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The theoretical investigation of an important chem-
ical engineering process—the removal of highly vola-
tile fractions from high-boiling liquids by means of
evaporating a free-falling film at low pressure and high
temperature in a cocurrent flow—was begun in a previ-
ous work [1], where, in the approximation of weak
hydrodynamic and thermal interaction, the velocity and
temperature distributions in a liquid film falling down
the inner surface of a tube were determined.

At realistic temperature differences in an evaporator
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, which can be represented in
the form [1, 2]
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dimensionless parameters, and 

 

A

 

 and 

 

B

 

 are empirical
constants.

It was shown that, in a short initial region of size 
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, the velocity and the film thickness vary
mainly because of the temperature dependence of the
viscosity, and outside of this region, they vary because
of the evaporation of the liquid solution. At an evapora-
tor length of 
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, the film completely evapo-
rates. The mass transfer of the solvent and highly vola-
tile components through the interface occurs in the
main evaporation region, where 
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In the case of weak hydrodynamic and thermal

interaction between the phases, the velocity compo-
nents and the temperature of the liquid and vapor are
related as [1]
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Consequently, it can be supposed that, in solving the
momentum- and energy-transfer equations in the vapor
phase, the values of 

 

, , 

 

 at the interface are
known.

A schematic of an evaporator and the coordinate
system in the liquid and gas phases are presented in
Fig. 1. The energy- and momentum-transfer equations
can be represented in the form
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The material-balance equation has the form

 

(4)

 

At the center of the evaporator, the symmetry condi-
tions for the velocities and temperatures are met:

Since all of the vapor flowing down forms by liquid
evaporation, in the upper part of the evaporator, there is
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a stagnant zone in which there is almost no motion.
Consequently, the initial conditions at the inlet of the
evaporation region can be written in the form

INITIAL EVAPORATION REGION

Similar to the analysis of the liquid film [1], here the
velocity distributions in the vapor in the initial evapora-
tion region are studied. The temperature of the liquid
and, hence, at the interface in this region, varies most
strongly; more specifically, it increases from T0 virtu-
ally up to the wall temperature Tw.

Let us represent the velocity components in the gas
at the interface with regard to Eq. (4) in the form

(5)

where us, ts, and ys are dimensionless functions and
coordinates for the liquid phase, which were derived
previously [1] and are on the order of unity. Expres-
sions (5) show that both velocity components in the
vapor,  and , are proportional in order of magni-

tude to the normal surface velocity . Assuming that
the vapor is an ideal gas and the film flow is laminar
(Re0 ≤ 400), one can take

(6)

Since the accommodation coefficient α* for most liq-
uids is 10–4–10–5, it is easy to show that, at sufficiently
high temperatures (T ' ≥ 400 K) and low pressures

(Pg ≤ 10 mm Hg), the ratio u0/  is small.

Previously [1], it was demonstrated that, in the ini-
tial evaporation region, the dimensionless temperature
t in the liquid and the dimensionless film thickness ys

mainly depend on two dimensionless parameters, a and
b, which take into account the change in the surface
velocity (P*) and viscosity with temperature (see
expressions (1)). Along with the two effects, the effect
of the heat ∆Q of evaporation at the interface on the
processes in the film is also studied. However, this
effect is usually so weak that it can be taken into
account by expanding the corresponding dimensionless
functions (u, v, and t) as series in the small parameter
α = (∆ /∆ ) � 1 [1]:
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where the zeroth-order approximations depend only on
a single dimensionless parameter, b [1], and the higher-
order approximations depend on both a and b.

Let us formulate the heat- and momentum-transfer
problem in the vapor phase in dimensionless form. For
this purpose, the following dimensionless functions tg,
ug, and vg and coordinates xg and rg should be intro-
duced:

Let us transform heat-transfer, momentum-transfer,
and continuity equations (3) to dimensionless form:
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Fig. 1. Schematic of an evaporator.
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Material-balance equation (4) takes the form

The function F0 is defined as

and is assumed to depend only on the longitudinal coor-
dinate xg. This function has the meaning of a dimen-
sionless force and should be calculated in the cause of
solving the problem.

The set of Eqs. (7)–(9) should be solved under the
following additional conditions:

on the film surface (rg = 1),

(10)

on the channel axis (rg = 0),

at the inlet section of the evaporator (xg = 0),

tg = ug = 0.

All this means that, in the general case, the expan-
sions of the solution of set (7)–(9) up to the first order

in the small parameters α and u0/  have the form

(11)

Expansions (11) could be written not only in α and

u0/  but also in another small parameter, 1/PeT. How-
ever, at realistic values Re0 > 1, effects related to PeT are
usually ignored [3, 4]. If it is taken into account that, for
the vapor phase, Prg ≅ 1 [2], then it is easy to see that,
in the general case, the zeroth-order approximations tg,
ug, vg, and F0 and also higher-order terms in the expan-
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sions of these functions in the small parameters α and

u0/  depend on three dimensionless parameters, a, b,
and Reg0; the ranges of a and b are usually finite (a ≤ 1,
b ≤ 10) and Reg0 can formally vary from zero to infinity.

Let us present the solution of hydrodynamic equa-
tions (8), (9) at low Reynolds numbers. As Reg0  0,
set (8), (9) can be simplified to the form

The zeroth-order approximation of the solution of this
set is

(12)

At an arbitrary Reg0 value, set (8), (9) can be numer-
ically solved by a method that was first used for sets of
this kind by Simuni [5, 6]. Let us consider the simplest
case a = 0. In this case, the temperature ts(x) at the inter-
face does not affect the solution and conditions (10) at
the interface are considerably simplified:

Under such boundary conditions, the solution of the
problem can be sought in the form

Substitution of these functions into Eq. (9) yields the
relation between v and u:

For the condition for vs at the interface to be met, the
following equality should be satisfied:
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under the boundary conditions
(15)

For any fixed f(Reg0), problem (14), (15) has a single
solution. The f value should be such that material-
balance condition (13) is met. Integro-differential equa-
tion (14) can hardly be solved analytically. Therefore, it
should be solved numerically [7]. The results of numer-
ical calculations of u, v, and F0 are presented in
Figs. 2–4. It is observed that the entire diversity of the
functions u(0) and v(0) lie between the limiting functions
that correspond to Reg0 = 0 (Figs. 2, 3, curves 1) and
Reg0 = ∞ (Figs. 2, 3, curves 8, 5). In practice, the range
of Reg0 is finite: 0.3 ≤ Reg0 ≤ 40. With an increase in
Reg0, the velocity profile u(0)(rg) flattens in the central
region of the channel; i.e., a significant part of the vapor
phase is occupied by a zone (flow core) with constant
longitudinal velocity inherent in high Reynolds num-
bers. Interestingly, the presence of a transverse velocity
component at the interface at high Reg0 probably does
not disturb the laminar vapor flow, since the gradients
of the velocity ug in the transverse direction near the
interface are finite even at Reg0 = ∞.

In the general case, at any Reg0, the effect of the tem-
perature ts(x) at the interface on the velocity and pres-

rg 0: du/drg; rg 1: u 0.= = =

sure distributions in the vapor is noticeable only within
a short region of length x' ≅ h0ReT (x ≅ 1) (see, e.g.,
solution (12) at Reg0 = 0). Outside of this region, the
transverse velocity vs is constant again:

rg = 1: vs ⇒ ea, us = 0,

and the corresponding asymptotic values of the zeroth-
order approximations of the velocity in the vapor are

where the dimensionless functions u, v, and f coincide
with the corresponding functions (Figs. 2–4) after the
obvious substitution Reg0 ⇒ Regw ≡ Reg0expa. It will be
proven further that all these asymptotic functions con-
tinuously join the corresponding functions for the main
evaporation region.

The temperature distribution tg(xg, rg) in the vapor in
the initial evaporation region at any Reg0 can readily be
imagined by studying the heat-transfer equation for low
(Reg0  0) and high (Reg0  ∞) Reynolds numbers.
In the first case (Reg0  0), the solution of heat-trans-
fer equation (7) under all of the boundary conditions
has the form

i.e., as Reg0  0, there is virtually no change in the
temperature of the vapor in the transverse direction. As
Reg0  ∞, the right-hand side of Eq. (7) can be

neglected and, hence,  satisfies the homogeneous
first-order partial differential equation
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Fig. 2. Zeroth-approximation longitudinal velocity profile
u(0) at Reg = (1) 0, (2) 1, (3) 3, (4) 6, (5) 10, (6) 20, (7) 40,
and (8) ∞.
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Fig. 3. Zeroth-approximation transverse velocity profile
v(0) at (1) Reg ≤ 1; Reg = (2) 3, (3) 10, and (4) 20; and
(5) Reg > 40.
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under the additional conditions

The solution of this problem that was obtained by
the method of characteristics [8] has the form

where the ratio u/v virtually coincides with u(0)/v(0),
since both functions, u and v, are proportional to
exp[ats(x)] (see, e.g., expression (12)). Taking into
account that v(rg) < 0, one can readily see that the tem-
perature in the vapor phase at any section obeys the ine-
quality tg(xg, yg) ≤ ts(x). This temperature monotonically
decreases with distance from the interface and tends to
zero at the center of the channel, since v ≅ rg as rg 
0. One can assume that, at x � 1, regardless of the Reg
value, the temperature profile in the vapor attains the
limiting curve ts(x) and the asymptotic value up to the
first order in the small parameter α has the form [1]

(16)

VELOCITY AND TEMPERATURE IN THE MAIN 
EVAPORATION REGION IN THE VAPOR PHASE

The length x' ~ h0PeT of the initial evaporation region
usually constitutes a small part of the total evaporator
length, whose maximal size is Hmax = q0/  [1]. The
velocity distribution in the film and the film thickness
in the region x = x'/h0PeT � 1, i.e., in the main evapora-
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tion region, were found previously [9]. The zeroth-
order approximations of these functions in the expan-
sions in the small parameter α have the form

where z ≡ y/ys, x1 = x'/Hmax,  = vnwv1, and  = u0u.

The zeroth-order approximation of the temperature

in the film at x � 1 is trivial (  = 1); therefore, the
temperature profile was determined up to the first order
in the expansion in the small parameter α:

where ∆ts ≡ 1 – ts = αexp(a – b/3)(1 – x1)1/3.
The velocity components on the film surface on the

vapor side in the main evaporation region can be repre-
sented in the form (see Eqs. (2))

where, as above (expressions (6)), the parameter
(u0/vgw) � 1 and the terms on the order of 1/Peg are
neglected.

Let us introduce the following dimensionless veloc-
ity components in the vapor, ug and vg, and pressure Fw:

Obviously, ug and vg satisfy the same Eqs. (8), (9), in
which the following change of variables should be
made:

The functions ug(rg, xg, Regw) and vg(rg, xg, Regw) in the
main evaporation region, as well as the initial evapora-
tion region, can be sought in the form of expansions (11)

in the small parameters α and u0/ . Obviously, the
zeroth-order approximation of the velocities and pres-
sures are

where u, v, and f are found from the plots in Figs. 2–4
and Regw ⇒ Reg0.
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Fig. 4. Pressure F(0)/xg versus Regw as (1) Reg  0 and
(2) Reg  ∞.
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Let us find the temperature in the main evaporation
region. Taking into account that the zeroth-order

approximation of  is trivial (  = 1), one can obtain
the temperature distribution in the vapor in the main
evaporation region up to the first order in the expan-

sions in the small parameters α and u0/ . Substitut-
ing expansions (11) into heat-transfer equation (7),

where  ⇒  = , one can readily demonstrate
that the first-order approximation dimensionless func-
tions, t(1), obey the equation

Here, ( /∂xg + /∂rg) = 0, since the

zeroth-order approximation  ≡ 1. A similar equation
is also valid for t(11). Thus, to calculate the temperature
in the evaporation region up to the first order, it is
unnecessary to calculate the corresponding first-order

approximations of the velocities: ,  and ,

. Under the temperature boundary conditions for

, the following differential problem is obtained:

(17)

It is easy to show that  = 0: the corresponding
boundary conditions are zero conditions, because the
temperature in the liquid is independent of the parame-

ter u0/  (see conditions (10)).

Let us seek solution (17) in the form

(18)

The dimensionless temperature t(rg, x1) obviously satis-
fies Eq. (17). The additional conditions for t(x1, rg) are
the following:

Following the approximate Galerkin method [7], the
solution t(x1, rg) meeting the conditions at the bound-
aries is sought in the form
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where b(x1) is an arbitrary function of x1. Let us rewrite
the transfer equations in the following equivalent form,
using continuity equation (9):

Integration with respect to rg from 0 to 1 gives

(20)

Here, the average temperature  is

where

Calculations showed that this function depends
slightly on Regw and varies within the range 0.60 ≤ k ≤
0.66. Using the equalities vs = 1, ts = (1 – x1)1/3, and
(dt/drg)s = –2b and substituting expression (19) into
expression (20) for determining the unknown function
b(x1), one can obtain the inhomogeneous first-order lin-
ear ordinary differential equation

where the primes mean differentiation with respect to
x1. Simple transformations yield

This equation, which meets the obvious condition
b(0) = 0 (see solutions (18), (19)), can be solved by
quadratures [8]:
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As follows from expression (19), in its physical
meaning, b ≡ (tc – ts) is the difference of the dimension-
less temperatures on the channel axis and on the film.
In the general case, as follows from solution (21), this
difference depends on two decisive parameters, x1
and Pegw. The calculated function b(x1) is presented in
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range 0 ≤ x1 ≤ 1 is observed to be virtually linear. This
means that the effect of the factor (1 – x1z)2/3 in integral
(21) is not very substantial; consequently, one can write
in approximation

The effect of the parameter Pegw on b(x1) is generally
monotonic: b  0 as Pegw  0 and b  x1/3.6 as
Pegw  ∞ (see Fig. 5, curves 1, 7, respectively).

Thus, along the film flow in the evaporation region,
the change in dimensionless temperature in the trans-
verse direction in the liquid phase generally decreases,
while in the vapor, it increases:

Both functions ∆ts and ∆tg are proportional to the small
parameter α.

In conclusion, we note that asymptotic expression
(16) is actually equivalent to expressions (18) and (19);
i.e., the solution of the heat-transfer equations in the
initial region continuously transforms into the corre-
sponding solution for the main evaporation region at
sufficiently large x. At virtually any a and b, this takes
place at x ≥ 2. It was previously shown [1] that, on such
short intervals, the solution evaporation can be ignored.
In studying mass-transfer processes, it will be shown
that, at x ≤ 1, the evaporation of any highly volatile frac-
tion can also be ignored. This means that, for efficient
purification, the evaporator length l should satisfy the
inequality l � xT = h0PeT and, hence, it is sufficient to

b x1 Pegw,( )
x1

3k
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1 2/ kPegw( )+
zd

0

1

∫
x1

6k
------

0.6Pegw

1 0.6Pegw+
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  .= =

1 ts ∆ts≡– α a b/3–( ) 1 x1–( )1/3,exp=

ts
g tc

g– ∆tg≡ α a b/3–( )b x1 Pew
g,( ).exp=

study the desorption of highly volatile fractions in the
main evaporation region alone. In this sense, there is no
need to accurately describe the velocity and tempera-
ture distributions in the region x' ~ xT .

The obtained velocity distributions in the main
evaporation region both in the liquid and the vapor
phase will be further used to study the two-phase des-
orption of highly volatile components into the vapor
phase in evaporators of the considered type. In this
case, in the first approximation, one can consider that
the temperature in the evaporator is Tw.

NOTATION

al, ag—thermal diffusivities of the liquid and the
vapor, respectively, m2/s;

Cp, Cpg—specific heats at constant pressure of the
liquid and the vapor, respectively, J/(kg K);

g—acceleration due to gravity, m/s2;
H—evaporation region height, m;
h—liquid film thickness, m;
M—molecular weight of the liquid, kg/mol;
P—pressure, kg/(m s2);

 —equilibrium vapor pressure of the liquid,
kg/(m s2);

Q—specific enthalpy, J/kg;
∆Q = Qg – Ql—heat of evaporation of the liquid

solution, J/kg;
q0 = u0h0—film flux density at the evaporator

inlet, m2/s;
R0—evaporator tube radius, m;
(r', z')—cylindrical coordinate system in the vapor, m;

T ', —temperatures of the liquid and the vapor,
respectively, K;

∆  = (ρ ∆Qh/λ)0—temperature of the cooling of
the surface, K;

∆  = Tw – T0—maximal temperature difference, K;

t = (T ' – T0)/(Tw – T0), tg = (  – T0)/(Tw – T0)—
dimensionless temperatures of the liquid and the vapor,
respectively;

u, v—dimensionless film velocity components;
u0—average velocity in the film at the evaporator

film, m/s;

,  = ρ /ρg—normal velocity components
on the liquid and vapor sides, respectively, m/s;

, —velocity vector components in the film, m/s;

, —velocity vector components in the vapor, m/s;

(x', y')—rectangular coordinate system in the thin
film, m;
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Fig. 5. Function b(x1, Pegw) at Regw = (1) 0.2, (2) 0.5, (3) 1,
(4) 2, (5) 3, (6) 5, (7) 10, (8) 20, and (9) ∞. 



THEORETICAL FOUNDATIONS OF CHEMICAL ENGINEERING      Vol. 39      No. 3      2005

SIMULTANEOUS HEAT AND MOMENTUM TRANSFER 239

x = x'/(h0PeT), y = y'/h0—dimensionless coordinates
in the film;

xg = x'/R0, rg = r'/R0—dimensionless coordinates in
the vapor;

α = ∆ /∆ —parameter that takes into account
the cooling of the surface;

λ, λg—thermal conductivities in the liquid and the
vapor, respectively, (kg m)/(s3 K);

µ, µg—dynamic viscosities of the liquid and the
vapor, respectively, kg/(m s);

ν = µ/ρ, νg = µg/ρg—kinematic viscosities of the liq-
uid and the vapor, respectively, m2/s;

ρ, ρg—densities of the liquid and the vapor, respec-
tively, kg/m2;

Peg = q0/al, Pen = h /al—Peclet numbers in terms
of the average film velocity and the evaporation veloc-
ity, respectively;

Pr = λ/(Cpµ), Prg = λg/(Cpgµg)—Prandtl numbers in
the liquid and the vapor, respectively;

Re0 = q0/ν, Reg = R0/νg—Reynolds and Peclet
numbers for the vapor, respectively;

Reg = R0 /νg, Peg = R0 /ag—Reynolds numbers
for the liquid and the vapor, respectively.

SUBSCRIPTS AND SUPERSCRIPTS
0—value at the initial temperature;
1—value in the evaporation region;
g—gas phase;

l—liquid phase;
n—vector component that is normal to the film;
s—film surface (interface);
w—wall.
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