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UNANIMITY AND RESOURCE MONOTONICITY

ABSTRACT. In the context of indivisible public objects problems (e.g.,
candidate selection or qualification) with “separable” preferences, una-
nimity rule accepts each object if and only if the object is in everyone’s
top set. We establish two axiomatizations of unanimity rule. The main
axiom is resource monotonicity, saying that resource increase should affect
all agents in the same direction. This axiom is considered in combina-
tion with simple Pareto (there is no Pareto improvement by addition or
subtraction of a single object), independence of irrelevant alternatives, and
either path independence or strategy-proofness.

KEY WORDS: unanimity rule, resource monotonicity, simple Pareto,
path independence, strategy-proofness

1. INTRODUCTION

Unanimity and majority decisions are two best-known schemes
of group decision making in democratic society. While a num-
ber of studies offer justifications for majority decision,! few jus-
tifications exist for unanimity decision (Gordon, 2001; Berga
et al., 2004). In the context of indivisible objects problem, stud-
ied by Barbera et al. (1991), we establish two axiomatizations
for unanimity decision. Our key axiom is resource monotonicity
saying that when there is an increase or decrease in available
resources, everyone should be affected in the same direction.
This axiom is studied by Chun and Thomson (1988), Mou-
lin and Thomson (1988), and Thomson (1994) in other social
choice models.?

The social choice model we consider in this paper takes
the following abstract form. There is a set of indivisible
public objects such as candidates, laws, public projects, public
facilities, etc., referred to as an agenda. A group of agents
need to decide which objects in the agenda to accept. There
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i1s no constraint for the choice and any subset of the agenda
is an (social) alternative. All agents have strict preferences (no
indifference between alternatives) and a (social choice) problem
is characterized by a profile of individual preferences and an
agenda. A social choice rule, or simply, a rule associates with
each problem an alternative. Unanimity rule gives the alterna-
tive containing all objects which everyone wants; that is, this
rule selects only those objects that are in everyone’s choice set,
or top set.

We first study resource monotonicity in conjunction with
the Pareto principle, or briefly, Pareto (the choice for each
problem should not allow any Pareto improvement making all
agents better off). A weaker principle, called simple Pareto, is
that the choice for each problem should not allow any Pa-
reto improvement by either addition or subtraction of a sin-
gle object. When there is no restriction on the domain of
admissible preferences, we show that no rule satisfies both
resource monotonicity and simple Pareto (so, the same impossi-
bility with Pareto). This motivates us to focus on a restricted,
yet, interesting domain of preferences, known as “separable”
preferences (Barbera et al., 1991). When an agent has separa-
ble preferences, each object affects his welfare separately from
other objects.

On the separable preferences domain, we first investigate
rules satisfying resource monotonicity and Pareto. When there
are at most two objects, we show that there exists only
one rule satisfying the two axioms as well as the standard
axiom of independence of irrelevant alternatives, or briefly,
IIA. When there are more than two objects, however, we
show that resource monotonicity and Pareto are incompati-
ble. Thus, we relax Pareto and consider a weaker axiom, sim-
ple Pareto. In our first characterization of unanimity rule, we
impose resource monotonicity, simple Pareto, IIA, and path
independence (the choice should be independent of the suc-
cessive decision path, generated by partitioning the agenda;
Plott, 1973). Our second characterization of unanimity rule
is obtained by replacing both I14 and path independence in
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the first characterization with strategy-proofness (no agent can
benefit by misrepresenting his preferences).

The rest of this paper is organized as follows. In Sec-
tion 2, we define the model and axioms. We state our main
results in Section 3 and offer the proofs of the main results in
Section 4.

2. THE MODEL AND AXIOMS

Let N={1,...,n} be a society of n agents with n>2. The
society faces a problem of choosing a subset from a set of
indivisible public objects. These objects are elements of a
finite set A with at least two elements. Each nonempty sub-
set of A is a potential agenda and the set of all agendas
is denoted by A={X C A:X #¢}. Given an agenda X €
A, society can choose any subset of X, including the empty
set. Thus, we call each of these subsets an alternative. Each
agent has complete, transitive, and strict preferences over the
set of all potential alternatives, namely the set of all sub-
sets of A, denoted by 24. Generic notation for preferences is
Py and notation for agent i’s preferences P;,. We write X P; Y
when X is preferred to Y according to P;. Let P be the
family of all such preferences and PV the family of all pro-
files of preferences in P. A social choice problem, or simply, a
problem is a pair of a preference profile P € P" and an agenda
X eA? Let Dp=P" x A be the family of all these problems,
called, the unrestricted domain.

Given a subset D C Dp, a social choice rule, or simply a
rule, on D is a function ¢: D — 24 associating with each prob-
lem (P, X)eD a subset of the agenda ¢(P, X)C X.

Examples of rules are in order. Given an agenda X, since
each preference Py € P is strict, there exists a unique best
alternative in 2%, or the rop set, denoted by T (P, X).

Unanimity rule, ¢V. For all (P,X)e D and all x € X,x €
oY (P, X) if and only if for all ie N,x e T(P;, X).
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Majority rule, ¢¥. For all (P,X) €D and all x € X,x €
eM(P, X) if and only if [{ieN:xeT(P;, X)}| = (n+1)/2.

A rule ¢ is dictatorial if there exists i € N such that for all
(P,X)eD,p(P,X)=T(P;, X).

The above rules are examples of the following family of
rules. For each agenda X C A and each object x € X, a com-
mittee structure associated with x and X is a non-empty class
of groups, C,x, such that (i) ¥ ¢ C,.x and (i) if CeC, x
and C'2C, then C'€C, x. A rule is a scheme of extended
voting by committees if there is a list of committee struc-
tures ((Cy x)rex)xca such that for all (P,X)eD and all x €
X,xep(P,X) if and only if {i e N:xeT(P;,X)} €C, x. This
definition is a natural extension of schemes of “voting by
committees” studied by Barbera et al. (1991) in the fixed
agenda model. Note that in our definition, committee struc-
tures depend not only on the object but on the agenda. Una-
nimity rule has the constant committee structure consisting of
only the entire group N. Majority rule also has the constant:
committee structure consisting of groups whose cardinalities
are greater than or equal to (n+1)/2.

Axioms

The most important axiom for our results pertains to the
situation where agenda expands or contracts and no one is
responsible for this change. Then, it is appealing to require
that agents should be affected in the same direction. It is for-
mulated by Chun and Thomson (1988) in the context of bar-
gaining problem.

Resource monotonicity. For all PeP" and all X, X'e A with
X Cc X, if o(P,X) # ¢(P,X’), then either (i) for all i €
N, (P, X)Pip(P, X) or (i) for all i e N, o(P, X)P.p(P, X').

We also consider the following weaker axiom pertaining to
one-object variations.*
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Simple resource monotonicity. For all (P, X)eD and all ye A\ X,
if (P, X)#¢@(P, X U{y}), then either (i) for all i e N, p(P, X U
YD Po(P, X) or (ii) for all i e N, o(P, X) Pip(P, X, U{y}).

The next axiom requires that there should be no Pareto
improvement making all agents better oftf than at the chosen
alternative.

Pareto. For all (P, X) €D, there exists no X’ C X such that for
all ie N, X'P;p(P).

We show in Proposition 2 that no resource monotonic rule
satisfies Pareto. Therefore, we consider the following weaker
axiom. It says that no Pareto improvement should be possible
either by addition or by subtraction of a single object.

Simple Pareto. For all (P, X) € D, there exists no x € X such
that either (i) for all i e N, (P, X)\{x}P;¢(P, X) or (i) for all
ieN,p(P,X)U{x}Pp(P, X).

A common practice for making a choice out of a large
agenda X is through sequential decisions over subsets of X.
The original agenda X is partitioned into subsets and each
subset is considered independently. Then the union of the
choices for these subsets is considered for the final decision.
Sequential decisions can be useful, but they can cause con-
flicts of interests if the final decision depends on the path that
has been taken. The next axiom prevents such potential con-
flicts.

Path independence. For all (P, X)eD and all X' € X with
(P, X" YUp(P, X\X', #0,

@(P,o(P, X Up(P, X\ X)) =¢(P,X).

A stronger version of this axiom was introduced by Plott
(1973) in the Arrovian social choice model. Note that path
independence is implied by division invariance saying that for
all (P,X)eD and all X’C X, ¢(P, X)=¢(P,X)U@(P, X\ X').5

The next axiom requires that truthful representation of
one’s preference should result in an outcome preferred to
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any other outcomes from possible misrepresentations, inde-
pendently of others’ representations.

Strategy-proofness. For all (P, X)eD, all ieN, and all P/eP,
if QD((PI’ P—i)» X) #@((Pi/a P—i)7 X)’

¢((Pi, Py), X)Pio((P/, P_), X).

Our final axiom says that the choice should be made inde-
pendently of preferences information on irrelevant alternatives.
Two preferences Py, P;e P are identical on agenda X € A, if
for all Y, Y’ €2%, Y PyY’ if and only if YP;Y’. In this case, we
write Py|x = Pjlx. Two profiles P, P" are identical on agenda X,
denoted by P|x=P'|x, if for all ie N, Pi|x = P/|x.

Independence of irrelevant alternatives, briefly IIA. For all
(P,X),(P,X)eD, if X=X and P|x = P'|y, then (P, X)=
@(P', X).

The unrestricted domain: An impossibility result

We first show that on the unrestricted domain Dp, simple
resource monotonicity and simple Pareto are incompatible.

PROPOSITION 1. There existsno rule on the unrestricted domain
Dp satisfying (simple) resource monotonicity and (simple) Pareto.

Proof. For simplicity, let N={1,2} and A={a,b}. Let ¢ be
a rule on Dp satisfying simple resource monotonicity and sim-
ple Pareto. Let P; and P, be such that {a}P{b}P0P{a, b} and
{b}P{a} P, Py{a,b} . Then, by simple Pareto, ¢(P,{a}) = {a}
and (P, {b})=1{b} . If ¢(P, {a, b}) ={a}, then when the agenda
changes from {b} to {a, b}, agent 1 is better off and agent 2
is worse off, contradicting simple resource monotonicity. Hence
@(P,{a,b}) # {a}. Similarly, ¢(P,{a,b}) # {b}. On the other
hand, by simple Pareto, ¢(P,{a,b})#@ and ¢(P, {a, b}) #{a, b}.
Therefore, there is no choice ¢ can make for (P, {a, b}) with-
out violating either one of the two axioms. O

In what follows, we focus on a restricted family of prefer-
ences, known as separable preferences (Barbera et al., 1991).
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The separable preferences domain

A preference Py€ P is separable if for all X C A and all x ¢
X, [X U{x}]PoX if and only if {x} Py@#. Let S be the family
of all separable preferences. Let Ds =SV x A be the fam-
ily of problems with separable preferences, referred to as the
separable domain.

The following notation is useful, For each separable prefer-
ence PyeS, A is partitioned into two subsets. An object x € A
is a good for Py if {x}Py@. It is a bad for Py if #Py{x}. Sim-
ilarly, for all P €SV and all x € A, N is partitioned into the
group of agents for whom x is a good, N¢(P), and the group
of agents for whom x is a bad, N? (P). Using this notation,
unanimity rule and majority rule can be defined as follows:
for all (P, X)eDs and all xe X,

xegU(P,X) & NE(P)=N;

1
xegM(P,X) S INO(P) > 0

3. RESULTS

We first show that when there are only two objects, there is a
unique rule satisfying resource monotonicity, Pareto, and IIA.
This rule coincides with unanimity rule for all problems with
a singleton agenda. For other problems, the choice is based
also on the idea of unanimity, however, in a somewhat differ-
ent manner from unanimity rule. Formally, agenda unanimity
rule Y is defined as follows: for all (P, X) e Ds, (i) if there
is x € X with N9(P) € {#, N}, then ¢(P,X) = U,cxpV (P, {x})
and (ii) otherwise, if NZ(P)=N,p(P,X)=X and if NZ(P)#
N, (P, X)=#, where N¢(P)={i € N: X P,{}}.

THEOREM 1. Assume that there are only two objects, that is,
|A|=2. Then the agenda unanimity rule is the only rule on the

separable domain satisfying (simple) resource monotonicity, Pa-
reto, and 11A.7

The proof is given in Section 4.
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Although Theorem 1 has only limited applicability, it exhib-
its an interesting connection between resource monotonicity
and the unanimity principle.

In the two-objects case, there are only two possible resource
expansions. More variety of resource expansions exist when
there are more than two objects, and so resource monotonicity
has more bite. In this case, we show that resource monotonicity
and Pareto are incompatible. The result holds even after weak-
ening resource monotonicity to its simple version.

THEOREM 2. Assume that there are at least three objects,
that is, |A| > 3. Then there exists no rule on the separable
domain Dg satisfying (simple) resource monotonicity and Pa-
reto.

The proof is given in Section 4.

The incompatibility no longer holds when we replace Pa-
reto with simple Pareto. For example, unanimity rule satisfies
resource monotonicity and simple Pareto. We show that it is
the only rule satisfying, in addition, path independence and
1IA.

THEOREM 3. A rule on the separable domain Ds satisfies
(simple) resource monotonicity, simple Pareto, path indepen-
dence, and IIA if and only if it is unanimity rule.

The proof is given in Section 4.

Next, we consider strategy-proofness. We use the main
result by Barbera et al. (1991) in the fixed agenda model.
They show that schemes of voting by committees are the only
rules satisfying strategy-proofness and the axiom of “voter
sovereignty”. Let X €A and Ds(X)={(P,X): PcS"}. A rule
¢ over Ds(X) satisfies voter sovereignty if for all Y 2%, there
exists P € SV such that ¢(P, X)=Y. Note that simple Pareto
implies voter sovereignty over Ds(X). To apply the result in
Barbera et al. (1991) in our variable agenda model, we show
that strategy-proofness implies 114, and we obtain the follow-
ing result.
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PROPOSITION 2. 4 rule on the separable domain Ds satis-
fies strategy-proofness and simple Pareto if and only if it is a
scheme of extended voting by committees.

The proof is given in Section 4.

We show that when a scheme of voting by committees
satisfies resource monotonicity, its committees are composed of
only the entire group N, that is, it is unanimity rule. Thus we
obtain the following characterization.

THEOREM 4. 4 rule on the separable domain Dgs satisfies
(simple) resource monotonicity, simple Pareto, and strategy-
proofness if and only if it is unanimity rule.

The proof is given in Section 4.

Examples 1-4 show independence of the axioms in each of
Theorems 3 and 4.

EXAMPLE 1. We define a rule ¢ satisfying resource mono-
tonicity, simple Pareto, and IIA, but violating both path
independence and strategy-proofness. For simplicity, let A =
{a,b,c}. For all PeSY and all x€ A, x €p(P,{x}) & NE(P)=
N. Let ¢(P,{a,b}) = @(P,{a}) Ug(P,{b}) and ¢(P,{a,c}) =
o(P.{a) Ug(P, {c}). If NS(P)e{#, N} or NS(P) e {#, N}, then
let @(P.{b.c}) =P, {b}) Ue(P,{c}). If NE(P)¢{#, N} and
NZ(P) ¢ {0, N}, then (i) when N§ ,(P)=N, let (P, {b,c}) =
{b,c}; (ii) when N ,(P)#N let ¢(P,{b,c}) =0. Finally, let
(P, {a,b,c}) =¢(P,{a}) Up(P,{b,c}).

EXAMPLE 2. We define a rule ¢ satisfying resource monoto-
nicity, path independence, strategy-proofness, and IIA, but vio-
lating simple Pareto. For all (P, X) € Dg, let (P, X)=0.

EXAMPLE 3. Majority rule satisfies simple Pareto, path inde-
pendence, strategy-proofness, and IIA, but violates resource
monotonicity.

EXAMPLE 4. We define a rule ¢ satisfying resource mono-
tonicity, simple Pareto, and path independence, but violating
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IIA. For each P € SM, (i) if all agents rank objects in the
same order and no object is either a good for everyone or a
bad for everyone, then for all non-empty X C A, let ¢(P, X)=
{x :x is the best object in X for all agents}; (ii) otherwise, let
(P, X) equal the choice made by unanimity rule. It is easy to
show that ¢ satisfies resource monotonicity and simple Pareto.
To show path independence, let X C A and X' C X be non-
empty. Consider P in part (i) in the definition of ¢. Then the
best object out of X is also the best object between the best
object out of X’ and the best object out of X\X'.

Remark 1. Our results are not affected after strengthening
resource monotonicity into resource monotonicity,: for all P e
PN and all X, X € A with X C X/, if ¢(P, X) #¢(P, X’), then
for all ie N, p(P, X")P;p(P, X). This is because unanimity rule
satisfies this stronger axiom. Independence of axioms in Theo-
rems 3 and 4 is not affected either because resource monotonic
rules in Examples 1-4 also satisfy resource monotonicity ., .

4. PROOFS

We first establish several useful lemmas. Let x,y € A. Two
preferences Py and Pje S exhibit conflicting interests associ-
ated with x and y if {x}P,¥P;{y} and {y}P;#P;{x}. A profile
P € SN exhibits conflicting interests associated with x and y, if
there are at least two agents whose preferences exhibit con-
flicting interests associated with x and y.

LEMMA 1. Let ¢ be a rule satisfying simple resource monoto-
nicity and simple Pareto. For all P €S and all x € A, if there
exists y€ A\{x} such that P exhibits conflicting interests associ-
ated with x and y, then x ¢ (P, {x}). If ¢ satisfies, in addition,
114, then for all PeSN and all x € A,

x€g(P,{x})) & NE(P)=N. (1)

Proof. Let ¢ be a rule satisfying simple resource monoto-
nicity and simple Pareto. Let P €S and x,yec A be given as
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above. Let i, j € N be such that {x}P,0P;{y} and {y}P;0P;{x}.
We first show

x€g(P, {x}) & xep(P, {x,y}). 2

Suppose by contradiction that x e (P, {x}) and x ¢ p(P, {x, y}).
Then ¢(P, {x})={x} and either (P, {x, y})=0 or ¢ (P, {x,y}) =
{y}. In either case, when the agenda changes from {x} to
{x,y}, agent i is worse off and agent j is better off, con-
tradicting simple resource monotonicity. This shows (2).

Suppose x € ¢(P, {x}). Then by (2), x € ¢(P, {x, y}). Thus,
(P, {x,y}) ={x} or {x,y}. If (P, {x,y})={x}, a contradic-
tion to simple resource monotonicity occurs when the agenda
changes from {y} to {x,y} (whether ¢(P,{y}) ={y} or ). If
o(P,{x,y}) ={x,y}, the same contradiction occurs when the
agenda changes from {x} to {x, y}.

To prove (1), assume that ¢ also satisfies II4. If NC(P)=
N, then by simple Pareto, x € (P, {x}). In order to prove the
converse, suppose N°(P)#N. Then NC(P)=0 or N°(P)#{.
In the former case, by simple Pareto, x ¢ ¢(P, {x}). In the lat-
ter case, there are P'e€ S and y € A\{x} such that NC¢(P") =
NE(P) and P’ exhibits conflicting interests associated with x
and y. Therefore by the previous result, x ¢ (P, {x}). By IIA,
(P, {x})=¢(P', {x}) and so x ¢ (P, {x}). U

LEMMA 2. Let ¢ be a rule satisfying simple resource monoto-
nicity and simple Pareto. Let {a,b}C A and P €SV be such that
for all xefa,b}, (1) holds. If N°(P)e{#, N} or NE(P)e{d, N},
then (P, {a,b})=¢(P,{a}) Ue(P, {b}).

Proof. If N°(P)e{#, N} and NP (P)e{#, N}, then by sim-
ple Pareto, ¢(P,{a,b}) = ¢(P,{a}) U ¢(P,{b}). Now suppose,
without loss of generality, that N°(P) € {}, N} and NZ(P) ¢
{#, N}. Then N°(P)=N or ¢. We consider the case N¢(P)=
N and skip the same argument for the other case. By simple
Pareto, a € p(P,{a,b}) and ¢(P,{a}) ={a}. Since NZ(P)# N
then by (1), ¢(P, {b}) =0. Hence we only have to show b ¢
(P, {a, b}). Suppose, by contradiction, b € ¢(P, {a, b}). Then
@(P,{a,b}) = {a,b}. Since NZ(P) ¢ {0, N}, there exist i, j e N
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such that i e N?(P) and j € NP(P). Therefore, since prefer-
ences are separable, then when the agenda changes from {a}
to {a, b}, agent i is better off and agent j is worse off, con-
tradicting simple resource monotonicity. O

LEMMA 3. Let ¢ be a rule satisfying simple resource mono-
tonicity and simple Pareto. Let {a,b} C A and P € SV be such
that for all x €{a, b}, (1) holds. If N°(P) ¢ {0, N} and NZ(P) ¢
{0, N}, then ¢(P,{a,b})={a,b} or @.

Proof. Suppose, by contradiction, ¢(P, {a, b}) ¢ {{a, b}, ?}.
Then ¢(P,{a,b}) ={a} or {b}. We consider the former case
and skip the same argument for the latter case. Since N°(P) ¢
{#, N}, there exists i, j such that {a}P;,¢# and @P;{a}. By (1),
@(P,{a})=0. Hence when agenda changes from {a} to {a, b},
agent i is better off and agent j is made worse off, contradict-
ing simple resource monotonicity. O

LEMMA 4. Let ¢ be a rule satisfying simple resource monoto-
nicity and Pareto. Let {a,b}C A and P €SN be such that for all
x €fa, b}, (1) holds. If N°(P) ¢ {0, N} and NF(P)¢ {0, N}, then

Ng »(PY=N = ¢(P, {a, b}) ={a, b};
NG, (P)#N = (P, {a, b}) = .

Proof. By Lemma 3, ¢(P,{a,b})={a,b} or @#. Thus, by
FPareto, if NJ, ,,(P)=N, then ¢(P, {a, b})={a, b}andif NJ ,,(P)=
@ then ¢(P,{a,b})=0.

Now consider N{Ca;’b}(P) ¢ {#, N}. Then there exist i, j such
that {a,b}P;¥) and @P;{a,b}. Suppose by contradiction that
@(P,{a,b}) #@. Thus ¢(P, {a, b})={a,b}. By (1), (P, {a})=¥.
Therefore when the agenda changes from {a} to {a, b}, agent
i is better off and agent j is worse off, contradicting simple
resource monotonicity. U

Proof of Theorem 1. Theorem 1 follows directly from
Lemmas 1-4. 0
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Proof of Theorem 2. Let |A| > 3. Suppose by contradiction
that there exists a rule ¢ satisfying simple resource monotonicity
and Pareto. Let a, b, c € A be three distinct objects. Let P, and
P, be such that (i) {a}P\{a, b}P\{a, c}P\BP{a,b, c}P{b}Pi{c} P,
{b,c}; (i) {b,c}Pra, b, c}Pr{c}Prla, c}Po{b}Pr{a, b} P P>{a}.b
Thus P, and P, exhibit conflicting interests associated both
with @ and b and with @ and c. Let P eSY be such
that Py =P, P,=P,, NG, (P)=N, and N ,(P)=N. Note
that NO(P) ¢ {#, N}, NJ(P) ¢ {#, N}, N°(P) ¢ {/, N},N{(Z,C}(P) ¢
{#, N}, and N , ,(P)¢{0, N}. Then by Lemma I,

a,b,c

e(P {a) =P, {b)) =¢(P,{c})=0.
And by Lemma 4,

@(P,{a,b}) ={a,b}; (P, {a,c}) ={a,c}; p(P, {b,c}) =0.

Since N( ,,(P)=N, then by Pareto, ¢(P,{a,b,c}) #0.

Suppose that there exists x € {a,b,c} such that
@(P,{a,b,c}) = {x}. Then since ¢(P,{b,c}) =0 and NE(P) ¢
{#, N}, then when the agenda changes from {b,c} to {a,b,c},
there exist an agent who is better off and an agent who is
worse off. This contradicts simple resource monotonicity.

Suppose ¢(P,{a,b,c}) € {{a, b}, {a, b}, {a, c}}. Consider the
case ¢(P,{a,b,c}) ={a,b}. Then when the agenda changes
from {a,c} to {a,b,c}, agent 1 is better off and agent 2
is worse off, contradicting simple resource monotonicity. We
derive the same contradiction when ¢ (P, {a, b, c}) ={b, c} and
¢(P,{a,b,c}) ={a,c}, considering agenda changes from {b, c}
to {a,b,c} and from {a, b} to {a, b, c}, respectively.

Finally suppose ¢(P, {a, b, c}) ={a, b, c}. Consider the agenda
change from {a, b} to {a,b,c}. Then agent 1 is worse off and
agent 2 is better off, contradicting simple resource monotonicity.

]

Proof of Theorem 3. It 1s easy to show that unanimity rule
@Y satisfies the four axioms. In order to show the converse, let
¢ be a rule satisfying the four axioms. We show the following
statement S(k) with k€ {l,...,|A|} by induction with respect
to k.
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S(k): For all (P,X)eDs, |X|<k=¢(P,X)=¢"(P, X).

S(1) holds by Lemma 1. Suppose that for all m <k —1, S(m)
holds. Let X € A be such that |X|=k. Let P eSV. If for all
x€X,NS(P)=N, then by simple Pareto, p(P,X)=¢"(P, X).
Now suppose that there exists x € X such that N°(P)# N. Then
by Lemma 1, ¢(P, {x}) =¢Y(P,{x})=0. Thus |p(P, X \ {x}) U
@(P,{x}| <|X\{x}|=k—1 and by the induction hypothesis,

@(P, (P, X\{x})Up(P,{x}))=¢" (P, p(P, X\{x}) Up(P,{x})).

Again, by the induction hypothesis,

@(P, X\{x)Ug(P, {x}) = 9" (P, X\{xD Up" (P, {x}).

Hence

(P, (P, X\{x})Up(P, {x}))
=" (P, 0" (P, X\{x) U 0" (P, {x})).

Since both ¢ and ¢V satisfy path independence, then ¢(P, X)=
oV (P, X). 0

Proof of Proposition 2. Let ¢ be a rule satisfying the two
axioms. If ¢ satisfies in addition //4, then for every subdo-
main with a fixed agenda, the characterization of voting by
committees by Barbera et al. (1991) applies. Thus, we only
have to show that ¢ satisfies II4. Let X € A and P, P ¢
SN be such that for each i € N, Pi|x = P/|x. Let Y =¢(P, X)
and Y!'=g@((P/,P_1),X). If Y #Y!, then as preferences are
strict, Y P, Y! or Y!P,Y. In the former case, since Pj|x =
P/lx,Y P/Y'. Thus agent 1 with true preference P| is better
off by reporting P;. In the latter case, agent 1 with true pref-
erence P; is better off by reporting P/. This contradicts strat-
egy-proofness. Thus, Y =Y. Similarly, changing preferences of
all other agents i € N\{1} from P, to P/ successively, we can
show that Y =Y". O

Proof of Theorem 4. 1t is easy to show that ¢U satisfies the
three axioms. In order to show the converse, let ¢ be a rule
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satisfying the three axioms. Then, by Proposition 2, ¢ is a
scheme of extended voting by committees. Let ((Cy.x)rex)xca
be the profile of committee structures. We show the following
statement S(k) with ke {l,...,|A|} by induction with respect
to k.

S(k): For all X e A with |X|<k and all xe X,C, x ={N}.

S(1) holds by Lemma 1. Suppose that for all m < k—1, S(m)
holds. Let X € A be such that |X|=k. Let x € X. Suppose by
contradiction that there exists S ;Cé N such that SeC, x. Let
P eS" be such that NY(P)=S and for all ye X\ {x}, NJ(P)=
@. Then by simple Pareto, for all ye X\{x},y¢¢ (R, X). Thus,
(P, X)={x}. By the induction hypothesis, (P, X \ {x}) =0.
Therefore, when the agenda changes from X \ {x} to X, all
agents in S are better off and all others are worse off, con-
tradicting simple resource monotonicity. O

NOTES

1. See, for instance, May (1952) and Ching (1996) for axiomatizations in
the Arrovian social choice model. Ju (2005) axiomatizes majority rule
in the same model as we consider here.

2. Different versions of resource monotonicity have been studied by a
number of authors, in particular by Moulin (1987), Chun and Thom-
son (1988), Moulin and Thomson (1988), Alkan (1994), Thomson
(1994), etc. See Thomson (2001) for an extensive survey.

3. We use notation, P, P’, P, P’, etc., for elements in PV. Following
standard notational convention, we write i’s component of P with P
and i’s component of P’ with P/.

4. The same weakening of resource monotonicity has been investigated
by Alkan (1994) for assignment problems.

5. We do not consider problems with the empty agenda. So we need the
condition ¢(R, X')Ug(R, X\X') #0.

6. Division invariant rule ¢ can be described as follows: for all (P, X)e
D,p(P,X) = Uyex@(P,{x}). Then ¢ is path independent because,
applying division invariance iteratively, we get

(P, (P, X" Up(P, X\X")=¢(P,¢(P, X)) =¢(P,Urexp(P, {x})
= UyeU,exp(P.lxp (P, {y}D)
== UXEXQD(PV {.X}) :(p(P7 X)
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7. Independence of the three axioms can be established easily.

8. Let u;:24 — R be an additive numerical representation such that
ui(@)=4,u;(b)=-2, and u;(c)=-3. Let ur:24 — R be an additive
numerical representation such that us(a)=—1,u(b)=2, and us(c)=4.
Let R; be the additive preference represented by u; and R, the addi-
tive preference represented by u;. Then R; and R; order alternatives
in the same way as required.
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