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Abstract
In this paper, a method for combining wideband and narrowband waveforms is proposed to improve target detection in shal-
low water environments. In this regard, a sonar waveform design suitable for target speed has been proposed too. The method 
uses a wideband frequency-modulated waveform for high range resolution in a reverberation environment and the Doppler-
sensitive (DS) waveform to improve the detection of moving targets. The proposed combined waveform is mathematically 
modeled, and the Calculating of ambiguity function (AF) is performed. The AF and autocorrelation function (ACF) of the 
designed waveform indicate both DS and fair range resolution features simultaneously exist. So the initial range resolution 
for target detection is preserved. The Peak to Sidelobe level (PSL) ratio of the proposed waveform is at least 25 dB more than 
the previous state of the art waveforms. Calculating the Q-function criterion for the designed waveform reveals the superior 
reverberation suppression and detection performance with respect to the state of the art waveforms. After calculating the 
reverberation channel model, waveform echo, and detection of the target, the probability of detection (Pd) versus signal-to-
reverberation ratio (SRR) was simulated by the Monte Carlo method. It was shown that the proposed waveform improved 
the probability of target detection by 20 dB, comparing to the base waveforms.

Keywords  Waveform design · Q function · Reverberation · Sonar · Probability of detection · Doppler-sensitive waveform

1  Introduction

The purpose of using an active SONAR is to determine 
the effectiveness characteristics of targets by transferring 
the acoustic specific waveform to the given environment 
and analyzing and processing the received echo waveform 
from the target [1, 2]. The recent advances in software and 
hardware technology have provided the ability to design a 
wide range of waveforms in different conditions. In addi-
tion to these improvements, the new changes in the system 

requirements such as further use of the spectrum in a sig-
nificant way and high sensitivity, the ability to save and pro-
cess the informational content, and error range improvement, 
have increased the need for diversity of waveforms design 
[3].

Target detection and tracking of targets can significantly 
lead to the correct estimation of parameters and reduce the 
receiver’s computational load through a feasible waveform 
design [4]. Waveforms design with low sidelobe levels is 
among methods when a matched filter complements it on the 
receiver side and maximize the signal to noise ratio [4, 5]. 
The complementary and orthogonal codes have been devel-
oped in radar and telecommunications over recent years [6, 
7]. The waveform design in SONAR is an open research 
problem, and very few works have been presented in this 
field. The application of these technologies significantly 
improves the system function without increasing the hard-
ware cost on the system. However, the waveform design can 
significantly affect the improvement of target detection, bit 
error rate (BER), power-consuming [3].
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1.1 � Related work

Designing and selecting the waveform with desirable func-
tion in an environment depends on essential factors of rever-
beration and target velocity [8]. The simultaneous estima-
tion and measurement of speed and distance for the linear 
frequency modulation (LFM) waveform are severe [2, 5]. 
Moreover, bandwidth expansion and time interval in the 
LFM waveform led to a decreased PSL ratio. They caused 
many problems in target detection [5]. In recent years, 
unimodular sequence waveforms have been proposed to 
improve the correlation property and increase the PSL ratio 
[9–11]. The problem with these waveforms is that they take a 
long time to design the waveform and are very computation-
ally complex. They cannot also be used in real-time. There-
fore, in 2020, some methods have been proposed to reduce 
the computational load and sidelobe level. However, they 
cannot be used in real-time in underwater environments. In 
addition, its practical implementation is very complex and 
costly [12, 13].

In active SONAR, simultaneous measurement of high 
range and Doppler accuracy is one of SONAR systems’ 
requirements in high reverberation environments [8]. This 
causes the waveform design to change. The continuous 
waveform (CW) is suitable for target detection with high 
speed and low range resolution (DS waveform). In contrast, 
the LFM wideband waveform is suitable for stationary tar-
gets detection [Doppler-insensitive (DI) waveform] [3, 8, 12, 
14]. Due to the superior and extensive performance of FM 
waveforms in radar, sonar, and other telecommunications 
areas, frequency and time analysis tools and Processing tech-
niques have been developed to investigate this waveform in 
recent years [10, 15–18]. It is suggested that to improve the 
detection of a target in the high reverberation environment, 
the benefits of two types of waveforms are used. Therefore, 
in 2013, a waveform was proposed for SONAR applications 
using maximum length sequence [19]. In 2019, processing 
methods were developed on this waveform and wideband 
waveforms [20]. Then, the pulse train waveform has been 
developed in a reverberation environment [21]. The continu-
ous pulse train waveform can increase the Pd and accuracy 
in range and speed effectively. However, the bandwidth of 
this waveform is not sufficient to detect the target in shallow 
water and high reverberation conditions.

For a SONAR system, concurrent and precise measure-
ment of the speed and range are required. The continuous-
wave (CW) single-frequency waveforms measure the speed 
precisely while suffering from a weak range resolution [8, 
19, 22]. However, the range resolution of frequency-modu-
lated (FM) waveforms (e.g., linear FM and hyperbolic FM) 
is appropriate [23]. In this regard, a new hybrid method 
by combining FM and CW waveforms for simultaneous 

exploitation of both capabilities, DS, and fair range reso-
lution has been presented [22]. However, as mentioned in 
Sect. 4, The sidelobe level of this waveform is high. It does 
not work well in shallow water environments. Recursive 
scatters in a shallow water environment due to the type 
of reverberations lead to changes in the target’s reflection 
echo, resulting in an error in the receiver to detect the target. 
Therefore, the target is misdiagnosed. (For example, bunches 
of fish or subsurface and objects on the seabed). These errors 
make it very difficult to separate the target from the rever-
beration signal [23]. Also, the so far presented waveforms’ 
ability is weak to suppress the reverberation in shallow water 
environments [24].

In recent years, waveforms designed to detect the tar-
gets in the sonar field have been based on developing CW 
waveforms [8, 25–28]. In 2017, the Generalized Sinusoidal 
Frequency Modulated (GSFM) waveform was proposed to 
simultaneously detect underwater targets [25], measuring 
speed and range. This waveform is a state-of-the-art wave-
form whose bandwidth is increased relative to CW to the 
target detection. In 2019–2020, this method was compared 
with other applied state of the art waveforms in sonar [8, 26]. 
Other examples of SFM and Costas CW waveforms have 
been developed based on CW [21, 27].

In 2020, the Phase-Coded Sequence Design Method was 
proposed to improve the sonar target detection rate [28].

According to the criterion Q function, these proposed 
waveforms can not detect the target at SSR lower than the 
LFM waveforms [21]. In addition, for the PSL ratio crite-
rion, the sidelobe level of the GSFM waveform is higher 
than the LFM waveform [8]. Therefore, a weak target cannot 
be detected. The problem with the LFM waveform is that 
they are weak and fail to detect moving targets [3, 8, 12, 14, 
23]. Also, existing methods for increasing the CW waveform 
bandwidth [8, 25–28] still have a small bandwidth that does 
not present a high range resolution feature.

1.2 � Contributions and paper structure

According to the mentioned methods and their comparison 
in Sect. 1.1, it can be concluded that the sofar sonar proposed 
waveforms are not suitable for shallow water environments. 
Therefore, in shallow water, high reverberant environments, 
detection is faulty, and resolution accuracy is also low. As 
a result, waveforms should be designed with both excellent 
resolution and Doppler characteristics. Given that target, 
detection requires high bandwidth in a high-reverberation 
environment. It is suggested that the benefits of two types 
of waveforms (DS feature and DI) are used to improve the 
detection of a target in the high reverberation environment. 
Hence, with the proposed method, the single waveform 
that simultaneously has DS and fair range resolution fea-
ture in a reverberation limited shallow water environment is 
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presented. In contrast to the existing methods for increasing 
the CW waveform bandwidth in the proposed method, the 
DS feature is added to wideband waveforms such as FM. 
This paper’s research findings show that underwater targets 
in shallow environments are detected employing a com-
bined wideband waveform with fair range resolution and 
high detection probability. Therefore, the DS characteristic 
of the wideband waveform was achieved.

The proposed method can design the waveform accord-
ing to the desired range of target speed. In this method, 
parts of the waveform frequencies are removed according 
to the Target speed range in which we want the target detec-
tion to be more probability performed. The corresponding 
amplitude of those frequency components is zero. Due to 
the wideband waveform division into several differentiated 
amplitudes with independent bandwidths and central fre-
quency, Doppler-sensitive codes with excellent correlation 
characteristics can be combined according to the amplitude 
number. Complementary codes with high PSL such as Golay 
and MLS can be combined according to the target speed 
and underwater environment conditions. Then, assuming the 
amplitudes’ orthogonality and calculating of AF, increas-
ing the PSL and subsequently reducing the sidelobe level 
of the correlation function for the AF is obtained, leading 
to an increase in target detection probability. Therefore, we 
design a waveform that has both Doppler-sensitive and non-
Doppler-sensitive features simultaneously with the ability 
to detect in shallow water environments. The results show 
that the reverberation level was detected by the proposed 
waveform is at least 35 dB lower than another state of the 
art sonar waveforms. Therefore, the proposed waveform 
design’s ability to suppress the reverberation is very prom-
ising. This paper’s primary motivation is to detect the target 
at a very high reverberation level. A single waveform can 
simultaneously have a DS and high range resolution in a 
reverberation limited shallow water environment. The details 
of these are presented in Sect. 4.1. To achieve this purpose, 
for the first time, we have proposed a method for combin-
ing wideband waveforms with narrowband waveforms. As a 
result, with the proposed method, the benefits of wideband 
waveforms, DS waveform would be used simultaneously and 
independently without negatively affecting each other. In 
Sect. 4, innovative formulas are presented for the proposed 
combination waveform. The main contributions of this paper 
are as the following:

•	 Propose a method for combining wideband waveforms 
with narrowband waveforms.

•	 Calculating the Q-function criterion for the designed 
waveform and proving the superior reverberation sup-
pression performance than state of the art waveforms.

•	 Presenting an algorithm to design flexibility waveforms 
for improvement of detection.

•	 Presenting the efficient proposed method of target detec-
tion based on target speed in reverberation-limited envi-
ronments.

•	 Mathematically modeling to proposed combined wave-
form and Calculated the AF of it.

•	 The significant reduction of sidelobe level for the pro-
posed waveform compared to state art waveform.

The rest of this paper is organized as follows. In Sect. 2, 
the formulation, features, and comparing of necessary Dop-
pler-sensitive waveforms Can be developed in the proposed 
method will be presented. In Sect. 3, with an analysis com-
paring the wideband waveforms, different advantages of 
the introduced waveforms are exploited to propose a new 
waveform is presented. In Sect. 4, the proposed waveform 
design algorithm and compare it with the other well-known 
waveforms. Section 5 depicts the simulation results, and 
finally, Sect. 6 involves the conclusion.

2 � Mathematical models of Doppler‑sensitive 
waveforms

Two waveforms CW and LFM, are very weak, consider-
ing the increased need for proper detection and high-range 
resolution in shallow waters [29]. Therefore, these two 
types of waveforms indicate a compromise between range 
and Doppler resolution. This section has a brief overview of 
the essential Doppler-sensitive waveforms used in the sonar 
field.

2.1 � Pseudo random noise sequence (PRN)

These codes are also used in watermarking for encrypted 
speech signal [30] because of high resistance against noise, 
interference, excellent correlation properties with a cross-
correlation equal to − 1 [10]. MLS has given by the follow-
ing relation [10]:

2.2 � Complementary codes

In these codes, if two waveforms’ output correlation func-
tions are summed up, the side lobes’ algebraic sum becomes 
zero, and the main lobes become 2 N. N is the number of ele-
ments of both codes [31]. If Ca,i is the correlation of Golay 
pair codes for “a” coefficients and Cb,i is the correlation of 
Golay pair codes for “b” coefficients, then we have [31]:

(1)�(n) =

{
L n = 0,±L,±2L,…

−1 elsewhere

}
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These codes have also been used in channel coding tech-
niques that require a low bit error rate (BER) [32].

2.3 � Costas codes

Costas signal is, in fact, a sequence of single-frequency sig-
nals with different frequencies. The signal structure is as 
follows [27]:

Generally, Costas frequency sequences generate the 
frequency hopping (FH) whose side lobes Peak in the AF 
curve, and the whole delay-Doppler plane is lower than the 
main lobe by 1/Nf.

3 � Wideband waveforms

3.1 � Compare the LFM and HFM

After deriving from the phases of the LFM and HFM wave-
forms and calculating the delay of the transmitted and 
received instantaneous frequencies, it is proved that all the 
frequencies of the received HFM waveform have a constant 
delay compared to the transmitted frequencies. Unlike the 
HFM signal, it is not constant for the LFM and changes 
over time. The above points show that the HFM waveform 
is resistant to Doppler’s effects [15, 33]. Thus, target detec-
tion for LFM in the matched filter will be more erroneous 
than the HFM waveform. Therefore, the HFM waveform 
should be used in environments having a wide range of Dop-
pler deviation. Comparing the amplitude spectrum of the 
two LFM and HFM waveforms, the function’s amplitude is 
not the same in different frequencies of the HFM spectrum. 
Hence, the above characters in the correlation function and 
the matched filter contribute significantly to the detection 
probability.

3.2 � AF and Q function

For an active SONAR system, the AF shows the solution 
of an adaptive filter to time delays and different Doppler 
shifts [33]. The AF for wideband waveform is defined as 
follows [34]:

(2)Ca,i + Cb,i =

{
0 for i ≠ 0

2L for i = 0

(3)
s(t) =

N−1∑

n=0

sn(t − nT)

sn(t) =

{
exp(j2𝜋fnt), 0 < t < T

0 others

where s∗ denotes the complex conjugate of s, � denotes the 
time delay of s. When the waveforms are wideband, the fre-
quency shift proportional to the Doppler scaling factor ( � ) 
is given by the following relation [28]:

where v is the target’s velocity, and c is the signal propaga-
tion speed in the water. The Q-function criterion is based on 
AF. It can estimate the reverberation level of the transmitted 
signal in the cross-section of speed or equal to the target 
Doppler. According to the known formula, we have [32]:

So, when � = 0, � = 1 is established, the AF is 
�(0;1) = 1 , so we have:

Therefore, the Q-function in � = 0 is shown in (7). The 
above function can be interpreted as the volume of a given 
Doppler cross-section in the AF [33].

4 � Proposed method

4.1 � Challenges and motivation

Despite years of research and study, underwater target 
detection is still one of the permanent challenges ahead 
of SONAR systems’ marine users. Considering the water 
motion effect, the wave path’s geometries create a target-
environment SONAR platform, usually considered a time-
varying multipath channel [35]. Recursive scatters in a shal-
low water environment due to reverberations lead to changes 
in the target’s reflection echo, resulting in an error in the 
receiver to detect the target and its speed. Therefore, the 
target is misclassified. Given that most of the waveforms 
developed in recent years are based on the CW [8, 25–28], 
when the signal-to-resonance (SRR) ratio decreases in a 
shallow environment, the probability of detecting this type 
of waveform decreases. Furthermore, due to low band-
width, they cannot detect with fair range resolution. In a 

(4)�s(�, �) =

∞

∫
−∞

s(t)s∗(�(t − �))dt,

(5)� =

(
1 +

v

c

)

(
1 −

v

c

) = 1 +
2v

c

(6)Qs(�) =

+∞

∫
−∞

||||
�(�;�)

�(0;1)

||||

2

d�

(7)Qs(�) =

+∞

∫
−∞

||||
�(�;�)

�(0;1)

||||

2

d� =

+∞

∫
−∞

|�(�;�)|2d�
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reverberation-limited environment, it is clear that in order 
to separate a target from the reverberation, a fair resolu-
tion is required [29]. Therefore, for this purpose, according 
to the range resolution mathematical relation, in order to 
detect the target with high range resolution, we have to use 
wideband waveforms. The problem with these waveforms 
is that they are weak and fail to detect targets at low speeds. 
Due to the above conditions, the single waveform is not pro-
vided to detect and track targets with different speed ranges 
for shallow environments and real-time and automatically. 
The operator selects the appropriate waveform for detec-
tion and tracking according to the target’s conditions and 
speed. Therefore, we need to design a single waveform that 
can simultaneously have DS and fair range resolution in a 
reverberation limited shallow water environment. Combin-
ing these two waveforms is among issues that, so far, few 
works are presented. Selecting hybrid waveforms with DS 
and DI features causes the SONAR system to simultane-
ously detect low and high Doppler target speeds. Therefore, 
separating moving targets from reverberation using a com-
bined waveform. Which can simultaneously provide Doppler 
resolution with DS waveform and range resolution with DI 
waveform in a pulse, which becomes possible target detec-
tion in coastal regions. We used a wideband waveform to 
detect the target as the base wideband waveform to achieve 
this purpose. Due to the DI to this waveform, it is weak in 
detecting targets at low speeds. Therefore, by combining the 
base waveform with DS codes, the feature of detecting mov-
ing targets can be added to the wideband waveform, which 
in Sects. 4.4 and 4.3 innovative mathematical formulations 
are presented for this combination. The proposed method 
adds the DS property to the FM base waveform to detect 
low-speed targets and preserve the initial range resolution 
for target detection. The methodology and steps of design-
ing the proposed waveform with details are in the following. 
In Sect. 4.2, a solution to improve the probability of target 
detection for wideband waveforms at very low frequencies 
underwater is proposed. As a result, a significant reduction in 
sidelobe level is achieved compared to other state-of-the-art 
waveforms. At the end of this section, the idea of eliminating 
frequency components appropriate to the Doppler range of 
the target velocity is proposed. Section 4.3 calculates the 
proposed initial waveform’s AF and presents it as a math-
ematical formula. Next, in Sect. 4.4, a method is proposed to 
combine the proposed initial waveform with Doppler-sensi-
tive codes, and the AF is calculated. A novel mathematical 
formulation is proposed to combine wideband waveforms 
with zero or negative cross-correlation codes. The pres-
entation of formulas is suggested in Sect. 4.4. Therefore, 
the inflexible wideband waveform can be made flexible by 
adjusting the variable parameters of the jump frequency, 
carrier frequencies, and small bandwidth size (N-frequency 
bands) and removing the frequency components from the 

waveform. Creating distinct N amplitudes with independ-
ent carrier frequencies can be combined with the designed 
waveform with complementary codes with zero and negative 
cross-correlations. In Sect. 4.5, a new waveform is proposed 
to improve the detection rate according to the previous sec-
tions’ algorithm. In this method, to increase the detection 
probability, CW waveforms with Costas carrier frequen-
cies can be added to the frequencies that have been omitted. 
In the proposed algorithm, using the combined waveform 
and complementary codes and the Hemming window, the 
sidelobe level was significantly reduced by at least 25 dB 
without using correlation optimization methods, which are 
very computationally complex to use on a sonar system. 
Computational complexity is presented in Sect. 4.6. Finally, 
in Sect. 5, in order to show the practicality of the designed 
waveform in a shallow water environment, the reverberation 
channel model, waveform echo, and detection rate of the 
target are calculated, and the Pd versus SRR was simulated 
by the Monte Carlo method. Therefore, the performance 
of the proposed waveform algorithm in high-reverberation 
environments is performed. The steps are described in the 
following sections.

4.2 � ACF of the wideband waveform in low 
frequency

It is noteworthy that the minimum possible sidelobe level of 
a wideband waveform is 10log(BT) [10]. Therefore, to 
achieve a low side lobe level, the bandwidth must be 
reduced. However, if we can reduce the bandwidth of the 
wideband waveform in a piecewise way, the sidelobe level 
reduces. Considering the previous sections’ mentioned facts, 
wideband waveforms such as FM are the best choice in high 
reverberation environments. The waveform should also be 
sensitive to the doppler effect to detect the target having low 
Doppler. To increase the range of permeability of sound 
waves in water, we should use low frequencies carrier and 
reduce the effect of reverberation in a shallow water environ-
ment and increase the range resolution; we have to use wide-
band waveforms such as HFM. As can be seen in Fig. 1 for 
the HFM waveform 

(
BW

fc

)
 is equivalent to the bandwidth 

ratio of the waveform to the carrier frequency. When the 
bandwidth increases, the PSL ratio decreases. Consequently, 
some targets with lower target strength (TS) values are 
masked and not detected. In a radar system, the frequency 
deviation for target Doppler is less than 0.001%, while in 
sonar, it is about 1%, which is the reason for Eliminate some 
frequency components from waveform to get efficient detec-
tion in shallow water conditions. The empty sections in the 
spectrum of the transmitted waveform prevent it from inter-
fering with the received waveform and, consequently, 
improve detection. Therefore, to get a better detection, the 
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spectrum of the waveform must have empty sections. There-
fore, to overcome this problem, one way to use wideband 
waveforms in high reverberation environments is to elimi-
nate some of the waveforms’ frequencies. Then, the wave-
form is divided into N bandwidths (BWseg), a better result 
of the correlation function can be obtained in the output by 
combining N-length complementary codes, which have cor-
relation function with lower sidelobe level.

The theory for waveform and detection design is that due 
to the reverberation level and the desired speed range for 
detection, part of the frequencies can be removed by select-
ing the bandwidth and the bandwidth frequency mutation 
waveform. In this regard, the waveform parameters should 
be adjustable to remove some of the frequency components 
to create the ability to design the waveform appropriate for 
the speed and add DS codes to the waveform. According to 
the Q function, all speed ranges can be detected at the level 
of detectable reverberation much lower than the LFM wave-
form with high probability by selecting bandwidth (BWs) 
and FH. In other words, by designing a thinner Q function, 
similar to the Q function of Doppler-sensitive waveforms 
with the ability to adjust the speed range, the desired wave-
form shape can be designed. In the proposed method, we 
can change the modulated carrier frequency (fc), band-
width (BWseg), and pulse length (T) for each segment from 
the pulse independently to control the transmitted signal. 
The cost of designing, generating, and transmitting for this 
waveform is not more than an LFM waveform. However, 
the wideband waveform is divided into several differenti-
ated amplitudes with independent bandwidths and central 

frequency. This makes the design have many adjustable 
parameters comparing to the standard LFM waveform.

4.3 � Calculate the AF of the proposed initial 
waveform

According to this idea, the above theory is mathematically 
described, and its AF is obtained. The designed waveform, 
the frequency, and bandwidth of which can vary are as 
follows:

That p(t) is the pulse train waveform, each of which has 
a fn carrier frequency. The frequency f0 is the carrier fre-
quency of the primary pulse, Δf  is the hop size of the carrier 
frequency, and n is the number of each pulse of the wave-
form. After rewriting, the transmitted waveform is obtained 
as follows:

(8)
u(t) =

N−1∑

n=0

p
(
t − nTr

)
ej�rt

2

ej2�fnt

fn = f0 + nΔf , n = 0, 1, 2,… ,N − 1

(9)p
�
t − nTr

�
=

�
1√
T

nTr ≤ t ≤ nTr + T

0 otherwise
,

(10)

u(t) =

N−1∑

n=0

p
(
t − nTr

)
exp(j2�nΔft) exp

(
j�rt2

)
exp

(
j2�f0t

)
,

nTr ≤ t ≤ nTr + T

Fig. 1   Comparison of HFM waveform correlation function with bandwidth increase
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In the following, the waveform AF will be calculated as 
follows:

After simplification, the following formula is obtained:

After the absolute value of the above relation can be 
expressed as follows:

If we assume that P = m − n = 0, then after simplification, 
the following relation will be reached for the AF:

In n, for comprehensive purposes, instead of n, which is 
from 1 to N − 1, random sequences can be used to reduce the 
sidelobe. However, provided N does not exceed the carrier 
frequency in the range of the transmitted waveform. Each of 
the selected frequency bands with a carrier frequency has 
a bandwidth less than the FH. Thus, the initial waveform 
(LFM) AF was obtained in terms of variable parameters 
for waveform design. In the simulation section, setting the 
above formula’s parameters improves the detection in the 
considered speed range.

4.4 � Combining the waveforms

By designing coded waveforms, the sidelobe level can be 
reduced in the waveform correlation function. To this pur-
pose, the use of complementary code and sequence code 
with MLS that create low side lobes level in the receiver 
is suggested. The advantage of the fragmented wideband 
waveform is that the number of the wideband function frag-
mented bands can be designated given the number of codes. 

(11)

�(�, v) =

∞

∫
−∞

N−1∑

n=0

p
(
t − nTr

)
ej2�nΔftej�rt

2

×

N−1∑

m=0

p
(
t − mTr + �

)
e−j2�mΔf (t+�)e−j�r(t+�)

2

ej2�vtdt

(12)

�(�, v) = e−j�r�
2

N−1∑

n=0

N−1∑

m=0

e−j2�mΔf �ej2�(v−(m−n)Δf−r�)nTr

×

+∞

∫
−∞

p(t)p∗
(
t − (m − n)Tr + �

)
ej2�(v−(m−n)Δf−r�)tdt

(13)

𝜒(𝜏, v) =

||||||

N−1∑

n=0

N−1∑

m=0

e−j2𝜋mΔf 𝜏e−j𝜋r𝜏
2

ej2𝜋(v−(m−n)Δf−r𝜏)nTr

× 𝜒0

(
𝜏 − (m − n)Tr, v − (m − n)Δf − r𝜏

)|||,
||𝜏 − (m − n)Tr

|| < T

(14)

|||�p(�, v)
||| =

||||
sin�(v − r�)(T − |�|)
�(v − r�)(T − |�|)

||||
||||
T − |�|

T

||||

×

|||||

sin�(N)
[
(v − r�)Tr − Δf �

]

sin�(v − r�)Tr − Δf �

|||||

Considering that in the design idea of the proposed wave-
form, the waveform is divided into N bandwidths (BWseg), 
a better result of correlation function can be obtained in the 
output by combining N-length codes, which have correlation 
function with lower sidelobe level. It is worth mentioning 
that after investigating different types of windows, the ham-
ming window was used, given the obtained results to reduce 
the sidelobe [36, 37]. The proposed algorithm steps are as 
follows.

4.4.1 � Form the N waveform according to the length of code 
used

In the proposed idea, the waveform is divided into N pulses 
according to the code length. Then, each N code is multi-
plied by the waveform that is the N segment. For example, 
if the code length is N. The W(t) waveform with codes such 
as Golay, MLS, after multiplying in the designed wave-
form, creates a combined waveform. The output waveform 
obtained from the proposed combined method of the two 
waveforms can be written as follows:

where Δf  is the same FH described in the proposed wave-
form present formula in Eq. (8).

4.4.2 � The algebraic sum of the signal N multiplied 
by the codes a

n

The sum of the transmitted signals can be defined as follows:

where n denoted the number of distinct amplitudes. After 
sending the waveform, the received waveform is as follows:

where “ SC ” scatter coefficient of a target is observed, �0 is 
the time delay for the signal distance traveled, and n(t) is 
the noise at time t.

4.4.3 � Calculation of AF

By placing the equation WT (t) in the AF formula, n and r are 
the index of the waveform transmitted and received. If the 
AF is also rewritten as a sum of cross-correlation and auto-
correlation, the formula will be as follows:

(15)

WTotal =
[
a1w(t), a2w(t − Δt),… , aNw(t − (N − 1).Δt)

]
,Δt =

1

Δf

(16)WT

(
t
)
=

N∑

1

an ⋅ wn(t)

(17)WR(t) = (SC) ⋅ wT

(
t − �0

)
+ n(t)
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ACF and CCF are auto-correlation and cross-corre-
lation functions, respectively, and we consider the cor-
relation between the bands of different frequencies to be 
zero. Then, given that the codes an in the resulting equa-
tion must be observed for the ambiguity function. Equation 
wn(t) = an ⋅ w(t − (n − 1) ⋅ Δt) is placed in the above rela-
tions, and the following formula is obtained:

(18)|�(�)| =
|||||||

N∑

n=1
r≠n

CCFwn,wr
(�) +

N∑

n=1
r=n

ACFwn
(�)

|||||||

(19)|�(�)| =
||||||

N∑

r=1

N∑

n=1

an ⋅ a
∗

r
ACFw(� − n ⋅ Δt + r ⋅ Δt)

||||||

4.5 � Using Costas waveforms to improve detection

So far, two methods have been proposed to improve detec-
tion in the high reverberation environment. The first one is 
the consecutive use of CW and HFM or LFM waveforms. 
The main weakness of this method is that only one target can 
be detected in this way. If there are more than one returning 
echo of several targets, the Doppler and range detection of 
separate each target becomes difficult. In the second method, 
it is emphasized that several SONAR signals are sent simul-
taneously [21]. This method can be simulated as follows: the 
simultaneous sum of two types of DS and DI waveforms. As 
shown in Fig. 2, this method’s problem is that the autocor-
relation sidelobe level in the AF is higher than when the two 
types of the waveform are transmitted separately (in Fig. 3). 
Therefore, considering the disadvantages of the previous 
methods, several DI and DS signals can be simultaneously 

Fig. 2   CW + HFM waveform AF

Fig. 3   CW, HFM waveform AF
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sent in different frequency bands in the proposed method 
to avoid these problems. Given that parts of the frequency 
components of the wideband waveform have amplitude with 
zero value. Therefore, this idea can be developed for the 
proposed hybrid waveform. The suggested method is to use 
both waveforms in a hybrid way, provided that the frequency 
of the LFM or HFM waveform does not overlap with the 
CW waveform. Therefore, it is recommended. In this sec-
tion, a new waveform is proposed to improve the detection 
according to the previous sections’ presented method. In this 
method, the deleted frequency components are considered 
as the CW waveform carrier frequency with Costas code 
distribution for transmission. The proposed method can also 
be used, and some frequency components can be removed 
for this purpose. To increase the detection probability of 
target, CW waveforms that Costas carrier frequencies can 
be added to the frequencies that have been omitted. With the 
proposed method, adding it to the proposed waveform design 
algorithm can take advantage of wideband waveforms, and 
Doppler-sensitive codes can be used simultaneously and 
independently without negatively affecting each other.

When we do not have information about the target speed 
range that we want to detect. The above method helps 
increase the Pd and reduce the error, and another application 
of this method can be used for coding and synchronization. 
Costas code can offer accuracy in speed and better detection 
in high reverberation using different and distinct frequencies. 
In this regard, the following proposed formula is presented 
that the frequencies of the two waveforms that are added 
do not overlap with each other. This formula is as follows:

So that

where fn denotes the carrier frequencies with the distribu-
tion of Costas codes, WT

(
t
)
 denotes the proposed formula 

in Eq. 16.

4.6 � Computational complexity

Given that the length of the code is complementary N, 
the whole waveform based on the removal of frequency 
components is divided into N segments; each segment has 
an L sample with the same amplitude. Therefore, using 
the block method, the complexity of waveform design is 

(20)

WC

(
t
)
= WT

(
t
)
+ s(t) =

N∑

1

an ⋅ wn(t) +

N−1∑

n=0

sn
(
t − nTr

)

s(t) =

N−1∑

n=0

sn
(
t − nTr

)

sn(t) =

{
exp(j2𝜋fnt), 0 < t < Tr
0 others

O(N) + O(Nlog2N). It is worth noting that N is equal to the 
number of waveform amplitudes, for example, 16. The com-
putational volume order is equal to 16 × 4 = 60, which has a 
lower processing volume than other presented waveforms. 
Since the wideband waveform is converted into several 
chirps with independent carrier frequencies. Therefore, it 
is easier to implement and send it in water. Another advan-
tage is the waveform designed in the processing section, 
designed in real-time according to the target speed and the 
environment. According to the frequency separation in the 
matched filter section, the receiver’s processing load is 
reduced. Therefore, the proposed algorithm for waveform 
design can be considered a real-time implementation that 
significantly reduces the transmitter and receiver sections’ 
processing load.

5 � Simulation and results

This section presents the proposed method’s simulation 
results for waveform design to improve detection and com-
pare it with other methods. The function and ability of detec-
tion in the reverberation environment can be investigated 
using the cut of the AF at a time delay of zero using the Q 
function at different speed intervals [29]. As described in the 
proposed algorithm, depending on the underwater environ-
ment and the range of speed and target range, the type of 
waveform, central frequency, and bandwidth for the wave-
form is determined and then in the next step according to the 
desired speed range to detect the target, the choice of FH and 
the number and size of small bandwidths are determined.

At this stage, to increase the accuracy of Doppler esti-
mation and the Pd, according to the number of small bands 
created, the pair of Golay code pairs are added to it. When 
the amplitude is zero, the CW waveform is added with the 
Costas codes’ frequencies, and the created waveform is 
transmitted.

Figure 4 shows the waveform design AF based on LFM 
and HFM, respectively. As can be seen in AF shape, the 
designed waveform has a DS property. As shown in the 
Q-function function Fig.  5, by adjusting the frequency 
hopping and the number and size of small bandwidths, the 
target’s speed range can be detected with a higher Pd. Sup-
pose another target is observed at a different speed. In that 
case, the same process can be repeated, and the designed 
waveform will have two bands of frequencies to improve the 
detection of those targets.

5.1 � Calculation of waveform parameters

The proposed method for designing the waveform is propor-
tional to the intended speed, and as follows:
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1.	 The range of speeds for detection, e.g., 5 m/s, we calcu-
late the corresponding Doppler frequency:

2.	 Therefore, according to the range of 5 m/s based on cal-
culation, ‌ at a frequency of 50 Hz, ambiguity occurs in 
the Q function and the minimum FH is 50 Hz.

(21)fd =
2Vfc

C
=

2 × 5 × 7500

1500
= 50 Hz;

3.	 Given that the bandwidth is available for the entire 
BW = 2000 Hz waveform and that the Golay code will 
be used to reduce the PSL, the choices are limited to a 
pair of power codes of two. Option values 8, 16, and 32 
are selected as the number of domains. Here, a pair of 8 
Golay codes are selected, with a corresponding range of 
the frequency hopping can be considered 100 Hz. The 
bandwidth is 16 × 100 = 1600 Hz.

Fig. 4   The proposed waveform’s AF is based on LFM (Left) and HFM (right)

Fig. 5   Q Function for designed waveform using adjustment FH and BW and initial frequency
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5.2 � Q function performance evaluation 
and comparisons

Due to the fact that the reverberation has a significant effect 
on the detection performance of an active sonar system in 
a shallow underwater environment. Therefore, it must be 

analyzed and interpreted. As introduced in Sect. 3.2, the Q 
function criterion is described below to evaluate the perfor-
mance of the proposed waveform in the reverberation envi-
ronment for different target velocities. The Q function is a 
cross-section of velocity in the AF that can be used to meas-
ure and compare performance between different waveforms 

Fig. 6   Designed waveform and LFM in frequency and time domain

Fig. 7   The Q-function for CW, LFM, GSFM waveforms, and the designed waveform
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in shallow water reverberation environments. The interpreta-
tion of Q function in underwater is that the smaller its value, 
the better the ability of the waveform to detect the target in 
the underwater reverberation limited environment.

As bandwidths decrease, Q-function becomes narrower 
and makes the detection rate better, and vice versa; as the 
bandwidth increases, Q-function expands, and the detection 
range decreases. It is worth noting that the minimum and 
maximum difference for the proposed waveform is about 
45 dB, which is a significant amount to eliminate reverbera-
tion and improve detection. Figure 5 shows how to design a 
waveform by changing FH, BWs, f0, and initial frequency. 
By changing any of these parameters, the appropriate wave-
form can be designed and sent for detection at the reverbera-
tion level that is much lower than the base waveform with 
each target speed range. The minimum points that occur in Q 
function are related to the range of speeds at which we want 
to detect the target with the lowest possible reverberation 
level. Also, with two separate transmitters and receivers, 
the entire detection speed range can be detected at the low 
reverberation level with the proposed method. In the follow-
ing, Fig. 6 shows the designed waveform and LFM in the 

frequency and time domain. Figure 7 shows the Q-function 
for CW, LFM, GSFM waveforms, and the designed wave-
form with the same bandwidth of about 1600 Hz. For CW 
waveforms, in the speed range from − 3 to 3 m/s, the rever-
beration level for detection is − 4 dB. This waveform works 
poorly to detect targets in the reverberation environment. 
The ability to detect by CW waveform for moving targets 
increases at a speed of more than 3 m/s. As expected, the Q 
function designed waveform has become similar to Doppler-
sensitive waveforms such as the CW. The CW waveform is 
not adjustable for the detection speed range. It also has a 
very poor range resolution. In the proposed waveform, due 
to the addition of the DS property to the waveform and the 
ability to adjust the speed range required to detect the target, 
it also has a high-resolution resolution feature.

The reverberation level is approximately − 32 dB for 
the LFM waveform with 1600 Hz bandwidth. On the other 
hand, HFM and LFM have almost the same performance in 
reverberation. The designed waveform has a less detectable 
reverberation level than all other waveforms due to the PSL 
ratio decrease at all speeds. Besides, for a desirable speed 
in the Q-function, the waveform design reverberation level 

Fig. 8   ACF of GSFM (left) and SFM (right) waveform [8], and ACF of the designed waveform (down)

Table 1   The PSL ratios for ACF 
of waveforms

PSL ratio (dB) − 14 − 9 − 17 − 11 − 42

Sonar waveform LFM [8] SFM [8] BPSK [8] GSFM [8] Proposed waveform
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for detection is about 35 dB less than the LFM waveform. 
The effect of removing frequency components from the LFM 
waveform explains this improvement of at least 35 dB to 
detect the target in the desired speed range. As it can be 
observed, the proposed waveform has a much better rever-
beration suppression efficiency than another state of the art 
waveforms.

5.3 � ACF performance evaluation and comparisons

In order to compare and confirm the performance of the 
proposed waveform with another state of the art wave-
forms, its ACF was calculated. Moreover, the PSL ratio was 
obtained to evaluate the performance of the proposed wave-
form. Then, to compare and evaluate the performance of the 

proposed waveform and state-of-the-art waveforms in the 
sonar, ACF of GSFM and SFM waveforms were also cal-
culated. Figure 8 shows the ACF of the proposed waveform 
and the state-of-the-art waveforms in the sonar.

The designed waveform shows a significant superiority 
over the state of the art methods. The second power of the 
AF of the designed waveform is compared. As expected, 
the proposed method and the use of high auto-correlation 
codes have a significant superiority. The superiority of at 
least 30 dB for the proposed waveform’s PSL ratio over 
the GSFM and SFM waveforms is shown in Fig. 8. The 
important point is that similar to the proposed waveform, the 
GSFM waveform simultaneously has Doppler-sensitive fea-
tures and proper resolution. Significant reduction of sidelobe 
level confirms the results of the proposed method. Therefore, 

Fig. 9   Flowchart of the pro-
posed algorithm

Underwater environment

Convert wideband waveform to N-bandwidth, and calculate and combine them with Doppler-sensitive 
codes (According to the method and formulas proposed in Section 4.4).

Use DS waveform in removed frequencies from wideband waveform (a novel formula in 
section 4.4 is presented)

Calculate the FH and the size of BWSEG in proportion to the intended 
speed of the target and eliminate the frequencies (According to the 

method and formula proposed in Section 5.1)

Select the wideband waveform and Doppler-sensitive code according to the channel 
conditions and target specifications and its speed

Windowing using Hamming window and transmit designed 
waveform

Receive the echo waveform and target detection

NO
Is the target velocity at 
the minimum point of 

the Q function?

Complete the 
waveform design

Yes

Start designing 
waveform

Adjust and update the 
waveform parameters 
according to the target 
speed in the previous 

state
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the proposed method improves the ability to detect weak 
targets. The effect of deleting frequency components and 
complementary codes for the proposed combined waveform 
is demonstrated in the PSL ratio. Moreover, ACF was calcu-
lated for LFM and BPSK waveforms for further evaluation 
and comparison. Comparing PSL ratio results for the pro-
posed waveform compared to another state of the art wave-
forms in sonar is listed in Table 1. PSL ratio is at least 35 dB 
superior to another state of the art sonar waveforms. Separa-
tion of waveform amplitudes by removing the calculated fre-
quency components along with the use of Doppler-sensitive 

codes that have good correlation characteristics describes the 
results. The PSL ratio indicates that the waveform is capable 
of detecting weak targets with low target strength (TS) that 
are masked in other waveforms.

5.4 � Flowchart of the proposed algorithm

To implement and enhance the proposed method for all 
states of target velocities, the algorithm’s flowchart for 
designing the adaptive waveform in Fig. 9 is proposed. As 
shown in Fig. 7, the maximum probability of detecting the 

Fig. 10   Block diagram of the 
waveform design echo simula-
tion algorithm from the target 
in the presence of reverberation 
and extraction of ROC diagram

Simulation of the
reverberation [38-40]

Additive white 
Gaussian noise

Proposed 
waveform 
simula�on

Delay and 
calculate the 
echo of the 
waveform 

[29], [38-40]

Average 
power = 1

CFAR detec�on
[29]

Waveform generation and 
Target Detection 

Repetition According to 
SSR Monte Carlo [42]ROC 

curve

[41] Matched filter

Range 
Gate
[41]

SRR calcula�on 
[29]

Fig. 11   Simulation of received reverberation
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target is equal to the Q function’s minimum points at speeds 
of 5 m/s. Suppose the target detection was in a real underwa-
ter environment, and we do not know the exact information 
about the target speed. In that case, the proposed algorithm 
flowchart can be used to design waveforms. For example, If 
the target speed in the first stage of detection is 3 m/s. In this 
case, the waveform parameters can be adjusted according to 
the speed of the target. Therefore, the Q function’s minimum 
point is designed at 3 m/s and transmitted in the next state. 
Thus, the target detection can be done with more Pd and less 
transmitted power.

5.5 � Performance evaluation of Pd versus SRR

At this stage, a model of an acoustic channel with limited 
reverberation property was considered to detect targets in 
shallow waters. The channel model can be simulated for 

different environmental conditions by controlling the echo 
of the targets and reverberation rate. In this research, it is 
assumed that noise is also an additive white Gaussian noise 
(AWGN), and the structure of the received reverberation is 
Rayleigh distribution [38–40]. The simulation method of 
the reverberation, echo received, noise, and target detec-
tion versus SSR in the block diagram shown in Fig. 10 are 
shown. By changing the reverberation level, the SRR can 
be increased or decreased. The reverberation simulation is 
shown in Fig. 11. To test and validate the optimal designed 
waveform, the experiments were conducted in a Monte Carlo 
framework for each SRR. To simulate the underwater envi-
ronment, the Monte Carlo test included a waveform genera-
tor for the transmitter section, matching filter, CA-CFAR 
detector, and range gating technique for the receiver section, 
respectively. The evaluation and validation of the proposed 
algorithm were evaluated by extracting the ROC diagram. 
The Pd versus signal SRR was simulated. Simulation has 
been carried out with MATLAB 2017 software. The param-
eters for designing the proposed waveform and other simula-
tion parameters in MATLAB software is added to Table 2. 
The results obtained from the probability of target detection 
for the proposed waveform are shown in Fig. 12. This sec-
tion presents the analysis and evaluation of the proposed 
method for proposed waveform design based on simulation 
results to improve the detection rate. The significant superi-
ority of the proposed method over the initial LFM waveform 
was shown, and reverberation suppression performance was 
significantly improved. It was revealed that the proposed 
waveform design could achieve target detection 20 dB bet-
ter than the initial LFM waveform. In this way, the target 
detection with a wideband waveform was improved by the 
proposed combine method. Both the DS characteristic and 
the removal of frequency components proportional to the 
target speed significantly increased the detection probability 
relative to the LFM base waveform.

Table 2   Values of waveform parameters and underwater channel 
model

Parameter definition Parameter Parameter value

Carrier central frequency Fc 7.5 kHz
Bandwidth BW 1.6 kHz
Waveform pulse time TP 0.25 s
The bandwidth of each segment BWseg 50 Hz
Number of distinct waveform ampli-

tudes
N 16

Jump size or frequency hoping FH 100 Hz
Depth of water D 100 m
Signal to reverberation ratio SRR − 5 to − 40
Range to Target R 500 m
Velocity of target V 5 m/s
Speed of sound underwater C 1500 m/s
Back scatter reverberation BS − 30 dB
absorption coefficient ∞ 23

Fig. 12   The probability of target 
detection at 5 m/s versus the 
SRR
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6 � Conclusion

In this paper, the combined waveform design was proposed 
to improve target detection in shallow water environments 
appropriate to its speed range. In the proposed method, 
by selecting the number of N-frequency bands and each 
selected band’s bandwidth with specific FH and initial fre-
quency, the desired waveform can be designed for better 
detection. The Q function criterion indicates that the rever-
beration level in the target intended speed is 35 dB less than 
the LFM and GSFM waveforms. The designed waveform’s 
ACF is at least 25 dB superior to another state of the art 
waveforms in the PSL ratio. Then, the waveform designed 
in the shallow underwater channel was simulated, and the 
probability of target detection was determined. It proved that 
the designed waveform could perform target detection in 
SSR = 20 dB less than the FM base waveform itself. Since 
the detection probabilities for the two HFM and LFM wave-
forms are almost the same, the detection of the HFM-based 
the designed waveform was 3 dB superior to the LFM-based 
waveform.

Therefore, using the bandwidth fragmentation technique 
makes it possible to increase the Pd of masked targets while 
maintaining the target range resolution. The proposed com-
bined waveform design has several advantages. Firstly, by 
dividing the total bandwidth of the wideband waveform into 
pieces, the waveform is converted into separate amplitude 
with the ability to use codes such as PRN, complemen-
tary. Therefore, the PSL ratio decreases significantly, and 
the Doppler-sensitive feature is obtained in the waveform. 
Secondly, according to the lowest detectable reverberation 
level for the waveform designed in Q function, the transmit-
ted power can be significantly reduced. An essential step 
towards silent sonar can be taken by waveform design. Third, 
the proposed algorithm for waveform design is a real-time 
implementation capability and significantly reduces the pro-
cessing load in the receiver section for the wideband wave-
form. Fourth, in the proposed algorithm for applying the real 
underwater environment, after the initial detection of the 
target speed in proportion to the speed range, the waveform 
can be redesigned. The limitation that can be mentioned 
for the proposed algorithm is that the number of distinct 
amplitudes must be equal to the number of multiplied codes. 
The following propositions for research end up being pre-
sented in a shallow water environment: The usage of the 
proposed method for combining wideband waveforms with 
narrowband waveforms to detect targets with high range 
resolution, the ability to use the proposed algorithm in the 
flowchart to develop and improve the flexible waveform to 
update the waveform parameters in real-time, waveform 
design based on target speed to reduce the level of detect-
able reverberation in Q function, the usage of the proposed 

method to reduce the waveform’s sidelobe level, and sup-
press the reverberation and to separate the targets from the 
reverberation. According to the findings of the research, the 
following propositions were presented for applying in other 
underwater applications: Classification of underwater target 
types according to the characteristics of the target’s speed 
range of each category, employing the proposed algorithm 
for target tracking, simulation and analysis of the proposed 
waveform in the deep-sea channel model.

The proposed algorithm’s superiority is a step into cogni-
tive sonar by the speed of the target’s previous state. Due to 
the flexible design of the proposed waveform in this paper, 
for the future and further research, it is suggested that design 
parameters can be optimized according to the shallow water 
environment conditions and the target to achieve the optimal 
waveform, and the next generation cognitive sonar based 
on the waveform can be developed. For example, research-
ers can investigate optimizing each of the BWs and FH 
parameters for cognitive sonar development. In addition, it 
is suggested that the designed waveform in the underwater 
experimental environment be evaluated and tested.
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