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Abstract We provide two alternative characterizations of the Nash bargaining solu-
tion. We introduce new simple axioms, strong undominatedness by the disagreement
point, and egalitarian Pareto optimality. First, we prove that the Nash solution is char-
acterized by symmetry, scale invariance, independence of irrelevant alternatives, and
strong undominatedness by the disagreement point. Second, we replace the indepen-
dence of irrelevant alternatives axiom with the sandwich axiom (Rachmilevitch in
Theory Decis 80:427-442, 2016) and egalitarian Pareto optimality. We then demon-
strate that the Nash solution is characterized by symmetry, scale invariance, strong
undominatedness by the disagreement point, the sandwich axiom, and egalitarian
Pareto optimality.

Keywords Nash bargaining solution - Axiomatic characterization - Strong
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1 Introduction

As is well known, Nash (1950) proposed a solution to the two-person bargaining prob-
lem, comprising a utility possibility set and a disagreement point, and proved that it is
characterized by four axioms, i.e., symmetry, scale invariance, independence of irrel-
evant alternatives, and weak Pareto optimality. Although the weak Pareto optimality
axiom appears to be an uncontroversial requirement, it has been shown that it can be
substituted by another axiom, while the other three axioms remained unchanged. Roth
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(1977) replaced weak Pareto optimality with strong individual rationality in character-
izing the Nash solution. More recently, Anbarci and Sun (2011) showed that the Nash
solution can be characterized using weakest collective rationality, which is weaker
than both weak Pareto optimality and strong individual rationality." In this study, we
provide two characterizations of the Nash bargaining solution, which improve on Nash
(1950), Roth (1977), and Anbarci and Sun (2011).

First, we introduce a new axiom, strong undominatedness by the disagreement
point, which requires that the bargaining solution be neither weakly dominated by nor
equal to the disagreement point. This axiom is weaker than both weak Pareto opti-
mality and strong individual rationality, but it neither imply nor is implied by weakest
collective rationality. However, strong undominatedness by the disagreement point
seems more intuitive than weakest collective rationality. Moreover, if the bargaining
problem allows for the case that the set of utility possibilities is not compact,” then
weakest collective rationality together with three standard conditions is not sufficient
for characterizing the Nash solution. We then show that the Nash solution is char-
acterized by symmetry, scale invariance, independence of irrelevant alternatives, and
strong undominatedness by the disagreement point, assuming that the set of utility
possibilities is closed, convex, and bounded above.

Second, we replace the independence of irrelevant alternatives axiom with two
axioms, the sandwich axiom and egalitarian Pareto optimality. The sandwich axiom,
proposed by Rachmilevitch (2016), is a weakening of independence of irrelevant alter-
natives. Egalitarian Pareto optimality, which is another new axiom, requires that the
efficient solution be chosen if the bargaining problem is such that the utilities of the
two persons are equal in all utility points. We then show that the Nash solution is char-
acterized by symmetry, scale invariance, strong undominatedness by the disagreement
point, the sandwich axiom, and egalitarian Pareto optimality.

2 Preliminaries and axioms

A two-person bargaining problem is a pair (S, d), where S C R? is aclosed and convex
set of utility possibilities and d € S is a disagreement point, which is the utility vector
that results when no agreement is reached.? It is assumed that S is bounded above,
i.e., there exists b(S) € Ry, suchthatb (S) > s; foralls € §,i = 1, 2, and contains
a point s, such that s > d.* Let B be the class of two-person bargaining problems
satisfying the conditions above. A bargaining solution is a function f : B — R?, such
that for every (S, d) € B, f(S,d) € S. The Nash bargaining solution is the solution
N : B — R2 that is defined by N(S,d) = argmax.g (>4 (51 — d1) (52 — o).
Nash (1950) characterized the solution N by the following four axioms.

! For other characterizations that do not use weak Pareto optimality, see Anbarci (1998), de Clippel (2007),
and Rachmilevitch (2016).

2 See, for example Mariotti (2000).

3 Although we deal with the two-person case throughout, all arguments in this paper work in the more-
than-two-person case.

4 Fors,r e R2,s >rifs; >rjforeachi,s > rifs; > r; foreachi ands # r,and s > rifs; > r; for
eachi.
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Symmetry: For all (S,d) € B, if d| = d», and (51, s2) € S implies (s2, s1) € S,
then f1(S,d) = f2(S, d).

Scale invariance: Let T : R — R? be a positive affine transformation given by
T(x) = (a1x1 + B1, a2x2 + B2), with oy, € Ry and B, B2 € R, forall x € R2,
For all (S,d), (§',d") € B,if S’ = {s' e R? | s’ = 1(s) fors € S} and d’ = ©(d),
then f (S',d") =1 (f(S,d)).

Independence of irrelevant alternatives: For all (S, d), (S',d) € B, if S’ C S and
f(S,d) e §, then f(S,d) = f(S,d).

Weak Pareto optimality: For all (S, d) € B, all s € R2,if s > f(S,d),thens ¢ S.

Roth (1977) showed that the Nash solution N can be obtained by replacing weak
Pareto optimality with the following axiom.

Strong individual rationality: For all (S, d) € B, f(S,d) > d.

According to Roth (1977), strong individual rationality is regarded as a more ele-
mentary requirement than weak Pareto optimality, though these two conditions do not
imply each other.

Anbarci and Sun (2011) have proposed an alternative axiom, called weakest collec-
tive rationality, which is weaker than both weak Pareto optimality and strong individual
rationality.

Weakest collective rationality: Forall (S, d) € B, f(S,d) ¢ {s € S\WP|D(s)NS
= {s}} where WP = {s € S |forall s’ € R%,if s’ > s, thens’ ¢ S}and D(s) = {r €
R? | r <s).

Weakest collective rationality states that the solution should not be included in
the set of Pareto minimal points. They then showed that combining this axiom with
symmetry, scale invariance, and independence of irrelevant alternatives characterizes
the Nash solution.

We introduce an alternative axiom as follows.

Strong undominatedness by the disagreement point: f (S, d) ¢ D(d).

Strong undominatedness by the disagreement point states that the bargaining solu-
tion should not be either weakly dominated by or equal to the disagreement point.”
This requirement is quite natural and its intuitive sense is clearer than the weakest col-
lective rationality axiom.® As mentioned in the Introduction, we should note that this
axiom is weaker than both weak Pareto optimality and strong individual rationality,
but it neither imply nor is implied by weakest collective rationality.

3 Strong undominatedness by the disagreement point and the Nash
solution

In this section, we characterize the Nash solution using strong undominatedness by the
disagreement point instead of weak Pareto optimality, strong individual rationality, or
weakest collective rationality.

5 We say that x is weakly dominated by y if x < y forx, y € R2.

61 appreciate an anonymous reviewer’s comment.
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Proposition 1 A bargaining solution f satisfies symmetry, scale invariance, inde-
pendence of irrelevant alternatives, and strong undominatedness by the disagreement
point if and only if it is the Nash solution N.

Scale invariance and independence of irrelevant alternatives together imply a simple
and important result, as is proved in Lemma 1 below.”

Lemma 1 Let f satisfy scale invariance and independence of irrelevant alternatives.
Let £((S,d),m) = (1 —m)d +nf(S,d) form € R.If f(S,d) # d, then for all
T >1,£((S,d), ) ¢S.

Proof By contradiction, we suppose that for some (S,d) € B, f (S,d) # d and
there is some 7 > 1, such that £((S,d),7) € S . By scale invariance, we may let
d = 0 = (0, 0). Therefore, £((S,0), 7) = 7f(S,0) € S. Letting A = 1/7 < 1,
we consider S = {(As € R? | s € S}. Since f(S,0) € 1S C S, it follows that
f(S,0) = f(AS, 0) by independence of irrelevant alternatives. However, by scale
invariance again, it must be that 1. (S, 0) = f (1S, 0), and that is a contradiction. O

Since S is closed, Lemma 1 implies that the bargaining solution f(S, d) must be
in the boundary of S unless it is equal to the disagreement point.

Proof of Proposition 1 (If.) N certainly satisfies symmetry, scale invariance, inde-
pendence of irrelevant alternatives, and strong undominatedness by the disagreement
point. (Only if.) Suppose f satisfies all axioms in Proposition 1. We consider a bar-
gaining problem (S, d). By scale invariance, without loss of generality, we can let
d = 0and N(5,0) = (1,1). Let s = max{s; | s € S} fori = 1,2 and
5 = max{s]", s5"}. Since § is closed and bounded above, there exists sl.rmlX for
i = 1, 2. Furthermore, let T = {(s1,52) | § > 51,5 > 53,51 +52 <2}. Then, S C T,
since S is convex.® By symmetry, f(T,0) = (z, 7) for some ¢ € R, such that 7 < 1.
By strong undominatedness by the disagreement point, it follows that 0 < ¢ < 1.
Then, Lemma 1 implies ¢ = 1. Therefore, by independence of irrelevant alternatives,
f(S,0) = f(T,0)=(1,1) = N(S,0), as required. O

Figure 1 illustrates Proposition 1.

We show the independence of four axioms by pointing out that each of the following
solutions violates one axiom while satisfying the remaining three.

The solution that for all (S,d) € B, f(S,d) = argmax,cg (51 —dl)%(sz
— dz)% violates symmetry. The solution that for all (S,d) € B, f(S,d) =
arg min{|s} —s5||s* = argmax g ;~,(s1 + 52) } violates scale invariance. The Kalai—
Smorodinsky solution, that is the maximal element of S on the segment joining d to
a(S,d) where a(S,d) = (a1(S,d), ax(S, d)) with q; (S, d) = max{s;|s > d,s € S}
fori = 1,2, violates independence of irrelevant alternatives. The solution that for all

7 Lemma 1 is analogous to Lemma 2 in Vartiainen (2007), which has been provided to characterize the
extended Nash solution determining a solution and a reference point simultaneously.

8 If there was a pointr € Rz, such that r| +r> > 2, then the convex combination of » and N (S, 0) contains
apoint u € S, such that ujuy >1. That is a contradiction. See Nash (1950).

9 See Kalai and Smorodinsky (1975).
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Fig. 1 Illustration of Proposition 1. T is a symmetric bargaining set that includes the point (1, 1) on its
boundary and contains S. The solution for T is (¢, ), which must be equal to (1, 1). Then, the solution for
S must be (1, 1)

(S,d) € B, f(S,d) = d obviously violates strong undominatedness by the disagree-
ment point.

4 Weakening of the independence of irrelevant alternatives axiom

Rachmilevitch (2016) has introduced an axiom named the sandwich axiom, which
requires that for S C S’ C S”, if two bargaining problems (S, d) and (S”, d) have the
same solution, then (', d) should also have that solution.!? Formally, the sandwich
axiom is defined as follows:

Sandwich axiom: For any (S, d), (S',d), (S”,d) € B, suchthat S ¢ §' c §8”, if
f(S,d) = f(8",d) =y, then f(S',d) = y.

10 Rachmilevitch (2016) has provided a characterization of the Nash solution using the sandwich axiom
(Theorem 1).
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The sandwich axiom can be interpreted as follows'!: for the disagreement point d, if
the solution chosen in a utility possibilities set S is also chosen in a utility possibilities
set §” containing S, then any alternatives in S”/S are regarded as irrelevant and,
therefore, the same solution should be chosen in the utility possibilities set S’ that
contains S and is contained in S”. Then, the sandwich axiom is certainly implied by
independence of irrelevant alternatives.

Next, we consider a set of utility possibilities L = convexhull {d, x} for d, x € R?,
such that di = d», x; = x2, and x > d, where convexhull {d, x} denotes the convex
hull of the set of two points, d and x, which is just a straight line segment [d, x]. Then,
it is quite natural to require that the solution be efficient in such bargaining problems
as (L,d) € B, in which the utilities at the disagreement point (d; and d, ) and the
utilities at each feasible point (u1 and u; for u € L) are equal between two persons.
Therefore, we may assume the following axiom.

Egalitarian Pareto optimality: For any (L, d) where L = convexhull {d, x} for
d,x e R, ifd; = d», x1 = x2,x > d, then f(L,d) = x.

Egalitarian Pareto optimality is certainly weaker than weak Pareto optimality. Note
that independence of irrelevant alternatives together with scale invariance and strong
undominatedness by the disagreement point implies egalitarian Pareto optimality,
which is demonstrated as follows. For the bargaining problem (L, d) € B where L =
convexhull {d, x}, such that x > d ford, x € R? with dy = dp and x; = x, we con-
sider £((L, d), ) for m € R. Then, by strong undominatedness by the disagreement
point, it follows that f (L, d) # d and, by Lemma 1, it follows that £((L,d), ) ¢ L
for all # > 1. Therefore, we have f(L,d) = x.

From this observation and the fact that the sandwich axiom is a weakening
of independence of irrelevant alternatives, it follows that independence of irrele-
vant alternatives together with scale invariance and strong undominatedness by the
disagreement point implies the sandwich axiom and egalitarian Pareto optimality.
However, the sandwich axiom and egalitarian Pareto optimality together with scale
invariance and strong undominatedness by the disagreement point do not imply inde-
pendence of irrelevant alternatives. For example, for a given problem (S, d) € B, let
Z(d) ={zlz1 > d1, 20 = dr}and 7 (S) =argmax {z1]|z € Z(d)NS}if Z(d)NS # ¢.
The solution that for any (S, d) € B, f(S,d)=1/2)(z(S)+d)if Z(d) NS # ¢ and
f(S,d) = N(S,d), otherwise satisfies those four axioms, but nevertheless violates
independence of irrelevant alternatives.

We then provide a characterization of the Nash solution replacing independence
of irrelevant alternatives with two axioms, the sandwich axiom and egalitarian Pareto
optimality. The following result certainly improves on Proposition 1.

Proposition 2 A bargaining solution f satisfies symmetry, scale invariance, egali-
tarian Pareto optimality, the sandwich axiom, and strong undominatedness by the
disagreement point if and only if it is the Nash solution N.

Like Lemma 1 for Proposition 1, we present the following lemma for Proposition 2.

11 The interpretation is based on Rachmilevitch (2016).

@ Springer



Two simple characterizations of the Nash bargaining solution 231

Lemma 2 Let f satisfy scale invariance, the sandwich axiom, and egalitarian Pareto
optimality. If f(S,d) > d, thenforallw > 1, £((S,d), ) & S.

Proof Analogous to the proof of Lemma 1, we suppose by contradiction that for some
(§,d) € B, f (S,d) > d, and there is some 7 > 1, such that £((S,d),7) € S.
Using scale invariance, we letd = 0 and (S, 0) = f2(S, 0), and letting A = 1/7 <
1, we have f(S,0) € AS. By scale invariance again, it follows that f(1LS,0) =
Af (S, 0). On the other hand, for the bargaining problem (convexhull {0, (S, 0)},0) €
B, f(convexhull {0, f(S,0)},0) = f(S,0) by egalitarian Pareto optimality. Then,
since convexhull {0, (S, 0)} C AS by convexity of S, it must be that f (1S, 0) =
f(S, 0) by the sandwich axiom, and that is a contradiction. O

Proof of Proposition 2 (If.) N certainly satisfies symmetry, scale invariance, egali-
tarian Pareto optimality, the sandwich axiom, and strong undominatedness by the
disagreement point. (Only if.) Suppose f satisfies all axioms in Proposition 2. We
consider a bargaining problem (S, d). Analogous to the proof of Proposition 1, we let
d =0and N(S,0) = (1, 1), and define the set T containing S as above. By symmetry
and strong undominatedness by the disagreement point, it follows that f (7, 0) = (¢, )
and 0 < ¢ < 1. Lemma 2 implies r = 1, i.e., f(T,0) = (1, 1). Then, by egalitarian
Pareto optimality, f (convexhull {0, (1, 1)}, 0) = (1, 1). Since (convexhull {0,(1, 1)},
0) C S C T by the sandwich axiom f (S, 0) = (1, 1) = N (S, 0), as required. O

We show the independence of five axioms by pointing out that each of the following
solutions violates one axiom while satisfying the remaining four.

The solution that forall (S, d) € B, f(S,d) = argmaxcg >q(51 — dl)% (sz—dz)%
and the solution that for all (S,d) € B, f(S,d) = arg min{|s] — s3|[s* =
argmax g >4(s1 + 52)}, as defined above, violate symmetry and scale invariance,
respectively. The solution that for all (S,d) € B, (1/2)N(S, d) violates egalitarian
Pareto optimality. The Kalai Smorodinsky solution violates the sandwich axiom. The
solution that for any (S, d) € B, f(S,d) = d, if S contains some s, such that s < d
or s < dp, and f(S,d) = N(S,d), otherwise violates strong undominatedness by
the disagreement point.
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