Theory and Decision (2005) 58: 77-143 © Springer 2005
DOI 10.1007/s11238-005-2460-4

A. A.J. MARLEY and R. DUNCAN LUCE

INDEPENDENCE PROPERTIES VIS-A-VIS SEVERAL
UTILITY REPRESENTATIONS

ABSTRACT. A detailed theoretical analysis is presented of what five utility
representations — subjective expected utility (SEU), rank-dependent
(cumulative or Choquet) utility (RDU), gains decomposition utility (GDU)),
rank weighted utility (RWU), and a configural-weight model (TAX) that we
show to be equivalent to RWU — say about a series of independence
properties, many of which were suggested by M. H. Birnbaum and his
coauthors. The goal is to clarify what implications to draw about the
descriptive aspects of the representations from data concerning these
properties. The upshot is a sharp rejection of SEU and RDU and no clear
choice between GDU and TAX, but a list of 8§ properties is given that
should receive more attention to discriminate between the latter two models.

KEY WORDS. Independence properties, Rank-dependent utility, Rank
weighted utility, TAX utility, Weighted utility

ECONOMICS CLASSIFICATION. D46, D81

This article focuses on discovering exactly what five classes of
utility representations predict about a series of independence
properties found in the literature, many of which were sug-
gested by M. H. Birnbaum and his coauthors. We begin by
defining the general mathematical forms of these representa-
tions. This is followed by a systematic list of independence
properties, each satisfied by subjective expected utility (SEU).
Next we derive what the various models predict about such
properties. We compile these results in three Tables (Sections
3.4, 4.3, and 5.5) and in two derivative tables where the pre-
diction of at least one model is unambiguously positive or
negative and report how the models fare vis-a-vis the existing
data. These tables may be viewed as a refinement and expansion
of Table 1 of Birnbaum et al. (1999, p. 53). The main discovery
is that two of the models have similar properties, and seem to
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account for much of the available data. Nonetheless, their
predictions differ on 8 properties. Not a great deal of data on
these distinguishing properties yet exists, and we urge experi-
menters to focus on them.

1. FORM OF MODELS

Suppose that X is a set of “pure” consequences and & is an
algebra of chance events underlying a particular gamble. In
general, we have several different algebras for gambles based on
different chance experiments. A typical first-order gamble of size
n has the form

ge = (x1,Cr1;...5xi, Cis oo Xp, Cp),

where the x; € X, and (Cy,...,Ci ..., C,) is an ordered' par-
tition, denoted C,, of the non-null event C(n) = J_, C;, which

is “universal” for the gamble. The size of the gamble is deter-
mined by the number of consequence-event pairs, (x;, C;), each

of which is called a branch of 8o Some properties are stated

below only for the case where there is a finitely additive
probability measure Pr such that Pr(C;) =p;,C; € &, and
Pr(C(n)) = 1. In that case, the gamble is written

n
&y = (XD 3 X0 P 3 X ) <lei = 1>-
i—

If one or more of the x;, 1s replaced by a first-order gamble,
the result is a second-order compound gamble. For simplicity, we
often refer to the set of pure consequences and first- and sec-
ond-order gambles simply as ‘gambles’.

We assume that the preferences between gambles satisfy a
weak order -, i.e., =~ is transitive and connected, and that >
and ~ are defined in the usual fashion.

The set Xis endowed with a unique element, called “‘no change
from the status quo,” denoted e. Any x - e or any gamble g with
all of its consequences x; = e is called a gain, and any x <eorg
with all of its consequences x; < e is called a loss. Cases of

~

gambles with mixed gains and losses are very important, but in
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this article we restrict our attention to gambles of all gains. The
theory for losses is completely parallel to that for gains.

A gamble for which x; =~ x, 77 -+ 77 x, is said to be in
ranked form. In this paper, the ranked form holds unless we
state otherwise. Written in this way, the cumulative subevents
C())=UL,Ci, 1 < j <n, sometimes play a role. We assume
that people are indifferent to permutations of the indices.

Suppose g i1s a gamble. We assume that there exists
CE(g) € X such that

CE(g) ~ g, (1)

which is called a certainty equivalent of g.

Co-monotonic consequence monotonicity is satisfied iff for
every i € {1,2,...,n}, when x;,x; € X have the same rank po-
sition among the other consequences, then

X7 x iff (x1, Crs o5 X5 Crs oy X5 C)
i(X],C],,Xl,C,,,Xn,Cn) (Cl#¢) (2)

We assume co-monotonic consequence monotonicity holds.
Idempotence is satisfied iff for every y € X and every ordered
partition C, := (Cy,---,Cjy -+, Cy),

1 Crie 52, Ciye 9, Cy) ~ . (3)
Although we do not assume idempotence in general, which is a
bit unusual, we will mostly examine models for which it does
hold. More attention needs to be paid to the non-idempotent
cases which allow the chance experiment underlying the gamble
to have value, per se, positive or negative. This is a way to
approach the issue of the utility of gambling (see Luce and
Marley, 2000; Meginniss, 1976).

A function U from the domain of pure consequences and
gambles of gains to the non-negative real numbers is called a
utility function if it is order preserving and maps the status quo
into 0, i.e.,

gz h iff U(g)=U(h), (4)
Ule) = 0. (5)
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The existence of certainty equivalents, (1), plus the assumption
of consequence co-monotonicity, justifies using the same
notation U over both gambles and pure consequences. Given
that 7~ has the numerical representation of (4), then 77 must be a
weak order. Whenever a function U occurs in the remainder of
the paper it is to be interpreted as such a utility function.

Our focus will be, first, on several well known forms of utility
representations. All but one is well understood from an axi-
omatic perspective (Luce and Marley, 2005). Mostly, we will
work with the representation rather than with the underlying
axioms although several proofs are simpler if we use a quali-
tative defining property and so we cite these properties. Next,
we explore what these representations predict about several
independence properties that have been discussed in the liter-
ature, with our focus on differential predictions. Finally, we
compare these differential predictions with existing data.

1.1. Rank weighted utility

The most general representation we shall use is the following:

DEFINITION 1. Let S; i€ {1,2,...,n}, be mappings from
_)

ordered event partitions C, := (Cy,...,C;,...,Cy) to the non-
negative real numbers. The rank weighted utility> (RWU) of a
ranked gamble is of the form

U(-5xi,Cis o) = Xj: U(x)Si(C.)

(S:((C)=0,i€{1,2,-,n}). (6)

Note that assuming that the weights Si(an) are positive
is equivalent to assuming comonotonic consequence
monotonicity.

The other representations we examine are special cases of
this form which we describe in terms of specializations of the
weights S;(C,). _

Idempotence holds in RWU iff Y°7 | Si(C,) = 1.
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A RWU representation is said to be simple iff there exist
functions Sc(,: € — [0,1] such that for each i, S;(C,)
= Sc(»(C;). This means that the weight S;(C,) is independent
of all other events C;, j # i, of the partition. A simple and
idempotent utility representation with Sc(, finitely additive is
called subjective expected utility (SEU).

An example of a simple representation is

w(C)

Scm(Ci) = WCH)

When W is finitely additive, this representation is idempotent
and so is an example of an SEU representation as defined
above. Note that these weights satisfy the choice property of
Luce (1959); see (16) below.

Observe that by its definition, simple utility (and therefore
SEU) does not depend at all on the ordered partition, only on
the C;, and so not on the ranking of consequences. The theory
is thus simpler.

1.2. Rank-dependent utility
DEFINITION 2. A RWU representation for gains, (6), is a
rank-dependent utility (RDU) representation iff there is a
function We(, from events into [0,1] with W, () =0,
Wemy(C(n)) = 1, such that the weights are of the form
% . .
Si(Cn) = Wew)(C(0) = Wep (Ci = 1))
(iefl,...,n}), (7)
where C(0) = 0.
Note that the above representation satisfies idempotence.

Substituting (7) into the weighted utility expression, (6), we
see that RDU can be written in the equivalent form:

U(-5xi,Cis )

= i U(xi)[Wem (C@0) — We(Ci - 1))]. (8)
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Because the structure is idempotent, it can also be written in the form:

U(---3x;,Ciy - ) :i[U(xi) — Ui )| Wem) (C(0) + U(x,).
©)

The class of RDU models for gains alone and for losses
alone agrees with the general form of cumulative prospect
theory (CPT, Tversky and Kahneman, 1992), and includes such
special cases as subjective expected utility (SEU), where W, is
finitely additive and so

WC(n)(C(i)) - WC(n)(C(i - 1))
= WC(n)(Ci U C(l_ 1)) - WC(;1)(C<i_ 1))
= Wen (Ch),

and expected utility (EU), where the events are replaced by
probabilities and so W, (p) = p.

For mixed gains and losses, which we do not deal with here,
rank- and sign-dependent utility, RSDU, and CPT may differ
materially (Luce, 2000, Chs. 6 and 7).

A major, defining, necessary property of RDU is coalescing
which says that if two events of a gamble have the same con-
sequence, then that gamble is indifferent to the one in which the
union of the two events is treated as a single event with the
same consequence (see Luce and Marley, 2005). Formally, for
all ordered partitions and ordered consequences Xx; 2

Xy me,n>2 with xi =x =x,k<n:

(x1,Crs++3x, C; X, Crpry -+ 3X0, )
~(x1,Cr; X, CeUCkg1; 3%, Cy)  (k=1,---;n—1). (10)

In terms of the “bottom line” the two sides are identical. Of
course, that does not automatically mean that they are per-
ceived as indifferent.

It is easy to see that a simple and idempotent utility repre-
sentation is an SEU representation iff it satisfies coalescing
(Luce and Marley, 2005).
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1.3. Gains decomposition utility
DEFINITION 3. Within the domain of second-order (com-

pound) gambles of gains, a (lower) gains-decomposition utility
(GDU) representation holds iff there is a family of binary

weights We),i=1,...,n, with C(n) the universal event, such,
that RWU, (6), holds, with the RWU weights
— — —
Si(Cn) = Wi(Cp) = Wi (Cy), (11)
where
0, i=0
—> n_l . .
Wi(Cn) =S I Wern(C(J)), 1<i<n—1. (12)
J=i
I, i=n
By (11) and (12),
n—1
[T Wei)(CH)), i=1
- J=i
Si<Cn) = n=l

(1= Wep)(Cl = D) IT Wejon(€C()), 2<i<n—1
1= We(Cn—1)) i=n
(13)

In particular, in the binary case,
— —
S1(Ca) = Wep)(Cr), $2(Ca) =1-Wep)(Ch),

which agrees with binary RDU. Although RDU and GDU
agree for binary gambles, they do not in general for n > 2.
For n > 2, these forms may not look terribly natural, but
they correspond to a surprisingly simple behavioral property
which we describe because we use it in a few of the proofs. For

= e, consider the

~Y

a gamble g n>2 with x; 7 - = x,
following sub-gamble

g— = (xlycl;"';xnflycnfl)- (14)

n—1
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Note that g is based on the sub-experiment with the uni-

n—1
versal event C(n — 1) but run independently of the 6,1 experi-
ment. Within the domain of second-order (compound) gambles
of gains, lower gains decomposition states that

g?n ~ (g?ni ,C(I’l - 1);)6,1, Cn); (15)

1

where (g? » C(n=1); X, Cy) 1s a second-order (compound) bin-
n—1

ary gamble. Note that in terms of the bottom line, the two sides of
(15) are the same. Gains decomposition is a special case of a
property that is frequently invoked as ‘“‘rational” in the form of
“reducing compound lotteries to the corresponding first-order one.”
Although Meginniss (1976) implicitly used the lower gains
decomposition axiom in his interesting approach to non-idem-
potent, un-ordered gambles, the concept was first explicitly
introduced by Liu (1995) in an attempt to axiomatize RDU in the
case of known probabilities. Luce (2000, p. 187) generalized it
(without, the adjective “lower’’) to events and used that together
with (16) below to arrive at RDU. However, he did not work out
fully the implications found in Luce and Marley (2005), which
improved on Marley and Luce (2001), that any two of the fol-
lowing properties implies the third: (i) RDU, (i1) GDU, and (ii1)
for events with C C D C E, the choice property (Luce, 1959) holds:
Wg(C) = Wp(C)Wg(D). (16)

The property of lower gains decomposition, (15), suggests
looking also at wupper gains decomposition defined by the
decomposition

gg, ~ Qs e\,

n n 1
where

g—— = (XQ, Cz; ey Xa, Cn)
Cn\Cl
We use sometimes the unmodified term ‘gains decomposition’
to refer to the lower case. As needed, we use the modifier upper
to refer to the upper case, that is, upper gains decomposition and
upper GDU.
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Indeed, for any i, we may define 8T NG in the obvious way

i

and define gains decomposition relative to branch (x;, C;) as

(xi, Ci; 86—, C(M\C1), xi Z g——

g_) ~ Cn\Ci ~ cl’l\cl
C. (gmac(’ﬂ\ci;xh Ci)a Xi '<g;_;‘

Luce and Marley (2005) show that if idempotent RWU is sat-
isfied, and gains decomposition holds for all three branches of a
gamble of size 3, then the choice property, (16), is satisfied, and
the weights are finitely additive.

RDU (# SEU) violates gains decomposition; GDU predicts
it. We are not aware of any direct experiments that have tested
gains decomposition in isolation.

1.4. Configural weighted utility

M. H. Birnbaum, with various collaborators, in a series of pa-
pers, some of which are cited explicitly later, has explored a class
of representations called configural weighted utility.’ In contrast
to the above utility models that have been axiomatized in terms of
behavioral properties (see Luce and Marley, 2005), the configural
weighted representations are stated only at the representational
level. No defining properties are known; however, see Proposi-
tion 6 below. Rather, Birnbaum and his collaborators have
shown that certain special cases do or do not exhibit certain
behavioral properties, and they have reported experiments
comparing how various models fare relative to them. The
majority of this work has focussed on two particular classes of
configural weighted representations, called RAM and TAX —the
reasons for these names are given later. Both RAM and TAX can
explain various choice and judgment data, but, as discussed be-
low, TAX is overall the better model.

1.4.1. RAM utility
According to Birnbaum (2005), the RAM model has the fol-
lowing form:
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DEFINITION 4. A RWU representation for gains, (6), is a
RAM representation if there is a function W from events into
[0,1] with W(ZJ)=0 and positive constants a,(i), i=1,...,n,
such that the weights are of the form

a, ()Y W(C))
> an(YW(C))

The name RAM arises as the acronym for rank affected mul-
tiplicative (Birnbaum et al., 1992; Birnbaum and Maclntosh,
1996). The models of Karmarkar (1979), Viscusi (1989), and
Lattimore et al. (1992) are of this form. For choice studies,
Birnbaum focuses mostly on the case where the weights
a,(i) = i. Note that the RAM representation is idempotent, and
that for nonnull events C;, Cj,7 # J,

Si(E)n) . an<i) W(Cl)
S(C,)  a(HW(C)’
Since this constraint does not hold for a general RWU repre-

sentation, there are RWU representations that are not RAM
representations.

Si(ﬁn) = (17)

1.4.2. TAX utility

As stated at the beginning of this section, the configural
weighted representation that has best survived empirical test is
called TAX (for reasons stated below) and we will focus on it
here. According to Birnbaum and Navarrete (1998), it has the
following form:*

DEFINITION 5. Let U be a utility function over ranked
gambles and pure consequences, T a function from events
into the non-negative real numbers, and w;;(C,) mappings
from ordered event partitions to real numbers. Then, TAX
is the following representation over gambles in ranked
order:
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n—1 n

S UG T(C)+ Y Y [Un) = U)o (Ca),

i=1j=i+1
U(g—> ): N
C. T(E)n)

(18)
where T(C,) := 3", T(C)).

The name TAX arises because Birnbaum describes the term
on the right as imposing a tax from (resp., to) lower ranked
consequences to (resp., from) higher ranked ones depending on
whether the relevant weight is positive (resp., negative),
Birnbaum usually imposes a particular form on the w;;, which
we discuss later.

Because all of the U(x;) terms appear linearly, it is obvious
that this is a RWU representation.’ It is less obvious how the
Si(C,) of (6) relate to the T"and w;; of (18). This is formulated
as:

PROPOSITION 6.
(1) Any TAX representation, (18), is an idempotent RWU
representation, (6), with

n+1 i—1

T(C)+ > 0,(Cr) = 0,(C)
Si(C,) = A , (19)
T(C,)
where
wo,(C,) =0, (20)
COi,n+1(6>n) = Oa (21)

(i) Any idempotent RWU representation, (6), can be put (in
many ways) in the form of a TAX representation, (18). One such
has

T(C;) > 0 (22)
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P

T(C,) S Si(Co) = SST(Cr), i=1,...n—1,
k=1 =

. k=1
CUi,/'(cn): J=i+1,
0, i=0orj=n+1,
. or j#£i+1.
(23)

All proofs are in the appendix.

Observe that to satisfy co-monotonic consequence monoto-
nicity, we must have S;(C,)>0, and that places some
(unknown) constraints on the w;; in the general form (19).

Because of this result, we will state how properties fare for
RWU and then, in some cases, provide necessary and/or suf-
ficient conditions for the TAX formulation to predict the
property.

The second part of this proposition means that RAM is a
special case of TAX.

2. ISSUES OF DESIGN AND ANALYSIS

Before we turn to the analysis of, and data on, several specific
independence properties, it is appropriate to discuss some of the
problems that have to be confronted.

2.1. Choices or certainty equivalents in testing

The most obvious way to test properties that involve comparing
two gambles that have a common branch, which is true in many
of the independence properties that we shall explore, is to
present the two gambles to the respondent and request a choice.
Although obvious, in fact it is fraught with difficulties,
Respondents seem to engage in various forms of ‘“‘editing”
when comparing the gambles directly. One cannot be sure what
it is that they do, but as we shall see, they seem to be doing
something different from the kind of combining that the several
RWU models describe.

Perhaps the situation least subject to editing is to ask each
respondent to give a certainty equivalent for each gamble, and



INDEPENDENCE PROPERTIES 89

for the experimenter to construct the preference order - from
these certainty equivalents. Doing so is trivial if just one cer-
tainty equivalent is established for each gamble; however,
across repetitions, the estimates vary. In that case, various
options are available that have been widely explored; we do not
go into all of them here. Earlier, we defined a certainty equiv-
alent to be the certain consequence indifferent to the gamble,
(1). There are two standard ways to obtain such a CE: by
asking the respondent to report his or her judged CE or by
choice procedures. These methods do not yield the same
estimates (Luce, 2000, p. 44).

Among the choice procedures used, two important ones
are PEST and Quick Indifference (QI). They are both up-
down methods that differ primarily in the size of the step
used in adjusting the money alternative that is used in the
immediately subsequent presentation of this gamble among
the several others simultaneously under study. In PEST, the
changes are carried out in steps that are independent of how
far the procedure is from the true CE. In QI, the respondents
also indicate their strength of preference for the choice made
and an algorithm is used to determine the size of the step to
use in generating the next presentation of a money amount.
The idea is to get into the neighborhood of the CE as rapidly
as possible.

In a study of consequence co-monotonicity, von Winterfeldt
et al. (1997) compared CEs determined by PEST and QI. Using
medians, they concluded that QI was inferior to PEST in
confirming consequence co-monotonicity. However, Ho,
Regenwetter, Niederée, and Heyer (2005) reanalyzed the von
Winterfeld et al. (1997) data using quantile methods and
reached exactly the opposite conclusion: Under QI, conse-
quence monotonicity was strongly sustained and under PEST it
was not. This may relate to the conjecture of Cho et al. (2002)
that PEST, as implemented in these experiments, is subject to
premature terminations which sometimes yield very poor esti-
mates of the certainty equivalent.®

The following danger in using CEs, especially judged ones,
has not been deeply explored. Suppose that we are dealing
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with money gambles of gains, If the choices are made by
comparing the money amounts with the gamble and choos-
ing, there is no problem. But suppose that the respondent
simply subtracts the amount of money, y, either presented or
judged, from all of the consequences, i.e., considers the
gamble

(XI _)’7C1§---§xi—y7Ci;---xn—J’»Cn)a

and compares it with 0. If, as is usually the case, x| > y > x,,
this has moved us from the domain of all gains to that of mixed
gains and losses. The form of the RDU models is not usually
the same in the mixed domain (Luce, 2000, Chs. 6 and 7;
Tversky and Kahneman, 1992). Thus, were this to happen, the
data would be quite misleading in evaluating models designed
just for gains. This concern is particularly pertinent to judged
buying and selling prices.

Most of the studies discussed below used either direct choices
or the respondents reported buying and/or selling judged prices
of gambles. Such judged forms of CE are by no means the same
as choice ones (Luce, 2000, pp. 39-44) and so it is desirable to
have data on the latter.

2.2. Data analyses

In most experimental studies of choices between gambles, there
are usually some respondents whose data satisfy a property
under study and others whose data do not. Thus, the data of
some individuals may be compatible with a relatively con-
straining model, such as SEU, whereas those of others may be
compatible with a less constraining model, such as RDU or
GDU, and still others may not be compatible with any RWU
model. Much of the available data has been reported at the
aggregate, or group, level, and has been interpreted as showing
that a particular condition does not hold if a ‘significant’ portion
of the aggregated data does not satisfy that condition, where
‘significant’ is defined in different ways in different papers. The
condition is said to hold if it does not fail in the above sense.
Sometimes authors follow up such an analysis with an inspec-
tion of the pattern of results for individual subjects, as is the case
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with Birnbaum and Mclntosh (1996) and Birnbaum and Nav-
arette (1998). When such analysis of individual participants is
performed, a condition that does not hold at the group level is,
perhaps not surprisingly, usually found not to hold for some, or
even a majority, of individuals. Nonetheless, often there are still
numerous individuals who satisfy the condition under study. In
this article, we report conclusions regarding particular condi-
tions as they are stated by the original authors, which usually
amounts to stating that a condition does not hold if it does not
hold for a (significant) proportion of the respondents, even
though it does hold for the remainder.

For various reasons, such studies may be either understating
or overstating the case for a particular condition holding. For
instance, a study may underestimate the case for a particular
condition holding as a result of aggregating “‘noisy” individual
data. And a study may overestimate the case for a particular
condition holding as a result of a failure to select gambles in an
appropriate region of the gamble space for the selected par-
ticipants. For instance, testing branch indepedence (defined
later) requires the study of a set of common consequences z, z/
that covers a broad enough range of values that a failure can be
detected. Figures 1 and 2 of Birnbaum and Beeghley (1997)
show such failures of branch independence that could have
been missed in a study with different gambles, or, possibly, with
different participants.

2.3. Goals of the article

The balance of this article concerns somewhat complex inde-
pendence properties, not used in standard axiomatizations of
the representations, that do and do not follow from each of the
representations presented above. Our approach, insofar as we
know how, is to state necessary and sufficient conditions for the
property to hold under RWU. Then in a corollary we establish,
in terms of the forms for the weights for each of the special
cases of RWU, to what this necessary and sufficient condition
reduces. This permits us to compare the models to each other
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and to data. Although in existing articles Birnbaum has stated
all of the properties for the cases where the probabilities of
events are known, whenever possible we replace the probabil-
ities by general events. Also he has usually worked with special
cases of TAX and sometimes even with special forms for U over
money and weights over probabilities. In contrast, we examine
both the general TAX = idempotent RWU model and special
cases of it that force the property in question. To some extent
this strategy breaks down with some of the conditions in
Section 5 because we have only sufficient conditions for the
property to hold.

3. BRANCH CANCELLATION AND INDEPENDENCE

The first of these properties, branch independence, requires that
if two gambles have a common consequence for a particular
event, i.e., they have a common branch, then the value of that
consequence should have no effect on the preference order
induced by the branches (Cohen and Jaffray, 1988, Birnbaum
and Mclntosh, 1996). We will see that this is a very strong
condition. For example, we show below that, given RWU, a
simple representation holds on gambles of size n = 3 if and only
if a property called branch cancellation holds for all branches —
branch cancellation is equivalent to branch independence pro-
vided the comparatively weak (34), below, is satisfied.

3.1. Branch types and locations

We now define various terms that help in stating conditions and
results compactly. We say that a branch (z, E) of a 3-compo-
nent gamble is in position i, i = 1,2, 3, if z is in rank position i.
A branch (z, E) that occurs in each of two gambles based on the
same ‘“‘universal” event is of type (i, j) if z is in position 7 in the
first gamble and in position j in the second gamble. For con-
venience, we refer occasionally to the given pair of gambles as
of type (i, j). The definitions of branch cancellation and inde-
pendence given below considers pairs of such gambles with the
restriction that X’ = x = y > )’ > e, in which case there
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are 5 distinct possibilities for the type of z, namely (1, 1), (1,2),
(2,2), (3,2), (3,3). The three symmetric cases, (1, 1), (2,2), and
(3,3), are called co-ranked with, respectively, upper (U), inter-
mediate (I), and lower (L) positions.

The gamble pair is called restricted when C' = C, D' = D;
otherwise, it is called unrestricted.

Finally, for two pairs of pairs of such gambles, say

(x,C;y,D;z,E), (x',C’;y',D'; 2, E),
and
(x,C;y,D;Z E), (¥, C; ), D' E),

we say that the branches (z, E) and (Z/, E) have a common location
(i,j) iff each is of type (7,/). In the theoretical development below,
we restrict attention mainly to the 5 common locations, which we
denote by (1, 1)%,(1,2)%,(2,2)%, (3,2)%, (3, 3)?, Consistent with our
prior use of the term, the cases (1, 1), (2,2)?, (3, 3)? are called co-
ranked. This limitation to common locations is adequate for our
purposes because these 5 cases, with RWU, give the simple utility
representation (see Proposition 8 below), which, as its name
suggests, is the simplest RWU representation, plus they are suf-
ficient to distinguish between SEU, RDU, GDU, and TAX,
which distinctions are the focus of the present article.
Nonetheless, note that the above 5 cases are a small subset of
the possible combinations of types for the z, z' pair. Because
there are 5 distinct possibilities for the type of each of z, z/,
then, noting the symmetry of the roles of z, z/, there are 15
different combinations of types for z, z’ in the above 4 gambles
(see Table 1). These possibilities can be identified by symbols
such as [(4, j), (7, j)], which, as proposed above, may in the case
of common locations be written (i, j)*. And for all possible
cases of branch independence to hold, the same preference
pattern must hold in the above two pairs of gambles for all 15
possibilities. Numerous of these non-common locations appear
in several experimental articles including Birnbaum (2005),
Birnbaum and Mclntosh (1996), Birnbaum and Navarrete
(1998); in particular, see Tables 2 and 3 of Birnbaum and
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Mclntosh (1996). The one non-common location that we do
consider is [(1, 1), (3,3)].

3.2. Branch cancellation

In working with branch cancellation, it is essential that the
notation keep track of the ordering imposed on the partitions
{C,D,E} and {C',D',E} where CUDUE=C'UD'UE. To
this end, define:

) {(E,C,D)} {i:l}
C, =4 (C,E,D) for < i=2 5,
(C,D, E) i=3
. —/(0) .
and similarly C; for the partition {C', D', E}.

DEFINITION 7. Suppose that a RWU representation, (6),
holds. For allevents C, C', D, D', E where E is nonnull, {C, D, E}
and {C', D', E} are both partitions of the same event, and a pair
of gambles (x,C;y, D, z, E),(x', C'; y, D'; z, Eywithx’ = x =
y=V=e z=e of type (i,j) but otherwise arbitrary,
branch cancellation (BC) of type (i,j) holds iff
— (i —/(J

5(€5) = (€3 4)
Restricted BC of type (i,j) holds iff the above definition holds
with the restriction that C' = C, D' = D.

Co-ranked BC of type (i, i) holds iff BC of type (i, i) holds.

Note that branch cancellation is automatically satisfied in
any co-ranked, restricted case. Also, it is trivially satisfied if E'is
null. We nonetheless include the condition £ nonnull to keep
the definition of BC and the later definition of branch indepe-
dence, Def. 10, of the same form.

To be completely precise, the above should be called 3 branch
cancellation (3-BC), with a natural generalization of the defini-
tion to gambles of size n > 3. We use the briefer terminology here,
and in the later presentation of branch independence, since we
only study these conditions for gambles of size 3.

PROPOSITION 8. Suppose that a RWU representation holds
for gambles of size 3. It is a simple utility representation iff BC
holds for all five common locations.
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PROPOSITION 9. Suppose that a RWU representation holds.
Then:

(1) SEU predicts all forms of BC.
(i) RDU’ predicts that:
(a) In the unrestricted case: Upper BC (and lower BC are
satisfied, but BC of types (1,2), (2,2) intermediate), and
(3,2) are not satisfied.
(b) In the restricted case: co-ranked BC is satisfied, but BC
of types (1,2) and (3,2) are not satisfied.
(i11) GDU predicts that:
(@) In the unrestricted case: Upper BC is not satisfied.
Intermediate BC is satisfied iff
Wcue(C)Weupue(C U E) = Weupue(C U E) — Weupue(E).
(25)

Lower BC is satisfied. For the non-co-ranked types, (1,2) BC is
not satisfied, and (3,2) BC is satisfied iff (25) holds.

(b) In the restricted case: co-ranked BC is satisfied. For the
non-co-ranked cases, (1,2) BC is satisfied iff

Weue(C) + Weue(E) = 1; (26)

and (3,2) BC is satisfied iff
1 = Weupue(CU D) = [1 — Weupue(C)Wcupue(C U E).

(27)
(iv) TAX predicts:

(a) Restricted co-ranked BC.

(b) Non-co-ranked BC of type (i, j) if

T(E) + Yk 0a(Cs) = Yirh o Cs)

T(C)+ T(D) + T(E)
—/ o —/
_ T(E) + ZLM wii(C3) = Yoy i (Cs) (28)

7(C) + T(D') + T(E)

Several observations:



96 A. A.J. MARLEY AND R. DUNCAN LUCE

(1) These conditions entail restrictions only on the weights, not
on the utilities.

(2) Neither (24) nor (28) is a single condition but is dependent
on whether or not the pairs of gambles are restricted or not
and on the values of i,j = 1,2, 3, These conditions are not
necessarily consistent with each other, thus making it very
difficult, indeed, to say whether either the RWU or TAX
model does or does not predict the property.

(3) Under RAM, i.e., RWU = TAX with (17), co-ranked
upper, intermediate, and lower BC hold, but BC of types
(1, 2) and (3, 2) do not.

(4) Consider the following form for the weights in the left hand
side of (28) but stated for general size n, not just n = 3. For
all r < s (the only terms we need to specify),

wr.s(an) = iﬁ? T(Cl) if - = l"OI‘ s=1 ) (29)

‘ arbitary  otherwise
with a parallel form for the weights in the right hand side of (28).
It is important to note that, in general, (29) cannot hold for two
distinct values i, j, with, say, i < j, for then we have, by (29),

n = 1 (n

AIT(C) = 0 (Ch) = 21T(C),
and so either il("j) =0 or T(C;) = T(C)).
Now consider the case of (28) corresponding to co-ranked
upper BC, for which i = j = 1. Then using (29) we have
= {/1(”)T(E) if r=lors=1

0 s(Cp) =9 7757 i
rs(Ca) arbitary otherwise

on both sides of (28).
Substituting the above weight values in (28) gives the con-
dition
A+ A A+ A

T(C)+ T(D) + T(E) T(C)) + T(D') + T(E)

T(C) + T(D) + T(E) = T(C') + T(D') + T(E)
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which is true in the restricted case or when T(C) + T(D) =
T(C') 4+ T(D'), which holds if 7 is finitely additive because
CUD = C'"UD'. The other two cases, intermediate and lower
BC, are similar.

Birnbaum has considered two special cases for the TAX
weights: For all r < s (the only terms we need to specify), there
are constants iﬁfq) such that:

Case 1.

,4(C,) = 2" T(C,). (30)
Case 2.

W, (C) = I T(C). (31

Note that, when r =i =1, (30) is a special case of (29), and so
by the earlier argument upper BC holds for (30) in the restricted
case or when T is finitely additive. Similarly, when s =i = 3,
(31) is a special case of (29), and so by the earlier argument
lower BC holds for (31) in the restricted case or when T is
finitely additive.

There are other restrictions that might suggest themselves as of
potential interest. For instance one might consider the
assump‘uon that the wel%hts w; j(C,) are restricted to the form
Z( jo(C; Cj) where the 4, only depend on the indices, not the
events (29), (30), and (31) are special cases of this form. Later
general results are easily restated under such restrictions, and it is
clear that they are of relatively limited interest for the various
independence conditions studied here. Turning to the w; ;4 of
(23), one might consider the assumption that they are all positive,
or that they are all negative; routine calculations show that such is
always possible for a given partition C,, but not necessarily
simultaneously for more than one such partition. In summary,
our overall conclusion will be that special cases of TAX have
limited relevance to whether or not TAX fits available data.

3.3. Branch independence

Branch cancellation is not directly testable, but it does imply
the following property that is indeed testable.
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DEFINITION 10. Branch independence (BI) of type (i, j)2 is
defined by: Given consequences x, X', y, ), z,z/ with X' = x >
y>= V = e, z,Z with common location (i,j) in the gambles
below but otherwise arbitrary, and all events C, C', D, D’, and
non-null E where {C, D, E} and {C’, D', E} are both partitions
of the same event,

(x,C;p,D;z,E) 2 (', C )/, D'z, E) (32)
iff

(x,C;y, D2 E) 2 (¥, Ch), Dy 2 E). (33)
Restricted BI of type (i, j)2 holds iff the above definition holds
with the restriction® that C' = C,D’ = D.
Co-ranked BI of type (i,i)* holds iff BI of type (i, i)* holds.
These cases are called upper, intermediate, and lower BI,
respectively, iff i = 1,2, 3.7 If this condition is satisfied for all 3
types, then we simply say that co-ranked BI holds.

The term co-ranked is introduced to link our concepts to
those in the literature — see, for instance, Birnbaum (1997, 1999,
p. 31), Birnbaum and Chavez (1997), and Birnbaum and
Navarrete (1998).

This definition of branch independence for gambles of size
n = 3 can be immediately generalized to gambles of size n > 3,
in which case there is more than one intermediate case.

PROPOSITION 11.  Suppose that ¢ RWU representation holds,
that gambles are idempotent, that C3 and C'5 are ordered event
partitions of the same event underlying gambles g3 and g’,, and that
these gambles are of type (i,j)z, with (7, /) one of (1, 1), (1, 2), (2, 2),
(3,2), or (3, 3). Then, the following statements are equivalent:

(1) Branch cancellation of type (i, j)2 holds.

(i) Branch independence of type (i, j)2 holds, and there exist
X' = x>y>y = eand z in position (i, j) such that
(x, Gy, D;z, E) ~ (X, 'y, D's 2, E). (34)

This proposition shows us that the properties formulated in
Proposition 9 under the hypothesis of branch cancellation hold



INDEPENDENCE PROPERTIES 99

equally for branch independence provided only that the com-
paratively weak (34) is satisfied.

3.4. Data on BI and summary

Wakker et al. (1994), Weber and Kirsner (1997), Birnbaum and
Mclntosh (1996), Birnbaum and Chavez (1997), and Birnbaum
and Navarrete (1998) each ran empirical studies of the BI
properties. Wakker et al. (1994), using choices where the
cancellations were fairly obvious, concluded that all cases of
co-ranked, restricted BI were sustained. Weber and Kirsner
(1997) argued that choices invite direct cancellation which may
not appear when forms of certainty equivalents are used such as
buying or selling prices. Their choice data satisfy co-ranked,
restricted BI, and their price data exhibit somewhat more
violations, although to our eyes not impressively more.
Birnbaum and MclIntosh (1996) studied choices between
gambles with three equally likely consequences. The data satisfy
co-ranked restricted BI, but, by and large, reject the non-co-
ranked restricted cases of BI.

Note that the available studies of BI (Tables 1 and 2)
reject all versions of BI except co-ranked restricted BI, with
no studies having been carried out of co-ranked unrestricted
BI. Both the Weber and Kirsner (1997) and Birnbaum and
Macintosh (1996) studies used presentation formats for the
gambles that displayed the outcomes in order of magnitude —
in descending order from top to bottom in Weber and
Kirsner’s graphic displays, and in ascending order from left
to right in Birnbaum and Macintosh’s text displays. Thus, in
the case of choices, the common branches in the co-ranked
cases may have been more “transparent” than in the non-co-
ranked cases, leading to BI being satisfied in the former, but
not in the latter (as found by Birnbaum and Macintosh).
This suggestion is compatible with Weber and Kirsner’s
finding that co-ranked restricted BI was somewhat Iless
strongly supported in their judged price condition. Thus we
recommend that these conditions be re-run using a certainty
equivalent method such as Quick Indifference.



100 A. A.J. MARLEY AND R. DUNCAN LUCE

TABLE 1
The types of branch independence
Conclusion
4 rLnH (@2 &2 G2 63

z

(1, 1) + _@ _@ _(@ _

(1, 2) _@ _@ _(@ _(@
Hyp. (2,2 + _@ _(@)

(3, 2) _(@) _(@

3. 3) +

The data are organized with 2/ = z, therefore the only off diagonal entries
(¢, 5), (', ') filled in are those above the main diagonal. A + means that the
data so far collected satisfy the property, — means that violations have been
observed. No data are available in the unrestricted case, and the only price
data that are available are for co-ranked cases, where they agree with choice
data. The full details of the data summarized in this table are presented in
Tables 2 and 3.

@Birnbaum and Mclntosh (1996, Tables 2 and 3). The data about these
non-co-ranked cases are not discussed explicitly individually, but Tables 2
and 3, and the general discussion of the data, suggest that they all fail.

On the assumption that (34) is satisfied, which is not a
problematic assumption, then BC and BI are equivalent
(Proposition 11). So, although the theoretical results are stated
for BC and the data for BI, we proceed as if both concern BI.
The pattern of predictions and the experimental results for BI
are summarized in Table 2.

4. DISTRIBUTION INDEPENDENCE

4.1. 3-Distribution independence
DEFINITION 12. 3-distribution independence (3-DI) is de-
fined by: For X' = x>y > )y »=e,z>¢,2 = e,p,p € (0,1/2],
(x,p3y,p32,1 = 2p) = (¥, p; ¥/, p; 2,1 = 2p),
iff
(x, P55y, 05521 =2p") = (X, 05, s 2 1 = 2p).
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TABLE 2
Branch Independence (BI) and the Several Models
Rest BI Type RWU RDU GDU TAX Data
(i. j)* Choices  Judged
Prices

u (1,27 (24) - - (28) ND ND
u (3,27 4) - (25) (28) ND ND
r (1,2 4 - 26) (28 -@ ND
r (3,2 4) - Q7 28 -@ ND
u (I,1)> UBL (24 + - (28) ND ND
u (2,2 IBI 4 - 25 (28) ND ND
u (3,37 LBl (24 + + (28) ND ND
r (1, 1> UBI  + + + + + @0 4 ©
r (2,2)* IBI + + + + + @0 4 ©
r (3,3 LBI  + + + + + @0 4 ©

The following codes are used: r = restricted, u = unrestricted. The cases
(i, j)* are each described plus the symmetric ones are called, respectively,
upper (i = j = 1), intermediate (i = j = 2) and lower (i = j = 3) BI. A
+ in a condition column means that the condition is met and — means that it
isnot. A + in a model column means that the model predicts the condition,
— means that there are violations. A + in the data column means that the
data so far collected satisfy the property, — means that violations have been
observed, and ND means no data have been reported. Equation numbers
are shown for special cases of a model for which the property holds. Note
that SEU satisfies all of the properties and is not explicitly shown. Also note
that the entries (24) and (28) are, in fact, different conditions from row to
row.

@Birnbaum and MclIntosh (1996, Tables 2 and 3). The data about the
(restricted) cases (1, 2) and (3, 2) are not explicitly discussed, but Tables 2
and 3 and the general discussion, suggest that both fail.

®Wakker et al. (1994); see criticism of choices in Weber and Kirsner (1997).
©Weber and Kirsner (1997). The exact criterion for acceptance or not is
subject to debate. For the co-ranked cases, the number of cases of failure is
larger for judged prices than for choices, but the differences in judged prices
that lead to such failures are really not very large.
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Lower 3-DI (L3-DI) holds if y/ = z = Z/.
Upper 3-DI (U3-DI) holds if z =z = x'.
Lower|Upper 3-DI (L/U3-DI) holds if Z/ = X',y = z.

Birnbaum (2005), who introduced the concept of the Lower/
Upper case, viewed it as a case of non-co-ranked restricted
branch independence, Def. 10. This is clearly consistent with
the definitions. We place it here because the branches (z, 1 — 2p)
and (Z/,1 —2p') do not have a common location since
Z = x>y =z, and we have elected to develop the BI prop-
erties of the several theories only for the co-ranked BI cases.

PROPOSITION 13. Suppose that a RWU representation holds.
Then Lower 3-DI holds iff, for some constant K; > 0,

Sl(papv 1 — 2p)

=K, (0<p<1/2). 35
S(pp 1—-2p) " O<p<ifa) (33)
Upper 3-DI holds iff, for some constant K, > 0,
S2(1 = 2p,p,p)
=K 0<p<l1/2). 36
Ss(1=2p.p.p) " 0<p<li2) (36)

Lower|Upper 3-DI holds iff

Sl(_pvpvl_2p) S2(1_2pﬂpvp)
— 0<p<l1/2). 37
S2(p,ps1=2p)  S3(1=2p,p,p) ( /2 G7)

COROLLARY.

(1) Under EU, Upper, Lower, and Lower/Upper 3-DI are sat-
isfied.
(i) Under RDU, Lower 3-DI is satisfied iff, for y defined by

1n<1-&1-(IL(L>
L P (K >0),
; In
W) =pp(2F5) 0<p<), (38)

where P is periodic with period 1 and W is strictly increas-
ing. This simplifies to
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Wip)=p" (0<p<l), (39)
iff the right derivative of W exists at 0.
Upper 3-DI is satisfied iff, for y defined by

In IK
L R
o) =1~ (- prp(ME) 0sp<n. o)

where P is periodic with period 1 and is strictly increasing.
This simplifies to

Wp)=1-(1-p) (0<p<]) (41)
iff the left derivative of W exists at 1.

Lower|Upper 3-DI is satisfied iff W satisfies the following
functional equation:

Wp/2) W —p/2) - W( —p)
= 0<p<l).
W) - WeD) Lo wi-p) OIS
(42)
Under GDU,
Lower 3-DI is satisfied iff, for some constant K; > 0,
K
Wolp/2) = = (0 <p<). (43)
— KL
Upper 3-DI is satisfied iff, for some constant Ky > 0,
1
Wi_,p(l=p)=1-Ky|l —————1 0 <l1).
(44)
Lower|/Upper 3-DI is satisfied iff
W,(p/2)
L= Wy(p/2)

W1 =p/2)[1 = Wy ,(1 = p)]
_ R 0<p<l).  (45)
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Under TAX Lower 3-DI is satisfied iff, for some constant
Kp >0,

T(p) + wi2(p,p, 1 = 2p) + w13(p,p, 1 — 2p)
T(p) — w12(p,p, 1 = 2p) + w23(p,p, 1 — 2p)
Upper 3-DI is satisfied iff, for some constant Ky > 0,
T(p) — w12(1 = 2p,p,p) + w23(1 = 2p,p,p)

— K. (46)

() — sl = 2p,p.p) — a1~ 2p.pp) ¥ 1)
Lower|Upper 3-DI is satisfied iff

T(p) + w12(p,p; 1 = 2p) + w15(p,p, 1 — 2p)

T(p) — o12(p;p, 1 = 2p) + w23(p,p, 1 — 2p) (48)

_ T(p) — m12(1 = 2p,p,p) + @25(1 = 2p, p, p)
T(p) — w13(1 = 2p,p,p) — w23(1 = 2p, p, p)

There are several comments about these results.

()
)

3)

(4)

The conditions are entirely in terms of the weights; the
utility of the consequences do not appear.

Under RDU, the form of W is known for lower and upper
3-Dl, and if one is willing to assume that W has a right
derivative at 0 and a left one at 1, respectively, the results
are quite simple. It is easy to see, depending on y =1, that
these functions are either everywhere concave or convex.
Thus, they are inconsistent with much data on estimates of
W (Luce, 2000, pp. 90-100). For the Lower/Upper 3-DI
case, we have a functional equation, (42), for W which has
not yet been solved. If W(p) = p, i.e., EU, were the only
family of solutions, it would be a discriminating property,
but we conjecture that there are other solutions.

Under GDU, Lower 3-DI is satisfied iff, for all x - y =~ e
and all p €]0,1], (x,p;»,p) ~ (x,3;»,1) This follows from
the fact that (43) is equivalent to W,(p/2) = W:(3).
Under TAX, (46) holds when (29) holds fori = lori = 2,
and in particular for Birnbaum’s (30). Also, (47) holds
when (29) holds for i = 2 or i = 3, and in particular for
Birnbaum’s (31). Finally, (48) holds for (29) only if the
latter holds for bothi = 1 and i = 3, which we have shown
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is very restrictive, and (48) does not hold for either (30) or
(31).

(5) Under RAM, the special case of RWU = TAX with (17),
Lower and Upper 3-DI hold and Lower/Upper 3-DI holds
iff [a3(2)]* = a3(1)a3(3).

(6) As we shall see in Table 3, the data do not support the
Lower/Upper 3-DI case, and it fails in a particular way,
namely, with 2/ > X’ > x > y> ) > z> e,

(x,p; 3,052, 1 =2p) = (¥',p;y,p;z, 1 —2p), (49)
and

(2,1 =2p;x,pyy,p) < (2,1 =2p;x', pi)', p). (50)
If we assume that RDU is valid, then this violation implies

W(2p) -~ Wip) | U)~U) 1= W(1=p)
W(p) Uy)—-U() ™ W(l—p)—W(1-2p)
(51)
Birnbaum (2005) then goes on to argue, correctly, that this
inequality 1s incompatible with the empirical findings of
studies using binary gambles which show that, assuming
binary RDU, W has an inverse-S form (Tversky and
Kahneman, 1992; Wu and Gonzalez, 1996). Thus, either
RDU is false or the inverse-S form is incorrect. Because we
will present much other data (see Table 5 below) that rejects
RDU, we really cannot reach any conclusion about the form
of the weights from this study. The point of this observation
is to warn the reader that the data from a single study can
easily be misleadingly interpreted.

4.2. 4-Distribution independence
DEFINITION 14. 4-distribution independence (4-DI) 1is
defined by: For z/ = x' =x >y > )'>z > eand p,r,v,r —2p, v
—2p € [0, 1], then
(1 —=r=2p;x,p;y,piz,r) = (2,1 —r = 2p;', py ', pi 2, 1),
(52)
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iff

(L =r =2p;x,psy,p;z,1') = (2,1 =" =2p; pi  pi 2, ).
(53)
Note that when r =/, 4-DI can be considered to be a
special case of restricted 4-BI, as was done by Birnbaum and
Veira (1998) — see the earlier parallel discussion of the inter-
pretation of Lower/Upper 3-DI. Also note that this condition,
paralleling the form for L/U3-DI, can be renamed Lower/

Upper 4-DI, and can be extended to (at least) Lower and
Upper cases.

PROPOSITION 15. Suppose that the RWU representation
holds. Then, 4-DI is satisfied iff, for all p,r,r+2p € [0,1] and
some constant K > 0,
S2(1 —r—2p,p,p,r)
S3(1—=r—=2p,p,p,r)
COROLLARY TO PROPOSITION 15. For all p,r,r+2p €
[07 1]’

(1) Under EU, 4-DI is satisfied.
(i) Under RDU, 4-DI is not satisfied.
(ii1) Under GDU, 4-DlI is satisfied iff, for some constant K > 0,

I/Vlfrfp(1 —r—= 2]7)

- _K(Wl_rul—r—p)_ 1) <0<"<%“_” )

(55)
(iv) Under TAX, 4-D is satisfied iff, for some constant K > 0,

T(p) — wi2(p,1) + w23(p, 1) + w24(p, 1)
T(p) — w13(p,1) — w23(p, 1) + w3.4(p, 1)

:K(ng<%(l—r)). (56)

where w; j(p,r) = w; j(1 —r—2p,p,p,r). Under RAM, i.e.,
RWU with (17), 4-DI holds

— K. (54)
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Note that (56) is satisfied if the assumption (29) is made either
for i =2 or for i = 3, but not both without major restrictions
arising. And (56) is not satisfied for either assumption (30) or
assumption (31). An important unsolved problem is to discover
the form of any nontrivial solutions to (56).

4.3. Data on DI and summary

Birnbaum and Chavez (1997) tested 3-DI and 4-DI using choices
with 100 respondents. At the aggregate level, they found
approximately 30% and 40% violations of 3-DI, 4-DI, resp.; the
data of individual respondents showed a similar pattern of vio-
lations. Birnbaum and Veira (1998) present violations in judged
price (buying, selling) data. Birnbaum’s (2005) choice data give
strong evidence for Lower 3-DI holding and Upper 3-DI failing.
In addition, Birnbaum (2005) presents various choice tests of
Lower/Upper 3-DI. He constructed his gambles in such a way
that he could test whether or not Lower/Upper 3-DI always holds
— it does not — plus he could compare various special cases of
RDU and TAX. Overall, the special cases of TAX fit the viola-
tions of Lower/Upper 3-DI much better than do the special cases
of RDU. These interpretations of the data are highly dependent
on the selected parameter values, which Birnbaum has kept fixed
successfully in fitting several data sets. Other violations of Lower/
Upper 3-DI in choice are presented in Birnbaum and Navarette
(1998), Birnbaum and MclIntosh (1996), Birnbaum and Chavez
(1997) and Birnbaum et al. (1999); and violations in price (buy-
ing, selling) appear in Birnbaum and Beeghley (1997).

Table 3 summarizes the predictions and the data. Note that no
general model unqualifiedly predicts the success or failure of any
distribution property except for RDU for 4-DI (failure) and
GDU for L3-DI (success). However, RAM, i.e., RWU with (17),
satisfies lower and upper 3-DI and 4-DI, counter to the data, and
the special case, (30), of TAX satisfies lower 3-DI and fails upper
3-DI and 4-DI, in agreement with the data. These are the crucial
differences that lead Birnbaum (2005) to favor the special case,
(30), of TAX over RAM, given that they otherwise provide very
similar fits to the available data'® (e.g., Birnbaum et al., 1999).
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TABLE 3
Distribution independence (DI) and the several models
Type RWU RDU GDU TAX Data
Choices Judged
prices
UNDI (6 (d0) @) @) -“.+® ND
LDl (35 (%) @3 @6  +@-® ND
L/U3-DI  (37) (42) (45) (48) -© _© —@
4-DI (54) - (55) (56) @ 0

The codes are as in Table 2. Note that SDU satisfies all of the properties and
is not explicitly shown.

@Birnbaum (2005), Tables 1 and 2.

®Birnbaum (2005), Table 3. These data are inconsistent with those of ).
The result is not statistically significant according to Birnbaum’s criterion.
©Birnbaum and Navarette (1998), Birnbaum and Mclntosh (1996),
Birnbaum and Chavez (1997), Birnbaum et al. (1999), Birnbaum (2005).
In each of these papers, L/U3-DI was treated as a special case of restricted
3-BI. The condition fails as it does not always hold, but it does hold for
some special gambles, in agreement with Birnbaum’s (2003) predictions
based on special parameter values.

@Birnbaum and Beeghley (1997), where M3-DI was treated as a special case
of restricted 3-BI.

©Birnbaum and Chavez (1997).

UBirnbaum and Veira (1998), where 4-DI was treated as a special case of
restricted 4-BI.

5. OTHER FORMS OF INDEPENDENCE

5.1. Common consequence and common ratio independence

Birnbaum (1999) defines the following two additional types of
independence in the context of comparing model predictions
regarding the occurrence or otherwise of the Allais paradox and
of choices satisfying or not stochastic dominance.

DEFINITION 16. Common consequence independence (CCI)
is satisfied if, for all, p,q,r,p+r,q+r € [0,1],

(x,p;O,l—p) r>\: (y,q;O,l—q) (57)
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is equivalent to
('xap;zar;O?l —p—V) r>\_1 (y7q;z7r;071 —C]—I")
PROPOSITION 17. Suppose that a RWU representation holds.
Then CCI is satisfied iff, for all p,q,r,p+r,q+r € [0,1],
Si(g,1—q) _Si(g,r,1—q—71) (58)
Sip,1=p)  Silp,r,1 =p—r)
COROLLARY TO PROPOSITION 17. For all p,q,r,p+r,
q+rel01],
(1) Under EU, CCI is satisfied.
(1) Under RDU, CCI is satisfied.
(1) Under GDU, CCI is satisfied iff
Wi(p) = Wy (D) Wi(p + 7). (59)
(iv) Under TAX CCI is satisfied iff
T(q)+wi2(q,1—q) Tp)+T(1—p)
T(p)+wi2(p,1=p)  T(q)+T(1—-q)
_T(g)+malg,r 1 —g—r)+i2(g,r, 1 —g—r)
T(p)+w1,2(par7l —p—l")—i—(l)12(p,l”,1—p—l’)
T(p)+T(r)—|—T(l—p—r). (60)
T(q)+T(r)+T(1—qg—r)

Under RAM, Def. 4, CCI holds iff the constants a,(i) of
(17) are independent of n.
Note the following:

(59) is a special case of the choice property, (16).

With the additional assumption (29) for i =1, and in
particular for Birnbaum’s (30), then (60) reduces to
Tp)+T(1 —p) Tp)+Tr)+T(1—-p—r) (61)

Tq)+T(1—q) T(q)+T(r)+T(1 —q—r)

holding, which it clearly does if the sum of T over each
partition (of size three) adds to a constant.

e The CCI property can be recast in event form, namely, for
events C,C’',C", D, D', D", E such that the relevant cases
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below are partitions, CUC'=DUD’ and CUEUC(C" =
DUEUD", then
(x,Cye,C) Z (v, Dye, D)
iff
(x,C;z,E;e,C") = (y,D;z, E; e, D").
There are, to our knowledge, no relevant data about CCI

aside from Birnbaum’s (1999) specialization of this property to
the Allais paradox.

DEFINITION 18. Common ratio independence (CRI) is sat-
isfied if, for all p,q € [0, 1], (57) is equivalent to

(x,ap;e,1 —ap) = (v,aq;e,1 —aq) (a <1/max(p,q)).

This property does not seem to generalize in any simple way
to events.

PROPOSITION 19. Any separable model, i.e., for all
xeX,pel0,1].

U(xap; e71 _p) = U(X>W(.p);
satisfies common ratio independence iff W is a power function of
p.

Note that all RWU representations are separable. Esti-
mates of the binary weights based on binary data for the
separable case such as Tversky and Kahneman (1992) or
Wu and Gonzalez (1996), which find both W(p) > p for

small p and W(p) < p for large p, reject that W is a power
function.

5.2. Cumulative independence

The following concepts are defined by Birnbaum (1997) and
further elaborated by Birnbaum and Navarrete (1998) and by
Birnbaum et al. (1999).

DEFINITION 20. The following forms of cumulative inde-
pendence (CI) are defined where 2/ = X' = x =y =) =z = e:
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Lower CI

(x,C;»,D;2,E) = (X', C;)', D; 2, E) (62)
implies

(x, CUD;y',E) = (X', C;y',DUE). (63)
Upper CI

(z,E;x,C;p,D) < (£, E;x', C3), D) (64)
implies

(X, E;y,CUD) < (X', CUE;), D). (65)

PROPOSITION 21. Suppose that a RWU representation is
satisfied. Then lower CI is satisfied iff

SI(CUDaE) > SZ(C7D7E)

= . 66
SiI(C,DUE) ™ Si|(C,D,E) (66)
And upper CI is satisfied iff
E D E.C,D
S2<CU ) ) < S3( acv ) (67)

S»(E,CUD)— S,(CUE,D) ~ S,(E,C,D)
COROLLARY TO PROPOSITION 21.
(1) Under SEU, both lower and upper CI are satisfied.

(i) Under RDU, both lower and upper CI are satisfied.
(ii1) Under GDU, lower CI is equivalent to

Wecupue(CU D)W eup(C) = Weupue(C)[1 — Weup(C)],
(68)
and upper CI is equivalent to
Wcupue(CU EYWceup(E) = Weupue(E). (69)
(iv) Under TAX, lower CI is equivalent to
T(CUD)+ w2(CUD,E) 9 T(C)+ T(DUE)
T(C) + w12(C,DUE) T(CUD,E)

T(D) — (1)172(C,D,E) + 0)273(C,D,E)
T(C) + wl,2(C7D7E) + CO]}(C,D,E) ’

=

(70)
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and upper CI is equivalent to
T(D)—w15(EUC,D)

[T(CUD)— 1 2(E,CUD) &5 g~ T(D)+w1 2(EUC, D)

T(D)—Cl)lj (E,C,D)—COQQ(E,C,D) (71)
ST(C)—wi 2(E,C,D)+wy3(E,C,D)’
Under RAM, Def., 4 CI does not hold.

Birnbaum et al. (1999) discuss experimental violations of
both lower and upper CI

5.3. Interval independence

Birnbaum et al. (1999) formulated the following concept!':

DEFINITION 22. Let
A = (x1,C13x2,Coy o5 x, Crs o o5 X, Cp),
Bk— (x1,C13x2,Co; .50, Cry oo o5 Xy Cy),
= (1, D1;32, Das X, Dy« .5 X, D),
B = (y1,D1;52, D25 .39, Dic; . - Xn, D),

H H . . .
where C,, D, are ordered partitions with

n n

U C] UDJ’ and Dk = Ck
=1 j=1

Then interval independence at position k (kI1) is satisfied pro-
vided that

U(Ax) — U(By) = U(4}) — U(By).
Lower II holds when k = n and upper II holds when k =1,
PROPOSITION 23. Suppose that a RWU representation is
satisfied. Then, for any k,
R
U(4r) — U(Br) _ Si(Cy)
Ud;) —UB)  s(D,)
— —
and kI is satisfied iff Sk(C,) = Sk(D,).

, (72)
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COROLLARY TO PROPOSITION 23.

(i)
(if)

(iif)

(iv)

Under SEU, kIl is satisfied for every k.

Under RDU, lower and upper II are satisfied, and, for
2<k<n—1, kll is not satisfied. However,

U4r) —U(Br) _ W(CUC(k—1))—W(C(k—1)) (73)
U(A,)—U(B,)  W(C,UD(k— 1)~ W(D(k—1))

Under GDU,

n—1
U(Ax) — U(By) :‘;11 Wi (CON = Weuy (Clk—1))]

U(4;) - U(By) ”gi W) (D)1 = W (D(k—1))]

(74)
Thus, lower Il is satisfied, but kIl is not in general sat-
isfied for k < n.
Under TAX, a sufficient condition for kIl is that

7(C,) = T(D,),w; (C,) =, (D,) (i<j).  (75)

In particular, (29) satisfies kIl and (31) satisfies lower 11
provided that either T is finitely additive or T(C,) is a
constant for all partitions of a fixed event;, and (30)
satisfies upper 11.

Birnbaum et al. (1999, Figure 4, p. 69) provide evidence that
both lower and upper II are violated.

Note that we do not know necessary and sufficient condi-
tions for GDU or TAX to imply AII.

5.4. Tail independence ( =Ordinal independence)

Ordinal independence was first formulated by Green and
Jullien (1988; see their important erratum, 1989). They used it
to axiomatize RDU. In Wu’s (1994) empirical study of it, he
suggested that it might be better called tail independence, which
term we adopt. To formulate this, consider a gamble
A= (x1,Cr; 5 X%, Cs Xty 1, Crgts -+ 5%, Co)y, X125 X2 250 2
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xn - e of size n. Let k be an index with 2 <k <n — 1. The upper
tail of A is the portion A,(k):= (x1,Cy;...;x, Cr) and the
lower tail is the portion A;(k) := (Xgr1, Cri1;-- -3 Xn, Cy).

DEFINITION 24. Let A4, B, A, B’ be gambles of size n with a
common universal set C and the same ordered consequences.
Let ke {2,...,n—1}.

Lower tail independence (LTI) holds if A;,(k) = Bi(k),
Aj(k) = Bj(k), A,(k) = A, (k), and B,(k) = B, (k) implies that
Az Bift A - B.

Upper tail independence (UTI) holds if the same condition is
true with the u and / interchanged.

The following result is not satisfactory for RWU and so for
TAX because we do not have a necessary and sufficient con-
dition, but only a sufficient one which we do not believe is
necessary.

PROPOSITION 25. Suppose a RWU representation holds.
Then neither UTI nor LTI is satisfied in general. A sufficient
condition for LTI to hold is:

) = By(k) implies Si(C4)=S{(Cp) (i=k+1,....n),
'(k) = B)(k) implies S(C 4)=S/(Cg) (i=k+1,...,n),

A
Ay (k) = A (k) implies S{(C ) =S:(Ca) (i=1,...,k),
B.(k) = B, (k) implies Si{(C5)=S/(Cp) (i=1,....k),

(76)

ﬁ
where C 4 denotes the ordered event partition of gamble A, etc. A
sufficient condition for UTI is

Au(k) = B, (k) implies S;

Al (k) = B (k) implies S;
Ai(k) = Aj(k) implies Si(
By(k) = Bj(k) implies Si(

Al A
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COROLLARY TO PROPOSITION 25.

(1) SEU implies both LTI and UTI.
(i) RDU implies both LTI and UTI.
(i) GDU implies LTI but not UTI.
(iv) A sufficient condition on TAX for LTI or for UTI to
hold is obtained by replacing the S; terms of the sufficient
conditions of Part (i) by the form given in (19).

A weaker sufficient condition for TAX, (18)L>to hold is that
the w; ; are independent of the event %rtition C, and that T_is
finitely additive. The latter implies 7(C,) is independent of C,
because Uf:l Ci = Uf:l Ciand Uiy Ci = Ui C-

Note that the above results generalize to the case where, for
example in LTI, the xp,...,x; in the gambles B and B’ are
replaced by yi,...,yr where the y;,j<k, may differ from the
xj,j < k. A similar remark is true for UTI.

The data reported by Wu (1994) and somewhat replicated by
Birnbaum (2001) showing violations of UTI are, from our
perspective, limited in two respects.'? First, in constructing the
experimental gambles, they assumed coalescing even though it
is not a part of the definition of TL!} Second, the smallest
consequence was 0. So, we do not believe that UTI has been
adequately tested experimentally.

LTI has not been studied empirically.

5.5. Summary of other forms of independence

Table 4 summarizes what we have shown about these several
forms of independence and the upshot of the relevant data. One
does not learn much from these conditions other than that
RDU has been tested using choices in 6 of 7 cases where the
property is predicted and it failed in all 6.

6. CONCLUSIONS AND OPEN PROBLEMS

In our opinion, the only important tests of a model are of two
types: (1) When the model, or a well-motivated special case of
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TABLE 4
Remaining forms of independence and the several models

Type RWU RDU GDU TAX Data
choices
CCI (58) + (59) (60) -®
CRI _@ _@ _@ _(b)
UCI (67) + (69) (71) ~-©_@
LCI (66) + (68) (70) ~-©@_@
uUll (72) + - (75) ~-@
I (72) - - (75) -@
LII (72) + + (75) @
UTI (77) - - (77) & (19) =©
LTI (76) + + (76) & (19) ND

In addition to the codes of Table change: 2, CCI = common consequence
independence, CRI = common ratio independence, CI = cumulative
independence, II = interval independence, TI = tail independence. Note
SEU satisfies all of the properties save CRI where it only holds if W is a
power function.

@It is satisfied iff W is a power function.

®Birnbaum (1999) cites a mix of well known empirical results and the
existence of the Allais paradox in support of rejecting this property.
©Birnbaum and Navarrete (1998).

@Birnbaum et al. (1999).

©)The experiments in the literature, Wu (1994) and Birnbaum (2001), that
exhibit violations of TI are flawed in presuming coalescing and having a 0
consequence.

it, predicts that a property always holds, in which case nega-
tive data weigh in against the model. (2) When the model, or a
well-motivated special case of it, predicts that a property never
holds, in which case positive data are evidence against the
model. Table 5 summarizes the tests of type (1) and Table 6, of
type (2).

We now make several observations about these Tables,
which must be read in the context of our comments in Section 2
regarding the way these data were analyzed, and interpreted, by
the researchers who collected them.
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TABLE 5
Properties predicted to hold by at least one general model
Condition Type RDU GDU TAX Data
Rest (i, j)* Choices Judged
prices
u (1, 1> UBI + ND ND
u (3,3)> LBI + + ND ND
r (1, 1)>  UBI + + - +,4,+ +
r (2,2 IBI + - - St -
r (3,3 LBI + - + +,+,+ +
CCI + - ND
UCI + - ND
LCI + - ND
UII + - ND
LII + + + - ND
UTI + - ND
LTI + + ND ND
TABLE 6
Properties predicted not to hold by at least one general model
Condition Type RDU GDU Data
Rest. @i, )) Choices Judged
prices
u (1, 2) BI - ND ND
u (3,2 BI ND ND
r (1, 2) BI - ND
r (3,2) BI ND ND
u (1,1)  UBI - + -
u (2,2 IBI ND ND
4-DI - - -
111 - - - ND
UII - - ND

UTI - - ND
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Table 5 shows that the only cases where RWU (and
therefore all of SEU, RDU, GDU and TAX) predicts
properties to hold are lower, intermediate, and upper BI in
the restricted case. The 3 choice and one price studies on
this agree with the prediction. Notice that various of the
properties do not appear at all in Table 5. Most notable
are the distribution independence ones except for L3-DI.
Twelve of the 12 entries of Table 5 for RDU are positive.
For the 5 positive predictions with respect to BI, both the
choice and price data are positive in 3 cases, and not avail-
able in 2. For the remaining 7 positive predictions of Table
5 for RDU, the choice data are negative in 6 cases, and not
available in 1; there are no price data for any of these cases.
Various of these failures have been confirmed also at the level
of individual participants (see, for instance, Birnbaum and
Mclntosh, 1996; Birnbaum and Navarette, 1998). These
failures of RDU should have major implications for the field
of utility under risk and uncertainty which, after all, has for
the most part been restricted to RDU for gains in one variant
or another — EU, SEU, and CPT. Birnbaum has made this
point in many recent papers, but so far the implications of
these data seem not to have had much impact on theorists.
Six of the 12 entries of Table 5 for GDU are positive. For
the 4 positive predictions with respect to BI, both the choice
and price data are positive in 3 cases and not available in 1.
GDU also predicts lower interval independence (LII) for
which the choice data are negative, and lower tail inde-
pendence (LTI) for which there are no choice data; there are
no price data for these three cases. Of course, upper GDU
gives the opposite pattern of predictions. We urge
additional experimental focus on the 3 cases in Table 5
where lower GDU predicts a property to hold and TAX
does not except for special cases. These properties are
unrestricted co-ranked LBI, LII, and LTI.

For the 7 entries of Table 6 for which RDU predicts that a
property does not hold, the choice data are negative for 3
and not available for 4; the price data are negative for 1
and not available for 6. For the 5 entries of Table 6 for
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which GDU predicts that the property does not hold, the
choice data are positive for 1, negative for 3, and not
available for 1; the price data are negative for 1 and not
available for 4. Thus, we have a rather mixed picture for
both RDU and GDU. Because we fear that direct choices
tend to elicit direct cancellation independent of the model
we are testing, we recommend that a number of these
crucial conditions be re-run using a certainty equivalence
method such as Quick Indifference.

Much more complex and perplexing are the various
necessary and/or sufficient conditions for a property to
hold. Given a currently empirically acceptable model,
and new data that either confirm or reject a particular
property of that model, is it reasonable to develop new
variants of the model that handle both the old and new
data, and then test new predictions of the revised
model? Birnbaum has taken this approach, leading him
to develop and test numerous independence properties
of numerous configural weighted models. He argues
currently for the special case, (30), of TAX which does
make several important predictions, including that lower
3-DI holds and upper 3-DI fails, in agreement with the
available data. Nonetheless, there are two limitations to
this type of approach. First, TAX 1is as flexible as
RWU. Second, different conditions are required for
different positive predictions (see the various TAX
equations in Tables 2-4), and we do not know whether
or not one can invoke a single set of consistent special
conditions that predict all the available data. The task is
formidable — witness all of the equation numbers in the
tables, and, additionally, take into account that the
apparently common (28) is really different conditions for
i=1,2,3.

A major open theoretical problem is to axiomatize spe-
cial cases of the class of configural weighted models,
such as the currently most successful special case, (30),
of TAX.
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APPENDIX A: PROOFS

PROPOSITION 6.
Proof. (i) Expanding (18) we have,

7(C)Uge )

_ZUx, —|—ZZ xl (U,J 6,1

i=l p_1 n ‘l/"H
S v
n =1 j=i+1 N
=" U()T CZ>+ZU<xl Zwu (Ch)
i

=l 5, j—1 =1 Jj=i+1

= U(xy) Zwi,f(af)
j=2 i=1

- 2 U(x»iziw,-l(@n)

:iU(x,)T( Z (x; [;1% )= w(C,
+UGn) (g;wl ,@)) — Ulx) (:w@))

:iz:n;U(xl)T(Cl)—ng(xi) Lg;lwl,(@) :X::wu(aq)
+U<x1><_§";w1,,~<€n>—wm<€n>>



INDEPENDENCE PROPERTIES 121

n n+1 _ i—1 N
=> U(x) (T(Ci) + [Z 0ij(Cy) =Y @;i(C) >
: o

=it ‘
[by (20) and (21)]

where Si(ﬁn),iz l,...,n, are given by (19). Thus U(g?)

satisfies RWU, (6). !
(i) Assume that the idempotent version of (6) holds, and

define w; ;(C,) by (22) and (23), Then using these w; ;('C,),

— —
T(Ci) + wii11(Cy) — wi—1,,(Cy)

i

= T(Ci) + T(E)n) 2 S/c(€n> - Z T(Ck)
k=1

k=1

k=1
= 7(C,)Si(C,)
Thus,
Si(E)n) = T(Cl) + w; l+1(C_:1) Wi—1 Z(C”)
T(C,)
" . i1 N
T(Ci) + > wi(Cy) — > ;i(Cy)
_ j=i+1 /=0
7(C,) 7

i.e., the TAX representation, (18), with the above a),;j(ﬁn),
gives the desired idempotent RWU representation, (6), with its
Si(C,) and the chosen w;;(C,), are related by (19).

Note that this representation is highly non-unique because
there are no particular restrictions on 7(C;) and there may well
be other choices for the w; ;. O
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PROPOSITION 8.

Proof. Clearly if a simple utility representation holds, then
BC holds for all 5 common locations.

So now suppose that the RWU representation holds with BC
holding for the five types. Let C;, D;,i = ., 6, be such that
each {C;, D;, E} is an arbitrary partition of the same event C(3).
Using the definition of branch cancellation, Def. 10, for each of
the five types of 3-BC, and selecting various of the possible
pairings of two partitions of C(3), we obtain:

(1,1) gives S|(E,Cy, D) = Si(E, Cy, D3),

(1,2) gives S|(E, Cy, D) = S»2(Cs, E, D3),

(2,2) gives S»(Cy, E, Ds) = S>(Cs, E, D),

(3,2) gives S3(Cs, Ds, E) = S»(Cq, E, Dy),

(3,3) gives S3(Cs, Ds, E) = S3(Cs, D¢, E),
which gives

Si1(E,Cy1,Dy) = S|(E, Cy,D5)

S2(Cs3, E, D3) = S3(C4, E, Dy)
- S3(C57D57E) = S3(C67D67E)7
and so we may define: for i =1, 2, 3,
—
Wei)(Ci) = Si(Ca),

and thus we have a simple utility representation. O

PROPOSITION 9.

Proof.
(1) Suppose that SEU holds. In any version of BC, the (z, E)
branch has weight S(E) and so (24) holds.
(i) Suppose that RDU holds and write W for Weupug =
Woupuk.
(a) Fori=j=1,the weight on both sides of (24) is W(E)
and so UBC holds. For i=j =3, using that
CuUD = C'UD', the weight on both sides of (24) is
1 — W(C U D) and so LBC holds. For the unrestricted
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case with i = j = 2, the weights on the two sides of (24)
are not equal as C appears on the left, and C’ occurs on
the right. The two non-co-ranked casesarei =1, =2
and i = 3, j = 2. In the former, BC holds iff

(1) '(2)
W(E) = $i(Cy ) = $(Cy ) = W(C UE) - W(C),

with E and C’ arbitrary, which gives finite additivity,
and so SEU, which is excluded. For the i =3, j =2
case,

(©) —/

1= W(CUD)=S3(C; )=8,(C,)=W(C'UE)—W(C).

Settng C'=¢, and so D' =CUD, gives
1 - W(CuUD)= W(E), and substituting this back
into the general equation gives

W(E) = W(C’ UE) — W(C'),
for all C’, which gives finite additivity, and so SEU,

which is excluded.
(b) In the restricted case, it is clear that BC holds iff i = ;.

Suppose that GDU holds. Using (13) and writing
F= (ilL)JDUE: C'UD' UE,

H
SI(C; ) =SI(E,C,D) = Weup(E)YWp(CUE), (78)

$2(Cy) = S3(C.E,D) = [1 - WL O)W(CUE),  (79)

S3(C) = 85(C, D, E) = 1 — Wr(CU D). (80)

(a) For the case i =j =1, (78) holds iff
Weur(E)YWr(CUE) = Woup(E)Wr(C' UE).
Setting C' = &, and so D' = CU D, gives
WCUE(E) WF(CU E) = WD’UE(E) = WF(E),

which is the choice property. That with GDU implies
RDU, which we have previously shown satisfies BC
only in the special case of SEU, which is excluded.
For the case i =j = 2, (79) yields
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[1 — WCUE(C)] WF(C U E)

= [l = Woue(CHWr(C' UE). (81)
Setting C' = &, and so D' = CUD = F, gives
Weup(C)Wr(CUE) = Wig(CUE) — Wg(E),

which is (25). Note that if this has the common value
Wg(C), then both the choice property and finite
additivity hold, reducing us to SEU. But otherwise,
this is not the case.

For the case i =j = 3, (80), and the fact that CU D =
C' U D' imply that

S3(C,D,E> =1- WF(CUD) =1- WF(C/UD/)
:S3(C/7Dl7E)7

and so cancellation occurs.

In the non-co-ranked case i =1, j = 2,

—(1) —/(2) .
Si(Cy )=82(C5 )iff

Weup(E)Wr(CUE)=[1—Weoup(C)Wr(C'UE). (82)
Setting C' = F, and so D' = CU D = F, gives
Weop(EYWp(CUE) = Wg(E),

which is the choice property. That with GDU implies

RDU, which is excluded.
The other non-co-ranked case i = 3, j = 2 yields

1 - Wg(CUD) =1 - Weup(C]Wg(C' UE).
Setting C' = #, and so D' = CU D, we obtain that
1 — Wg(CU D) = Wg(E), which substituted back in
the equation gives

Weue(CYWr(C'UE) = We(C'UE) — Wg(E),

which is the same expression as for IBC, (25).

For the restricted case with i = j, (11) implies that the
weights are identical, and so co-monotonic BC holds.
In the non-co-ranked case, i = 1, j = 2, we have from
(78) and (79) that
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— (1) —=/(2), .

Weor(EYW(C U E) = [1 — Woup(C)]Wr(C U E),
1e., iff
Weue(C) + Weue(E) =1,

which 1s (26). In the other non-co-ranked case,
i=3,j=2,we have from (80) and (79) that

SICY) =52 iy

L= Wr (CUD) =[1 — Weur (O]Wr (CUE), (83)
which is (27).

(iv) Suppose that TAX holds. By Def. 7 coupled with (24),
the necessary and sufficient condition is (28) which is
clearly holds in the co-ranked cases, i.e., when i = j. [

PROPOSITION 11.
Proof. (1) implies (ii) By the RWU representation we have

3 l 3 (])

Ulgs)—Ulgy)= > Ulxe)Sk(C Z 3)
k=1,k#i k=1

e [sf@i’))—S(?”)] (84)

By branch cancellation, the term on the last line is 0, and so z
may be replaced by any z/, establishing branch independence.
To show the existence of consequences such that (34) holds,
consider non-null events C,C’, D, D', E, and the initial choice
Xy = Xo = Yo = ¥, = zo > e, which because gambles are idem-
potent means that, because of BC, for any choice of (i, /),
3 : 3
—(0) =
U(gs)-U(g3)= Z U(xi)Sk(Cy ) — Z U(x;)Sk(C; (/))
k=1 k+i k=1k#j
(i) —/() }

LU) {Si@ s, (85)
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Now, because by BC, Si(ég)) S; (C3 ‘1)), we may ignore z; as
it plays no role in this difference, and because the representa-
tion is onto the positive real numbers we can increase x; to x’
and decrease y; to )’ by a compensating amount so that the
utility difference remains 0 and x' > xo =y > ). In like
manner, increase xo to x < x’ and decrease yptoy = ) bya
compensating amount continuing to maintain the 0 difference
and now with x’ > x > y > )’. Once done, select z to yield type
(i,j) which does not affect the difference because of BC. This
(highly non-unique) gamble pair satisfies (34).
(i1) implies (i). Observe that BI applied to (34) implies, for any
Z also of type (i,/), that
(x,C;y,D;Z E) ~ (X', C;y/,D'; 2 E), (86)
and so by RWU, (85) holds for these two gambles for all z. Now
suppose, contrary to what is asserted, that S; ( ) # S ( )
then the last line of (85) is not 0. So when z is replaced by z, stlll
yielding a gamble pair of type (i,), the equality is destroyed.
Thus, (86) is violated. Because this is impossible, branch can-
cellation must hold. L]

PROPOSITION 13.

Proof. Applying RWU to the left side of the hypothesis of
lower 3-DI, we obtain:
U(x,p;y,p;z,l—Zp):U(x)S1 (P7p71_2p>+U(Y)S2(Papa 1 _2p)
+U(2)S3(p,p,1-2p).
The right side is the same with y, x replaced by )/, x', respec-
tively. So the hypothesis is equivalent to

Uly) = U0) _ Silp,p.1 = 2p)

U(x') = U(x) = Sa(p,p,1 —2p)
The conclusion is of the same form, but with p replaced by p’. If
the right ratio differs for p and p’, we may select values of

x,x',y,), subject to the ordering restraint, so that the left ratio
lies between them, thus violating the condition. Therefore the
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ratio has to be independent of p, i.e., a constant. The argument
for Lower/Upper and upper 3-DI is parallel. [

COROLLARY TO PROPOSITION 13.
Proof.

(1) SEU ylelds Sl(pu”a 1 — 2[)) = SZ(pupa 1 - 2[7)
= S3(1 —2p, p,p) = W(p) and so the conditions are met.
(i) For RDU and lower 3-DI, we have

Si(p,p, 1 —2p) = W(p),
S2(p,p, 1 = 2p) = W(2p) — W(p).
Therefore, using the Proposition,
_Silp,p,1-2p) Wp)
~ Sap,p,1=2p)  W(2p) - W(p)
& W(2p)=(1+1/K)W(p) (0<p<1/2)

K,

_ Y _loglfIL(L
S W =12 (1=ek). (@)

This is Equation (11) of Acz¢l and Kuczma (1991), and the
solutions (38) and (39) are from their Theorems 3 and 9,
respectively.

For upper 3-DI, we have

S2(1 =2p,p,p) = W(1 —p) = W(1 = 2p),
S3(1=2p,p,p) =1 - W(l —p),

which immediately implies
Wl —p)=AW(1 -2p)+1—-4

1 1

7 - 1)
(perehin i)
The following solution to this functional equation is due to
Janos Aczél.'"* Define F(p) = 1 — W(1 — p). Because W(0) = 0,
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W(1) =1, it follows that F(0) =0, F(1) =1, and F is strictly
increasing. By substitution (40) is equivalent to

F(p/2) = AF(p) = (1/2)'F(p) (0 <p<1), (88)
which is exactly the same as (87). So the solution follows
immediately, which when substituted into W(p) = 1 — F(1 — p)
yields (40). Note that F has a right derivative at 0 iff W has a
left derivative at 1, and so (41).

For Lower/Upper 3-DI, substituting the above expressions
for S;,i =1,2,3 in (37) yields (42).

(1)) For GDU, by (13),
Si(p,p; 1 = 2p) = Wap(p) W1 (2p),
Sa(p,p, 1 = 2p) = Wi (2p)[1 — Wa(p)],
and
S2(1=2p,p,p) = Wi(1 = p)[1 = Wi_,(1 = 2p)],
S3(1 = 2p,p,p) =1 = Wi(l —p).

Substituting these into the necessary and sufficient condition of
the Proposition immediately yields that lower 3-DI holds iff

WZpQ’) Ky
= Wy () Ky
Upper 3-DI holds iff (44), i.e.,
Wi(1 = p)[L = Wi,(1— 2)]
1—wi(1-p)

which can be written in the form

Wlfp/2<1 —p) =1 —KU<

= KL = sz(p) =

1
_—— 1 0<p<l).
) ©<reD
ie., (44).

The above expressions for S;,i = 1,2,3, imply that Lower/
Upper 3-DI holds iff (45).

(iv) For TAX we have from (19) for the terms arising in Part
(1) that
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Sl(papv 1 _2p) = T(p)+w1,2(P7Pa 1 _2p) +wl,3(P;P7 1 _2p>7
S2<pap7 1 _2p) = T(p) _a)l,2(p7p7 1 _2p) +w273(pap71 _2p>7

and

S>(1=2p,p,p) = T(p) — w12(1 —2p,p,p) + @25(1 —2p,p,p),
S3(1=2p,p,p) =T(p) —w13(1 =2p,p,p) — w23(1 = 2p,p,p),

where the denominator 27(p) + T(1 — 2p) is omitted because in
both ratios it cancels. Substituting these expressions in the
relevant equations, i.e., (35), (36), (37), we see that (46), (47),
(48) are the appropriate conditions. O

PROPOSITION 15.

Proof. Assuming RWU simple substitution and rearrange-
ment yields (54). L]

COROLLARY TO PROPOSITION 15.
Proof
(1) under EU, S>(1 —r—2p,p,p,r) =S3(1 —r—2p,p,p,r)
= p, and so the condition of (54) is satisfied.
(i) Under RDU it is trivial to verify that the expressions for
S> and S5 are

So(l=r=2p,p,p,r) = Wl —r—p) = W(l —r—2p),
S3(1=r=2p,p,p,r) = Wl —r) = W(l —r—p),
and thus from (54), 4-DI holds iff, for some constant K > 0,

Wl —r—p)—W({1—-r—2p) 1
Wl —r)—= W1 —r—p) =K (0<p<§(1_’”))~
(59)

The following proof that the only solution to this func-
tional equation is W(q) = ¢, i.e., EU, is due to Janos Aczél.!">
Observe that if we let g=1—r—p,u=q—p=1—r—2p,

v=g+p=1—r,theng= % (u+v) and (89) is equivalent to
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W(”erv) = AW(u) + (1 — A)W()
0<u<v<1,4=1/(1+k)).

By defining
4

A0y = W(3).800) = AW (), h(v) = (1 = )W),
this becomes the Pexider equation f(u + v) = g(u) + h(v). It is
well known that one can extend a Pexider equation from a
convex region of the non-negative quadrant to the entire
domain of non-negative real numbers and that the general
solution is

flty=at+b+c, g(t)=at+ b, h(t) = at + c.
Taking into account that W(0) =0, W(1) =1, we see that
b=c=0,a=1,and 4 =1— A, whence 4 =5, and, we have
W(p) =p.

(ii1) Suppose GDU, we see that

1
29

Sa(l—r—=2p,p,p,r)
=Wl —r)Wi_.(1 —=r—p)[1 = Wi_,_,(1 —r—=2p)],
S3<1 —-r —2]7,[7,[7,1”) = W1<1 - V)[l - Wl—l‘(l - I"—p)],
and (55) follows from (54).
(iv) For TAX, we have

ShH(1 —V—2P,Pap,r):T(P)—wl,z@aV)erz,s(P,V)+w2,4(1977)
53(1 —"—219,]?,17;7) T(P)—601,3(PJ)—0)2,3(1977)-1-603,4(%”)7

and so (56) follows from (54). O

PROPOSITION 17.
Proof. Assuming RWU, we see that the condition holds iff
ux)  Silel=q) g s Silanl—qa-r)
U<y) Sl(p71_p) Sl(paral_p_r)
Since we may choose x and y independently, we have (58) []
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COROLLARY TO PROPOSITION 17.
Proof. For each special model, simply calculate the weights
of (58) to get the four assertions. Note that GDU gives

Wi(q) _ Wer(@)Wilg +1)

Wilp)  Wpr(p)Wi(p +r)
W) Wilp+71)  Wen(@Wilg+7)

= =K.
Wi(p) Wi(q)
By taking the limit as » — 0, we see that K =1 and so this is
equivalent to (59). O

PROPOSITION 19.

Proof. Applying separability to the conditions shows that
U) | W) o UR)  Wlag)
Uly) = wip) — Uy) ~ Wlap)

By the usual argument,
W(q) _ W(aq)

w(p) Wlap)
Suppose p=>gq, then for a = 1/p we have

Wiq) _ Wiq/p)

Wp)  w(l) -
Setting ¢ :=¢/p and using W(1) =1 yields the well known
Cauchy equation

W(ip) = W()W(p),
whose strictly monotonic solutions are power functions. O

PROPOSITION 21.

Proof. Suppose that RWU is satisfied. Then substituting the
RWU form in the hypothesis and conclusion of lower CI and
rearranging gives that lower CI is satisfied iff

UX)—U(x) S»(C,D,E)
Uly)—-U()  Si(C,D,E)

implies

(90)



132 A. A.J. MARLEY AND R. DUNCAN LUCE
U(.X/)— U(y/) SI(CUDvE) (91)
U(x) - U(Y)  Si(C,DUE)’

Similarly, upper CI is satisfied iff
U(x) -~ Ux) _ Si(E.C,D)

Uly) - U(y) ~ Sy(E,C,D) (92)
implies
U(X')—U®)  S:(E,CUD) 03)

U)-Ul) SAEUCD)
In the latter calculations we use the fact that in the binary case,
idempotence yields S| + S, = 1.

Now, consider the conditions for a failure of lower CI to
hold. Using those conditions plus the facts that U(x) >
U(y) > U()') we obtain

SI(CUD.E) _ U()~U()
S1(C,DUE) ™ U(x) = U(y)

(¥) = Ux) _Sa(C.D,E)

(94)
whence (66) is a necessary condition for lower CI to hold.
Suppose it is violated, then since U is onto a real interval and
CEs exist, we may choose x’ 7~ x =7 y =2 V' > e such that they
are as in (94), establishing the sufficiency.

Next consider upper CI. Note that the conclusion (93) is
equivalent to

Uly) - UG) _ UK) - UG

<U
U

U)—U0)  O) - 00)
SH2(E,CUD)
S(EUC,D)
 S,(E,CUD) — S,(CUE, D)
B S(EUC, D)

U) - UQ) S2(EUC, D)
U(y) - U') Sz(E>CUD) — S(CUE, D)’
Because U(x') > U(y),
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U(') = Uy) _ UK) - Ulx)

Uly)=U() "~ Ul)-UO")’
so a sufficient condition for the conclusion is that

Si:(E,C, D) - S, (EUC, D)

S,(E,C,D)”~ Sy(E,CUD) — S,(CUE, D)’
It is also necessary because, otherwise, we may select conse-
quences so that

SHECUD)  _UW)-Up)
S2(E7CUD) - SZ(CUEaD)/ U(y> - U(y,)
L UW) - U)
Uly) = U(y)
S3 (E7 C7 D)

S»(E,C,D)’
which means UCI fails. So the necessary and sufficient condi-
tions for UCI to hold is (67). O

COROLLARY TO PROPOSITION 21.
Proof. (1) Suppose that SEU holds. Then LCI and UCI
follow by the RDU result of part (ii).
(i)) Suppose RDU holds. Then by the Proposition, and
using the abbreviation W pug := W, (66) is equivalent
to

wW(CuD) S (CUD,E)

1(
w(C)  S|(C,DUE)
S>(C,D,E)  W(CUD)— W(C)

Z - 9
S1(C, D, E) w(C)

which obviously holds.
The upper CI condition (67) is equivalent to
1-W(CUE) S2(EU C, D)
W(CUE) — W(E) S,(E,CUD)— S,(CUE, D)
S;(E,C, D) 1-W(CUE)

S S (E,C,D)  W(CUE) — W(E)’
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which is is trivially true.

(ii1) Suppose that GDU holds. By the Proposition, lower CI is

equivalent to
WCUDUE(CUD) CubD E)

Si(
Weopue(C)  S1(C,DUE)
52(C,D,E)

>, (C.D.E)
_ WCUDUE(CUD)U —Weup(O)]

Weup(C)Weupue(CUD)
< Weup(C)Weupue(CUD) = Weupue(C)[1 = Weup(C)]
which is (68).
Upper CI is equivalent to

1 — WCUDUE(C U E) _ Sz(CU E, D)
WCUpuE(CU E) — WCUDUE(E) Sz(E, Ccu D) — SQ(C UE, D)
< S3(E7 C7 D)
b SZ(E7 C7 D)

1 — Weupue(CUE)

- Weupue(CU E)[1 — Weue(E)]
& Weupue(CUE)[1 — Weup(E)] < Weupue(C U E) — Weupue(E)
< Weupue(CU E)Weup(E) = Weupue(E).

which is (69)
(iv) For TAX and lower CI, the necessary and sufficient condi-
tion is
T(CUD) +w12(CUD.E) T(C)+T(DUE) S5(CUD,E)
T(C) + w1 2(C,DUE) T(CUD,E)  Si(C,DUE)
_ S:C,D,E) _T(D) — 012(C, D, E) + 0n5(C, D, E)
~ Si1(C,D,E)  T(C)+ wi2(C,D,E) +wi5(C,D,E)’
And for upper CI, the necessary and sufficient condition is
T(D)— w1 2(EUC,D)
[T(CUD) - 2(E,CUD) 167 i — T(D)+ w1 2(EUC, D)
o SZ(CUE7D> <S3(E7C7D)
~ S,(E,CUD)—S,(CUE,D) ~ S,(E,C,D)
( ) (0] 3 E C,D)—COzg(E,C,D)

- (
- T(C)—w 2(E,C,D)+wy3(E,C,D)’
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PROPOSITION 23.
Proof. Suppose that RWU holds, then by (6) we see that

U(4y) — UBL) = [U(x) — UG)ISk(C),
U(4p) — U(BY) = [U(x) = U)ISK(D,),
whence (72). So kII holds iff S;(C,) = Sk(C,,). O

COROLLARY TO PROPOSITION 23.
Proof. (i) Suppose that SEU holds. Then,

— —

Si(Cn) = W(Cx) = W(Dy) = Sk(Dy),
and so, by the Proposition, kII holds.

(i1) Suppose that RDU holds. Then

U(4x) — U(Br) = [U(x) = UW)|(W[C U C(k — 1)] = WIC(k = 1)),
U(4y) — U(By) = [U(x) = UpI(WIC, U D(k — 1)] = W[D(k — 1)]).

The ratio, which is (73), is independent of the consequences.
For lower II, C, = D,, and so C(n — 1) = D(n — 1) and they are
clearly equal. For wupper II, the weights reduce to
W(Cy) = W(D;) and so they are equal. For other values of %,
the ratio is 1 means that

WIC U Clk — 1)] = WIC(k — 1)] = A(C).
The special case where C(k — 1) = ¢ gives f(Cx) = W(Cy) and
SO

W(CrUC(k—1)) = W(Cy) + W(C(k—1)),

which establishes that W is finitely additive, which case is ex-
cluded. So kII does not hold.

(1i1) Suppose that GDU holds. By the Proposition and the
form of the weights (13), then (74) follows. Let k£ = n in that
and because C(n) = D(n) and C, = D,, we have C(n — 1) =
D(n — 1), so lower II follows immediately.

(iv) For TAX, by (19) of Proposition 6, a sufficient condition
for II to hold is clearly (75). O
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PROPOSITION 25.

Proof. Consider LTI and RWU. Introduce the following
notation: K

U(A,(K) = 3" U(x)Si(C.).

Note that while tlﬁé sum is over i = 1,...,k, the terms S;(Cy)
depend upon the entire ordered partition for gamble 4. The
other expression are defined similarly. Note that the sufficient
condition (76):

A(k) = By(k) implies Si(C) = Si(Cp) (i=k+1,....n),
Al(k) = B)(k) implies S,(C) = S{(Cp) (i=k+1,....n),
Au(k) = A (k) implies Si(C4) = Si(Cy) (i=1,....k),
Bu(k) = B. (k) implies S:(Cz) = Si(Cy) (i=1,....,k),

U(Ai(k)) = U(Bi(k)), (95)
U(4)(k)) = U(Bj(k)), (96)
U(Au(k)) = U(4,(k)), (97)
U(Bu(k)) = U(B,(k)) (98)
Thus,
Az B
& U(A)=U(B)
< U(Au(k) + U(A4,(k)) = U(B,(k)) + U(Bi(k))
= U(4u(k)) + U(Bi(k)) =2 U(By(k)) + U(B(k)) (95)
= U(4,(k)) + U(Bi(k)) > U(B,(k)) + U(Bi(k)) (97), (98)
& U(4,(k)) > U(B,(k))
& U(4,(k)) + U(4;(k)) = U(B, (k) + U(4)(k))
= U(4, (k) + U(4)(k)) > U(B, (k)) + U(B)(k)) (96)
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establishing that this condition is sufficient for LTI. The argu-
ment for the sufficiency of (77) for UTI is similar. O

COROLLARY TO PROPOSITION 25.

Proof.
(i) The SEU case follows from the RDU one.
(i) Assume RDU. Key to the proof of LTI is the fact that all
gambles are based on the same universal event C. Let the
consequences be x; and the events in the common upper tails 4,
A’ (resp., B, B) be C; (resp., E;) and in the common lower tail of
A, B (resp., /5{’, B) bek C; (resp, D). So

ck)=1JG=E = EW),

and » ‘ n
Ua=U o
=t 1 J=k+1

Define D¢ (j) := C(k) U Dy U...UD;. Note that because
C(k) = E(k), the terms of the lower tail does not depend on
whether the upper tail is C or E based. Thus,

U(4) = U(B)

k
& Z Ulx)(WIC()] = WICG = 1))

n Z U(x) (W[C(j)] — WIC(j — 1)])

j=k+1

> > U (WIEG)] - WIEG = 1))

J=1

+ Z U(x))(W[C(j)] — WIC( — 1)])
j=k+1
k
o Z U(x))[W(C(j)) — W[C(j — 1))]
k
> U(x)(WIE())] — WIE( — 1))

J=1
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Using this,

U = 3 Ul) (WIC(G)] — WICG — 1)
=

n

+ Y U)(WIDew ()] = WIDeuy (i — 1))

Jj=k+1

> ) U)(WIE()] = WIE(j—1)])

1

k

~

n

+ Z U(x)(W[Dcwoy ()] = WD (J—1)])
=kt

= U(B)).
The proof for UTI is parallel.

(ii1) For GDU, consider the condition for LTI. Apply gains
decomposition to A and B recursively. By consequence mono-
tonicity, the order of each subgamble is maintained because the
terms (x;,C;),i=k+1,...,n are the same. So 4~ B<
A, 7 B,. The argument is identical for the primed gambles.
Because 4, = 4!, and B, = B, the result is immediate.

For UTI no such argument based on gains decomposition
works. Indeed, the following is a counter example. Consider the
simplest case of UTI, namely i = 2, n = 4 with objective a and b
as shown:

X1 X2 X3 X4
A: a 0 b 1-a-b
B: a 0 1—-a-b b
A 0 a b 1-a-b
B 0 a l—a-b b

By repeated application of GDU we see that
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AN(<(X1,1;X270) - 3 X3, b ),a—}—b;x4,l—a—b>.

a+b a+b

The other three cases are similar. Thus by repeated applications
of the binary RDU representation
U(4) - U(B)

a a

- U(xl)[W( +b) W(a+b) — W(l_b> W(l—b)}
w1 () e
( (s )) -9)
+Ux4W W(a + b)];
U(A') — UB
{( )a+b) <1ib>W(1—b)}
(1

(1) e
( ( 7)) =b)

+ U(xg)[W(1 — b) — W(a+ b)].

Although the dependence on x3 and x4 is identical in the two
equalities, the first depends on x; and not x, whereas the second
depends on x; and not x;. Therefore, from the fact that

U(A) — U(B) =0, we cannot conclude anything about the sign
U(4’) — U(B).

(iv) Assuming Tax, the sufficient condition for lower TI fol-

lows immediately from (19) and Part (i). ]

NOTES

* This research has been supported in part by Natural Science and
Engineering Research Council Discovery Grant 8124-98 to the Uni-



140 A. A.J. MARLEY AND R. DUNCAN LUCE

versity of Victoria for Marley and in part by National Science Foun-
dation grant SES-0136431 to the University of California, Irvine. It was
completed while Marley was a Visiting Researcher at Systems, Orga-
nizations and Management of the University of Groningen and sup-
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1. The source of the order is discussed below.

2. Karamarkar (1978) used the term “‘subjectively weighted utility” for a
special case of our unranked usage. Chew (1983) used “weighted utility”
for a different representation. We introduced our usage in Marley and
Luce (2001) and will continue to use it as defined in Definition 1.

3. Birnbaum has typically called them “configural weight models” but we
feel our term is a bit more accurate.

4. We have changed their notation in two ways. First, we have reversed the
order of the indices, and second, we have changed (18) on the right from

—
w;j(gn) to w;;(C,) because we do not believe that they really want these
TAX weights to depend on the consequences, beyond the ranking that
they impose on the indices, as well as the event partition. If they do
depend on g, then the model imposes no constraint at all.

5. If the w’s depended on the consequences as well as the event partition,
this assertion would not be true.

6. PEST is used effectively in psychophysics because, compared to the
domain of gambles, it is far easier to obtain large numbers of re-
sponses. Thus, one can afford to use a more demanding stopping rule
that is less susceptible to premature termination and misestimates of
CEs.

7. In what follows, when we say RDU or GDU we exclude SEU, which is
stated separately.

8. BI assumes that x > y > ¢ and x’ = )’ = e. Given these constraints, if
we had either x - X' and y=) or X' = x and ) =y then in the
restricted case the equivalence of (32) and (33) would follow from
stochastic dominance. Thus for the conditions to add additional
constraints over stochastic dominance, we require either x’ > x and
y >y which gives X' = x > y > )’ = e (the condition in the Defini-
tion) or x> x" and )’ >y which gives the notational variant
x=x'=y=y=e

9. In the literature, this is typically called co-monotonic independence. We
consider this a misnomer because monotonicity is playing no role in the
definition. Also, Birnbaum and Mclntosh (1996) and Birnbaum and
Navarrete (1998) use the term ‘co-monotonic’ for restricted and co-
ranked BI both holding, but we do not use that term here for the same
reason.
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10. Birnbaum was led to formulate 3-DI and 4-DI as properties that dis-
tinguish between the predictions of RAM and the special case of TAX
of (30). Personal communication, March 30, 2004.

11. Birnbaum et al. (1999) write x; and y; where we have written x and
y. Their notation seems a bit confusing in making these arguments.
Also, they formulate the condition in terms of judged strength of
preference and demand that strength of preference be identical for A,
B and A, B'. We interpret this to be a statement about equality of
utility diferences.

12. Birnbaum (personal communication, March 30, 2004) has suggested
that we restrict UTI to the special cases investigated by Wu and use
UOI for the general definition. We have chosen not to do this.

13. This trap is set whenever one thinks that money lotteries can be rep-
resented by random variables — in which case coalescing is automatically
assumed.

14. Personal communication January 13, 2003.

15. Personal communication January 13, 2003.
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