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Abstract The body-force-driven motion of a homogeneous distribution of spherically sym-
metric porous shells in an incompressible Newtonian fluid and the fluid flow through a bed
of these shell particles are investigated analytically. The effect of the hydrodynamic inter-
action among the porous shell particles is taken into account by employing a cell-model
representation. In the limit of small Reynolds number, the Stokes and Brinkman equations
are solved for the flow field around a single particle in a unit cell, and the drag force acting
on the particle by the fluid is obtained in closed forms. For a suspension of porous spherical
shells, the mobility of the particles decreases or the hydrodynamic interaction among the
particles increases monotonically with a decrease in the permeability of the porous shells.
The effect of particle interactions on the creeping motion of porous spherical shells relative
to a fluid can be quite significant in some situations. In the limiting cases, the analytical
solution describing the drag force or mobility for a suspension of porous spherical shells
reduces to those for suspensions of impermeable solid spheres and of porous spheres. The
particle-interaction behavior for a suspension of porous spherical shells with a relatively low
permeability may be approximated by that of permeable spheres when the porous shells are
sufficiently thick.

Keywords Porous spherical shell · Particle interaction · Creeping flow · Unit cell model ·
Sedimentation

1 Introduction

The area of the movement of colloidal particles in a fluid at low Reynolds numbers has
continued to receive much attention from researchers in the fields of chemical, biomedical,
and environmental engineering and science. The majority of these moving phenomena are
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fundamental in nature, but permit one to develop rational understanding of many practical
systems and industrial processes such as sedimentation, flotation, agglomeration, spray dry-
ing, electrophoresis, and motion of cells in a blood vessel. The theoretical study of this subject
has grown out of the classic work of Stokes (1851) for the creeping motion of a rigid sphere
in an unbounded viscous fluid and was summarized by Happel and Brenner (1983) among
many others.

Being good models for polymer coils in a solvent and for flocs of fine particles in a colloidal
suspension, porous particles moving permeably relative to a fluid have also been studied for
a long time. A well-known approach which includes a second-order viscous term to Darcy’s
law for the fluid flow in porous media was developed by Brinkman (1947). Sutherland and
Tan (1970) used the Darcy equation for the inside flow field and the Stokes equations for the
outside field of a settling porous sphere and concluded that it is reasonable for an isolated
sphere on the assumption of immobilized fluid within the porous structure. Their result was
proven incorrect by Ooms et al. (1970) and Neale et al. (1973), who used the Brinkman
equation for the flow within the porous sphere and more general boundary conditions at
the surface of the particle. Experimental studies on the sedimentation of porous particles
have been reported by Matsumoto and Suganuma (1977) and Masliyah and Polikar (1980)
whose results are in good agreement with the analytical prediction from using the Brinkman
equation.

The low-Reynolds-number flow of an incompressible Newtonian fluid past a spherical
composite particle having a central solid core and an outer porous shell was solved by Ma-
sliyah et al. (1987) and Veerapaneni and Wiesner (1996) using the Brinkman and Stokes
equations. An analytical formula for the hydrodynamic drag force experienced by the par-
ticle was derived as a function of the radius of the solid core, the thickness of the porous
shell, and the permeability of the shell. Masliyah et al. also measured the settling velocity of
a solid sphere with attached threads and found that theoretical predictions for the composite
sphere are in excellent agreement with the experimental results. Recently, the motion of a
composite sphere situated at the center of a spherical cavity was analyzed by Keh and Chou
(2004) and Srinivasacharya (2005).

On the other hand, Jones (1973) analyzed the creeping motion of a spherically symmetric
porous shell using Darcy’s law and an empirical boundary condition. Later on, the same
problem was investigated by Qin and Kaloni (1993) and Bhatt and Sacheti (1994) using the
Brinkman equation and well-defined boundary conditions at the surfaces of the porous shell.
There were several features in their analytical solutions, which cannot be seen from Darcy’s
solution. When the internal surface of the porous spherical shell shrinks to the limit, the
particle reduces to a permeable sphere. Recently, the translational and rotational motions of
a porous spherical shell in a concentric spherical cavity have been studied analytically by
Keh and Lu (2005).

In practical applications of particle motion relative to a fluid, collections of particles are
usually encountered. Thus, it is important to determine whether the presence of neighboring
particles significantly affects the movement of an individual particle. A method which has
been employed successfully to predict the effect of particle concentration on the particle
sedimentation rate is the unit cell model (Happel and Brenner 1983; Prasad et al. 1990). This
model involves the concept that an assemblage of spherical particles can be divided into a
number of identical cells, one particle occupying each cell. The boundary-value problem for
multiple spheres is thus reduced to the consideration of the behavior of a single sphere and
its bounding envelope. Although different shapes of cells can be chosen, the assumption of
a spherical shape for the fictitious envelope of fluid surrounding each spherical particle is
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Fig. 1 Geometrical sketch for
the relative motion of a porous
spherical shell at the center of a
spherical cell
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of great convenience. The cell model is of great applicability in concentrated assemblages,
where the effect of container walls will not be important.

In this study, the unit cell model is used to study the hydrodynamic interaction among
a swarm of identical, spherically symmetric, porous shells with an arbitrary shell thickness
moving relative to a fluid. The solutions obtained with this model enable the sedimentation
rate in a suspension of porous spherical shells or alternatively the pressure drop for a fluid
flow through a bed of porous spherical shells to be predicted as a function of the microstruc-
ture and volume fraction of the porous shell particles. In the limit of zero volume fraction
of the particles, our result reduces to that obtained by Qin and Kaloni (1993) and Bhatt and
Sacheti (1994) for the motion of an isolated porous spherical shell in the absence of the other
ones.

2 Analysis

Consider the steady body-force-driven motion (e.g., sedimentation) of a uniform distribution
of identical, spherically symmetric, porous shells of external radius b and internal radius a
in an incompressible Newtonian fluid of viscosity η. In each fluid-permeable porous shell,
idealized hydrodynamic frictional segments are assumed to distribute uniformly. The porous
shell particles are taken to be non-deformable, and their average migration velocity equals
U in the positive z direction. As shown in Fig. 1, we employ a unit cell model in which each
porous shell particle is surrounded by a concentric spherical envelope of suspending fluid
having an outer radius c such that the ratio of the particle volume (taken as 4πb3/3) to the
cell volume is equal to the particle volume fraction ϕ throughout the entire suspension; viz.,
ϕ = (b/c)3. The origin of the spherical coordinate system (r, θ, φ) is set at the particle or cell
center. The Reynolds number is assumed to be sufficiently small so that the inertial terms in
the fluid momentum equation can be neglected, in comparison with the viscous terms. Our
objective is to determine the hydrodynamic drag force exerted on the porous shell particle
moving with the velocity U in a unit cell.
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The external region (b ≤ r ≤ c), porous region (a ≤ r ≤ b), and internal region (r ≤ a)
in a cell are denoted by regions I, II, and III, respectively. Then, the fluid flow in regions I
and III is governed by the Stokes equations

η∇2vi − ∇ pi = 0, (1a)

∇ · vi = 0. (1b)

Here, v is the velocity field for the fluid flow relative to the porous shell, p is the correspond-
ing dynamic pressure distribution, i = 1 or 3, and the subscripts 1 and 3 represent the regions
I and III, respectively.

For the fluid flow within the porous shell, the relative velocity v2 and dynamic pressure
p2 (where subscript 2 represents macroscopically averaged quantities pertaining to region
II) are governed by the Brinkman equation

η∇2v2 − η

k
v2 − ∇ p2 = 0 (2a)

and the continuity equation

∇ · v2 = 0, (2b)

where k is the permeability of the porous shell. For some model porous particles made of
steel wool (Matsumoto and Suganuma 1977) and plastic foam slab (Masliyah and Polikar
1980), the experimental values of k can be as large as 10−7 m2, while in the poly(N -iso-
propylacrylamide) hydrogel layers on latex particles, values of k were found to be about
10−15–10−18 m2 (Makino et al. 1994). In Eq. 2a, we have assumed that the fluid has the
same viscosity inside and outside the permeable shell which is reasonable according to the
available evidence (Koplik et al. 1983).

The fluid-flow field in a cell is axially symmetric; thus, it is convenient to introduce the
Stokes stream functions ψi (r, θ) which satisfy Eqs. 1b and 2b and are related to the velocity
components in the spherical coordinate system by

υri = − 1

r2sinθ

∂ψi

∂θ
, (3a)

υθ i = 1

rsinθ

∂ψi

∂r
. (3b)

Taking the curl of Eq. 1a and applying Eq. 3, one obtains a fourth-order linear partial differ-
ential equation for ψi (Happel and Brenner 1983),

E2
s (E

2
sψi ) = 0, (4)

where i = 1 or 3, and the Stokes operator E2
s is given by

E2
s = ∂2

∂r2 + sinθ

r2

∂

∂θ

(
1

sinθ

∂

∂θ

)
. (5)

Similarly, Eq. 2a can be expressed in terms of the stream function ψ2(r, θ) as

E2
s

(
E2

sψ2 − 1

k
ψ2

)
= 0. (6)

Owing to the continuity of velocity and stress components at the surface of a porous
medium, which is physically realistic and mathematically consistent for the present problem
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(Neale et al. 1973; Chen and Cai 1999; Keh and Chen 2006), the boundary conditions for
the flow field at the surfaces of the porous shell are

r = a : υr3 = υr2, υθ3 = υθ2, (7a,b)

τrr3 = τrr2, τrθ3 = τrθ2; (8a,b)

r = b : υr2 = υr1, υθ2 = υθ1, (9a,b)

τrr2 = τrr1, τrθ2 = τrθ1. (10a,b)

In Eqs. 8 and 10, τrr and τrθ are the normal and shear stresses for the fluid flow relevant to
the particle surfaces.

On the outer (virtual) boundary of the unit cell, the Happel model assumes that the radial
velocity and the shear stress of the fluid are zero (Happel 1958), viz,

r = c : vr1 = −Ucosθ, (11a)

τrθ1 = 0. (11b)

Clearly, in this model, the outer edge of the cell is taken to be a free surface. Equations 7–11
take a reference frame that the porous spherical shell is at rest, and the radial velocity of the
fluid at the outer boundary of the cell is that of the particle in the opposite direction.

A sufficiently general solution to Eqs. 4 and 6 suitable for satisfying boundary conditions
on the spherical surfaces is (Masliyah et al. 1987; Keh and Lu 2005)

ψ1 = 1

2
kU

(
Aξ−1 + Bξ + C1ξ

2 + D1ξ
4) sin2 θ if β ≤ ξ ≤ γ, (12a)

ψ2 = 1

2
kU

[
Eξ−1 + Fξ2 + G

(
ξ−1 cosh ξ − sinh ξ

)
+H

(
ξ−1 sinh ξ − cosh ξ

)
] sin2 θ if α ≤ ξ ≤ β, (12b)

ψ3 = 1

2
kU

(
C3ξ

2 + D3ξ
4) sin2 θ if ξ ≤ α, (12c)

where the dimensionless variables ξ = r/k1/2, α = a/k1/2, β = b/k1/2, and γ = c/k1/2.
The dimensionless constants A, B, C1, D1, C3, D3, E , F , G, and H are found from Eqs. 7–11
using Eq. 3, and the result is presented in Appendix A.

The drag force (in the z direction) acting on the porous spherical shell by the external fluid
can be determined from (Happel and Brenner 1983)

Fd = 4πηk1/2U B, (13)

where B is given by Eq. A-12 in Appendix A.
In the limit β/γ = b/c = 0, Eq. 13 becomes

F (0)d = −6πηbU
R

βS
, (14)

where

R = 2 (3βw2 − αw1) cosh (β − α)− 2 (3w2 − αβw1) sinh (β − α) , (15a)
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S = 60α3 − 3
[(
α2 + 15

) (
4α3 + α − w3

) − α2w3 − 10α
(
5α2 − 3

)]
cosh (β − α)

− [(
α2 + 15

) (
2α4 + 9 − αw3

) − 30αw3 + 9α2] sinh (β − α) (15b)

with

w1 = β3 (
α2 + 45

) − α3 (
α2 + 15

)
, (16a)

w2 = β3 (
2α2 + 15

) − α3 (
2α2 + 5

)
, (16b)

w3 = β
(
2β2 + 3

)
. (16c)

Equations 14–16 are the same as the result obtained by Bhatt and Sacheti (1994) for the
motion of an isolated porous spherical shell in the absence of the other ones.

In terms of Eqs. 13 and 14, the normalized mobility of the porous spherical shell in a unit
cell can be expressed as

M = F (0)d

Fd
= − 3R

2BS
, (17)

which leads to M = 1 as β/γ = ϕ1/3 = 0 and 0 ≤ M < 1 as 0 < β/γ ≤ 1. The presence
of the virtual surface of the unit cell always enhances the hydrodynamic drag on the particle
since the radial fluid flow vanishes there as required by Eq. 11a.

In the limiting case of k = 0, F (0)d = −6πηbU , (Stokes’ law) and Eq. 17 reduces to

M =
(

1 − 3

2
ϕ1/3 + 3

2
ϕ5/3 − ϕ2

) (
1 + 2

3
ϕ5/3

)−1

, (18)

where ϕ = (b/c)3. This is the result for the motion of an impermeable solid sphere of radius
b in a cell of radius c.

In the limit a = 0, Eqs. 14 and 17 become

F (0)d = −6πηbU
2β2 (β − tanh β)

2β3 + 3 (β − tanh β)
, (19)

M = 3 (β − tanh β)
{
β

[
3

(
s8 − 10β5

)
+ β2

(
2s8 − 25β5

)
− 30β5 − β2s2ϕ

1
3

]

− 3
[
s8 + 5β7 + 10β5 − β2s1ϕ

1
3

]
tanh β

}

× [βs2 − 3s1 tanh β]−1 × [
β

(
2β2 + 3

) − 3 tanh β
]−1

, (20)

where the dimensionless parameters s1, s2, and s8 are defined by Eq. A-22. The hydrody-
namic drag force and normalized mobility given by Eqs. 19 and 20 describe the motion of a
porous (permeable) sphere of radius b in an unbounded fluid (Neale et al. 1973) and in a cell
of radius c, respectively.

The results of the mean particle mobility in a suspension can also be applied to the case
of a fluid flow through a bed of particles. For the model under consideration, the drag force
Fd divided by the cell volume 4π c3/3 will equal −�P/L , the pressure drop per unit length
of bed due to the passage of fluid through it. The usage of this relationship and Eq. 13 gives
the superficial fluid velocity through a bed of porous spherical shells as

U =
(

− βb2

3Bϕ

)
�P

ηL
, (21)
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where the quantity in parentheses is the permeability coefficient in Darcy’s law for the whole
bed. If we use U (0) and�P(0) to represent U and�P , respectively, in the limit of ϕ → 0 (a
loose bed), the ratio U/U (0) with�P = �P(0) (equals the ratio�P(0)/�P with U = U (0))

is also equal to the normalized mobility M given by Eq. 17.
When the Kuwabara model for the boundary condition of the fluid flow at the virtual

surface of the unit cell, which assumes that the radial velocity and the vorticity are zero
(Kuwabara 1959), is used, Eq. 11b is replaced by

r = c : (∇ × v)φ = ∂vθ

∂r
+ vθ

r
− 1

r

∂vr

∂θ
= 0. (22)

With this change, the stream functions ψi and the drag force Fd can still be expressed in the
forms of Eqs. 12 and 13, but the coefficients A, B, C1, D1, C3, D3, E , F , G, and H should be
determined by boundary conditions 7–10, 11a, and 22. The results of these coefficients are
given in Appendix A, in which B is given by Eq. A-25. It has been shown that the Kuwabara
cell model can be quite satisfactory for the analysis of phoretic motions of suspensions of
identical colloidal particles, where the fluid flow around a phoretic particle is irrotational and
vorticity free (Wei and Keh 2001).

It is easy to find that for the case of the Kuwabara model, Eq. 18 in the limit of k = 0 and
Eq. 20 in the limit of a = 0 for the normalized particle mobility become

M = 1 − 9

5
ϕ

1
3 + ϕ − 1

5
ϕ2 (23)

and

M = 1

5β3

{
β

[
β2 (

6β3 + 30β − 2t3
)
ϕ2 + 15

(
t1 + 8β3)ϕ + 2β4 (5γ − 9β) ϕ

1
3

]

−
[
6β2 (85β − t2) ϕ

2 + 15
(
t1 + 8β3)ϕ − 18β5ϕ

1
3

]
tanh β

}

× [
β

(
2β2 + 3

) − 3 tanh β
]−1

, (24)

respectively. In Eq. 24, the dimensionless parameters t1, t2, and t3 are given by Eq. A-35. It
can be seen in Eqs. 18 and 23 that the leading order of the particle concentration effect on
the particle mobility is ϕ1/3 and this effect predicted by the Kuwabara model is stronger than
that for the Happel model.

3 Results and Discussion

Analytical results for the sedimentation of a homogeneous distribution of identical porous
spherical shells and the fluid flow through a bed of these particles have been obtained in
the previous section using a unit cell model. Figure 2 illustrates the variation of the normal-
ized mobility M for the motion of a suspension of porous spheres (with a = 0) given by
Eqs. 20 and 24 for the Happel and Kuwabara models, respectively, with the volume fraction
ϕ of the particles for various values of the parameter β. The calculations are presented up
to ϕ = 0.74, which corresponds to the maximum attainable volume fraction for a swarm of
identical spheres (Levine and Neale 1974). The curve with β = 0 represents the result for
porous spheres with no resistance to the fluid flow, whereas the curve with β → ∞ denotes
the result for impermeable solid spheres. For any specified finite value of β, the normalized
mobility M decreases monotonically with an increase in ϕ.

123



268 M. P. Keh, H. J. Keh

0.0 0.2 0.4 0.6 0.8
0.0

0.4

0.8

1.2

8

10

5

3

2

1

β =0

M

ϕ

Fig. 2 Plots of the normalized mobility M in a suspension of identical porous spheres a = 0 versus the
particle volume fraction ϕ for various values of β. The solid and dashed curves represent the calculations for
the Happel (Eq. 20) and Kuwabara (Eq. 24) cell models, respectively

Figure 2 indicates that the particle interaction effect on the mobility is stronger when the
permeability k of the porous particles is smaller (or β is greater). For β < 1, the particle
mobility varies slowly with the volume fraction ϕ, compared with the case of a greater value
of β. For β > 10, the value of the particle mobility is quite close to that of impermeable
solid particles when ϕ is small, but the difference becomes more significant, as the particles
get closer with one another. The physical explanation of this behavior was provided by Keh
and Lu (2005). For constant values of β and ϕ, the Kuwabara model predicts a stronger
concentration effect on the particle mobility (or a smaller mean particle mobility) than the
Happel model does. This occurs because the zero-vorticity model yields a greater energy
dissipation in the cell than that due to particle drag alone, owing to the additional work done
by the stresses at the outer boundary (Happel and Brenner 1983). The predictions of the two
models, in general, result in the same behavior qualitatively and are in numerical agreement
to within 15%.

Chen and Cai (1999) obtained the numerical solution of the hydrodynamic interaction
between pairs of settling porous spheres using a boundary collocation method and derived an
ensemble-averaged formula for the mean particle mobility in a dilute suspension of identical
porous spheres (say, ϕ < 0.1) in the form

M = 1 − α1ϕ + O(ϕ2). (25)

Consistent with the trend shown in Fig. 2, their values of α1 (which are always positive)
increase with an increase in β (e.g., α1 = 3.46 as β = 3.16 and α1 = 6.23 as β = 31.6).
Note that as the value of ϕ is small, M varies linearly with ϕ in Eq. 25, while Eqs. 18, 20, 23,
and 24 indicate that M depends linearly with ϕ1/3 for the cell model.
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Fig. 3 Plots of the normalized mobility M in a suspension of identical porous spherical shells versus the
particle volume fraction ϕ for various values of α/β: (a) β = 5; (b) β = 1. The solid and dashed curves
represent the calculations for the Happel and Kuwabara cell models, respectively

For the general case of the motion of an assemblage of porous spherical shells, Fig. 3a and
b show the normalized mobility M as a function of the volume fraction ϕ and the parameter
α/β over the entire possible range for the cases of β = 5 and 1, respectively. As expected,
in the limit of ϕ → 0, M = 1 and the result obtained by Qin and Kaloni (1993) and
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Bhatt and Sacheti (1994) for the motion of an isolated porous spherical shell is recovered. In
general, M is a decreasing function of ϕ for fixed values of α/β and β, and is a decreasing
function of β for constant values of α/β and ϕ. M is a monotonic increasing function of α/β
for given values of β and ϕ, and the curves with α/β = 0 represent the result for porous
spheres, which was also given in Fig. 2. Similar to that discussed by Keh and Lu (2005), for
the case of β = 5, the behavior of porous spherical shells with α/β = 0.6 can be roughly
approximated by that of porous spheres of equal size and permeability when ϕ < 0.2. How-
ever, this approximation is relatively poor for porous shells with a large permeability, as for
the case of β = 1 shown in Fig. 3b.

4 Concluding Remarks

In this study, the slow motion of an assemblage of identical porous spherical shells relative to
an incompressible Newtonian fluid is analyzed using the Happel and Kuwabara cell models.
In a unit cell, the Brinkman and Stokes equations for the fluid flow field are solved and the
hydrodynamic drag force acting on the porous shell particles as a function of the parameters
α/β (= a/b), ϕ

(= (b/c)3
)
, and β is obtained in closed-form expressions. It has been found

that the effect of the hydrodynamic interaction among porous spherical shells is weaker than
that among porous spheres with the same permeability. For a suspension of porous shell
particles with fixed values of α/β and ϕ, the mobility of each particle normalized by its
corresponding value in the absence of the other ones is a monotonic decreasing function of
the parameter β (or an increasing function of the permeability k) of the particles. For given
values of α/β and β, this normalized mobility, in general, decreases with an increase in the
volume fraction ϕ of the particles.

The results presented in the previous sections indicate that the effect of the hydrodynamic
interaction among the porous shell particles in a suspension can be significant in some situa-
tions. Both the Happel and the Kuwabara models give essentially the same fluid velocity field
and approximately equal particle mobility for the motion of porous spherical shells. How-
ever, the Happel model has a significant advantage in that it does not require an exchange
of mechanical energy between the cell and the environment (Happel and Brenner 1983).
Another unit cell model proposed by Simha (1952) with the assumption that both the normal
and the tangential components of the fluid velocity vanish at the outer boundary of the cell
is evidently less reasonable than the Happel or Kuwabara model. The relevant experimental
data, which are not available in the literature, would be needed to confirm the validity of the
cell model at various ranges of the parameters α/β, β, and ϕ of the suspension of porous
shells.

Acknowledgement Part of this research was supported by the National Science Council of the Republic of
China.

Appendix A

The algebraic equations for the determination of the coefficients in Eq. 12 as well as their solu-
tions are presented in this appendix. Applying the boundary conditions given by
Eqs. 7–11 for the Happel model to the general solution given by Eq. 12 for the motion
of a porous spherical shell in a concentric spherical cell, one obtains
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C3α
3 + D3α

5 = E + Fα3 − G (α sinh α − cosh α)+ H (sinh α − α cosh α) , (A-1)

− 2C3α
3 − 4D3α

5 = E − 2Fα3 − G
[
α sinh α − (

α2 + 1
)

cosh α
]

− H
[
α cosh α − (

α2 + 1
)

sinh α
]
, (A-2)

6D3α
5 = 6E + 3

(
α2 + 2

)
(G cosh α + H sinh α)− α

(
α2 + 6

)
(G sinh α + H cosh α) ,

(A-3)

20D3α
3 = E − 2Fα3, (A-4)

A + Bβ2 + C1β
3 + D1β

5 = E + Fβ3 − G (β sinh β − cosh β)

+ H (sinh β − β cosh β) , (A-5)

A − Bβ2 − 2C1β
3 − 4D1β

5 = E − 2Fβ3 − G
[
β sinh β − (

β2 + 1
)

cosh β
]

− H
[
β cosh β − (

β2 + 1
)

sinh β
]
, (A-6)

6A + 6D1β
5 = 6E + 3

(
β2 + 2

)
(G cosh β + H sinh β)

−β (
β2 + 6

)
(G sinh β + H cosh β) , (A-7)

2B + 20D1β
3 = E − 2Fβ3, (A-8)

A + Bγ 2 + C1γ
3 + D1γ

5 = γ 3, (A-9)

A + D1γ
5 = 0. (A-10)

These simultaneous algebraic equations can be solved to yield the 10 unknown
constants as

A = −γ 5 D1, (A-11)

B = �γ
{−600α3β6 − 3[−45αβ3s1 + (

15α4 + α6) (
s1 + 20β3)

+ 15β4s2 − 2α5s3 − α3βs4 + α2s5] cosh (β − α)+ [(135β3+18α2β3) s1

−18α5 (
s1 + 20β3) − 45αβ4s2 + (

15α4 + α6) s3 − α3s6] sinh (β − α)
}
, (A-12)

C1 = 1 − Bγ−1, (A-13)

C3 = �3γ
{
s7 − 3

[(−15β − 7α2β
) (

s1 + 20β3) + (
15α + 2α3) s8

]
cosh (β − α)

+ 3
[− (

15 + 7α2) s8 + αβ
(
15 + 2α2) (

s1 + 20β3)] sinh (β − α)
}
, (A-14)

D1 = �β2γ
{−30α3β − 3

[
α4 (

15 + α2 − 2αβ
) + (

15β2 + 2α2β2) (
6 + β2)

− 45αβ
(
2 + β2) − α3β

(
7 + β2)] cosh (β − α)− [

45α3 + α4 (
18α − 15β − α2β

)
− (

135β + 18α2β
) (

2 + β2) + (
45αβ2 + α3β

) (
6 + β2)] sinh (β − α)

}
, (A-15)
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D3 = −�3γ
{

s9 − 3
[
αs8 − β

(
s8 − 10β5

)]
cosh (β − α)

+ 3
[
αβ

(
s8 − 10β5

)
− s8

]
sinh (β − α)

}
, (A-16)

E = −6�α3γ
{

10β3
(
β5 − γ 5

)
+

[(−15β − 6α2β
) (

s8 − 10β5
)

+ (
15α + a3) s8

]
cosh (β − α)+

[
3

(
5 + 2α2) s8 − αβ

(
15 + α2) (

s8 − 10β5
)]

× sinh (β − α)} , (A-17)

F = �3γ
{

10α3
(

s8 − 15β5
)

+
[(

45β + 6α2β
) (

s8 − 10β5
)

+ (−45α − α3) s8

]

× cosh (β − α)−
[
3

(
15 + 2α2) s8 − αβ

(
45 + α2) (

s8 − 10β5
)]

sinh (β − α)
}
,

(A-18)

G = �6γ
{[(

45αβ3 + α3β3) (
β5 − γ 5

)
+ (

15α4 + α6) (
s8 − 15β5

)]
cosh α

− 15α3β
(

s8 − 10β5
)

cosh β − 3
[(

15β3 + 2α2β3) (
β5 − γ 5

)

+
(

5α3 + 2α5
) (

s8 − 15β5
)]

sinh α + (
15α3s8

)
sinh β

}
, (A-19)

H = �6γ
{

3
[(

15β3 + 2α2β3) (
β5 − γ 5

)
+

(
5α3 + 2α5

) (
s8 − 15β5

)]
cosh α

− (
15α3s8

)
cosh β −

[(
45αβ3 + α3β3) (

β5 − γ 5
)

+ (
15α4 + α6) (

s8 − 15β5
)]

sinh α + 15α3β
(

s8 − 10β5
)

sinh β
}
, (A-20)

where

� = −
{

60α3
[
10β6 − γ

(
s8 − 5β5

)]
+ 3

[ (
15α4 + α6) (

s8 − 10β5 − 5β4γ
)

−2α5s10 − α3
(
βs4 − 39β5γ − 5β7γ − 11γ 6 − 330β3γ

)
+ (

15β + 2α2β
)

s11

−45αs12

]
cosh (β − α)−

[
− 18α5

(
s8 − 10β5 − 5β4γ

)
+ (

15α4 + α6) s10

+ (
135 + 18α2) s12 − 45αβs11 + α3s13

]
sinh (β − α)

}−1

, (A-21)

s1 = 10β3 + 4β5 + γ 5, s2 = 30β3 + 2β5 + 3γ 5,

s3 = 90β4 + 2β6 + 3βγ 5, s4 = 450β3 + 20β5 + 4β7 + 15γ 5 + β2γ 5,

s5 = 60β7 + 4β9 + 6β4γ 5, s6 = 1350β3 + 180β5 + 30β7 + 2β9 + 45γ 5 + 3β4γ 5,

s7 = 30α5β3 − α5β5 − 30β8 + α2β8 + α5γ 5 + 30β3γ 5 − α2β3γ 5,

s8 = 30β3 + 14β5 + γ 5, s9 = 30α3β3 − α3β5 + β8 + α3γ 5 − β3γ 5,

s10 = 90β4 + 2β6 − 60β3γ − 3β5γ + 3βγ 5 − 2γ 6,

s11 = 30β6 + 2β8 − 42β5γ − 3β7γ − 3γ 6 − 2β2γ 6 − 90β3γ + 3β3γ 5,

s12 = 10β6 + 4β8 − 24β5γ − 5β7γ − γ 6 − 30β3γ + β3γ 5,
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s13 = −180β5 − 30β7 − 2β9 + 42β6γ + 3β8γ − 45γ 5

+ 3βγ 6 − 3β4γ
(−105 + γ 4) + 2β3 (−675 + γ 6) . (A-22)

If the Kuwabara model is used, one can apply the boundary conditions given by Eqs. 7–10,
11a, and 22 to the general solution given by Eq. 12 to yield Eqs. A1–A9 and

B − 5D1γ
3 = 0. (A-23)

The simultaneous solution of these ten algebraic equations leads to

A = −�′β2γ 3
{

150α3βt1 − 3

[
− 2α5βt2 + (

15α4 + α6) t3 + α3βt4

−45αt5 + (
15 + 2α2) t6

]
cosh (β − α)+

[ (
15α4β + α6β

)
t2

− 18α5t3 + (
135 + 18α2) t5 − 45αt6 − α3 (t6 + t7)

]
sinh (β − α)

}
, (A-24)

B = 5D1γ
3, (A-25)

C1 = −�′5γ 3
{

30α3 (
β3 + 2γ 3) + 3

[
15α4β2 + α6β2 − 2α5 (

β3 + 2γ 3) − 45αt8 − α3t9

+ (
15 + 2α2) t10

]
cosh (β − α)+

[
18α5β2 − (

135 + 18α2) t8

− (
15α4 + α6) (

β3 + 2γ 3) + α3 (
45β2 + t10

) + 45αt10

]
sinh (β − α)

}
, (A-26)

C3 = �′15γ 3 {(
β3 − γ 3) t11 + 3

(
2β3 + γ 3) t12 cosh (β − α)

+ 3
(
2β3 + γ 3) t13 sinh (β − α)

}
, (A-27)

D1 = �′3γ 3 {t14 cosh (β − α)+ t15 sinh (β − α)} , (A-28)

D3 = �′15γ 3 {(
β3 − α3) (

β3 − γ 3) − 3 (α − β)
(
γ 3 + 2β3) cosh (β − α)

+ 3 (αβ − 1)
(
γ 3 + 2β3) sinh (β − α)

}
, (A-29)

E = �′30α3γ 3 {
10β3 (

β3 − γ 3) + (
γ 3 + 2β3) (

t12 − α3 + α2β
)

cosh (β − α)

+ (
γ 3 + 2β3) (

t13 − α2 + α3β
)

sinh (β − α)
}
, (A-30)

F = �′15γ 3 {
10α3 (

β3 − γ 3) + (
γ 3 + 2β3) t16 cosh (β − α)

+ (
γ 3 + 2β3) t17 sinh (β − α)

}
, (A-31)

G = −�′30γ 3 {−α (
β3 − γ 3) t18 cosh α − 15α3β

(
γ 3 + 2β3) cosh β

+ 3
(
β3 − γ 3) t19 sinh α + 15α3 (

γ 3 + 2β3) sinh β
}
, (A-32)

H = −�′30γ 3 {−3
(
β3 − γ 3) t19 cosh α − 15α3 (

γ 3 + 2β3) cosh β

+ α
(
β3 − γ 3) t18 sinh α + 15α3β

(
γ 3 + 2β3) sinh β

}
, (A-33)
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where

�′ =
{

300α3t20 + 3

[ (
30α4 + 2α6) t21 − 4α5t22 − α3t23 + (

15 + 2α2) t24

− 45αt25

]
cosh (β − α)+

[
36α5t21 − (

30α4+2α6) t22 + 45αt24 − (
135+18α2) t25

− α3t26

]
sinh (β − α)

}−1

, (A-34)

t1 = γ 3 − 4β3, t2 = 90β + 2β3 − 5γ 3,

t3 = 30β + 4β3 − 5γ 3, t4 = −450β − 20β3 − 4β5 + 35γ 3 + 5β2γ 3

t5 = 10β4 + 4β6 − 10βγ 3 − 5β3γ 3, t6 = 30β5 + 2β7 − 30β2γ 3 − 5β4γ 3,

t7 = 1350β + 180β3 − 255γ 3, t8 = 2β3 + β5 + γ 3,

t9 = 7β3 + β5 + 11γ 3, t10 = 6β4 + β6 + 3βγ 3 + 2β3γ 3,

t11 = α5 + 30β3 − α2β3, t12 = 15α + 2α3 − 15β − 7α2β,

t13 = 15 + 7α2 − 15αβ − 2α3β,

t14 = 15α4 + α6 − 6α5β − 45αβ3 + 45β4 + 6α2β4 − α3β
(
15 + β2) ,

t15 = 6α5 − 15α4β − α6β − 45β3 − 6α2β3 + 45αβ4 + α3 (
15 + β4) ,

t16 = 45α + α3 − 45β − 6α2β, t17 = 45 + 6α2 − 45αβ − α3β,

t18 = 15α3 + α5 − 45β3 − α2β3, t19 = 5α3 + 2α5 − 15β3 − 2α2β3,

t20 = 2β6 − β3γ 3 − γ 6, t21 = 15β3 + 2β5 − 5β2γ 3 + 3γ 5,

t22 = 45β4 + β6 − 5β3γ 3 + 9βγ 5 − 5γ 6,

t23 = 450β4 + 20β6 + 4β8 − 10β5γ 3 + 90βγ 5 − 55γ 6 + 2β3γ 3
(
−35 + 3γ 5

)
,

t24 = 30β7 + 2β9 − 10β6γ 3 − 15βγ 6 − 10β3γ 6 + 6β4γ 3 (−10 + 3γ 2) ,
t25 = 10β6 + 4β8 − 10β5γ 3 − 5γ 6 + β3

(
−20γ 3 + 6γ 5

)
,

t26 = −180β5 − 30β7 − 2β9 + 450β2γ 3 + 10β6γ 3 − 270γ 5

+15βγ 6 + β4
(

60γ 3 − 18γ 5
)

+ 10β3 (−135 + γ 6) . (A-35)
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