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Abstract

Resource sharing and management can significantly improve the performance and spectral efficiency of wireless systems.
In power domain non-orthogonal multiple access (NOMA) systems, users share a common bandwidth for simultaneous
data transmission and therfore, the spectral efficiency of the system will be improved at the expense of increased complexity.
Provided proper power allocation, it is possible to detect symbols at receivers. In this paper, the downlink of a cellular system is
considered where a base station (BS) communicates with two users using NOMA with the assistance of a decode-and-forward
(DF) relay. In the proposed scheme, receivers combine received signals from direct and cooperative links, and decode symbols
by employing successive interference cancellation (SIC). The bit error rate (BER) performance of the proposed scheme is
analyzed and the optimal power allocation is also derived through a Min—Max optimization, and a closed form approximate
solution is proposed for binary phase shift keying (BPSK) modulation. Furthermore, it is proved that the proposed receiver
achieves full diversity order for all users for proper choice of power allocation. Simulation results also corroborate BER and
diversity analysis.

Keywords Decode and forward (DF) relay - Non-orthogonal multiple access - Power allocation - Successive interference

cancellation

1 Introduction

Non-orthogonal multiple access (NOMA) is one of the
promising candidates for enhancing power spectrum effi-
ciency of 5G cellular networks [1, 2]. Orthogonal multiple
access (OMA) methods are designed to eliminate inter-
ference between users. However, these methods have low
spectral efficiency due to exclusive assignment of resources
[3]. On the other hand, by ever increasing number of users, the
utilization of new methods with higher spectral efficiency is
vital in the design of next generation of networks. In NOMA
systems each resource will be assigned to at least two users.
Although sharing resources, improves spectral efficiency and
throughput [4, 5], there are some challenges that should be
addressed too [6]. Due to the interference between the users
that are sharing resources, receivers must have the ability to
detect symbols and this increases the complexity of receivers.
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Two fundamental elements for implementing a NOMA
based network are superposition coding at the transmitter and
successive interference cancellation (SIC) at destinations [7].
By superposition coding, the symbols of users are combined
with specific power scales at the transmitter to be sent to the
users [8]. Although system performance can be enhanced by
applying channel coding [9]. Successive interference cancel-
lation is a technique for detection of symbol of users that are
linearly combined, e.g. through superposition coding, and its
performance highly depends on power allocation [10, 11].

In NOMA based networks, usually two users are paired
to share a common subcarrier for data transmission between
base station (BS) and destinations [12]. More power is allo-
cated to the user with weaker channel condition, and this
user can decode its own data by a simple matched filtering.
In contrast, the user with stronger channel condition will be
allocated less power and should apply SIC to decode its own
data [13].

Cooperative communication is a well-known technique
to achieve spatial diversity to combat fading effects [14]
and also improving the coverage in wireless systems [15].
In cooperative networks, several relays assist the transmit-

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11235-023-01014-4&domain=pdf

228

A. Olfat

ter for data transmission. Two protocols that are widely used
in relaying systems, include amplify and forward (AF) and
decode and forward (DF) relaying [16]. In AF method, relay
retransmits the received signal, while in DF relaying relay
decodes the received symbols, and then retransmits them
[17]. System performance depends on the number of relays
and system structure, but it is generally proved that coop-
erative communication increases capacity and throughput.
Using relays in NOMA systems, can improve the spec-
tral efficiency and bit error rate (BER) performance of
communication systems simultaneously [18]. In[18], a coop-
erative non-orthogonal multiple access (NOMA) system is
proposed, where one near user is employed as decode-and-
forward (DF) relaying switching between full-duplex (FD)
and half-duplex (HD) mode to help a far user. Performance
metrics are outage probability, ergodic rate and energy effi-
ciency. In [19] the source transmits two symbols using the
superposition code, and the relay decodes and retransmits the
symbol of the user with lower allocated power by employing
the successive interference cancellation (SIC). At the des-
tination, two symbols from both the direct signal and the
forwarded signal are decoded by using the maximum-ratio
combining and the ergodic sum rate and the outage perfor-
mance of the system are investigated.

A model of a cooperative network with K users is con-
sidered in [20]. There is no dedicated relay, and users assist
each other for data transmission. Based on SIC technique,
each user should decode symbol of users with more power;
hence, it can act as a relay and send its estimation to stronger
users. The outage probability and ergodic sum rate of this
model is calculated based on SINR of each user. The main
drawback of this model is that (K — 1) time slots are required
to send one symbol. As a consequence, the delay of the sys-
tem will be increased by the number of users. One of the main
benefits of cooperative networks is improving coverage [15].

Power allocation and user pairing have a significant effect
on the performance of NOMA based networks. In [21], an
algorithm is suggested for maximizing power efficiency, by
assuming perfect channel state information (CSI). In [22,
23], the impact of user paring on NOMA based networks are
investigated and it is shown that the best performance corre-
sponds to a scenario in which users with distinctive channel
conditions are paired.

In this paper, the BER performance of a cooperative
NOMA system is investgated. A base station communicates
with two users by NOMA with the assistance of a DF relay.
After combining the received signals from the direct and
cooperative paths, users decode their symbols using SIC tech-
nique. The BER performance of proposed combining scheme
is computed in closed form for BPSK modulation and can be
genelalized to arbitrary M-ary constellations. Further, a Min—
Max optimization is proposed for finding the optimum power
allocation, and an approximate solution is derived. Besides,
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Fig.1 Block diagram of a cooperative network with two users

the diversity order of proposed scheme is analyzed and it
is shown the the proposed method achieves full diversity
order for both users if the proper power allocation condi-
tion for users are met. Performance of proposed scheme
is investigated through simulations which corroborates the
analytical results. The main contribution of this paper is the
investigation of BER metric and diversity order for NOMA
based cooperative systems while other related works consider
metrics like energy efficiency, ergodic capacity and outage
probability. Furthermore this paper investigates the diversity
order of proposed method and derives sufficient conditions
under which full diversity order can be achieved.

The rest of this paper is organized as follows. In Sect. 2, the
model of system under investigation is described. In Sect. 3,
the proposed receiver is introduced, and its BER performance
for BPSK modulation is analyzed in Sect.4. Power alloca-
tion problem is formulated in Sect.5. In Sect.6, diversity
order of the proposed receiver is evaluated. In Sect. 7 results
are extended to any arbitrary constellation. Simulation and
numerical results are presented in Sect.8. Finally, conclu-
sions are drawn in Sect. 9.

2 System model

In this paper, downlink of a NOMA based network with two
users is considered where a relay assists the BS for data trans-
mission. With reference to Fig. 1, our model consists of a
source (S) and a DF relay (R) and two destinations (D1, D>).

By employing superposition coding at the BS, symbol of
users are combined with specific scales « and f to be trans-
mitted. By considering time division duplex (TDD) mode,
data transmission consists of two time slots. In the first time
slot, S broadcast coded signal (@ S1 + 8.5>) to relay and both
destinations. Received symbols at R, D and D, can be writ-
ten as,

YsR = hsr(aS1 + BS2) + nsr (D)
ysp; = hsp,(aS1 + BS2) +nsp, (2)
ysp, = hsp,(aS1 + BS2) +nsp, 3)
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where information symbols denoted by S, Sy € Ay are
drawn form any arbitrary M-ary constellation Ay, and ngg,
nsp;,ngp; (i=1,2) are additive noise of corresponding chan-
nels that are assumed to be zero mean complex Gaussian
random variables with variance Ny. In the second time slot,
relay exploits successive interference cancellation (SIC) in
order to decode S7 and S, from the received signal. Then,
using superposition codes, relay combines decoded symbols
and transmits it to D; and D». The received signals at each
destination can be expressed as

YrD, = hgp, (@81 + BS2) + nrp, (4)
YRD, = hrp,(@S1 + BS2) +nrp, (3)

where | and S, denote detected symbols corresponding to
S1 and S, at relay, and & and ;é are power allocation scales at
relay. The fading coefficient of each link is modeled as zero
mean complex Gaussian random variable:

hsg ~ CN(0, UER) 0'52‘1{ = E{thR|2}
hsp, ~CN(0,05p) o5y = E{lhsp, |’} i=1,2
hrp, ~CN(©,0%p) ogp, = E{lhgp, [} i=1,2

Instantaneous signal-to-noise-ratio (SNR) at each link is
defined as,

ysg = |hsgl*y
yspy = lhsp 1’7 vrp, = lhrp, I*7 (6)

Yspy = |hsp,|?7 » YRD, = |hrDy |7

where y = and Py is the transmitted power at
source. We also assume combining coefficients o and 8 meet
the constraint o> + 2 = 1 and P, = E{S1%} = E{S$,?}.

In the rest of this paper, we assume similar power alloca-
tion at BS and relay, i.e., (& = «, B = f), unless mentioned
otherwise. In Sect. 8, we will show that this assumption will
not affect the performance, significantly.

As mentioned before, the most important point in sep-
arating symbol of users is power allocation. Based on SIC
features, for the feasibility of detection, the user with stronger
channel condition should be allocated less power than the
user with weaker channel condition. Throughout this paper,
we will call the user with more allocated power (user with
weaker channel coefficient) as "strong user" and the user with
less allocated power (user with stronger channel coefficient)
by "weak user".

Py(e?+p%)
N

3 Proposed receiver

Consider acombing scheme, where received signals by direct
and relaying phase are linearly combined by wsp, and wgp,
for user 1, and wgp, and wgp, for user 2. The combiner
output for each user can be written as,

YD, = Wsp,YsD; + WRD,YRD, @)

YD, = WSD,YSD, + WRD,YRD, )
Proposed weights for combining are [24],

* Yming ; %
wsp, = hSDls WRD; = VRD RD; 9)
1

Yminy
wsp, = hp,. WrD, = D Rkp, (10)
2

where yjnin, and ypin, are defined as
Ymin; = min{ ysg, Yrp;} (i =1,2) (11)

By adjusting the weights using (9) and (10), signals will be
combined constructively and moreover, the contribution of
the relaying phase will be adjusted based on the SNR of S-R-
D link. Consider a scenario in which the SNR of S-R link is
low; consequently, the probability of erroneous detection at
relay will increase. In this case, weight of the relaying phase
should be decreased. In contrast, If the SNR of S-R link is
acceptable, weight of the relaying phase increases.

Using SIC, the strong user will decode its symbols through
a simple match filtering, whereas the weak user should first
decode the symbols of the strong user and after substracting
it from the received signal, then decode its own symbols. For
simplicity of presentation, we assume that user 1 is the strong
user and user 2 is the weak user (user 1 has more power than
user 2).

Relay should also decode S7 and S5 through SIC. Decision
rules at relay are,

Sy = arg min{|ysg — hsg o Si|?
SieAy

Sy = arg min{|ysg — hsg (@ S1 + B $2)|*}
Sre Ay

12)

Users receive signals from direct and cooperative paths, and
combine them using (7) and (8). The strong user does not
need to perform SIC, and the decision rule for this user is,

Si = arg min{|yp, — (wsp, hsp, + wrp, hrp1)aS1|?)
SieAy

(13)
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The weak user first decodes symbol of strong user by the
decision rule,

S1,2=argmin{|yp, —(wsp,hsp,+wWrp,h D, S} (14)
SieAy

then using S 1,2 of (14), the weak user decodes §2 as,

S» = argmin{|yp, — (wsp,hsp, + wrD,ARD,)
SeAy (15)

x (@812 + BS)I?)

4 BER performance for BPSK modulation

Although the proposed receiver can be used for any constel-
lation, in the first step, we analyze the BER performance of
BPSK signaling. The results will be extended to any M-ary
constellation in Sect. 7.

4.1 Error probability at relay

Relay decodes Sy, Sy € {#+/P} from the received signal
ysr given in (1) using (12). First, the symbol of the strong
user and then after subtraction, the symbol of the weak user
will be detected. By defining py;rong=max{c, B} and pyear=

(wsp,hsp, +wrp hrp)aS1 + (Wsp, hsp, + wrp hrp,)BS2 + N1
(wsp,hsp, + wWrp,hrp)aS1 + (wsp,hsp, — wrp, hrp,)BS2 + N1
(wsp,hsp, — wrp,hrp)aS1 + (Wsp, hsp, + wrp,hrp,)BS2 + Ny
(wsp,hsp, — wWrp hrp)aS1 + (Wsp, hsp, — wrp hrp,)BS2 + Ny

YD, =

calculated as,

N Ps|lhsrIpweak
\/E
2
LY, Ps|hSR|(pWeak -2 pStrong)
No
V2
 PslhsrI(pweak + 2 DStrong) }

No
2

Pewear = (1 — PeStrong)Q

+PeSlr0ng {05 0

+0.5Q

a7

4.2 Error probability of strong user

Using (2), (4) and (7), the combiner output for the strong user
(user 1) can be written as

yp, = wsp,lhsp, (@S1 + BS2) +nsp,]

. . (18)
+ wgp, [hrp, (@S1 + BS2) +ngp,]
With BPSK modulation the detected symbols of each user can
only take two values. For instance, S1==£S for user 1. There-
fore, the combiner output will assume four possible forms as
presented in (19), where N| = wsp,nsp, + WRDNRD,-

if§1 = S],S'z =5
itS =5,8%=-5
if.§1 = —51,32 =95
if§1 = —S],Sz =-9

(19)

min{a, B}, the error probability of the strong user at relay can
be expressed as,

kY% PsthR|(pStr0ng - pWeak)
|/ No
2
v PsthR|(pStrong + pWeak)

No
2

The weak user should subtract oS 1hsg from the received
signal. If S} is detected correctly, the interference will be
eliminated after subtraction, whereas in BPSK modulation
the interference will be doubled in case of erroneous detec-
tion. Thus, the error probability of the weak user can be

PeStrong =050

+0.50

(16)
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Hila +|H
+10s0 |H | Izllﬂ
O’N]
2
Hile — |H
+B(1—4) | 050 | Hle —1Halp '2 21f
UNI
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Hila + |H.
+10s0 |Hi | |2 2B
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Hyle — |H
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o’
2



Resource allocation and BER performance analysis... 231
H. H G G
+loso |Holo + |H|B 4050 |Gile +|G11B
O'le 0N22
2 2
Hyla — |H Gila — |G
+caloso | Hy o I2 2B Pey = 0.50 |G 1o I2 218
ON; ONy
2 2
H H. G G
+]oso |Hy|o + | H>|B . 20) 1050 |Gile + |G2|B
(TN] 2 (TN22
2 2
Using (19), the error probability of the strong user can be Peys = 0.50 |Gala —|GilB
computed as (20), where Hy, H, and a]%,l are defined as B=0 o,
2
Hy = +/ Ps(wrp,hrp, +wsp, hsp1) 1050 |Gl + |G|
Hy =/ Ps(—wgp,hrp, + wsp,hsp1) (21) "NTZZ
61%11 = (lwgp, 2 + |wsp, |2)N0
Pess = 050 |Gala — |G|
In this equation A (probability of wrong detection of strong 2 ' on,?
user at relay), B (probability of wrong detection of weak user 2
conditioned on correct detection of strong user at relay) and
C (probability of wrong detection of weak user conditioned 4050 |G2la + G2l 24)
on wrong detection of strong user at relay)are defined as ) N2
follows: 2
lhsrl(c — B) lhsrl(e + B)
A=050Q (S?m) +050Q (”mz) where G1, G and 01%,2 are defined as,
2 2
lhsr|B
B=0 ( e ) G1 = v Ps(Wrp,hrp, + wsp,hsD2)
’ G2 = v/ Ps(—wrp,hrD, + WsD,hsD2)
—2a)lh +2a)lh
ce [0.5 . (W) +050 (W)} o2, = (wrpsl” + husos?)No 0s)
ISR ISR
2 2

(22)

4.3 Error probability of weak user

From (3), (5) and (8), the combiner output for the weak user
(user 2) can be written as

YDy = WD, [hspy @81 + BS2) + nsp, ]

N N (23)
+wWRrD, [hRDz (aS1 + BS2) + nRDz]

Similarly, four scenarios are possible regarding the detection
at relay. Considering (14) and (15), the error probability of
the weak user can be derived as (31) where Pejq, Peay, Pess
and Pey4 are the error probability of decoding symbols of the
strong user by weak user in each scenario and are defined as

|Gila — G118
UN22
2

P621 = 0.5Q

5 Optimum power allocation

In NOMA, users will be separated by power and as a conse-
quence, the system performance strongly depends on power
allocation adjustment. Generally, more power should be allo-
cated to the user with weaker channel condition, but for
finding the optimum power allocation an optimization prob-
lem should be defined. Different type of objectives can be
considered for the optimization problem such as outage
probability and ergodic sum rate. The goal of this paper is
proposing a receiver with acceptable BER performance for
both users. In this regard, we define an optimization problem
in order to minimize the maximum error probability of users
subject to the condition &> + B2 = 1.
The optimization problem can be presented as,

min  max (Pej, Pe))
st a?+pr=1 : (26)
O<oa,B<1
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where Peq and Pej are defined as (20) and (31). Since the
optimization problem is not convex, One possible approach
for solving this problem is using an exhaustive search which
may have high computational complexity. Another approach
is finding an approximate solution for (26). We should note
that the solution of (26) is the one of the points where Pe; =
Pes.

If we only consider the dominant terms forPe; and Pey,
the approximate equation can be written as,

|Hyloe — |Hy|B 1G1B]

0 1—21 ) 1 : Q27)
O'N] O'N2
2 2

The summation can be bounded by using the inequality
below,

0(/x) + 0/ < 0 (Vmin(x, )

Thus,
|Hilo — |Hi|B |G 18]
o|———"|=0¢ k (28)
O’N] O'N2
2 2
By substituting H; with G, we have
(O{ - /3)2 2 Yminy
-~ ||h h 2
Q(\/ No/2 lhsp, | + — |2rD 17 )
/32 2 Yminy
= —(|h —=\h 2 29
Q(\/N0/2(| 5D2|+yRD2| RD,|7) (29)

By solving this equation, a closed form solution for opti-
mum power allocation problem can be calculated for BPSK
modulation as

n 1
o = —,ﬁ: —_—
Vi+n 1+7

(30)
n A~ (\/)7502 + min{ysgr, YrRD,)

+1)?

Ysp, + min{ysgr, VrRD, }

In the simulation section, we will show that the proposed
approximation has a good performance very close to the opti-
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_ G118
Pey=(1—-B)(1—A)| (1= Pe) Q0| —
+ Peyy [0_5Q<M>

2

+O_5Q<|G1|,3 + 21G1|06>]}
%
G
+B(1 - A)[(l - Pezz)Q( | 2"3)
TNy~
2

4 Pexs [0.5Q(|G2|ﬁ - 2|G1|a>

(TN22
V2
|G2|p +2|Gi|a 1

0'N22
2

+05Q(

+a—anpL4wB{05Q<m”ﬁ”GT*hW)

O'N22

O'N22

405 Q<|G1|,3+ |Gy — G1|05>:|

G — |G G
+Pe23[0.5Q<| 1B —1G2 + 1|0t>

fony?
2

Khw%ﬂG2+Gday}
fony?
2

+ CA[(] — P€24)|:0.5 Q(

+05Q(

|G2|B — G2 — Glla)

ony?

405 Q(|G2|ﬂ +1Go — Gl|05>:|

(71\/22

G — |G G
Jr1[,624[0.5Q(| 208 —1G2 + 1|0t>

O’N22
V72—
G2+ G2+ Gila 1

on,?
2

+05Q<

(€29

6 Diversity analysis of DF relaying

Diversity order is defined as the negative exponent of the
average BER when SNR tends to infinity. As a matter of
fact,

PY o~ (Gep) %4 (32)
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the diversity order is G4, and G denotes the coding gain. In
this section, It will be proved that the proposed receiver can
achieve diversity up to the order of two which means that it
achieves full diversity. We should notice that the error prob-
ability of both users that demonstrated in (20) and (31) are
instantaneous error probabilities. For evaluating the diversity
order of proposed receiver, first the average BER of users will
be calculated, and later the diversity orders will be assessed
by bounding the average BER. Finally, by using proposi-
tion 1 (see “Appendix A” for proof) and proposition 2 (see
“Appendix B” for proof) it will be proved that Pe; and Pe;
achieve full diversity order.

Proposition 1: The expectation E{P;}, where x is a posi-
tive constant and y,,;, = min{ysg, yrp} achieves diversity
order of two.

2 min
P, ZQ(\/_X(VSD+V ))

Ve
min
ysp + %)

(33)

See the proof in “Appendix A”.

Proposition 2: If 16y%(x +22) — (y +2)* > 0, the expec-
tation of (34) achieves diversity order of two, where x,y,z are
positive constants and y;,;, = min{ysg, Yrp}

\/z(yVSD = Z¥min)
2
Ymin
\VYsp+ e

See the proof in “Appendix A”.

With reference to (20), the upper bound of Pe; can be
calculated by eliminating negative terms. All terms of the
upper bound are in the form of proposition 1 and 2. Since
we have proved that the average of error probabilities which
are in form of proposition 1 and 2, achieve diversity order of
two, it is clear that the strong user achieves full-diversity.

For the weak user, in the same manner of the strong user,
first the upper bound will be calculated by removing nega-
tive elements. By taking the same steps, we can see that all
elements of the upper bound of Pe; are in the form of propo-
sition 1 and 2, and based on these theorems, will achieve
diversity order of two. Since all elements of Pe, achieve
diversity order of two, we can claim that the proposed receiver
achieves full-diversity order for weak user too.

To use proposition 2 for diversity analysis, we should be
confident that the condition is satisfied. Proposition 3 pro-
vides a lower bound for power allocation ratio that guarantees
diversity order of proposed receiver.

Proposition 3: Ifk > 2.5735 (k = %), the error probability
of both users decays with order of two in high SNR regime.

See the proof in “Appendix A”.

Py = 0(/2xysr) 0

(34)

By solving (26), the optimum power allocation will be
drawn as (a, B) = (0.94,0.3412). Since k > 2.5735, we
can claim that the condition of property 2 is satisfied for all
terms with optimum power allocation.

7 Performance bound for general
constellations

We want to prove that the proposed receiver achieves full-
diversity for any M-ary constellation A, . First, we evaluate
the union bound of a simple SIC receiver with two users.

Consider a system that consists of a BS and two users. If
the BS exploits NOMA for data transmission, the received
signal at destinations will be,

yi=hi(@S1+B8%) i=12 (35)

User with greater power (user 1 in our notation) decode its
symbols as

S = argmin{|y; — h1aS;|*} (36)
SieAy

Assuming equiprobable symbols, the error probability for the
first user can be bounded as (37), where d,;,;, and d,,,, denote
the minimum and maximum Euclidean distance between
symbols in constellation Ay . At the worse case, the decoded
symbol can be located at distance of d;,i, /2 form the actual
symbol in constellation.

1 M—-1

Pey =7 Y Peisy=s, < Peyjs;=sy
n=0
dmin
= Pi{hi(aS1+ BSy) +n1 —hiaS) < > |hilo
. n ol | — Bl ]ISl
B VNo/2
dpni d

alh|min _1p Amax.

<0 |71l 2 |hilB ) (37)

No
2

where Sy denotes the nearest point in the constellation to S;.
The weak user should apply SIC. Decision rule for this user
is,

Sy = arg min{|¥, — hy B 8%
SreSy (38)
Vo = y2 — haaS) = hya(S) — 1) + haBSs +na
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The error probability of weak user depends on the detection
of S.

d .
Poy < (1= Py) x P <n2 > Blhs| ";)
(39)

~ dmi
+ Py x P (hms] —S1)+ny = ﬂ|hz|%)
Finally, the union bound of error probability for weak user
can be bounded by,

d .
Blhz] '%m — hoadyax
No
2

Bha| uin Blhaldmin
+1- PEI)Q(F) <Q (W)

Bdminlha| — 2|h2|05dmax)
+
¢ ( 2N
(admin|h2| - |h2|ﬂdmax>
x Q
V2Ng

Using proposition 1 and proposition 2, the union bound of
error probability decays with order of two when SNR tends
to infinity. The union bound of proposed receiver will be at
form of (37) and (40) with different coefficients. Hence, we
can say that the proposed receiver can collect diversity up to
order of two, regardless of the underlying constellation.

PezfpelQ

(40)

8 Simulation result

In this section, performance of the proposed receiver will
be evaluated. With reference to Fig. 1, downlink of a system
with a single decode and forward (DF) relay and two users
is considered. Data of users transmit on the same resource
(Time) by employing superposition codes at the source. We
assume that both users exploit BPSK modulation and power
allocation is the solution of (26). We consider a scenario in
which SNR in all links is related to y, and the mean SNR of
each link is adjusted as below in logarithmic scale.

VSR =V
YSDy = YRD; =V
ysp, =V +10 , yrp, =¥ (41)

In the considered scenario, user 2 has a better direct channel
condition, so we can expect that it should allocate less power
than the other user. Users decode their symbols based on
decision rules (13) and (15). The error probability of both
users for (41) presented in Fig. 2, where the solution of (26)
is obtained by exhaustive search with the step of 0.01 to find
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Fig. 2 Error probability of proposed receiver with BPSK modulation
where signal to noise ratio set as (41) and power allocation is obtained
by exhaustive search from (26)
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Fig.3 Theoretical and Simulation error probability of users when SNR
set as (41)

the optimum power allocation. We should consider that the
solution of (26) is one of the points where the error probability
of users are equal. By considering this fact, we can expect
that users should have a tight error probability performance
that is perceptible from Fig. 2.

To evaluate the accuracy of the theoretical error prob-
ability of users, which presented in (20) and (31), in the
second experiment, the error probability of both users is
plotted based on theoretical and simulation results. From
Fig. 3, we can claim that the calculated error probabilities are
accurate. In Fig. 3, it is assumed that the power is adjusted
based on the solution of (26), but for all other non-optimum
power allocation scenarios, the theoretical and simulation
error probabilities will be tight too.
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Fig. 4 Error probability of users when SNR set as (41) and power
allocation set as (26) and (30)

In Sect. 5, an approximate power allocation for BPSK
modulation is proposed as (30). To evaluate the accuracy
of proposed power adjustment, in the third experiment,
the approximate power allocation applied. First, the power
adjusted based on the the solution of (26) by step of 0.001,
and then using (30). Error probability of two scenarios pre-
sented in Fig. 4.

From this figure, we can conclude that the proposed
approximation for optimum power allocation is accurate.

To pinpoint the importance of the power allocation adjust-
ment in NOMA, error probability of users versus « is
presented in Fig.5 in logarithmic scale when y = 20. This
figure depicts that the error probability of both users is very
sensitive to the power allocation, and must be adjusted pre-
cisely to achieve the best performance. Because of the power
constraint, for « = 0 and o = 1 the error probability of one
user is very good, but the other user has a high BER. Further-
more, we should notice that allocating equal power to users
is not optimal too since in this case the power of main symbol
and the interference will be the same which can disrupt the
detection procedure.

To evaluate the influence of relay on the system perfor-
mance, the scenario of (41) is applied with and without relay
presence, and error probability of both scenarios is presented
in Fig. 6. The noticeable point which can be concluded from
Fig. 6 is that by adding relay to the system, the step of error
probability is doubled. It will approve the state that the pro-
posed receiver achieves full diversity.

To evaluate performance of the system for other modula-
tions, the error probability of proposed receiver is plotted for
4-QAM modulation. Generally, for finding optimum power
allocation an exhaustive search should be used. Since we
proved that (30) is an accurate approximation for BSPK

Fig. 5 Error probability of users versus & when SNR set as (41) and
y =20

r r
— A — Usert-without relay
—O— User2-without relay
—HB—— User1-with relay
R0 —A— User2-with relay

o
)
W00

-8 1 1 1 1 1 1
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Fig.6 Error probability with and without relay where SNR set as (41)

modulation, we used it for power adjustment. The proposed
approximate power has a good performance for 4-QAM and
4-PSK modulation, but its performance will degrade for con-
stellations with higher degree.

One may argue that the proposed receiver performance
is not optimal, due to the constraint of equal powers at BS
and the relay. For refuting this argument, the performance of
proposed receiver is evaluated for BSPK modulation when
power allocation scales at BS and relay are not equal. We
should consider that for the feasibility of detection, power
allocation in BS and relay should have the same sequence.
For instance, if allocated power at BS for user 1 is greater
than user 2, the allocated power for user 1 at relay should
be greater than user 2 too, otherwise it is not possible to
separate symbol of users at destinations. By adding this con-
straint, the error probability of users can be calculated in
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Fig.7 Performance of proposed receiver for BPSK and 4-QAM mod-
ulations when SNR set as (41)
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Fig.8 Performance of the system by changing power at relay

the same manner, and the optimal power allocation can be
founded by searching among valid regions. BER of both sce-
narios is plotted in Fig. 8 when SNRs adjusted as (41). From
this figure we can claim that the performance of both scenar-
ios is very similar. In Fig.9 we have compared the BER of
proposed detector with the so called Maximum Likelihood
(ML) detector which has the best BER performance and is a
benchmark for measuring BER performance. Our proposed
method’s performance is quite close to ML detector while
its complexity is much lower than ML. The ML detector,
conducts exhaustive search for detection of symbols through
maximization of a nonlinear objective function.
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Fig.9 BER Performance of the proposed method and Maximum Like-
lihood detector for User 1

9 Conclusion

In this paper, we proposed a receiver for downlink of a coop-
erative system with two users that exploit non-orthogonal
multiple access for data transmission. The proposed receiver
combines the received signals form direct and cooperative
links and employs successive interference cancellation to
decode symbol of users. The theoretical error probability of
users derived for BPSK modulation. The optimal power allo-
cation problem is defined to minimize the maximum of error
probabilities, and an approximate closed form solution was
derived. Furthermore, It is proved that the proposed receiver
achieves full diversity regardless of underlying constellation.
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Appendix A
Proof of proposition 1

Since Yuin = min{ysr, YrRD}> Ymin < YrD-Hence, an upper
bound for (33) can be derived as,

P < E{Q(X\/ 2(VSD + Vmin))}

5/ / / exp(—x*(ysp + Ymin)) Jysp fyse fyro
0 0 0
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dyspdysrdyrRp=——F—"=

/ / exp(—x2Yimin)
VSD

1 VSR 1
x—exp|——= ) —exp| ——== ) dysrdyrp
VSR YSR/) VRD YRD
_ 1 1
- Vip [xz + L] x2YRDYSR + VSR + YRD

x Ysr® + [x + 11ysr + vrD (42)
x2ysp + 1

When y tends to infinity, the average of proposition 1 decays
with order of two.

Appendix B
Proof of proposition 2

We can claim P, < Y + U, where
1
g zeXp( XYSR)5
(yVSD - ZVm[n)z)

x exp | —
( YSD + Vmin

X fysp fyse fyrpdVspdYrRDAYSR

~thn

o [ e

Tvsp fyse fyepdvspdysrdyrD

(43)

For calculating Y we use this inequality.

o
€X —
/;Vm in P <
y

exp (| —ymin | 22 - (v+2* . V5D
m 16(y2 + -1-) (»?ysp + 1)?

YSD

(y¥sp — ZVmin)z) ( VSD)
== T Jexp|——==)dysp <
VYSD + Ymin YSD

_ b+2)? - .
X [1 +y%vsp + T\/(l + Y2YSD)YminYSDT
(44)

The upper bound of this inequality is drawn using,
(nyD - )/min)2

VYSD + Ymin (45)

2 2 (y+ Z)z
= YYSD + 2 Vmin — T VYSDYmin

After applying this inequality and integrating over different
regions, we arrive at

- 1 [ VSR »
~ dysryrp V?ysp + 1) Lxyse +1
16(y2y5p + 1)V5rVED
vsrYRDp (M17sp + 16m2) + 16(y2ysp + DIysr + vip]
16(y*v5p + DysrYRD
myspysg + 16(y?ysp + myse + 1)]
L O 2?7/ (14 y>y5p)vsp 1 + vip

32ysr(y?ysp + 1)? YRD

(46)

2

N [ (*¥5p + Dyspyenp ]3
yspYRp (1§ ¥sp + ¥*m) + (?vsp + Dlyep + vsp]

where 11 = 16y2(x 4+ z2) — (y + 2)* and n» = x + 22
After calculating the average over different parameters,

&}’mm

f / / —exp( YSRX)
VSR YRD
X (——)— P<—f)
VSR YSR VRD YRD

(47)

1 YSD
X —— exp (—f) dyspdyrpdysr =
YSD D
ZYSRYRD
26(ysrx + 1)’

where § = zysryrD + vsp[XYYsrYRD + YYRD + YVSR].
If n1 # 0, we can claim that P> decays with order of two,
when y tends to infinity.

Appendix C
Proof of proposition 3

Based on (20) and (31), we should note that the possible
values for x,y and z are:
x,y,2: a+B,a—p,p
There are two general classes which require satisfaction of
proposition 2 condition. The first class is attributed to the
terms in which y = z. For this class, the condition of propo-
sition 2 will be reduced to 16xy?. Since the coefficients of x
and y are positive the condition will be always satisfied.
For the second class, there are two terms which require the
satisfaction of the condition 16y%(x4+2z2)— (y+2z)* > 0. The
coefficients of the firsttermarex =a + 8,y =a — 8,z =
o + B. We consider a scenario in which o = k. After some
calculations, the inequality of proposition 2 can be written
as:
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= (1 +2)k —k+1+8>0 (48)
To find an approximate solution for this inequality, we limit
the search region by considering the equation below,
K —QQ428k*—k>0 (49)
If the variable k satisfies (49), the equation (48) will be satis-
fied too. By solving this inequality, the valid value for k can
be calculated as (k > 0):

. QB+ +/2B+1)2+4
2

k

(50)

Based on power assignment constraint («? + 8% = 1), 8 can
be computed as,

[
= 1+ k2

By applying a recursive calculation with initial value of 8 =
1, the approximate solution of (49) will be,

k =12.2547, B =0.4054

The coefficients of the second termare x = a—8,y = a—f,
z = o + f. By substituting the coefficients, the resulting
inequality will be,
K—@=2Bk*+3k—1+8>0 (51)
Since k > 1,k — 1+ B is positive; we can use the inequality
below,

K —B=28k>+2k>0 (52)

The delta function of this inequality is,
§=03-28)%-38

Hence, if k > 2.2547, both of (48) and (51) inequalities will
be true.
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