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Abstract By introducing orthogonal space-time coding
(STC) scheme in wireless cooperative relay network, two
distributed differential STC (DSTC) schemes based on the
amplify-and-forward (AF) and decode-and- forward (DF)
methods are, respectively, developed. The scheme perfor-
mance is investigated in symmetric and asymmetric wireless
relay networks. The presented schemes require no channel
information at both relay terminals and destination termi-
nal, and have linear decoding complexity when compared
with the existing scheme. Moreover, they are suitable for the
application of different constellation modulations and DSTC
schemes, and thus provide more freedoms of design. Besides,
the power allocations between source and relay terminals
are jointly optimized to minimize the system pairwise error
probability for symmetric and asymmetric networks, and two
practical methods are presented to solve the complicated opti-
mized problem from asymmetric network. Simulation results
show that the scheme with DF method has better performance
than that with AF method due to no amplification of noise
power, but the performance superiority will decrease at high
SNR due to the error propagation of decoding at the relays.
Furthermore, the distributed DSTC schemes with optimal
power allocation have better performance than those with
conventional fixed power allocation.

> Weiye Xu
xuweiye2014 @hotmail.com

School of Communication Engineering,
Nanjing Institute of Technology,
Nanjing, China

College of Communications Engineering,
PLA University of Science and Technology,
Nanjing, China

Keywords Distributed space-time coding - Differential
detection - Power allocation - Amplify-and-forward -
Decode-and-forward - Asymmetric relay network

1 Introduction

Recently, the cooperative diversity technique has attracted
much interest in wireless communications. This technique
can increase the achievable rate region over non-cooperative
schemes in fading channels, and provide a useful alternative
for fading mitigation by the means of cooperation among
multiple spatially distributed users or nodes [1-4]. However,
most of the previous works focus on coherent detection, and
assume that the destination has perfect knowledge of chan-
nel state information (CSI) of all transmission links, which
can be estimated by transmitting pilot sequences or adopting
blind estimation techniques [5]. With channel estimation, the
system will be complicated and the transmission efficiency
will also be reduced, especially in fast fading environments
and multi-antenna or multi-node wireless systems since the
amount of pilot or convergence time grows with the number
of links [6]. Based on this, several differential cooperative
diversity schemes have been proposed in the absence of CSI
case. In [7], a differential modulation scheme with amplify-
and-forward (AF) method for two-user cooperative diversity
systems is presented, where the relay terminals utilize QPSK
modulation to implement two BPSK streams transmission.
The decode-and-forward (DF) method based coherent modu-
lation and non-coherent modulation schemes for cooperative
relay systems are proposed in [8] and [9], respectively, where
two relays and multiple relays are, respectively, considered.
By employing AF and DF methods, two repetition-based
binary differential modulation schemes with BPSK are devel-
oped in [5]. According to the noncoherent orthogonal AF
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half-duplex protocol, the nonunitary and unitary diagonal
distributed space-time coding (STC) schemes for coopera-
tive relay systems are designed in [10], and full diversity
can be obtained. However, the above schemes in [5,10] are
suitable for single relay only. By extending the scheme [5]
to MPSK symbols case, [11] gives a distributed differential
scheme for a two-user cooperative communication system
employing the AF method, but this scheme is limited in
one relay and repetition-based diversity. For this reason,
[6] develops a distributed differential space-time modulation
scheme for two-relay cooperative systems, but the decoding
complexity is much higher (i.e. it needs M? matrix calcula-
tion and comparison, M is constellation size). In [12] and
[13], based on the network model in [6], two distributed
differential STC (DSTC) schemes are designed for the DF
based relay systems, respectively, where the relay selection
are considered. With the DF method, a distributed differen-
tial encoding/decoding scheme in terms of Alamouti STC
is developed in [14], where only single relay is considered.
By introducing two specific STC schemes, [15] presents a
partially-coherent distributed STC scheme with differential
encoder and decoder, but the large-scale fading is neglected,
and the presented DSTC needs to be constructed in terms
of specific construction criteria, which will make it hard to
use the existing DSTC schemes. Considering the same net-
work model as [15, 16] gives distributed differential schemes
in terms of AF and DF methods respectively, where the uni-
tary STC (USTC) is adopted for differential encoding and
decoding, but the schemes only work for the differential
USTC whose code matrix is diagonal, and have exponential
decoding complexity for DF schemes [17]. Based on ana-
log network coding, a distributed DSTC scheme is proposed
for two-way relay network in [18], and the corresponding
pairwise error probability (PEP) and block error rate are ana-
lyzed. However, the proposed scheme is suitable for USTC
and AF method only, and the analysis is limited in symmetric
network.

According to the analysis above, the DSTC scheme in
cooperative relay network is not studied well, especially in
asymmetric network, the related study is much less. For
this reason, we will investigate the performance of DSTC
in asymmetry relay network and composite fading channel,
where large-scale and small-scale fading are both considered.

Firstly, we develop an AF method based DSTC scheme
with low complexity for wireless relay networks by introduc-
ing the orthogonal STC scheme. The differential space-time
code matrices are produced by the source terminal, and each
column of a code matrix is relayed by a relay user to the
destination. The scheme does not require CSI both at the
transmitter and receiver, and has linear decoding complex-
ity. Thus, it avoids the exponential decoding complexity of
some existing schemes.
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Secondly, the existing DSTCs can be used for the devel-
oped scheme. Unlike some existing schemes that the data
symbols for encoding matrix are limited in specific constel-
lation, such as PSK or FSK, the data symbols in our scheme
can be from different constellations.

Thirdly, according to the performance analysis, the power
allocation (PA) between source and relay terminals is opti-
mized to minimize the system PEP. The optimization is not
only for symmetric network, but also for asymmetric net-
work. Considering the complexity of optimized problems
in asymmetric network, two practical calculation methods
are proposed. With these methods, the optimized power is
allocated and the resulting system performance is improved
greatly.

Fourthly, another distributed DSTC scheme based on DF
method is developed for cooperative relay network. Com-
pared to the AF based scheme, the DF based scheme has
better performance because no noise power is amplified at
relay determines. At high SNR, however, the performance
superiority will decrease due to the error propagation from
the relay terminals.

The notations throughout this paper are as follows. Bold
upper case and lower case letters denote matrices and col-
umn vectors, respectively. The superscripts ()7, (-)*, and
()" are used to stand for the transpose, complex conju-
gate, and Hermitian transpose, respectively. The E{-} and
Iy denote statistical expectation and N x N identity matrix,
respectively. Re{-}and Im{-}denote real part and imaginary
part operator, respectively. diag{-} denotes diagonal matrix.

2 System model and AF protocol based DSTC
scheme

The system model for wireless relay network is shown in
Fig. 1. In Fig. 1, the network consists of a source user, a des-
tination user and R relay users, and the source user has no
path access to the destination, but it can transmit the infor-
mation to destination by the means of the relays. Every relay
user has a single antenna, which can be used for both trans-
mission and reception. For the source/destination user, its
antenna is used for transmission/reception only. The channel
from the source to the relays, and the channel from the relays
to the destination are assumed to be independent flat fading,
and both effects of large-scale and short-scale propagations
are considered. The channel from the source to the kth relay
is denoted as oy psr, and the channel from the kth relay to
the destination is denoted as B prq, where pg and o are the
large-scale attenuation factor and small-scale fading coeffi-
cients between the source and the kth relay, respectively. prq
and B are the large-scale attenuation factor and small-scale
fading coefficients between the kth relay and the destination,
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Fig. 1 System model for wireless relay network

respectively. «x and B are assumed to be independent Gaus-
sian random variables with unit-variance and zero-mean for
different k.

In the following, we will give the distributed DSTC
scheme in terms of AF method. Firstly, based on the transmit-
ted symbols, using the orthogonal STC, differential coding
matrices are generated for cooperative diversity. Then, each
column of a coding matrix is transmitted to one relay user at
different times. After that, the relay users amplify and retrans-
mit the received signals with noise to the destination. At the
receiver, the destination user collects the information sent by
the relay users, and makes a final decision on the transmitted
symbols or bits by differential space-time decoding.

Considering that the orthogonal STC matrix is easily
constructed and has low-complexity decoding, and its differ-
ential form has better performance than differential USTC
schemes [17], we introduce STC from amicable orthogonal
design, and the corresponding code matrix is given by

& ,
D= ; (ViR + jvid} ) ()

where {Ul}lLZ]and {V1}1L=1 are a set of 2L matrices of size
K x K which satisfy the orthogonal conditions in [17, Eq.(2)],
and they constitute an amicable orthogonal design of order
K in L variables. a’lR and dll denote the real and imaginary
parts of complex symbol d;, respectively. The unitary signal
constellation such as MPSK (similar analysis can be extended
to other constellation) is first considered. Let {dl}ll‘: | be a
block of L symbols to be transmitted at a time 7, and they
are from MPSK constellation &, then we have: DiDiH =
ZZL:I |dj|?/L1g = Ig. Thus, D; is a unitary matrix.

With (1), the information matrix D; is firstly generated.
Then, the differential encoding at the source terminal is
performed. Namely, at the start of the transmission, the trans-
mitter sends a initial code matrix So (usually So = Ig)
that does not carry information, the D; is then differentially
encoded, and the corresponding encoded matrix S; at i-th
time block is written as

S; =D;S; 1. ()

Since matrix Dj; is unitary, S; is also unitary if S; _ is unitary.
Because Sy is unitary, it follows that S; is unitary foranyi. Let

the code matrix S; be [s;1, Si2, ..., Sik ], wheres;|, ..., Six
are the columns of S;, respectively. Then, we extend the above
differential STC scheme to the wireless relay network. Here
we assume that K relay users are available for cooperative
communication, and the transmitted signals from different
relays are synchronized at the destination terminal. Firstly,
the first column s;; = [sq]. .., sg1]7 is transmitted to relay
user 1 at the first time block. Secondly, the second column is
transmitted to relay user 2 at the second time block, and so
on, the K -th column s;x = [sik. .., Skx]l is finally trans-
mitted to the K-th relay user. After that, at every relay, the
received signals are amplified and power-normalized. These
relayed signals S;x (k = 1, ..., K) are transmitted to the des-
tination user simultaneously. At the destination terminal, the
receiver obtains the transmitted data by combining two adja-
cent received signals x(i — 1) and x(7).

In what follows, we consider that the information symbols
are from MQAM constellation. Under this case, the differen-
tial matrix S; is produced at the source terminal as follows:

Si =D;Si—1 =D;Si_1 /& 3

where Si_ 1 is the normalized value of S;_1, and &;_1 is
the amplitude of S;_;. For the matrix S;_1, it satisfies that
SiH_IS,'_l = S,-_1S1.H_1 = é"iz_lIK, and %’0 =1 for S() = IK.
Thus, S{ilsi_l = Ik is a unitary matrix.

From (3), and considering that D;D¥ = Y"1 | |d)|?/ L1k,
we can obtain:

S/'Si =SILDI'D;Si 1 =S 163 IkSici =5 Ik~ (@)

where élz)i =3 1L=1 (d; |2 /L) is the amplitude of information
matrix D;. Hence, S; and D; have the same amplitude. After
differential encoding, each column of S; is transmitted to the
corresponding relay user.

3 Differential detection

In this section, we will give the differential detection scheme
of distributed DSTC in composite fading channel. Firstly, we
consider that the transmitted data symbols are from simple
MPSK constellation, the initial codeword is set as S¢g = I,
and thus S; is a unitary matrix according to the analysis in
Sect. 2. As shown in Fig. 1, in the first transmission phase
(i.e. Source to Relay), the received signal at the k-th relay
terminal (k = 1, ..., K) is written as
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Tikl Zi k1
= v PopskaixSi k +

ri kK Zi,kK

S1k Zikl
=+ Popskaix | |+ : ) &)

SKk Zi,kK

where z; x; is the channel noise at the relay k at time slot
j(j =1,..., K) within i-th time block, Py is the transmit
power of source terminal.

In the second transmission phase (i.e. Relay to Destina-
tion), the relay k amplifies the received signal and forwards
it to the destination with transmit power Px. So the received
signals at time slot j at the destination terminal are

Xij =4/ PiBitprarinj + -+ Pk Bik prari.kj + Ziaj
=V PiBi1p1asj1 + -+~ PxBik okaSjk + ziaj, (6)

where z; 4; (j = 1, ..., K) is the channel noise at time slot
J at the destination terminal. The noises {z; 4;} and {z; x;}
are modeled as independent complex Gaussian random vari-
ables with zero-mean and variances Nj. f’k = wrPr (ux =
1 /(Po,oszk + 2Np)) is the normalized transmit power, and it
ensures that the average transmit power of the relay k is Pg.
So after the normalized processing, the relay signals {5, } in
(6) can be expressed as Syy = /UoTivus U, V=1,..., K.

Based on the analysis above, the total transmitted power
is given by P, = KPy + P1 + ... + Pg. With (5) and (6),
using the equivalent transformation, the following received
signal vector can be obtained as

x; = S;PGh; +z; = S;Pf; + z; @)

where X; = [xil, ey x,'K]T, P:diag{(PoPlul)l/z, ey (P()
Pxug)'?), by = [hy, ..., hglT = [eiBui, - akiBril”
is a vector that reflects small-scale fading, while G =
diag{ps101d, - .-, Psk Pkd} 1s a diagonal matrix that reflects
large-scale fading, and f = Gh; = [«1;B1i 051014, - - - » XK
BkipPsk P xalfisa composite channel vector. As itis common
to all differential schemes, here we assume that channel vari-
ation is negligible from one time block to the next, and thus
we have: £; =f,_;.2z; = [z;1,...,zix] is K x 1 Gaussian
noise vector with zero mean. Using the independent Gaussian
distribution property of noises {z; 4;} and {z; x;}, the variance
of the element of z;, z;; = Zle N Ptk Bik Pkazikj + Zidj»
can be calculated as

K
£z} = (Zk:, Pkp,fdukH) No=kNo=02, j=1,...K. (8)

wherex = Y F_| Pipi,1k+1, and thus we have: E{z;z/} =

2
GZIK.
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From (7), the received signal vector at time block i-1 can
be expressed as

Xi—1 =8P +z . 9)

with the obtained x; and x;_1, D; can be detected. Specifi-
cally, substituting (4) and (9) into (7) gives

x; =D;S; (Pf+z, =D; (x;_1 —2z_1)+2z, =Dix; 1 +%
(10)

where Z; = z; — D;z;_1 is an equivalent Gaussian noise
vector with zero mean and covariance 20121 & » which utilizes
the fact that the D; is an unitary matrix. According to this,
we can see that the differential detection doubles the noise
power, and thus the SNR loss of 3 db happens, which is also
in agreement with the conventional differential modulation
scheme.

Using (10), the differential detection for the information
matrix D; can be given by

. ) 5
D; = argmin [x; — D;x; ||
D;

= argmin‘r [(Xi —Dixi—1)(x; — Din‘—l)H]
D;
= arg max Re{ 7 (x;_1x/'D;)}. (11)

i

Substituting (1) into (11) yields the ML detector for the trans-
mitted symbols {d;} (I =1, ..., L), ie.,

L

L

{dl] = argmax » {Re {tr (XiflleUl)}le
=1 {dite® ;24

+Im{tr (—xi_leIW)}dlI}. (12)

Thus, the ML detector of each symbold; ({ =1, ..., L) can
be expressed as

d; = argmax Re itr (X,‘_lleU1>}le
died

+Im {n» (—xi_lxiliV1>}d11. (13)

Equation (13) not only has linear decoding complexity, but
also can be further changed into the detection of real part and
imaginary part in parallel. Thus, this detector has a decoupled
format, one scalar detector for each of the symbols {d; }. When
compared with the detection method of other DSTC schemes
for cooperative communication, our detection scheme has
lower computational complexity. It is also due to the fact
that our scheme can easily make use of the orthogonality of
differential space-time code scheme. Besides, the analysis
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above can be extended to MQAM constellation modulation,
but the encoding and decoding methods need to be changed
accordingly. Namely, the encoding at the source terminal
is performed in terms of Eq.(3), and the decoding at the
destination terminal is done as follows:

Substituting (17) into (15) yields

Pr(D — Elx;_1)
<exp {—thGHPsiH_lCHcsl-,IPGh,-ES/(4KN0)} (18)

c?lR = arg max {Re {tr (xi_lxiHUZ)} le —tr (xi_lxﬁl) |le|2/ (55_1\/2)}

died

c?ll = arg max {Im {—tr (X,-,lleVl)} dll —tr (xi,lxﬁl) |d[1|2/ (si,lﬁ)}

djed

(14)

where the amplitude &;_1 can be estimated by Eq. (4) and the
data symbols which have detected at the previous (i — 1)-th
time block.

4 Power allocation for different network cases
4.1 Symmetric network case

In this section, we will give the power allocation between
the source terminal and relay terminal by means of the PEP
analysis. According to the analysis in Refs. [13,19,20], a
differentially-coded system performance is well approxi-
mated at high SNR by using an equivalent coherent receiver
model [i.e. Eq.(11)] with known channel matrix x;_; and
enhanced noise power, and the corresponding performance
analysis can also be obtained in terms of the PEP.

Let Pr(D — E) be the PEP of the system, which is the
probability of incorrectly decoding D as E, i.e., the proba-
bility of transmitting D and deciding in favor of another E
at the detector [13,20], and then this PEP can be given by
the following (15) conditioned on equivalent channel vector
Xi—1.

Pr(D — Elx;_1) = 0 (\/ Eyd>(D, E)/(2N0)>

IA

exp {—d2 (D,E) E,/ (463)}

exp {—d2 (D,E) E;/ (4KNO)} (15)

where E; is the averaged power per symbol period, and
d*(D,E) =x CHCx;_;,C=D; — E;.

For high SNR, (10) can be approximately equivalent to
x;—1 ~8S;_(Pf; =S, |PGh; (16)
With (16), we have:

d* (D, E) ~ t7ps  cHcs;_Pf;
=h"G"PS” ,C”CS;_PGh; (17)

Based on the analysis in Refs. [13,19,21], the received signal
vector X; can be approximated as a linear combination of h;,
so it constitutes a set of dependent channel coefficients. As a
result, x; is also a Gaussian vector conditioned on {S;x}.

With the derivation results under two-relay cases in
“Appendix 17, we can establish the corresponding optimized
objective function on PA under the total power P; constraint
as

2
L (Py, Py, P) = j112 P3Py Pa/ (Plﬂlzd,ul + Pyp3g12 + 1)
+n (P, —2Py— Py — P») (19)

where 7 is a Lagrange multiplier. Besides, according to the
analysis in “Appendix 17, the system may obtain full diversity
order, as expected.

In the following, we firstly consider the symmetric net-
work case, where the distances between source and relay
terminals are the same, and the distances between relays
and destination terminal are also the same. Correspondingly,
ps1 = ps2 and p1g = p24. Thus, we have:

=1/ (Popi +2No) = 1/ (Popdy +2No) = 2 20)
Substituting (20) into (19) gives
2
L(Py, Pi, Py) = Py PLP2/ (P1ply + Papiy + 1/101)
+n (P —2Py— Py — P»)
2
= P3P Py/ (PipYy + Paply + Pop? + 2No)

+n(P; —2Py— P — P») 21

Due to the symmetry of P; and P; in (21), it is easily achiev-
able that P; = P;. Thus (21) is reduced to

) 2 2 2
L(Py, P1) = PyP{/ [2P1:01d + Popsy +2N0]
+n (P, —2Py —2P)) (22)
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By taking the derivatives of (22) with respect to { Py, k =
0, 1} and equating to zero yields

BL _ 2PoPL(2Pipl,+Popd +2No) 2R3 PEpY 20 =0

9P [2P1 0%+ Pop? +2No]” 23)
oL _ 2EP RPN SR,
P [21’1/012,,-1-1’0,031-i-2N0]3

With (23), the following equation is obtained, i.e.,

PEp? 4 2NoPy — 2P p}; — 2NoPy =0 (24)

Utilizing (24) and the condition 2Py + 2P} = Py, one
quadratic equation on Py or Pj is established. After solv-
ing this equation, we have the following optimal PA, i.e.,

4.2 Asymmetric network case

In the subsection above, the PA of the distributed DSTC
under symmetric network is presented. In practice, however,
the network may be asymmetric, i.e., the distances between
source and relay terminals are different, or the distances
between relays and destination terminal are different. Thus,
we have: pgr # Psu OF Pk 7 puq for relay k and u (k # u).
According to this, it is necessary to extend the above PA
to asymmetric case. Unfortunately, the related analysis and
optimized design are much less due to the difficulty of opti-
mization. For this reason, we will provide the optimization
of PA to meet practical asymmetric network. For simplicity,

two-relay asymmetry network (i.e. ps1 7# 052, Pld 7 P2d)
is firstly considered.

Po = [/ (Pipd, +2N0) (P2 /2 +2No) = (2No + Pupd,) ] / (7 = 203,)

(25)

Pi= Py =[(2No + Pip3/2) =\ (Piod, +2No) (Pio2i /2 + 2N0) | / (02 = 20%,)

Similarly, by using the above analysis and derivation method,
we can achieve the optimal PA for three and four relays under
symmetric network, respectively. Specifically,

Utilizing u; = 1/(P010s2k + 2No), k = 1,2, (19) is
changed to

Py Py Py [ Pg 03105 + 2NoPo (051 + p3,) +4Ng ]

L (Py, Py, P) =

+n (Pt —2Py— P — P»)

2
[P1Popiypgy + P2Pop3,03y + Popjips +2No (Pioty + Papsy + Popdy + Popgy) +4NG ]

(28)

(1) for three relays

With (28), using the derivation in “Appendix 2”, we can
obtain a cubic equation on Py as follows:

Py = [\/ (Pipiy + 2No) (Pip? /3 + 2No) — (2No + Py pfd)] / (0% —3p3,)

(26)
Pi= Py = Py = [(2No+ Pio%i/3) =\ (Pipd +2N0) (Pip?y /3 +2No) | / (2 — 363,)
(2) for four relays
Po = [\ (Piod, +2No) (Puo? 4+ 2No) = (@2No + Piody) | / (03 = 403,)
27)

Pl = Py= Py = Py=[(2No+ PipZy/4) — |/ (Piod, +2N0) (P2 /4 +2N0) | / (3 — 403,)

Based on the optimal PA above, the system performance will
be improved greatly, and is obviously superior to the perfor-
mance with conventional fixed PA.
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+6032014 Pt — 24p3,No — 24p7yNo
—240%,03,P1) P§ + (2003, NoP; + 2003, No P,
+32N3 — 2p2 NoPr — 2p5 No Py

— 05193 P = p2p1a P

+ 120%d/0§dpt2) Py — 4piyNoP

—4p3,NoP? —8NZ P, — 203,05, P> =0 (29)
To obtain the solution of this cubic equation, we will resort to
the Shengjin’s Formulas in [22]. For a cubic equation in one
variable: aX?® + bX? 4+ cX +d = 0, a # 0, the Shengjin’s
Formulas provide the closed-form solutions. Firstly, we may
use the following Shengjin’s discriminant A to decide the
existence condition of solutions. i.e.,

A = B> —4AC, and A = b> —3ac, B = bc — 9ad,
C =c*—3bd. (30)

From (29), the coefficients {a, b, c, d} in cubic equation
can be given by

a = 4p}10% — 8071034 — 8052014 + 16074054,

d = —4p;NoP? — 4p3;NoP? — 8NP, — 2p3,03,P7,

b = 1203 No + 1205, No + 6051 034 P: + 6035014 P
—24p3,No — 24p7,No — 24p}, 03, Pr,

¢ = 2003, NoP, + 2007, No P, 4 32N§ — 2p% No P,
— 205 N0 P — P21 P3g PP — piapia PP+ 12014054 P

Then, according to different values of A, we may use the
corresponding Shengjin’s Formulas to evaluate the solutions
of Py. Considering the power constraint 2Py + P; + P> =
Py, Pp >0, P, > 0,and Py > 0, we have: Py < P;/2.
Utilizing these constraint conditions, we can easily obtain the
appropriate solution of Py. With the obtained Py, using (56)
and (55) in “Appendix 2”, Py and P, can be finally achieved.

For two special asymmetric network cases (1) ps1 # 052,
p1d = p2q; and (2) ps1 = ps2, P1a # P24, We can employ
the above formulas to obtain the corresponding optimal PA as
well. Moreover, the related calculations will become simpler
due to special network cases.

In addition, considering that the relay terminals are often
close to the source terminal (i.e., the distances between source
and relay terminals are smaller than those between relays
and destination terminal), pg is larger than pg in general.
Correspondingly, the value of A in (30) is often smaller than
zero. Hence, Shengjin’s Formula 4 [22] is used to evaluate
the solution of Py. Based on the previous constraint condition
(0 < Py < P;/2), Py will take the value of X; in Formula 4
[22],i.e.,

—b + A2 [cos(8/3) + 3% sin(6/3)]

Py = 31
0 3 (3D

where 0 = arccosT, T = (2Ab — 3aB)/(2A3/?), and a, b, c
and d are coefficients of cubic equation. In “Appendix 37, the
derivation on Shengjin’s Formula 4 is provided, and based
on this, (31) is obtained. Substituting (31) into (56) yields the
P, and then substituting the obtained Py and P; into (55),
the P; is finally achieved.

For the asymmetric network with more than two relay
users, we employ similar analytical method above for the
corresponding power optimization, and the resultant superior
performance is attained. However, the related computation
will be much complicated because it needs to evaluate the
solution of high-order equation. For this, we will resort to the
Newton method to obtain the suboptimal solution. For three
relays case, the objective function corresponding to (19) is
changed to

L (Py, Pi, P2, P3) = M1M2M3P03P1 Py P3/ <P1,012d/i1

3
+Papigu2 + P3p3gis + 1)
+n (P —3Py— P — P, — P3).
(32)

With (32), we can use the quasi-Newton method to find the
solution on {Py, P1, P, P3},i.e.,
y(n+1) — y(n) _ )/H_lgT (33)
where y = [y1, y2, y3. y4, ys1", and y; = Py, y» =
P1, y3 = P>, y4+ = P3, ys = n. The initial value y(O) may
take some small positive values. n is the iterative index, and
the iterative times depend on the given tolerance. Once the
difference of y"*1 and y™ is very small and satisfies the
tolerance requirement, and the iteration is terminated. y is

adjustment step. The gradient vector g and Hessian matrix H
are defined as follows:

[oOL 9L AL oL az:]T
E= | T T T
L dy1 dy2 dyz Oys 0Yys
[ 2L ... 9L
ay? 9y19ys
H = : ) : (34)
PL .. L
L 9ys59y1 ay?

By using the iterative calculation above, the suboptimal PA
for three-relay case can be obtained. With these PAs, the
system performance will be improved greatly. Similarly, for
more than three relay asymmetric case, we can also employ
the Newton method above to find suboptimal PA to achieve
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the superior performance. All these results will provide use-
ful guideline for the system design.

5 DF protocol based DSTC scheme

In this section, we will give another DSTC scheme based on
the DF method. According to the principle of DF method,
and considering that the CSI is absent at both relay termi-
nals and destination terminal, two differential schemes are
employed for decoding at relay terminals and destination
terminal, respectively. Moreover, these two schemes will be
different, i.e., one is based on the single-symbol differential
modulation, and the other is based on differential space-time
modulation.

With the analysis in Sect. 1, L information symbols
{d;il = 1,...L} used for space-time coding will be trans-
mitted at the source terminal (the information symbols will
depend on different STC schemes). Firstly, these symbols are
differentially encoded in terms of the following differential
PSK modulation.
s;=s1d;, 1=1,...L, (35)
where the initial value so = 1, {d;} are from MPSK
constellation®. Then, these encoded symbols are transmitted
to all relay terminals by broadcasting from (L + 1) different
slots. Thus, according to (5), at k relay terminal, the received
signals atthe / —1 and / time slots can be, respectively, written
as

11k = v PopskQ—1 kSI—1.x + 2U—1.k (36)
Tk = /Fopskal,ksl,k + 2k 37

where z;_1 ; and z;  are relay noises at the time slot/ — 1 and
1, respectively, and they are modeled as independent complex
Gaussian random variables with zero-mean and variances
Np. Py is transmit power of source terminal. Here, we assume
that channel variation is negligible from one time slot to the
next. Thus, we have: oj—1 x = oy, k = 1,...K. Based on
this, using (35) and (36), (37) can be changed to

rik = (r—1k — 2—1k) di + 2k = ri—1.kdy + 21k (38)
where Z; ¢ = z; k — 2/—1.xd) is an equivalent noise with zero-

mean and variance 2Nj.
With (38), we can obtain the decision of symbol 4. i.e.,

d; = argmax Re {r}", 11 xd) } (39)
died '

Since K relays perform independent decoding, the K deci-
sion values dj x (k = 1, ..., K) for {d;} will be produced.

@ Springer

At low SNR, the noise becomes a dominant factor to affect
the bit error rate (BER) performance, so these K decision
values will be approximately identical. Moreover, for sym-
metric network, these K values are also approximately the
same because K channels from source to relay terminals
will experience almost the same fading. For asymmetric
network, at high SNR, the above K decision values may
have some differences due to different fading cases, but the
differences will be small since the probability of decoding
error has become low at high SNR. So these decision val-
ues will be asymptotically identical, and the corresponding
performance is influenced less. After that, with the obtained
decision symbols, the information bits are generated by the
symbol demapping accordingly, which will be employed for
the space-time coding at the relay terminals.

In the second transmission phase, each relay (such as relay
k) re-encodes the decoded information data in terms of the
given modulation mode (this mode may be different with
that at source terminal) and generates the corresponding data
symbols {c;x}, and then these symbols are space-time coded
according to the given STC scheme. Here, the STC matrix
is constructed by (1). Thus, for relay k (k = 1, ..., K), the
information code matrix at time block i is written as

~

1
Cip= —— (U,cR + Vil ) (40)
[ \/Z Zl: lk lk

where cﬁ{ and clIk denote the real and imaginary parts of
clx, respectively. To transmit the data in absence of CSI, the
differential space-time modulation is employed, i.e.,

Sik =CixSi—1k 41

where Sg x = Ik is the initial code matrix. After differential
modulation, the relay k only transmits the kth column s;
of S; , and these columns are transmitted simultaneously.
From (41), s; x = C; rSi—1.k 1s obtained.

At the destination terminal, the received signal vector at
time i can be expressed as

Yig = [\/ Pisi1 v Pasio - PKSi,K]

T
[hin hio -+ higx]| +2ia=YiPhi+2iq (42)
where Il)k 2(k =1, 5 K) is the transmit power of relay k, P =
diag(P %, P/*) hix = praBin- by = [hi 1, hi k1T,
Y, = [si1, Si2, ...8ik]. Note that Y; is different with

Si.x in that its columns are from different relays, whereas
the columns of S;; are from the same relay k. z; 4 =
[zi1,d- ...,z,'K,d]T is the noise vector, and its elements
are independent complex Gaussian random variables with
zero-mean and variances Ny. Similarly, at time i — 1, the
corresponding received signal vector is written as
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T 4= [\/ Pisi 1,1 v P2si—12 - PKSi—l,K]
hi+z,_14=Y, 1Ph; +2_14 (43)

where the channel is assumed to keep unchanged at two con-
secutive time blocks, i.e., h;_; = h; is utilized.

With the above analytical results, we may assume that C;
is approximately equal to C; , for different k and u, and thus
the index k of C; may be dropped for analysis simplicity.
Hence, with (42) and (43), using s; x ~ C;s;_1  for different
k, we have:

rig~Ciri_1q+7Zg (44)

where Z; 4 ~ z; 4 — C;z;_1 4 is an equivalent Gaussian noise
matrix with zero mean and covariance 2Nylg. Employing
the analytical method in Eqgs. (12) and (13), the approximate
expression similar to (14) for ML detector of each transmitted
symbol ¢; can be obtained as

€] ~ arg max {tr (ri—l,drinUl)} clR
ced ’

+Im {tr (—ri,l,drﬁdv,) } c! (45)

Using the symbol demapper, the information bits are finally
attained. If the decoded data are almost inerrable at relays, the
decision of (45) will be more accurate, and the resulting BER
becomes lower due to the full utilization of diversity gains.
Considering that the decoding error does exist at the relay, the
decision of (45) will be affected. Correspondingly, the BER
will be increased to some extent, especially at high SNR.
Besides, for symmetric network, (45) is effective. However,
for asymmetric network at high SNR, it will produce some
decoding errors since the approximation C; x ~ C; , is not
strict under this case.

Based on the analysis above, the DF method will increase
the computational complexity at relays due to the require-
ment of timely decoding, but this method can effectively
avoid the amplification of relay noise from AF method.
Hence, its performance will outperform that of AF method.
Moreover, it can provide the flexibility of encoding scheme
for the information bits at the relays in a spectrum efficient
manner, which is also not implemented by the AF method.
Besides, the above differential scheme is also suitable for
the application of other STC schemes to implement differ-
ent cooperative diversity. For example, when USTC [20] is
employed, the presented scheme above will correspond to
the distributed differential USTC (DDUSTC). Although [16]
also gives a DDUSTC scheme, the scheme is only designed
for the diagonal USTC, whereas our DDUSTC scheme has no
this limitation. Thus, it will have generality. Moreover, from
the view of complexity, the former needs MX search times
for decoding, while our DDUSTC scheme needs KM + M

search times, where M is the symbol constellation size and
often chosen to equal the cardinality of G (i.e., the number of
USTC matrix in G, where G represents a group which con-
sists of K x K USTC matrices {C,,,} [20]). Thus, our scheme
will have lower complexity.

6 Simulation results

In this section, we will use computer simulation to verify the
effectiveness of the developed distributed DSTC schemes
and PA scheme in composite Rayleigh channel including
large-scale and small-scale fading. In simulation, Gray code
is employed to map the data bits to symbol constellations.
The symmetric and asymmetric networks are both considered
for performance evaluation. The 2-antenna and 3-antenna
orthogonal STC from amicable orthogonality are used for
different STC schemes, and correspondingly, two and three
relays are employed. The average BER is obtained by aver-
aging the 107 Monte Carlo simulations, and the results are
illustrated in Figs. 2, 3, 4, 5 and 6. In these figures, the noise
variance is normalized to unit, and the total transmit power
P, is defined as the SNR accordingly.

Figure 2 shows the BER performance of the developed
distributed DSTC schemes based on AF method with coher-
ent detection and differential detection for two relays. To
testify the validity of the optimized PA scheme, we also give
the comparison of fixed PA (FPA) and optimal PA (OPA),
where the OPA scheme is from Eq.(25), and the FPA scheme
corresponds to equal PA (i.e., Py = P = P, = P/4).
In Fig. 2, the symmetric network situation that the distance
between source and relay terminals is the one-third of the

.........................................

.........

BER

................

..................

F| —6— FPAwith 16PSK (differential) FI3338E53
—— OPAwith 16PSK (differential ) FII:
—»— FPAwith 16PSK (coherent)
—#— FPAwith QPSK (differential )
4| [ == OPAwith QPSK (differential )
—- FPAwith QPSK (coherent)

10 15 20 25
SNR (dB)

..................

Fig. 2 BER of AF based differential and coherent DTC scheme with
FPA and OPA for 2-relay symmetric network case
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—4— FPA with QPSK (differential )
-~ OPA with QPSK (differential )
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Fig. 3 BER of AF based differential and coherent DTC scheme with
FPA and OPA for 3-relay symmetric network case

I —— FPawith16PSK |-
-5~ OPAwith 16PSK |-
— FPAwith QPSK
—&- OPAwith QPSK

SNR (dB)

Fig. 4 BER of AF based differential and coherent DTC scheme with
FPA and OPA for 2-relay asymmetric network

distance between relays and destination terminal is consid-
ered, and thus we may assume that pjg = pog = 1 and
Ps1 = Ps2 = /27, where the path-loss exponent is set as
3. QPSK and 16PSK are employed for modulations. From
Fig. 2, it can be seen that our differential scheme has perfor-
mance loss of about 3dB as expected when compared with the
corresponding coherent scheme. To implement the coherent
scheme, however, the perfect CSI is required at the receiver,
whereas our differential scheme does not need CSI at both
receiver and transmitter, which will greatly decrease the real-
ization complexity and increases the transmission efficiency.
Moreover, it is found that the derived OPA scheme obtains
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Fig. 5 BER of AF based differential and coherent DTC scheme with
FPA and OPA for 3-relay asymmetric network

better performance than the FPA scheme, at the BER of 1073,
itachieves close to 2 dB gain for both QPSK and 16PSK mod-
ulations. Besides, the systems with QPSK outperform those
with 16PSK. This is because the constellation points of high-
order constellation are densely packed and prone to errors in
fading channel.

Figure 3 gives the BER performance comparison of the AF
method based distributed DSTC schemes with three relays
under symmetric network, the channel parameters are set
similar to those in Fig. 2, i.e., p1g = p2g = p3¢ = | and
Psl = Ps2 = P53 = +/27. The OPA scheme is from Eq.(26).
The FPA scheme corresponds to equal PA (i.e. Py = P =
P, = P3 = P;/6). The QPSK and 16PSK are used for
modulations. As shown in Fig. 3, we can obtain the same
conclusions as Fig. 2. Compared to the differential scheme
with OPA, the coherent scheme with OPA has about 3 dB gain
at the same BER, which accords with the existing knowledge.
The results indicate that our OPA scheme can be applied to
coherent case and obtain superior performance. Besides, by
comparing Figs. 2 and 3, itis found that the BER performance
with 3 relays is better than that with 2 relays because of more
cooperative diversity gains. Moreover, with the growth of
the modulation size, the BER performance decreases due to
the reason analyzed in Fig. 2. The above results show that
the proposed DSTC scheme and optimal PA for symmetric
network are valid and reasonable.

To testify the validity of the proposed PA scheme under
asymmetric network, we give the BER performance compari-
son for distributed DSTC scheme with AF method in Figs. 4
and 5, where QPSK and 16PSK modulations are used. In
Fig. 4, two-relay asymmetric network with p1g = 1, p2g =
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1 —— AF scheme and 2 relays
] —©— DF scheme and 2 relays
== —+— AF scheme and 3 relays
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Fig. 6 BER of distributed differential DTC schemes with AF and DF
methods for different network cases. a Symmetric network. b Asym-
metric network

V3 and Ps1 = V27, P52 = /125 is considered. The FPA
scheme is set as to equal PA (i.e. Pp = Py = P, = P;/4),
and the OPA scheme is based on the derivation in Sect. 4.2
[i.e., (31), (56) and (55) are used]. It is observed that the
OPA scheme has obvious performance superiority over FPA
scheme, and gives about 2 dB gain over the latter. Moreover,
the performance of OPA scheme with 16PSK is worse than
that with QPSK as expected. For further comparison, we
provide the performance results under three-relay asymmet-
ric network in Fig. 5, where p1g = 1, pog = V2, 03d = V3
and pg1 = V27, Ps2 = V64, Ps3 = /125 are considered.
The optimal PA scheme is obtained by (33) and (34), i.e., it is

from the iterative calculation of Newton method. As shown
in Fig. 5, the derived PA scheme is also effective for three-
relay asymmetric network, and its performance is superior
to that with FPA scheme. At BER of 10_4, it achieves close
to 2dB gain for QPSK or 16PSK modulation. By comparing
Figs. 4 and 5, it is found that the system with 3 relays has
better BER performance than that with 2 relays due to greater
cooperative diversity gains. All these results indicate that the
derived two OPA schemes for asymmetric network are valid
and reasonable, which will provide helpful guideline for the
practical system design.

Figure 6 shows the BER performance of the distributed
DSTC scheme based on DF method under different fading
cases, where two and three relays are considered, QPSK and
equal PA are employed. For comparison, the performance
of the AF method based DSTC scheme is also provided.
In Fig. 6a, the symmetric network is considered, where
Pld = p2d = 1 and pg; = ps2 = /64 for two relays, and
Pl = p2a = p3a = l and py1 = py2 = py3 = +/64 for three
relays. It is observed that the scheme with DF method outper-
forms that with AF method. Especially at low SNR, the noise
becomes the dominant factor to affect the performance, and
the performance superiority from the DF scheme becomes
very obvious because no noise power is amplified. Under this
case, the performance of scheme with AF method becomes
worse due to the amplification of noise power. At high SNR,
however, the performance superiority will decrease because
of the decoding error propagation from the relay terminals for
DF scheme. Besides, by comparing the BERs of two relays
and three relays, three-relay system has better BER perfor-
mance than two-relay system for both DF and AF schemes.
This is because more cooperative diversity gains are avail-
able.

In Fig. 6b, the asymmetric network is considered, where
pla = 1, pa = V2 and pg1 = 27, ps2 = /64 for
two-relay cases, and p1g = 1, pog = V2, P3d = V3
and pg1 = /27, psa = V64, pg3 = /125 for three-relay
cases. As shown in Fig. 6b, the developed DSTC scheme
with DF method still outperforms that with AF method for
two relays or three relays because of no noise power ampli-
fication, especially at low SNR. At high SNR, however, the
performance superiority of the former (i.e. DF scheme) drops
due to the decoding error propagation at relay terminals
and approximate decoding scheme at the destination termi-
nal. Moreover, the latter (i.e. AF scheme) can utilize the
diversity gain to achieve better performance at high SNR
due to less noise influence, and thus the decreasing rate
of BER curve of AF scheme is faster than that of the DF
scheme. The results above show that the proposed differ-
ential scheme with DF method outperforms that with AF
method, but the performance superiority will decrease at high
SNR.
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7 Conclusions

Based on the AF and DF methods, we have presented two dis-
tributed DSTC schemes for symmetric and asymmetric relay
networks, respectively. The system performance is inves-
tigated in composite fading channels with large-scale and
small-scale fading. The schemes do not require the CSI
at both transmitter and receivers, and have low decoding
complexity. Thus, they avoid high implementation complex-
ity and low efficiency by conventional channel estimation.
Moreover, different DSTC schemes and modulation modes
can be applied to the proposed schemes, and thus the flexi-
bility of system design is increased greatly. According to the
PEP analysis, the powers of source terminal and relay termi-
nals are jointly optimized for symmetric/asymmetric network
so that the PEP is minimized. Especially, for the compli-
cated optimization problem under asymmetric network, two
practical methods (one is based on Shengjin’s Formulas, the
other is based on Newton method) are presented to obtain
the optimal/suboptimal PA, which is seldom studied due to
the optimization difficulty. Simulation results and numeri-
cal analysis indicate that the application of optimal PA does
improve the performance of the proposed scheme, and the
corresponding performance is superior to that with fixed
PA. Besides, compared with the scheme with AF method,
the scheme with DF method has better performance since
no noise power is amplified. However, at high SNR, the
performance superiority decreases due to the influence of
error propagation from the relay terminals. Besides, in the
future work, we will continue to study the performance
of distributed DSTC schemes with power allocation over
composite fading channels, and derive the theoretical BER
expressions so that the system performance may be effec-
tively evaluated in theory.
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Appendix 1

In this appendix, we will give the derivation of the optimized
objective function in (19). For analysis simplicity, we con-
sider two-relay cases (the extension to multi-relay cases will
be straightforward).

By using the related results from [2] and [21], and aver-
aging the above (18) on x;_1, the following inequality will
be obtained.

Pr(iD—E) < {E} {det_l [I + E/ (4« No) BF]} (46)
Bik
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where F=diag{|8:1|°, |8i2I°}. B = GHPS/’ ,CHCS;_,PG.
Since B = B, B is a Hermitian matrix. Let 1,(v = 1, 2)
be the two eigenvalues of matrix B, then det (B) = AjAy
.Thus according to the analysis of [21], there exists an uni-
tary matrix W such that WBW# = diag{A, A2}. Moreover,
A1 and A, are nonnegative real values due to the fact that B is
also a nonnegative-definite Hermitian matrix. Based on the
analysis above, we will have:

det [I, + E, /(4 No)BF]
= det [12 + Ey/(4k No)WH diag {11, 1) WF]
= det [I; + E;/ (4k No) diag {11, 22} Q] 47)

where Q = WFW¥ = [g11q12; q21g22]. Let wi =
[wii, wa]” and wo = [wia, wan]? be two column vec-
tors of W, then g11 = |Bi1|*|wi1|* + |Bi2|*|lwi2]* > 0, and
g = |Bnl*lwal* + |Bial*lwaal* > 0. Considering that
A1, A2 and Eg/(4k Np) are nonnegative, (47) can be changed
to

det[I; + Es/(4x No)BF]
=[1+quir Es /(4 No)l [1 + gar2 Es /(4k No)l
— MA2 [Eg/(4k No))* q1221
> q11r Es/(4k No)gor2 Es / (4k No)
— MA2 [Ey /(46 No) 1 q12921
= k22 [Es/(4ieNo)) det(Q) (48)

Substituting (48) into (46), the PEP is rewritten as

1 -1
Pr(D—>E)< E {[(Es/(4N0))2?~1)»2/K2] det(Q)}
{Bix}

= (E;/No) E {[4—2m2/x2]_1 Eét(Q)}

{Bix}

(49)

According to the definition of the diversity gain [24], using
(49), we can evaluate the diversity gain G4 as follows:

_log Pr(D— E))

Gy =
log(E5/No)

=2+0=2 (50)
Ey/No—>00

Hence, the system achieves full diversity order of 2 for two-
relay case. Similarly, we can use the above analytical method
to derive the diversity gain of the system with multiple relays.
Namely, full diversity order of K will be obtained.

Besides, from (49), it is found that the PEP will be
minimized when A;is/k? (i.e. det(B)/x?) is maximized.
According to the definition of matrix G and B, we have:
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HpgH (~H 2
det(B) = det (G"'PSL,C" €S, PG) — (Poods +2M0) (Posy +210) Po} (53)
= det (GH G) det (Pz) det(CH ()
5 5 5 5 . With equations (52b) and (52c¢), we can further obtain:
= 51052 P1qPrq 12 Py Py P det (C C)
2 2 p2 2 2
= 1o PR Py Py det (C”C) (51) <P0psl + 2No) PPy + [ZNoPo (psl + psz)

+2No Py (p%d - /O%d) + PoPy (lepgd - :022/0%01)
where ¢ = p2p%0%,03, and S S, = L is utilized. ’ ’

Since ¢ and det(C¥ C) are independent of the power opti- + P02 ,Oszl pszz] P
mization, we only need to optimize (112 P02 PP/ «2. Based ) 5 5
on this, subject to the total power constraint, we may establish = (P 0052 + 2N 0) (P 0p51 +2No + P 1:01d> Py 54

the optimized objective function shown as (19).
According to the power constraint condition 2 P+ P+ P, =
P,, P is rewritten as
Appendix 2
P, =P —2Py— Pi. (55)
In this appendix, we give the derivation of (29). With (28),

setting 0£/9Py =0 (v =0, 1,2) yields Substituting (55) into (54) gives

ar 2Py P2 [2P30 0% + 3No Po (02 + 0% ) +4N3 ]

dPy

P
[PlPO/’lzdpfz + P2Pop3, 05y + P 051055 + 2o (Plp%a’ + Papiy + Porgy + P(sz) +4N§]

2P PPy [ngfl Pg2 +2NoPo (Ps21 + /’szz) + 4N§] [Plp%d'os22 + P2p34051 +2P0p) 05 + 2No (/’31 + 9522)]

—-2n=0
3
[Pl Popigms + P2Pop3 05, + P 051055 +2No (Pl/’%d + Pap3y + Porgy + P0p522> +4N§]
(52a)
2p [p2,2 2 2, 2 2
oL Py P2 [Pops19s2+2N0P0 (Ps1+/’s2>+4No]
aP 2
: I:Plpoplzdp32 + P2Pop3 05y + P 05105 + 2o (Plp%a’ + Papiy + Porgy + Popfz) +4N§]
2P PPy |:P02p31p322 +2NoPp (Ps21 + /’32> +4N§] [Poplzdpszz + ZNO'O%d)]
c—n=0 (52b)
[Pl Popigos + P2Pop3 03, + P 051055 +2No (Pl/’%d + Pap3y + Popjy + Popfz) +4N§]
2p [p2,2 2 2, 2 2
L Py Py [Pops19s2+2N0P0 <ps1+ps2)+4No]
P, 2
? [Pl Popigpis + P2Pop3pgy + P 051055 +2No (Plp%d + Pap3g + Posjy + POpszz) +4N§]
2P§ PPy [Pozpszlpszz +2NoPo (ps21 + pfz) + 4N§] [Pop%dpszl + 2N0/’%d)] 0 (520)
_ =

3
[Pl Poptapgs + PaPop3gpdy + P e pg, +2No (Plplzd + Pap3y + Popjy + Popszz) + 4N§]

Using Eqs. (52a) and (52b), we have: ) . S ,
[2 (psllOZd + 052014 — Ps1ps2) Py

+4PyNo (p12d+10%d - P3 —/032> —2PiNo (P%d + P%d)
= PoP (P2103+P2apt) ~8NG | Pr=(Poody + 21N )

(—P, +2Py) (Pop_f2 + Pip2, —2Pop3, + 2N0) (56)

<P00s21 + 2N0) 3 [(Psz]ﬁxzzpoz + 4N§> (Po— Pr)
+2P§ Ny (pfl - pfz) — PyP1 Ny (pfl - 3p32)] P
= (Pordy +2N0) [ (Poo? +2MN0) (P20 P
+ 02 PoNo + 02 PoNo + 203 PoNo + 4N3 ) Py

+ (pfl 0% Pg + pi> PoNo + 3p2; PoNo + 4N3) p1,Pf  Substituting (55) and (56) into (53) yields:
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<P0p§1 + 2N0) (Pop§2 + 2N0) (Po,of2 + Pk,
—2Pyp3g + 2N0> <410s21 pir Py

— 8051034 P5 — 8p52014 Py

+16p3,03,P3 + 12p2 No P§ + 12p% No P}

+6071034 P Py + 6p3 014 Pr Py

—2403,NoP§ — 240}, No P

—240%, 05, P, P8 — 2% NoP, Py — 2p% No P, P

— P1034 P} Py — p32014 P Po + 20p3, NoP1 Py

+20p3, No P, Py + 32N3 Po + 1293, p3, P2 Po

—4p%, NoP? — 4p2,NoP? — SN2 P, — 2pfdp§dp,3) -0
(57)

Considering that Py, ps1, ps2, and Ny are positive, the first
factor (P ,osz1 +2Np) and the second factor ( Py ,032 +2Np) as
well as the third factor (P ,032 + P ,0% 1~ 2P0 ,ogd +2Ny) are
all not equal to zero, otherwise P; will become zero in terms
of Eq. (56). Hence, (57) can be further simplified as (29).

Appendix 3

In this appendix, we will give the derivation of (31) and proof
of the Shengjin’s Formula 4.

By means of variable transformation x =t — b/(3a), the
general cubic equation ax>4+bx”4cx+d = 0can be changed
as

BP4pr+qg=0 (58)

where p = (Jac — bz)/(3a2), g = @b® — 9abc +
27a%d)/(27a3), and A is given by (30). For A < 0, there
exist three distinct real roots for cubic equation, so Eq. (58)
will have three real roots accordingly. Based on this, we may
employ the trigonometric method in [23] to obtain the three
roots for Eq. (58). i.e.,

1 3g -3 2wk
tr = 2y/—p/3cos <3arccos (q )—ﬂ>, k=0,1,2

2p\ p 3
(59)

Substituting p = (3ac — b*)/(3a?) and ¢ = (2b> —
9abc + 27a*d)/(27a3) into (59) gives

24/b2 —3ac 1 2b3 — 9abe + 27a%d 2k
tx = ———cos | zarccos | —————————lal | — —
3la| 2(b% — 3ac)3/?a 3

3
(60)

@ Springer

Considering T = (2Ab — 3aB)/(2A3/2), A = b%? —3ac, and
B = bc — 9ad, we have:

T = (2b3 — 9abe + 27a2d) / [2 (b2 - 3ac)3/ 2} 61)

Substituting (61) and A = b*—3acaswellasx = t—b/(3a)
into (60) yields final three roots:

5= [=b—2v/Acos (0~ 274) /3)] /Ga), k=0.1.2
(62)

where 0 = arccosT . This is the Shengjin’s Formula 4.
With (62), considering the constrain condition of Py, Py
can be expressed as (31).
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