(
∂T

∂ t̄
+ ū

∂T

∂ x̄
+ v̄

∂T

∂ ȳ

)
= k∇2T + μ

k0
q(ū + v̄) (6)

∂C

∂ t̄
+ ū

∂C

∂ x̄
+ v̄

∂C

∂ ȳ
= D∇2C − k1C (7)

Here, q = √
ū2 + v̄2, ū and v̄ are the velocities in the x̄, ȳ directions, respectively, T is the

temperature, C is the concentration, ρ is the fluid density, p̄ is the pressure, μ is the dynamic
viscosity, k0 is the permeability of porous medium, g is the acceleration due to gravity, β is
the volumetric expansion coefficient, β∗ is the coefficient of expansion with concentration,
T̄ is the mean of Ti and To, C̄ is the mean of Ci and Co, k is the thermal conductivity,
cp is the specific heat at constant pressure, D is the mass diffusivity, and k1 is the chemical
reaction parameter.

The constitutive equations for an incompressible Jeffrey fluid are (Hayat et al. 2006, 2008)

τ̄ = − p̄ I + S̄

S̄ = μ

1 + λ1
(γ̇ + λ2γ̈ ) (8)

where τ̄ and S̄ are Cauchy stress tensor and extra stress tensor, respectively, I is the identity
tensor, λ1 is the relaxation time, λ2 is the retardation time, γ̇ is the shear rate, and dots over
the quantities indicate differentiation with respect to time.

The boundary conditions for this system are given by

ū = 0, v̄ = 0 at ȳ = ȳ1

ū = 0, v̄ = ∂ ȳ2

∂ t̄
at ȳ = ȳ2 (9)

T = Ti, C = Ci at ȳ = ȳ1

T = To, C = Co at ȳ = ȳ2

It is convenient to non-dimensionalize the variables appearing in Eqs. 1–9 as follows

x = x̄

λ
, y = ȳ

R
, u = ū

c
, v = λv

Rc
, p = R2

λμc
p̄, t = t̄ c

λ
,

Re = ρcR

μ
, S = RS̄

μc
, δ = R

λ
, y1 = ȳ1

R
= η, y2 = ȳ2

R
,

φ = b

R
, Θ = T − T̄

Ti − T̄
, � = C − C̄

Ci − C̄
, n = To − T̄

Ti − T̄
, (10)

m = Co − C̄

Ci − C̄
, ε2 = R2

k0
, ν = μ

ρ
, GT = gβ(Ti − T̄ )R2

νc
,

GC = gβ∗(Ci − C̄)R2

νc
, Pr = ρcpν

k
, EC = μc2

k(Ti − T̄ )
,

Sr = ν

D
, γ = k1 R2

ν

where Re is the Reynolds number, δ is the wave number, η is radius ratio, φ(< 1) is
the amplitude ratio, n is the wall-temperature ratio, m is the wall-concentration ratio, ε2

is the porous parameter, GT is the Grashof number, GC is the modified Grashof number, ν is
the kinematic viscosity, Pr is the Prandtl number, EC is the Eckert number, Sr is the Soret
number, and γ is the non-dimensional chemical reaction parameter.
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In terms of these variables, Eqs. 3–7 become

δRe

(
∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y

)
= −∂p

∂x
+ δ

∂Sxx

∂x
+ ∂Sxy

∂y
− ε2u + GTΘ

+GC� (11)

δ3 Re

(
∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y

)
= −∂p

∂y
+ δ2 ∂Sxy

∂x
+ δ

∂Syy

∂y
− δ2ε2v (12)

∂u

∂x
+ ∂v

∂y
= 0 (13)

δRe

(
∂Θ

∂t
+ u

∂Θ

∂x
+ v

∂Θ

∂y

)
= 1

Pr

{
δ2 ∂

2Θ

∂x2 + ∂2Θ

∂y2

+ε2 EC (u + δv)
√

u2 + δ2v2

}
(14)

δRe

(
∂�

∂t
+ u

∂�

∂x
+ v

∂�

∂y

)
= 1

Sr

{
δ2 ∂

2�

∂x2 + ∂2�

∂y2

}
− γ� (15)

while Eq. 8 turns into its dimensionless form, reading

Sxx = 2δ

1 + λ1

[
1 + λ2δc

a20

(
∂

∂t
+ u

∂

∂x
+ v

∂

∂y

)]
∂u

∂x
,

Sxy = 1

1 + λ1

[
1 + λ2δc

a20

(
∂

∂t
+ u

∂

∂x
+ v

∂

∂y

)](
∂u

∂y
+ δ2 ∂v

∂x

)
, (16)

Syy = 2δ

1 + λ1

[
1 + λ2δc

a20

(
∂

∂t
+ u

∂

∂x
+ v

∂

∂y

)]
∂v

∂y

Thus, the boundary conditions (9) in their dimensionless form read

u = 0, v = 0 at y = y1

u = 0, v = ∂y2

∂t
at y = y2 (17)

Θ = n, � = m at y = y1

Θ = 1, � = 1 at y = y2

where

y2 = 1 − λ

R
x tanψ + φ sin[2π (x − t)]

Using the long-wavelength approximation to our analysis as described in Ref. Shapiro
et al. (1969), then the field Eqs. 11, 12, and 14–16 now give

∂p

∂x
= 1

1 + λ1

∂2u

∂y2 − ε̃2u + GTΘ + GC� (18)

∂p

∂y
= 0 (19)

∂2Θ

∂y2 = −̃ε2 EC u2 (20)

∂2�

∂y2 = Srγ� (21)
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where ε̃2 = ε2/(1 + λ1). Equation 19 indicates that p is independent of y (i.e., p �= p(y)).
Hence, p is a function of x and t only.

3 Rate of Volume Flow

We have transformed the moving coordinates (x∗, y∗) which move with the same wave
velocity, c, in the positive x̄-direction, to stationary coordinate (x̄, ȳ) as follows

x̄ = x∗ + ct, ū = u∗ + c, v̄ = v∗ (22)

where u∗, v∗ and ū, v̄ are the velocity components in the corresponding coordinate systems.
The instantaneous volume flow rate in the stationary coordinates is given by

Q(x, t) =
ȳ2∫

ȳ1

u(x, y, t)dy (23)

where ȳ2 is a function of x, t . The rate of volume flow in the moving coordinates through
each section, q∗, is a constant, independent of both x and t . It is calculated as

q∗ =
ȳ2∫

ȳ1

u∗(x∗, y∗)dy∗ (24)

Using Eq. 22, one finds that the two rates of volume flow are related by

Q = q∗ + c(ȳ2 − ȳ1) (25)

The time-averaged flow over a period Υ = λ/c at a fixed position x̄ is defined as

Q = 1

Υ

Υ∫
0

Qdt (26)

Invoking Eq. 25 into Eq. 26 and then integrating one can write

Q = q∗ + c(a2 − a1) (27)

Substituting from Eq. 27 into Eq. 25, we obtain

Q = Q + cb sin

[
2π

λ

(
x − ct

)]
(28)

Defining the dimensionless mean flows f and F as

f = Q

cR
and F = Q

cR
(29)

Eq. 28 can be written as

f = F + φ sin [2π(x − t)] (30)

where

f =
y2∫

y1

udy (31)
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4 Method of Solution

Because, it is not possible to get closed form solutions for Eqs. 18, 20, and 21 for arbitrary
values of all the parameters, we seek the solution of the problem as a power series expansion
in the small parameter ε̃2, see Refs. Srinivas and Gayathri (2009), Srinivas and Kothandapani
(2009), as follows

u = u0 + ε̃2u1 + O (̃ε4)

p = p0 + ε̃2 p1 + O (̃ε4) (32)

Θ = Θ0 + ε̃2Θ1 + O (̃ε4)

� = �0 + ε̃2�1 + O (̃ε4)

Substituting Eq. 32 in Eqs. 18, 20, and 21 and boundary conditions (17) and collecting equa-
tions coefficients of like powers of ε̃2, we get the following set of equations
Coefficient of ε̃0

∂p0

∂x
= 1

1 + λ1

∂2u0

∂y2 + GTΘ0 + GC�0 (33)

∂2Θ0

∂y2 = 0 (34)

∂2�0

∂y2 = Srγ�0 (35)

and

u0 = 0, at y = y1, y = y2

Θ0 = n, �0 = m at y = y1 (36)

Θ0 = 1, �0 = 1 at y = y2

Coefficient of ε̃2

∂p1

∂x
= 1

1 + λ1

∂2u1

∂y2 − u0 + GTΘ1 + GC�1 (37)

∂2Θ1

∂y2 = −EC u2
0 (38)

∂2�1

∂y2 = Srγ�1 (39)

and

u1 = 0, at y = η, y = y2 (40)

Θ1 = 0, �1 = 0 at y = y1, y = y2 (41)

Solving Eqs. 33–35 using (36) yield

u0 = ∂p0

∂x
a1 + a2 (42)

Θ0 = c1 y + c2 (43)

�0 = c3 exp(ay)+ c4 exp(−ay) (44)
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where

a1 = 1 + λ1

2

(
y2 − α1 y + α2

)

a2 = −1

6
y
(
b5 y2 + 3b6 y − 6b3

) − α3�0 + b4 (45)

in which all b’s constants are given in the Appendix, and

α1 = y2 + y1, α2 = y1 y2, α3 = (1 + λ1)GC

a2 , a2 = Srγ

c1 = (n − 1)

(y1 − y2)
, c2 = (y1 − ny2)

(y1 − y2)

c3 =
[
m exp(−ay2)− exp(−ay1)

]
2 sinh [a(y1 − y2)]

c4 =
[
exp(ay1)− m exp(ay2)

]
2 sinh [a (y1 − y2)]

The volume flow rate f0 in the stationary coordinates is given by

f0 =
y2∫

y1

u0dy (46)

Substituting from Eq. 42 in Eq. 46 and solving the resulting equation for ∂p0/∂x, yields

∂p0

∂x
= 2

(1 + λ1)ξ
[ f0 + a3] (47)

where

ξ = 1

3

(
y3

2 − y3
1

) − α1

2

(
y2

2 − y2
1

) + α2 (y2 − y1)

a3 = 1

6

[
b5

4

(
y4

2 − y4
1

) + b6
(
y3

2 − y3
1

) − 3b3
(
y2

2 − y2
1

)] + α3

a2

(
�
(2)
0

∂y
− �

(1)
0

∂y

)
(48)

−b4(y2 − y1)

Substituting from Eq. 42 into Eq. 38, and solving the resulting equation subjected to the
boundary conditions (41), we find that

Θ1 =
(
∂p0

∂x

)2

a4 + ∂p0

∂x
a5 + a6 (49)
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where

a4 = EC (1 + λ1)
2

8

{
− 2

30
y6 + α1

5
y5 − b14 y4 + 2α1α2

3
y3 − α2

2 y2

+b29 y + b30

}

a5 = (1 + λ1)EC

{
b5

252
y7 + b15 y6 − b16 y5 + b17 y4 + b18 y3 − α2b4

2
y2

+b31 y + b32 +
[
b19 − α3

a2

(
α1 y − y2)]�0 + b20

∂�0

∂y

}
(50)

a6 = EC

{
− b2

5

2016
y8 − b5b6

252
y7 + b7 y6 + b8 y5 + b9 y4 − b3b4

3
y3

−b13 y2 + b27 y + b28 +
[

b10 + 2α3

a4

(
2b6 y + b5 y2)] ∂�0

∂y

+
[

b11 + b12 y − α3

a2

(
b6 y2 + b5

3
y3

)]
�0 −

(α3

2a
�0

)2
}

Solving Eq. 39 subject to the boundary conditions (41), we obtain

�1 = 0 (51)

We determine the first-order velocity u1 by substituting Eqs. 42, 49, and 51 into Eq. 37 subject
to the boundary conditions (40), we find that

u1 = ∂p1

∂x
a1 +

(
∂p0

∂x

)2

a7 + ∂p0

∂x
a8 + a9 (52)

where

a7 = (1 + λ1)
3

16
EC GT

{
1

420
y8 − α1

105
y7 + b15

15
y6 − α1α2

15
y5 + α2

2

6
y4

−b29

3
y3 − b30 y2 + b51 y + b52

}

a8 = (1 + λ1)
2 EC GT

{
− b5

18144
y9 − b15

56
y8 + b16

42
y7 − b17

30
y6 − b18

20
y5

+b40 y4 − b41 y3 − b42 y2 + b53 y + b54 −
(

b43 − α1α3

a4 y + α3

a4 y2
)
�0

−
(

b44 − 4α3

a6 y

)
∂�0

∂y

}
(53)

a9 = (1 + λ1)EC GT

{
b2

5

181440
y10 + b5b6

18144
y9 − b7

56
y8 − b8

42
y7

− b9

30
y6 + b33 y5 + b34 y4 + b35 y3 + b36 y2 + b55 y + b56

+
(

b37 + b38 y + α3b6

a4 y2 + α3b5

3a4 y3
)
�0
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+
(

b39 − 8α3b6

a6 y − 4α3b5

a6 y2
)
∂�0

∂y
+

( α3

4a2�0

)2
}

The volume flow rate f1 in the stationary coordinates is given by

f1 =
y2∫

y1

u1dy (54)

substituting from Eq. 51 in Eq. 53 and solving the resulting equation for ∂p1/∂x give

∂p1

∂x
= 2

(1 + λ1)ξ

[
f1 −

(
∂p0

∂x

)2

a10 − ∂p0

∂x
a11 − a12

]
(55)

where

a10 = EC GT
(1 + λ1)

3

16

{
1

3780

(
y9

2 − y9
1

) − α1

840

(
y8

2 − y8
1

) + b15

105

(
y7

2 − y7
1

)

−α1α2

90

(
y6

2 − y6
1

) + α2
2

30

(
y5

2 − y5
1

)
− b29

12

(
y4

2 − y4
1

) − b30

3

(
y3

2 − y3
1

)

+b51

2

(
y2

2 − y2
1

) + b52 (y2 − y1)

}

a11 = EC GT (1 + λ1)
2

{
− b5

181440

(
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1

) + b15
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(
y9
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1

)

+ b16
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(
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1
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(
y7
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1
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y6
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1
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5

(
y5
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1

)
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4

(
y4
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1
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(
y3
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1

) + b53

2

(
y2
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1
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−b57

(
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0 −�
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0

)
+ 6α3
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y2�
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0 − y1�

(1)
0

)
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∂�

(2)
0

∂y
− ∂�

(1)
0

∂y

)

+α3
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y2 (α1 − y2)

∂�
(2)
0

∂y
− y1 (α1 − y1)

∂�
(1)
0

∂y

]}

a12 = EC GT (1 + λ1)
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)
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1
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) + b55
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+b59 (y2 − y1)+ b60
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(2)
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+ α2
3

32a7

(
�
(2)
0
∂�

(2)
0

∂y
−�

(1)
0
∂�

(1)
0

∂y

)
(56)

The constants bi (i = 1, ..., 62) are defined in the Appendix.
Substituting from Eqs. 47 and 55 into Eq. 32, then the expression for the pressure gradient

takes the following form

∂p

∂x
= 2

(1 + λ1)ξ

{
( f0 + a3)+ ε̃2

[
f1 −

(
2

(1 + λ1)ξ

)2

( f0 + 2a3) f0a10

− 2

(1 + λ1)ξ
a11 f0 −

(
2a3

(1 + λ1)ξ

)2

a10 − 2a3a11

(1 + λ1)ξ
− a12

]}
(57)

The results of our analysis can be expressed to second order by defining

f = f0 + ε̃2 f1 (58)

then substituting f0 = f − ε̃2 f1 in Eq. 57 and neglecting the terms greater than O (̃ε2), we
find

∂p

∂x
= 2

(1 + λ1)ξ

{
( f + a3)− ε̃2

[(
2

(1 + λ1)ξ

)2

( f + 2a3) f a10

+ 2

(1 + λ1)ξ
a11 f +

(
2a3

(1 + λ1)ξ

)2

a10 + 2a3a11

(1 + λ1)ξ
+ a12

]}
(59)

The non-dimensional expressions for pressure rise per wavelength �Pλ(t) and fric-
tional forces on the inner F (i)λ (t) and outer F (o)λ (t) tubes are directly given by Misra and
Pandey (1995), Elshehawey et al. (1998), Mekheimer (2004), Elshehawey et al. (2005), and
Mekheimer (2005)

�Pλ(t) =
1∫

0

(
∂p

∂x

)
dx (60)

F (i)λ (t) =
1∫

0

y2
1

(
−∂p

∂x

)
dx (61)

F (o)λ (t) =
1∫

0

y2
2

(
−∂p

∂x

)
dx (62)

Substituting from Eq. 59 into Eqs. 60–62 and then evaluating the integrations numerically for
several values of the parameters included, using the Software Fortran 90 Ellis et al. (1994),
and the obtained results are discussed in Sect. 6.

Note that if the tube length is finite but equals an integral number of wavelengths, and
if the pressure difference between the ends of the tube is constant, the flow is steady in
the wave frame. Hence, when we computed the pressure drop �PL(t), we used the inlet
and outlet flows boundary conditions p = p0 at x = 0, and p = pL at x = L . Then,
the pressure drop �PL(t) in the tube length L in the non-dimensional form is obtained as

�Pλ(t) = ∫Λ
0

(
∂p
∂x

)
dx , where Λ = L/λ, and we have taken L = λ = 8.01 cm.
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5 Characteristic Coefficients

The expression for the axial velocity component u, temperature Θ , and concentration �,
respectively can be obtained from Eqs. 32, 42–44, 49, 51, and 52, and they take the following
forms

u = a2 + ∂p

∂x
a1 + ε̃2

[
a9 +

(
2a3

(1 + λ1)ξ

)2

a7 + 2a3a8

(1 + λ1)ξ

]

+ 2̃ε2 f0

(1 + λ1)ξ

[
2

(1 + λ1)ξ
( f0 + 2a3) a7 + a8

]
(63)

Θ = c1 y + c2 + ε̃2

{(
2

(1 + λ1)ξ

)2 (
f 2
0 + 2a3 f0 + a2

3

)
a4 + 2a5 f0

(1 + λ1)ξ

+ 2a3a5

(1 + λ1)ξ
+ a6

}
(64)

� = c3 exp(ay)+ c4(−ay) (65)

Substituting from Eq. 58 in Eqs. 63 and 64 and neglecting the terms greater than O (̃ε2),
we get

u = a2 + ∂p

∂x
a1 + ε̃2

[
a9 +

(
2a3

(1 + λ1)ξ

)2

a7 + 2a3a8

(1 + λ1)ξ

]

+ 2ε2 f

(1 + λ1)ξ

[
2

(1 + λ1)ξ
( f + 2a3) a7 + a8

]
(66)

Θ = c1 y + c2 + ε̃2

{(
2

(1 + λ1)ξ

)2 (
f 2 + 2a3 f + a2

3

)
a4 + 2a5 f

(1 + λ1)ξ

+ 2a3a5

(1 + λ1)ξ
+ a6

}
(67)

Now, the skin friction coefficient τ , the heat transfer coefficient (Nusselt number) Nu,
and the mass transfer coefficient (Sherwood number) Sh at the wall of both inner and outer
tubes are defined respectively by Massey (1989)

τ = 1

1 + λ1

(
∂u

∂y

)
w

, Nu =
(
∂Θ

∂y

)
w

, Sh =
(
∂�

∂y

)
w

at w = y1, y2 (68)

The expressions for τ, Nu, and Sh have been obtained by substituting from Eqs. 65–67 into
Eq. 68 respectively, and then they have been evaluated numerically for several values of the
parameters of the problem, using the Software Fortran 90 (Ellis et al. 1994). The obtained
results will be discussed in the next section.

6 Results and Discussion

It is clear that we have to choose the porosity parameter less than one because we have used the
perturbation method with the porosity parameter. Moreover, the approximation we have used
(long-wavelength approximation) restricted us in choosing the values of propagation veloc-
ity, wavelength, and radius of the tube such that the wave number is neglected and Reynolds
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Fig. 2 The variation of �Pλ(t)
versus F with fixed
ψ = 0.5, η = 0.32,
Sr = 0.6, EC = 3, γ = 3,
λ1 = 0.6, φ = 0.1,
ε̃ = 0.3, GC = 1,
n = 1.2, m = 1, and t = 0.3
for different values of GT

number is very small. As reported by Shukla et al. (1980) and Srivastava (1986), we use the
following values of the human small intestine parameters as R = 1.25 cm, c = 2 cm/ min,
and λ = 8.01 cm. Furthermore, since most routine upper gastrointestinal endoscopes are
from 8 to 11 mm in diameter as reported in Cotton and Williams (1990) and the radius of the
small intestine is 1.25 cm as reported in Refs. Shukla et al. (1980), Srivastava (1986) then the
radius ratio η takes the values 0.32, 0.38, and 0.44, and since η = ai/R, R = 1.25 cm, then
the radius of the inner tube takes one of the values ai = 0.4, 0.475, and 0.55 cm. It should
be noted also here that we have chosen the parameter ε2 = 0.01, 0.05, 0.1, 0.5, 1, 2,
and 3 (see Ref. Hayat et al. 2008). Moreover, the values of permeability parameter can be
obtained using the relation ε2 = R2/k0, where R is a constant.

Here, our aim interest is to study the effects of various emerging parameters such as
ψ, φ, λ1, ε̃, Sr, γ, EC , GT , GC , and η on the pressure rise �Pλ(t), the inner friction
force F (i)λ (t) (on the inner surface) and the outer friction force F (o)λ (t) (on the outer surface)
over the tube length as a function of flow rate F . The skin friction coefficient τ , the heat trans-
fer coefficient (Nusselt number) Nu, and the mass transfer coefficient (Sherwood number)
Sh at the wall of both inner and outer tubes are evaluated numerically for different values of
ψ, φ, λ1, ε̃, Sr, γ, EC , GT , GC , η and results are displayed graphically. Figures 2,
3, and 4 give the effects of some parameters (GT , λ1, and γ ) on �Pλ(t), and the effects
of the other parameters are found to be similar to them; their figures are excluded here to
avoid any kind of repetition. In these Figs. 2, 3, and 4, the regions �Pλ(t) > 0, F < 0, and
�Pλ(t) > 0, F > 0; and �Pλ(t) < 0, F > 0 are called retrograde pumping, peristaltic
pumping, and augmented pumping, respectively.

In Fig. 2, the pressure rise �Pλ(t) is plotted against the flow rate F for various values of
the Grashof number GT , we observed that in the pumping region �Pλ(t) > 0, an increase
of GT increases the pumping rate �Pλ(t), and in the copumping region �Pλ(t) < 0, the
pumping rate decreases by increasing GT . Figure 2 shows also that there is an inversely
linear relation between F and �Pλ(t), (i.e., for any GT value, an increase in the flow rate
F will decrease the pressure rise �Pλ(t), and vise versa) and that the maximum pressure
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Fig. 3 The variation of �Pλ(t)
versus F with fixed
ψ = 0.5, η = 0.32, Sr =
0.6, EC = 3, γ = 3, φ =
0.1, ε̃ = 0.5, GC = 1, GT =
1, n = 1.2, m = 1, and t = 0.3
for different values of λ1

Fig. 4 The variation of �Pλ(t)
versus F with fixed
ψ = 0.5, η = 0.32, Sr =
0.6, EC = 3, λ1 = 0.6, φ =
0.1, ε̃ = 0.3, GC = 1, GT =
1, n = 1.2, m = 1, and t = 0.3
for different values of γ

rise occurs at a negative value of the flow rate. Note that the peristaltic pumping region
becomes slightly wider as GT increases. The effects of the parameters ψ, φ, η, EC , and
ε̃ on �Pλ(t) and F are found to be similar to the effect of GT on �Pλ(t) and F shown
in Fig. 2. Figure 3 shows the variation of �Pλ(t) with F for different values of the ratio
of relaxation to retardation time λ1 on �Pλ(t) is a reverse to the effect of GT on �Pλ(t),
i.e., in the region −1 � F < 0, �Pλ(t) decreases by increasing λ1, while in the region
0 � F � 1, �Pλ(t) increases by increasing λ1. Note that when λ1 < 4, the peristaltic
pumping region becomes slightly wider as λ1 increases, and if λ1 � 4, it is slightly narrow
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Fig. 5 The variation of F(o)λ (t)
versus F with fixed
ψ = 0.5, η = 0.32, Sr =
0.6, EC = 3, γ = 3, λ1 =
0.6, φ = 0.1, ε̃ = 0.3, GC =
1, n = 1.2, m = 1, and t = 0.3
for different values of GT

as λ1 increases. Similar result can be found for the effect of GC on�Pλ(t) and F , but in this
case the peristaltic pumping region, for any λ1 value, becomes slightly wider as λ1 increases.
Figure 4 shows the variation of �Pλ(t) with F for various values of the non-dimensional
chemical reaction parameter γ . From this figure, we observe that the effect of γ on �Pλ(t)
is similar to the effect of λ1 on �Pλ(t) illustrated in Fig. 3, with the only difference that
the peristaltic pumping region will disappear in this case, and all the obtained curves will
intersect at the origin where F = 0, �Pλ(t) = 0. The effect of the Soret number Sr on
�Pλ(t) is found to be exactly similar the effect of γ on �Pλ(t) given by Fig. 4.

The outer and inner friction forces F (o)λ (t) and F (i)λ (t) appear at the outer and inner sur-
faces of the tubes, respectively, are plotted in Figs. 5 and 6 versus the flow rate F for various
values of Grashof number GT . We notice from these figures that, for any value of GT , the
outer friction F (o)λ (t) has a greater value (positive or negative) than the inner friction F (i)λ (t).
Moreover, their behaviors being similar for the same value of GT . We observe also that the
effect of GT on any of F (o)λ (t) or F (i)λ (t) can be considered as the same effect of GT on
pressure rise�Pλ(t) given by Fig. 2 but with a reflection about the horizontal axis F passing
through the origin (0, 0). The above obtained results can be generalized for the effects of
other parameters such as ψ, φ, λ1, ε̃, Sr, γ, EC , GC , and η on F (o)λ (t) and F (i)λ (t) in
comparison with their effects on �Pλ(t).

Figures 7 and 8 show the behaviors of the skin friction τ at the inner and outer tubes with
the flow rate F for different values of the modified Grashof number GC and the radius ratio
η, respectively. We observe from these figures that the skin friction τ at both tubes is a linear
function of the flow rate F , and that the obtained curves will meet at τ = 0. Figure 7 shows
that the skin friction τ decreases (and increases) by increasing GC when τ ≷ 0, respectively,
while for any value of GC , the skin friction τ increases (and decreases) by increasing the
flow rate F at the inner or outer tubes, respectively. Also Fig. 8 shows that the skin friction
τ increases (and decreases) by increasing η when τ ≷ 0, respectively, while for any value of
η, the skin friction τ will have the same behavior by increasing the flow rate F as obtained
in Fig. 7. The effects of the parameters Sr, γ , and λ1 on the skin friction τ (figures are
excluded) are found to be similar to the previous effect of GC on τ given in Fig. 7, while
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Fig. 6 The variation of F(i)λ (t)
versus F with fixed
ψ = 0.5, η = 0.32, Sr =
0.6, EC = 3, γ = 3, λ1 =
0.6, φ = 0.1, ε̃ = 0.3, GC =
1, n = 1.2, m = 1, and t = 0.3
for different values of GT

Fig. 7 The variation of τ versus
F with fixed ψ = 0.5, η =
0.32, Sr = 0.6, EC = 3, γ =
3, λ1 = 0.6, φ = 0.1, ε̃ =
0.3, GT = 1, n = 1.2, m = 1,
and t = 0.3 for different values
of GC

the effect of other parameters as EC , GT , ε̃, ψ , and φ on τ are found to be similar to the
foregoing effect of η on τ given in Fig. 8, at the inner and outer tubes, respectively.

Figures 9 and 10 illustrate the behaviors of the Nusselt number Nu at the inner and outer
tubes with the flow rate F for various values of the Grashof number GT and the amplitude
ratio φ, respectively. We notice from Fig. 9 that the resulting curves in this case will be
similar to those obtained in Fig. 7 for the effect of GC on τ except that they are parallel if we
increase the value of GT , and also that they will intersect at different points of negative Nu
values which increase by increasing each of GT and F . Also, Fig. 10 shows that the effect of
φ on Nu in similar to the effect of η on τ given by Fig. 8, except that the obtained curves in
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Fig. 8 The variation of τ versus
F with fixed ψ = 0.5, Sr =
0.6, EC = 3, γ = 3, λ1 =
0.6, φ = 0.1, ε̃ = 0.3, GC =
1, GT = 1, n = 1.2, m = 1,
and t = 0.3 for different values
of η

this case will intersect at different points of negative Nu values which increase by increasing
both φ and F . The effects of the Soret number Sr and the non-dimensional chemical reaction
parameter γ on Nu (figures are removed) are found to be exactly similar to the effect of GC

on τ given by Fig. 7, while the effect of GC on Nu is found to be exactly similar to the effect
of η on τ given by Fig. 8, and the effect of λ1 on Nu is found to be exactly similar to the
effect of GT on Nu given in Fig. 9. Also, the effects of η and ψ are found to be similar to
the effect of η on τ given by Fig. 8 except that the obtained curves will intersect at a point
of negative Nu value. Finally, the effect of the porosity parameter ε̃ on Nu is found to be
similar to the effect of η on τ given by Fig. 8 except that the obtained curves for small values
of ε̃ will not intersect, and they will be parallel lines.

The behaviors of the Nusselt number Nu as a function of time t for various values of the
parameters Sr, λ1, and φ are depicted in Figs. 11, 12, and 13, respectively, at the inner and
outer tubes. Figure 11 shows that at any time t, Nu increases (or decreases) by increasing Sr
values at inner (or outer) tube, respectively, and for any value of Sr, we find by increasing t
that Nu decreases (or increases) till its minimum (or maximum) value after which it increases
(or decreases) at the inner (or outer) tube, respectively. Note that the increasing minimum or
decreasing maximum values of Nu occur at the same time, and that the resulting curves at
the inner and outer tubes respectively are symmetric about the axis Nu = 0. Note also that
the resulting curves at high values of Sr are straight lines parallel to the horizontal axis. The
effect of γ on Nu is found to be exactly similar to the effect of Sr on Nu given by Fig. 11.
Figure 12 shows that at any value of t, Nu decreases (or increases) by increasing λ1 values
at the inner (or outer) tube, respectively, and for any value of λ1, we find by increasing t that
Nu decreases (or increases) till its minimum (or maximum) value after which it increases
(or decreases) at the inner (or outer) tube, respectively. Note also that for any value of λ1,
the behavior of Nu with t is similar to that obtained in Fig. 11 for any value of Sr except
that the resulting curves at small values of λ1 are straight lined parallel to the horizontal axis.
The effects of η, GT , and ψ on Nu are found to be exactly similar to the effect of λ1 on Nu
given by Fig. 12 except that in the later cases (effect of GT on Nu), the resulting curves are
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Fig. 9 The variation of Nu
versus F with fixed
ψ = 0.5, η = 0.32, Sr =
0.6, EC = 3, γ = 3, λ1 =
0.6, φ = 0.1, ε̃ = 0.3, GC =
1, n = 1.5, m = 1, and t = 0.3
for different values of GT

Fig. 10 The variation of Nu
versus F with fixed
ψ = 0.5, η = 0.32, Sr =
0.6, EC = 3, γ = 3, λ1 =
0.6, ε̃ = 0.3, GC = 1, GT =
1, n = 1.5, m = 1, and t = 0.3
for different values of φ

found to be parallel, and (effect ofψ on Nu) the resulting curves are very close to each other,
while the effect of the parameters GC and ε̃ on Nu are found also to be similar to the effect
of λ1 on Nu given by Fig. 12, except that the resulting curves at small values of GC and
ε̃, respectively, are straight lines parallel to the horizontal axis. The effect of the amplitude
ratio φ on Nu is shown in Fig. 13 which indicates that its effect is similar to the effect of
λ1 on Nu given by Fig. 12 except that there are two times t1 and t2 (t1 < t2 ), where in the
intervals 0 � t < t1 and t > t2, Nu increases (or decreases) by increasing φ values at the
inner (or outer) tube, respectively, while in the interval t1 � t � t2, Nu is found to decrease
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Fig. 11 The variation of Nu
versus t with fixed ψ = 0.5, η =
0.32, EC = 3, γ = 3, λ1 =
0.6, φ = 0.1, ε̃ = 0.3, GC =
1, GT = 1, n = 1.5, m = 1,
and x = 0.3 for different values
of Sr

Fig. 12 The variation of Nu
versus t with fixed
ψ = 0.5, η = 0.32, EC =
3, γ = 3, Sr = 0.6, φ =
0.1, ε̃ = 0.3, GC = 1, GT =
1, F = −1, n = 1.5, m = 1,
and x = 0.3 for different values
of λ1

(or increase) by increasing φ values at the inner (or outer) tube, respectively, and in both
intervals the resulting curves will be also symmetric about the axis Nu = 0.

Finally, the behavior of the Sherwood number Sh as a function of time t for various values
of the parameters η, Sr, φ, and m are depicted in Figs. 14, 15, 16, and 17, respectively,
at the inner and outer tubes. It is clear from Fig. 14 that at any time t, Sh increases (or
decreases) by increasing η values at the inner (or outer) tube, respectively, and for any value
of η, we find by increasing t that Sh increases (or decreases) till its maximum (or minimum)
value after which it decreases (or increases) at the inner (or outer) tube, respectively. Note
that the increasing minimum or decreasing maximum values of η occur at the same time, and
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Fig. 13 The variation of Nu
versus t with fixed
ψ = 0.5, η = 0.32, EC =
3, γ = 3, λ1 = 0.6, Sr =
0.6, ε̃ = 0.3, GC = 1, GT =
1, F = −1, n = 1.5, m = 1,
and x = 0.3 for different values
of φ

that the resulting curves at the inner and outer tubes, respectively, are parallel and symmetric
about the axis Sh = 0. The effect of the angle of taper ψ on Sh is exactly similar to the
effect of η on Sh given by Fig. 14, except that the resulting curves in this case are very
close to each other. Figure 15 shows that at any value of t, Sh decreases (or increases) by
increasing Sr values at the inner (or outer) tube, respectively, and for any value of Sr , the
behavior of Sh with t is similar to that obtained in Fig. 14 for any value of η. The effect of
the non-dimensional chemical reaction parameter γ on Sh is found to be exactly similar to
the effect of Sr on Sh given by Fig. 15. The effect of the amplitude ratio φ on Sh is shown
in Fig. 16 which indicates that its effect is similar to the effect of η on Sh given by Fig. 14
except that there exist two times t1 and t2 (t1 < t2) such that in the intervals 0 � t < t1
and t > t2, Sh decreases (or increases) by increasing φ values at inner (or outer) tube,
respectively, while in the interval t1 � t � t2, Sh increases (or decreases) by increasing φ
values at the inner (or outer) tube, respectively, and in both intervals, the resulting curves will
also be symmetric about the axis Sh = 0. Figure 17 shows the behavior of Sh as a function
of t for various values of the wall-concentration ratio m (positive or negative) at the inner
and outer tubes. It is obvious from this figure that for any value of t , if m is positive then the
value of Sh is negative and vise versa at both the inner and outer tubes. It is also obvious that
Sh decreases by increasing m in both cases at the inner and outer tubes, and that the obtained
curves at the inner tube is lower than the corresponding curves at the outer tube, except that
the case when m = −1, we find that the obtained curves coincide at the inner and outer tubes.
In other words, we conclude that the value of Sh at the inner tube is less than its value at the
outer tube for any value of m except that when m = −1, at which the value of Sr is the same
if the tube is inner or outer, and Sr reaches its maximum value at a definite time. Note also
from Fig. 17 that for high-positive value of m, Sh has its minimum value at a definite time
while for high negative value of m, Sh has its maximum value at the same time at both the
inner and outer tubes.

By comparing results from this and other studies, we find that if we put φ = 0 (absence
of viscous dissipation) in the results obtained by Vajravelu et al. (2007) then we get the
same results when we put ψ = 0 (uniform tube), λ1 = 0 (Newtonian fluid), and γ = 0
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Fig. 14 The variation of Sh
versus t with fixed ψ = 0.5, γ =
3, φ = 0.1, Sr = 0.6, GC =
1, GT = 1, m = 1, and x = 0.3
for different values of η

Fig. 15 The variation of Sh
versus t with fixed ψ = 0.5, η =
0.32, γ = 3, φ = 0.1, GC =
1, GT = 1, m = 1, and x = 0.3
for different values of Sr

and ignore the mass transfer in this study. Moreover, we compared the results obtained by
Mekheimer and Abd Elmaboud (2008) when M = 0 (absence magnetic parameter) and
β = 0 (absence heat source/sink) then we found it agrees with the results obtained in this
study for ψ = 0, λ1 = 0, γ = 0 and also the effect of mass transfer on peristaltic flow has
been ignored.
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Fig. 16 The variation of Sh
versus t with fixed ψ = 0.5, η =
0.32, γ = 3, Sr = 0.6, GC =
1, GT = 1, m = 1, and x = 0.3
for different values of φ

Fig. 17 The variation of Sh
versus t with fixed ψ = 0.5, η =
0.32, γ = 3, Sr = 0.6, φ =
0.1, GC = 1, GT = 1, and
x = 0.3 for different values of m

7 Conclusions

In this article, peristaltic flow of an incompressible Jeffrey through vertical porous media in
the gap between concentric tubes with heat and mass transfer in the presence of chemical
reaction has been studied for the long wavelength at low Reynolds number. The outer tube is
non-uniform and has a sinusoidal wave traveling down its wall, and the inner one is a rigid
uniform tube. We studied the problem in 2D case using the cartesian coordinates, because
it is well known that (Tang 1994; Misra and Pandey 2002) the long-wavelength asymptotic
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approximation in 3D case is not as good as in 2D case and also the 3D flow is more sensitive
to Reynolds number change. The obtained results can be summarized as follows:

(1) The variation of the pressure rise �Pλ(t) as a function of the flow rate F for various
values of other physical parameters indicate that in the pumping region �Pλ(t) > 0,
an increase of GT increases the pumping rate �Pλ(t), and in the copumping region
�Pλ(t) < 0, the pumping rate decreases by increasing GT . There is an inversely linear
relation between F and �Pλ(t). The effects of the parameters ψ, φ, η, EC , and ε̃ on
�Pλ(t) and F are similar to the effect of GT on �Pλ(t) and F . In the region −1 ≤
F < 0, �Pλ(t) decreases by increasing λ1, while in the region 0 ≤ F ≤ 1, �Pλ(t)
increases by increasing λ1. Similar results can be obtained for the effect of GC on
�Pλ(t) and F . The effects of γ and Sr on �Pλ(t) are similar to the effect of λ1 on
�Pλ(t).

(2) The variations of the outer and inner friction forces on F (0)λ (t) and F (i)λ (t) appear at
the outer and inner surfaces of the tubes, respectively, as a function of the flow rate F
for various values of other physical parameters indicate that the outer friction F (0)λ (t)

has a greater value (positive or negative) than the inner friction F (i)λ (t). The effects

of GT , ψ, φ, λ1, ε̃, Sr, γ, EC , GC , and η on any of F (o)λ (t) or F (i)λ (t) can be
considered to have similar effects of these parameters on pressure rise�Pλ(t) but with
a reflection about the horizontal axis F passing through the origin.

(3) The variation of the skin friction τ at the inner and outer tubes with the flow rate F for
various values of other physical parameters indicate that τ decreases and increases by
increasing GC when τ ≶ 0, respectively; while for any value of GC , τ increases and
decreases by increasing the flow rate F at the inner or outer tubes, respectively. The
effects of the parameters Sr, γ , and λ1 on the skin friction τ are found to be similar to
the previous effect of GC on τ . Also, the effects of other parameters as EC , GT , ε̃, ψ ,
and φ on τ are found to be similar to the foregoing effect of η on τ .

(4) The variation of the Nusselt number Nu at the inner and outer tubes with the flow rate F
for various values of other physical parameters indicate that the resulting curves in this
case will be similar to the effect of GC on τ except that they will intersect at different
points of negative Nu values which increase by increasing each of GT and F . The effect
of λ1 on Nu is found to be exactly similar to the effect of GT on Nu. The effects of Sr
and γ on Nu are similar to the effect GC on τ ; while the effects of GC , η, ε̃, φ, and
ψ on Nu are similar to the effect of η on τ .

(5) The variation of the Nusselt number Nu at the inner and outer tubes with the time t for
various values of other physical parameters indicate that Nu increases (or decreases) by
increasing Sr values at the inner (or outer) tube, respectively. The effect of λ1 on Nu
is opposite to the effect of Sr on Nu. The effect of γ on Nu is exactly similar to the
effect of Sr on Nu. The effect of η on Nu is similar to the effects of λ1, GT , and ψ
on Nu. The effect of φ on Nu is similar to the effect of λ1 on Nu.

(6) The variation of the Sherwood number Sh at the inner and outer tubes as a function
of time t for other physical parameters indicate that Sh increases (or decreases) by
increasing η values at the inner (or outer) tube, respectively. The effects of ψ and φ on
Sh are similar to the effect of η on Sh. Also, Sh decreases (or increases) by increasing
Sh values at the inner (or outer) tube, respectively. The effect of γ on Sh is exactly
similar to the effect of Sr on Sh. Finally, Sh decreases by increasing m at the inner and
outer tubes.
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8 Appendix

The constants appear in the Eqs. 45, 48, 50, 53, and 56 are given by the following forms
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