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Abstract. Based on the traditional formulation of heat transfer in porous media it is dem-
onstrated that Local Thermal Equilibrium (Lotheq) applies generally for any boundary
conditions that are a combination of constant temperature and insulation. The resulting
consequences are being analysed and discussed. Among these consequences it is shown that
the linear relationship between the average temperature difference of the two phases and the
heat transferred over the fluid-solid interface is inappropriate for use in connection with
conditions of Lack of Local Thermal Equilibrium (La Lotheq).
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Nomenclature

Latin Symbols
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unit vector in the x direction.

unit vector in the y direction.

unit vector in the z direction.

Fourier number, equals oet,/L>.

dual-phase-lagging mixed term dimensionless group, equals d./L> = aetr/L>.
dual-phase-lagging bi-harmonic term dimensionless group, equals f,/ceL?.
integral heat transfer coefficient for the heat conduction at the solid—fluid
interface (dimensional).

effective thermal conductivity of the solid phase, equals (1 — (p)lgs (dimensional).
thermal conductivity of the solid phase, (dimensional).

effective thermal conductivity of the fluid phase, equals @k, (dimensional).
thermal conductivity of the fluid phase, (dimensional).

the length of the porous slab (dimensional).

heat flux vector (dimensional).

time (dimensional).

temperature, (dimensional).

coldest wall temperature (dimensional).

hottest wall temperature (dimensional).

horizontal co-ordinate (dimensional).

spatial variables, equals (x., y., z).
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Greek Symbols

Ole effective thermal diffusivity, (dimensional).

Pe effective property coefficient to the dual-phase-lagging bi-harmonic term,
(dimensional).

s solid phase effective heat capacity, equals (1 — ¢)pgcs (dimensional).

Ve fluid phase effective heat capacity, equals @pc,r (dimensional).

O effective property coeflicient to the dual-phase-lagging mixed term,
(dimensional).

0 dimensionless temperature, equals (7. — T¢c)/(Tu — T¢).

Q porosity.

P solid phase density.

Pr fluid phase density.

74 time lag associated with the heat flux, (dimensional).

Tr time lag associated with the temperature gradient, equals ¢/, (dimensional).

Subscripts

* corresponding to dimensional values.

S related to the solid phase.

related to the fluid phase.

1. Introduction

The problem of heat transfer in a fluid saturated porous domain subject to
Lack of Local Thermal Equilibrium (La Lotheq) has been the subject of wide
interest due to its theoretical importance as well as its practical applications.
The industrial applications of porous materials show a dramatic growth,
which, for example, includes the recent interest in metal foams as well as the
investigation of bio-tissues. As a result of the growing interest in the latter, a
more accurate understanding of the heat transfer phenomena in porous
media continues to attract attention.

Applications of porous media heat transfer subject to La Lotheq were
undertaken among others by Nield (1998, 2002), Minkowycz et al. (1999),
Alazmi and Vafai (2002), Banu and Rees (2002), Baytas and Pop (2002), Kim
and Jang (2002), Nield et al. (2002), and Rees (2002).

In particular, Nield (1998) shows that for uniform thermal conductivities
the steady state conduction leads to Lotheq if the temperature or its normal
derivative on the boundary are identical for both phases. In addition Nield
(1998) expands the analysis to the forced convection problem between plane
parallel walls. It turns out that the significance of the La Lotheq in porous
media forced convection is controlled by a dimensionless group, the Nield
number, given by Ni = k /hlcz, where kg is the solid phase thermal conduc-
tivity, /& is the fluid—solid heat transfer coefficient and /. is a characteristic
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length scale. The latter was further expressed by Nield (1998) explicitly in
terms of the Darcy number, the Nusselt number related to the fluid—solid
interface, porosity as well as the thermal conductivities and heat capacities of
both phases.

Tzou (1995, 1997) refers to experimental results in porous media heat
conduction identifying thermal oscillations and overshooting, and explains
them by applying the Dual-Phase-Lagging (DuPhlag) model. In particular
Minkowycz et al. (1999) link the La Lotheq model with the DuPhlag model
in a similar manner to Tzou (1995, 1997).

The present paper aims at demonstrating that, for a fluid saturated
porous medium subject to heat conduction (transient as well as steady
state) and any combination of imposed temperatures and insulation on the
boundary, the specific traditional form of representing the heat transferred
over the fluid-solid interface (at the macro-level) via a linear relationship
between the latter and the temperature difference of the two phases, that
is, Qs = h(Ts — Ty), is inappropriate for use in connection with conditions
of La Lotheq because its application leads back to Lotheq conditions and
to a very particular case of identical effective thermal diffusivities for both
phases.

2. Governing Equations and General Solutions

Let us consider the heat conduction in a fluid saturated porous medium
domain D, having a boundary I' of a general shape that is exposed partially
to different constant temperatures (I'; and I';) and partially to insulation
conditions (I';) (Figure 1). Heat conduction in porous media is governed at
the macro-level by the following equations that represent averages over each
phase within a Representative Elementary Volume (REV)

0T

Vsa—t:ksviTs_st (1)
aT,
Vg = kViTi+ O 2)

where Qg represents the heat transferred over the fluid—solid interface
within the REV, and where y; = (1 — ¢)p,cs and y; = @p;cpr are the solid
phase and fluid phase effective heat capacities, respectively, ¢ is the
porosity, ks = (1 — @)ks and k¢ = @k are the effective thermal conductiv-
ities of the solid and fluid phases, respectively. When the assumption of
Lotheq applies, it implies that 75 =~ Tt and Equations (1) and (2) can be
added, cancelling the Qg term, to produce one equation for heat con-
duction in porous media in the form
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Ingy lat;

T =T,

Figure 1. A fluid saturated porous domain subject to any combination of different
constant temperatures and insulation on its boundaries.

oT

Veg = keVIT (3)

where 7. =y, + 7y and k. = ks + k. Otherwise, if the Lotheq assumption
does not apply, the traditional formulation of the heat transferred over the
fluid—solid interface (averaged over the REV) uses a linear relationship be-
tween Qg and the average temperature difference between the phases in the

form
st = h(Ts - Tf) (4)

where & > 0 is a macro-level integral heat transfer coefficient for the heat
conduction at the fluid—solid interface (averaged over the REV) that is as-
sumed independent of the phases temperatures. Substituting Equation (4)
into Equations (1) and (2) yields the traditional form of these equations
(Nield, 1998; Nield and Bejan, 1999)

T,

Vs o1 :ksviTS_h(Ts_Tf) (5)
oT,

7 a[f = IV Ty + h(Ts — Ty) (6)

Equations (5) and (6) are linearly coupled. The result of resolving the cou-
pling between these equations as shown in the Appendix is represented by
two independent equations for each phase in the form
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S+ = A VAT + 6.V
WaE tan =%V +9 (

oT;
ot,

where the index i can be s, representing the solid phase, or f, standing for the
fluid phase and where the following notation was used

) — BVAT, Vi=s,f (7)

T, = VsVr - (k3+kf) 5. = (Vskf+yfk5), ﬁ — kskf
! h(?s + ’Vf) 7 ¢ (’Vs + Vf) 7 ¢ h(ys + yf) 7 ¢ h(ys + yf)

(®)

Equation (7) is a linear equation that applies to each phase, while its
parameters are effective coefficients common for both phases. By imposing a
combination of Dirichlet (constant temperatures) and insulation boundary
conditions (a particular case of Neumann boundary conditions in the form of
a vanishing normal temperature gradient) expressed by

Ts=T¢r=T; onlIj

To=Tir=T, onl, ©)

V.Ti-ey=V.Ts-e,=0 onl}y
where é, is a unit vector normal to the boundary I', and assuming identical
initial conditions for both phases in the form

(7)== (T1) g =To at1.=0 (10)
leads to the following boundary and initial conditions that are applicable to
Equation (7)

T, =T and o Ti/an2 =0 Vi=s,fonT;

T, =T, and 62T,-/6n2:O Vi=sfonlI), (11)
0T;/on=0 and OT;/on’ =0 Vi=sfonT;
(Ti);—o=T, and (387T:/0t.), o = T, Vi=sfatt,=0 (12)

Equation (7) that is identical for both phases, shares common parameters for
both phases, solved subject to identical boundary and initial conditions for
each phase, produces therefore a solution that is identical for both phases,
that is,

T(ts,x.) = Te(ti,x,) V(t, >0,x, € D) (13)

where x, = (x., )., z.) represents the spatial variables. Equation (13) is
identified as the requirement for Lotheq in porous media conduction
causing the heat transfer at the fluid—solid interface 4(7s — Tt) to vanish. It
was obtained accurately from the original system of Equations (5) and (6)
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subject to the specified boundary conditions, and other than that, no other
imposed restrictions. It is therefore quite general. This result is quite
astonishing and intriguing because it suggests that Lotheq exists naturally in
any porous domain subject to heat conduction and a combination of constant
temperature and insulation boundary conditions. However, this latter con-
clusion is not absolute but rather qualified and needs further investigation.
Substituting Equation (13) into Equations (5) and (6) yields

oT.

a; = o V2T, (14)
oTy 5

bl T, 1
o1 OCfV f ( 5)

where o = kg/y, and ar = ky/p;. The solution to Equations (14) and (15)
subject to the same boundary and initial conditions as indicated in Equations
(9) and (10) has to be identical to the corresponding solutions to Equation (7)
subject to the equivalent boundary and initial conditions (11) and (12),
respectively. This might be possible given the fact that Equation (7) has
effective parameters that are different from the phase parameters that appear
in Equations (11) and (12). The latter will be tested in Section 3 for a specific
application of the general results that are presented here. Nevertheless, a
further and more far reaching conclusion can be made by realising from (13)
that Equations (14) and (15) are expected to produce an identical solution
Ts(t,x) = T¢(t,x)(¢t > 0,x € D) despite the fact that in general their respective
thermal diffusivities may vary substantially. The latter cannot be accom-
plished unless o5 = o, leading to the inevitable conclusion that consistency
requires the effective thermal diffusivities of both phases to be identical. The
latter condition was not explicitly imposed a priori, nor implied in any of the
subsequent derivations. Nevertheless, it was obtained as a result that is linked
to the consequences of Equation (13). Along the way the only assumption
made is represented by Equation(4) indicating that a linear relationship exists
between the temperature difference of the two phases and the macro-level heat
transferred over the fluid—solid interface within the REV. It was this specific
representation that allowed the specific uncoupling of the equations leading to
the result presented in Equation (13). It is inevitable to conclude that appli-
cation of Equation (4) implicitly assumes that as = og, and is inappropriate to
use it in connection with conditions of La Lotheq because its application leads
directly to Equation (13) that represents the Lotheq conditions.

In addition, the following result applies for o, if oy = op = o is substituted
in Equation (8)

ol = Olg = Olf = 0 (16)
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3. Application to Heat Conduction in a Porous Slab

The problem of one-dimensional heat conduction in a fluid saturated porous
slab as presented in Figure 2 is considered in order to establish whether
Equation (7) can produce solutions that are identical to the solutions to
Equations (14) and (15). The condition that os = of = 0. = o, Which was
obtained in the previous section, is explicitly enforced when using Equations
(7), (14), and (15). For the convenience of the solution, the equations are
presented in the following dimensionless form by using L to scale the inde-
pendent length variable x,, that is, x = x, /L, 1? /e to scale the time, that is,
t = t.0./L? and introducing the dimensionless temperature, 0 = 05 = 0y,
defined in the form 0 = (T — T¢)/(Tu — T¢) leading to

0’0 00 o0
Fo——+—=V*0+ N;V*{ — ) — NyV*0 17
(TR R (at> Uy (7
where the Fourier number, Fo, and two additional dimensionless groups arise
Ole Ty e OeTT Pe
Fo = Ny =—=—-;Ng= 18
T TR T T L (18)
0=0 g=]
3 P
T h
& e
) @]
Q T
»X
L
x=0 x=1

Figure 2. A fluid saturated porous slab subject to different constant temperatures on its
walls.
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The dimensionless form of Equation (14) or (15) is

o0 5

=% 19
5=V (19)
for both the solid and the fluid phases because of assuming os = or = ot = «
as indicated above. For the one dimensional slab considered here and pre-

sented in Figure 2, Equations (17) and (19) become

9’0 00 %0 %0 o*0
vl PRk ALY v Al v (20)
00 %0
ov_ov 21
or 0x? (21)

and their corresponding boundary and initial conditions are
x=0:0=0and 0*0/0x>=0; x=1:0=1and ?*0/ox>=0 (22)
t=0:0=0,=const. and 0 =0, =0 (23)

The second boundary conditions of 3%0/0x> = 0 at x =0 and x = I was
obtained as a result of realising that imposing the constant temperature on
the walls applies equally well to the solid as well as fluid phases. Therefore at
Xx. =0 one obtains 7y = Ty= T¢c =const. and at x, =L it produces
Ty =T;= Ty =const. As a result, on these boundaries 75 = 77 and
0T,/0t, = 0Ty/0t, = 0 which upon substitution into the one dimensional
version of Equations (5) and (6) yields 0*7,/0x> = 8’ T;/0x2 =0 at x, =0
and at x, = L. The dimensionless version of the latter is 9°0/0x> = 0 at x = 0
and x = 1 as indicated in Equation (22). Similarly, for constant initial con-
ditions that are identical for both phases, that is, (7%), _, = (T}), _
= T, = const., the different terms in Equations (5) and (6) are as follows:
(T jox2), o = (°Tr/ox2), o =0, h(Ts—Tr),_o=0 leading to
(0T/01,), _y = (8T7/dt,), _y = 0. The dimensionless version of the latter is
00/0t =0 =0, =0 at ¢t =0 as indicated in Equation (23). Substituting the
condition a5 = oy = o, = o into the definitions (8) yield

2oty Vsve % 2

Se =S —prs B=—T 52 24
) h(ys—i_’yf) ! ﬁ h(’ys—'—yf) ! ( )

leading upon substitution into Equation (18)

oty de a1,

2
UTq _ Qe O(‘L'q_OC‘L'q_
T T

=2Fo; Np=—5=— =Fo (25)

Fo W2 12

This result of Ns=2Fo and Ny = Fo is an immediate consequence of
imposing the condition os = of = 2. = o, and is actually the dimensionless
equivalent of the latter.
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4. Analytical Solution

The solution to Equation (20) is separated into steady state 0y and transient
0y parts in the form 0 = 0 + 0. The steady state is the linear solution
0ss = x which satisfies the boundary conditions Equation (22). The transient
solution 0y has to fulfil the equation

30y 00, 00, N NN 30y

o7 Tar T o T anxe P oxd

(26)

and the following boundary and initial conditions
x=0:0,=0 and 8%0,/0x>=0; x=1:0, =0 and 3°0,/0x> =0
(27)
t=0:0;=(0,—x) and 0y =0, =0 (28)

The solution is obtained by separation of variables in the form of two
equations for 0y = ¢, (1)u,(x) presented in the form

d’¢, do,

dfz +Cf,n i +a)i¢n =0 (29)
d2 n

o =0 (30)

The solution of Equation (30) subject to the homogeneous boundary con-
ditions u, =0 at x=0 and at x =1 is u, = a; sin(nnx) and the resulting
eigenvalues are k, =nn  Vn=1,2,3,.... As a result, the coefficients ¢, and
®? in Equation (29) are being defined in the form

¢tn = Foo' (1 + Nsi*n?); o2 = Fo~'n*m* (1 + n*n* Ny) (31)
By imposing the condition N5 = 2Fo and Ng = Fo which is an immediate
consequence of requiring os = af = o, = o yields the following definitions
¢rn = Fo~'(1 4+ 2Fon*n?) = Fo~' + 2n*n%;
w? = Fo~'n*n*(1 + n*n’Fo) = Fo~'*n* + n*n* (32)

Equation (29) represents a linear damped oscillator. Its eigenvalues are

cen | w? |
Iy = — 2 1 —4°n 33
! 2 + C%,n (33)
p ——cf—’”-l— 1—4(”—%_ (34)
W2n — P Cﬁn
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For conditions consistent with Equation (31) it is simple to show that
4w§/cﬁ” <1 Vn=1,2,3... leading to real eigenvalues for all values of n.
The latter result means that the solution is always overdamped, that is, it has
the form

o0
0=x+ Z (A1,e"" 4 Aype’!) sin(nmx) (35)

n=1

By using the initial conditions specified in Equation (28) with 6, = 0,
representing a step temperature change of the hot wallat x = 1 (to T'= Ty or
0 = 1), from an initial uniform temperature in the slab 7= T¢ (or, 0 = 0)
and 0, = 0 one obtains the following expressions for the coefficients 4, and

2(_1)}1;“2}1
A n= 75 5 N
! (;\,2” — ﬂ]n)l’lTC (36)
=2(=1)"24,
A n = 75 5 N_._
2 ()Qn — /11,,)]”17‘5 (37)

5. Results and Discussion

The solution (35) was evaluated for two different values of Fo number and is
presented in Figures 3 and 4. The results corresponding to Fo = 10,
Ns = 2Fo = 20 and Ny = Fo = 10 are presented in Figure 3 showing a typical
Fourier diffusion solution. Similarly, the results corresponding to Fo = 100,
Ns =2Fo =200 and Ng= Fo =100 are presented in Figure 4 showing
similar Fourier diffusion results. In order to compare the two results that
belong to different values of the parameters the difference between the two
was evaluated showing that its absolute value is less than 1073. It seems
compelling to explain this similar behavior. To do so, we use Equation (21)
and evaluate the following terms

%0 o /00 d [0%0
Fo—=Fo—(—)| = Fo—[—
2 "az<az> bq o1y O <ax2> (38)
o*0 o* (%0 o* /00 o [0
Ny—=Np— = | =Ny~ [—] = Ny—|— 39
Poxt — ax2 <6x2> Fox2 <az> Bq n) O <ax2> (39)

Substituting (38) and (39) into Equation (20) yields

o [d%0 o [d%0 o (%0 00 %0
Fo—— =) - Ns— [ |+ ———— = 4
% <6x2> T Nog, <6x2> Noge <6x2> T a0 (40)
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Figure 3. The temperature solution of Equation (26) in a porous slab as a function of
x =x,/L for different values of time, and corresponding to F, =10, N5 =20 and
Ny = 10, and the following initial conditions 0, = 0 and 0, = 0.
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Figure 4. The temperature solution of Equation (26) in a porous slab as a function of
x =x,/L for different values of time, and corresponding to F, =100, N5 =200 and
Np = 100, and the following initial conditions 0, = 0 and 0, = 0.
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which leads to

a<620> o0 %0 (41

(Fot Ny=No)g\ae) Yoy "o =
The term in the parentheses (Fo + Ny — N;) can be evaluated subject to the
condition that N5 = 2Fo and Ny = Fo which is an immediate consequence of
imposing o5 = o = o = o.. The result of enforcing the latter condition leads to
(Fo+ Ng — Ns) = 0 which, upon substitution into Equation (41), produces the
Fourier diffusion equation 060/0r — 620/ 0x?> = 0, explaining the results pre-
sented in Figures 3 and 4.

6. Conclusions

The conditions for Lotheq in porous media conduction are shown to apply
generally for any boundary conditions that are a combination of constant
temperature and insulation, based on the traditional formulation of heat
transfer in porous media. Among the resulting consequences of the latter it is
shown that the linear relationship between the average temperature difference
of the two phases and the heat transferred over the fluid-solid interface is
inappropriate for use in connection with conditions of La Lotheq.

Appendix

The objective of this Appendix is to show the derivation of Equation (7) from
Equations (5) and (6), in the form

oT;

Vsa = k2T, — h(T, — Ty) (A1)
oT;
v = keV2Tr 4+ h(Ts — T) (A2)

The diffusion terms in these equations are a result of replacing the —V, - ¢,
and —V, - ¢, terms by using Fourier’s Law in the form ¢, = —k;V. T and
q.; = —k¢V, T to yield the Laplacian terms. When the Lotheq assumption is
not valid, conditions appropriate for the case when the temperature differ-
ence between the two phases is not small, the two Equations (A.1) and (A.2)
are coupled and need to be solved simultaneously. There are two ways to
resolve the coupling between these equations. The first way is in isolating T;
in Equation (A.1) to obtain

_ 00T ks

TR V2T, + T (A3)

f
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and substituting it into Equation (A.2), re-grouping the terms and dividing
the resulting equation by (7, + 7¢), to produce one equation for 7§ in the form

*T, 0T, oT.
rq?%s + o = % V2T + 5. V> (at*5> — B.VAT, (A.4)
where the following notation was used
S VsVt - (ks + kf) . _ (Vskf + '))fks) . ﬁ _ kskf
TRt T k)T T Rty T (gt )
(A.5)

Alternatively, by isolating 7 in Equation (A.2) and substituting it into
Equation (A.1) one obtains an identical equation as (A.4) for Tt in the form

asz oTy 2 0T
=+ — = 0 V2Tt + 5. V>
Tgp T, VeIt *(az*

Note the negative sign in front of the bi-harmonic term as distinct from Tzou
(1997), which shows incorrectly a positive sign in front of this term.

The second way in resolving the coupling between the two equations is by
presenting them in the equivalent operator form

<y %—kSVE-i—h); —h T,]
B —h; (e — eV + 1) [TJ -0 (A7)

) BT (A6)

Then, their uncoupled form is obtained by evaluating the operator deter-
minant leading to

[(%%—ksv%h) (vfa? —kfv§+h> —hz} Ti=0 Vi=s,f (A.S)

where the index i can be s, representing the solid phase, or f, standing for the

fluid phase. Equation (A.8) can be presented explicitly, after dividing it by

h(ys + 7¢) in the form
o’T; 9T,

_ 2 2
Tqa—tf—{—@_t* = OCeV*Ti—FéeV*(

oT;
ot,

where the index i can be s, representing the solid phase, or f, standing for the
fluid phase This Equation (A.9) is identical to (A.4) and (A.6) obtained by the
substitution method.

The derivation of Equation (A.9) or its equivalent forms (A.4) and (A.6)
was the main objective of this Appendix, and is presented as Equation (7) in
the text.

) —BVAT; Vi=s, f (A.9)
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In addition, an equivalent equation presented in terms of the heat flux
instead of temperature is derived below by using Equations (1) and (2) that
are presented in the following equivalent form

oT,

Vs ot +V*q*5+h(Ts_Tf):0 (AIO)
oT,

yfguv*-q*r—h(n—m:o (A.11)

by using Fourier’s Law ¢, = —k;V. T and ¢, = —k;V.Tt. By applying the
gradient operator (V) on Equations (A.10) and (A.11) and the Fourier Law
expressed in the form

V. Ts = _q*s/ks; 2 Tf =4, /kf (Alz)

to replace the V., Ty and V., Ty terms, produces the following system

)

Following a similar process as for the temperature one obtains the
uncoupled equation for the heat flux in the form

2 ot (A.14)
— BVVE(V.-q.)] Vi=sf

where the definitions of the parameters are identical to Equation (A.5).

I h [q*] =0 (A13)
(B - Vu(w) + 1) | L4

4.
n aqz*' = V(Y. q.) + b,
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