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Abstract We consider a flow-level model for packet-
switched telecommunications networks handling elastic
flows with concurrent occupancy of resources, in which
digital objects are transferred at a rate determined by capac-
ity allocation on each route. The capacity of each node is
dynamically allocated to the routes passing by it through
a weighted proportional fair sharing policy, and the arrival
request for transfer on each route is generated by N heavy-
tailed On/Off sources. Under heavy-traffic, we combine state
space collapse (SSC) and an Invariance Principle to show
that when N — 400 the conveniently scaled workload
and flow count processes converge. SSC establishes a rela-
tionship between the corresponding limits by means of a
deterministic operator. In Theorem 1 we prove that assum-
ing the other hypotheses hold, SSC is not only sufficient for
the convergence, but necessary. In Theorem 2 we prove that
when r — o0, r being a scale parameter, the workload
limit process converges to a reflected fractional Brownian
motion on a polyhedral cone.
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1 Introduction

A packet-switched network is a digital telecommunications
network that groups all transmitted data, irrespective of
content, type or structure into suitably-sized blocks, called
packets. The network over which packets are transmitted is a
shared network that routes each packet independently from
all others and allocates transmission resources as needed.

Routing directs packet forwarding, the transit of logically
addressed packets from their source toward their ultimate
destination through intermediate nodes, typically hardware
devices as routers, bridges, gateways, firewalls or switches,
by selecting paths or routes in the network along which to
send network traffic. This is performed by means of the
packet-switching technology, which is used to optimize the
use of the channel capacity available to minimize the trans-
mission latency (i.e., the time it takes for data to pass across
the network), and to increase robustness of communication.
The best-known use of packet switching is the Internet and
most local area networks (LAN).

When dealing with a packet-switched network, it is cus-
tomary to consider the “packet train” model for which data
traffic is essentially composed of individual transactions or
flows which can be broadly categorized as “stream” or “elas-
tic”. Elastic flows are established for the transfer of digital
objects which can be transmitted at any rate up to the limit
imposed by link and system capacity. The digital object in
question might be a file, a Web page or a video clip trans-
ferred for local playback. We assume that flows are perfectly
fluid and ignore problems of granularity due to packet size.

We study a class of packet-switched networks handling
elastic flows with concurrent occupancy of resources (nodes
and routes connecting them), in which digital objects are
transferred at a rate determined by the available bandwidth,
which is dynamically shared between flows. The service
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capacity (bandwidth) on each node is dynamically allocated
to the routes passing by the node, and the fraction of capac-
ity assigned to each route is shared at any time among all
the flows in progress at the route. This model, which was
introduced by Massoulié¢ and Roberts [19], is referred to as a
Sflow-level model by Kang et al. [14], and assumes a “separa-
tion of time scales”, which means that the time scale of flow
dynamics (digital objects arrivals and departures) is much
longer than the time scale of the packet level dynamics on
which rate control schemes such as the TCP protocol con-
verge to equilibrium.

The manner in which the bandwidth is allocated to the
routes is defined by the network bandwidth sharing policy,
and we adopt the usual assumption that traffic to be handled
appears as a succession of requests for the immediate transfer
of a certain digital object. Due to technical complications
of the proposed task, we restrict ourselves to the case of a
flow-level model operating under a weighted proportional
fair sharing policy, which corresponds to the « = 1 member
of the family of weighted «-fair bandwidth sharing policies
introduced by Mo and Walrand [20].

The network has a fixed set of nodes and is used by a
fixed set of routes and, instead of assuming Poisson arrivals
and exponentially distributed digital object sizes, as in De
Veciana et al. [4], Bonald and Massoulié [2] and Kang et al.
[14], we assume that the arrival process of requests for the
digital object transfer on each route is generated by a big
number of On/Off sources that during On-periods continu-
ously have data to send and during Off-periods are silent, for
which the lengths of the On- and/or of the Off-periods are
heavy-tailed (at least one of them). This choice is motivated
by the detected presence of long-range dependence and self-
similarity in modern high-speed network traffic, especially
in the Internet traffic. Indeed, from the work of Taqqu et al.
[26] it has been generally accepted that one simple physical
explanation for the observed phenomenon of the long-range
dependence and self-similarity, consists in the superposition
of many On/Off sources with strictly alternating On- and
Off-periods and whose lengths are heavy-tailed distributed.
This motivation is shared by other recent papers. For exam-
ple, this is the case of [13], where the asymptotic behavior
of the steady-state queue-length distribution, under general-
ized Max-Weight scheduling in the presence of heavy-tailed
traffic, for a system consisting of two parallel queues served
by a single server, one of the queues receiving heavy-tailed
traffic, and the other receiving light-tailed traffic, is consid-
ered. Another example is [ 18], where the authors examine the
impact of the heavy-tailed traffic on the performance of the
Max-Weight scheduling in a single-hop switched network
with a mix of heavy and light-tailed traffic.

The fact that the superposition of N On/Off sources
generates an aggregate cumulative arrival process that conve-
niently scaled in time by a factor r and in space by a factor of
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r and ~/N, converges as first N tends to infinity and then, as
r tends to infinity, to a fractional Brownian motion process,
was proved in Theorem 1 [26], where the authors show the
relationship between the parameter describing the heaviness
of the tails and the Hurst parameter of the fractional Brown-
ian motion process, H > 1/2, which measures its degree of
self-similarity.

In subsequent work it has been shown that for multi-class
networks with FIFO service discipline under heavy-traffic,
the convergence of the scaled arrival process carries over to
the scaled workload process, which thus also converges to a
fractional Brownian motion process but reflected appropri-
ately to be non-negative. See Debicki and Mandjes [5] for
the single-station model, and Delgado [6-8] for three dif-
ferent situations in the multi-station scenario. Unlike these
works, in this paper we investigate the asymptotic behav-
ior of a family of flow-level models in the heavy-traffic
environment, but for networks operating under a weighted
proportional fair bandwidth sharing policy. Our motivation
was to extend the heavy-traffic limit result of Delgado [7]
to this setting. Indeed, in Theorems 1 and 2 we prove that
the conveniently scaled workload process converge to a mul-
tidimensional reflected fractional Brownian motion process
(rfBm) on a polyhedral cone, which is a particular case of
convex polytope. By suitably adapting the definition of semi-
martingale reflecting Brownian motion on a convex polytope
of Dai and Williams [3], this process is introduced in Sect. 2,
where we also introduce a condition on matrices associ-
ated to the polyhedral cone and its directions of constraint
at the boundary, named HR, which ensures the existence
of such a process. We highlight that when Poisson arrivals
and exponential sizes are assumed, a diffusion approximation
is obtained instead, a multidimensional reflected Brownian
motion (rBm) on a polyhedral cone being the limit of the
scaled workload process (see Kang et al. [14]).

By combining the methodology used in Kang et al. [14]
with that in Delgado [6—8], we prove in Sect. 4 that under a
mild local traffic condition and heavy-traffic, if condition HR
holds and a form of state space collapse SSC is met, then the
scaled workload converges as N — +o0, and then as r —
00, to a multidimensional rfBm process on a polyhedral
cone associated to the network (Theorem 2).

The phenomenon of state space collapse SSC was first
established by Whitt [28] for a single multi-class station but
the rerm was coined by Reiman [24], and it has been shown
to be a key ingredient in the proof of heavy-traffic limit
theorems, both in the Poisson-arrivals environment using
different service policies (see for instance Peterson [23],
Williams [30] and Kang et al. [14]), with a tBm on the
positive orthant or on a polyhedral cone as the workload
limit process, depending on the service policy, and also in
the On/Off heavy-tailed sources context assuming the FIFO
service discipline (Delgado [7]) with a rfBm process on the
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positive orthant instead. Recently, a strong version of SSC
has been proved in [21] for an overloaded Markovian queue-
ing system having two customer classes and two service
pools, known in the call-center literature as the X-model.
This condition has been used by the same authors in [22] in
order to develop a refined diffusion approximation for the
same model under heavy-traffic. In the present work, for the
first time to our knowledge, SSC condition is considered in
the context of a heavy-traffic limit theorem in the On/Off
heavy-tailed sources context with a fair bandwidth sharing
policy, obtaining in the limit a rfBm process on a polyhedral
cone.

More specifically, in Theorem 1 we prove that the conve-
niently scaled workload and flow count processes converge,
as N — 400, to processes W’ and Z" respectively, under
a mild local traffic condition, heavy-traffic and assumptions
HR and SSC, which implies that these limit processes are
linked by means of a continuous deterministic operator A,
obtained by solving an optimization problem, in this way:
7" = A(W"), meaning that the flow count process can be
approximately recovered as a continuous lifting of the work-
load process. Actually, in Theorem 1 we prove that assuming
the other hypotheses are true, SSC is not only a sufficient con-
dition for the convergence, but also necessary. In Theorem
2 we prove that processes W’ and Z" converge respectively,
as r — 400, to W, which is a rfBm process with Hurst
parameter H on a polyhedral cone, and Z = A(W).

The main ingredients in the proofs are a combination of
Theorem 1 [26] and Theorem 7.2.5 [29] on the one hand, and
the Invariance Principle in domains with piecewise smooth
boundaries (Theorem 4.3 [15]), for which we set the version
we use in Sect. 4.1, on the other. But for applying the Invari-
ance Principle we need some preliminary technical results
that can be found in Sect. 5, devoted to a form of multiplica-
tive state space collapse (MSSC). This is a condition trivially
implied by SSC but that, in fact, is equivalent to it in our set-
ting, as deduced from Proposition 4. MSSC condition usually
appears in relation with heavy-traffic limits in different con-
texts; for instance, it has been considered in [7] in the context
of a fluid queuing network with multiple classes and feed-
back, fed by a big number of heavy-tailed On/Off sources,
where each fluid class is processed at a constant rate by fol-
lowing a FIFO service discipline. More recently, MSSC has
been considered in [25] with regard to switched networks
(more specifically, single-hop and multihop networks) for a
family of scheduling policies related to the maximum-weight
policy of Tassiulas and Ephremides [27]. Is worth noting that
whereas previous works on switched networks and stochastic
processing networks in the diffusion limit have assumed the
“complete resource pooling” condition, in [25] this assump-
tion is not required. However, in this work is not shown but it
is conjectured that MSSC implies SSC, under an additional
hypothesis.

The organization of the rest of the paper is as follows. In
Sect. 2 we set up notation and terminology, including defi-
nitions of a polyhedral cone and a rfBm process on such a
set . The fluid-level model we consider is introduced in Sect.
3, where the network structure, the bandwidth sharing pol-
icy, the stochastic processes associated to the model and the
heavy-traffic assumption are given. Theorems 1 and 2, which
are the main results, are established in Sect. 4, where a sim-
ple example to help visualize these mathematical results has
been included.

2 Notation and terminology

Leta, b € R, then a Vv b denotes the maximum of a and b,
and a A b the minimum.

For each integer d > 1, we will denote by I; the
d—dimensional identity matrix. Vectors will be column vec-
tors and v’ denotes the transpose of a vector (or a matrix)
v. Given v = (v1,...,v4) € RY, hereafter we will
denote by diag(v) (or by diag(vy,...,vg)) the d x d
diagonal matrix with diagonal elements vy, ..., vs. Let
Ri be the d—dimensional positive orthant, R’i ={v =
(vi,...,v9) € R : v, > 0Vi = 1,...,d}. For
adxd maix A = (@j)izr.. 4 j-1..a» let |A] €

max a;i|). Note thatif A = diag(vy, ..., vq),
1§j5d/(zlfi§d| l]l) g(vy d)

then |A| = max{vy, ..., vg}. The rank of A will be denoted
by rank(A), andifd’ = d, A~ denotes its inverse, if exists,
that is, if the determinant det (A) # 0. Inequalities between
vectors should be interpreted component-wise.

We will say that a sequence of d x d’ matrices {A"},
converges to a d x d’ matrix A if |[A" — A|] — 0 asn
tends to +o0 (this convergence is equivalent to the conver-
gence in the component-wise sense), and we will denote it
simply lim A" = A. The same applies for the particular

n——+00
case d’ = 1, which corresponds to d—dimensional vectors,

. def .
with |v| = E ~|vi] the £{ —norm. The Euclidean norm
1<i<d
d - _ 2\1/72 _ .
on R is [|v]| = ( E \icd v;)’" < |v|. The inner product
of a couple of vectors u, v € R? is denoted by (-, -), that

. d .
is, (u,v) = Zi:l u; v;. Let d(x, §) denote the distance

between x € R? and § c R?, d(x, §) = inf{||x — y|| :
y € S}, with the convention d(x, #) = 4o00.

Let C¢ be the space of continuous functions @ from
[0, +00) to R?, with the topology of the uniform con-
vergence on compact time intervals, and D¢ the space of
continuous on the right with limits on the left functions,
endowed with the usual Skorokhod [Jj—topology. All sto-
chastic processes in this paper will be assumed to have paths
in D, for somed > 1. Foreach T > 0 and w € C%, we
define
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def

loOlly = 0] o] = o) (Zkkd m(t)')

tel0,T

We will say that " — w as n — oo in C? (uniformly
on compacts, u.o.c.) if forany T > 0, ||0" (") — 0 ()||T —

0, and we will denote it lim ®" = w. To measure the
n—-4o00

oscillation of w we make the following definition: for any
T>0,

Osc(w(), [0, T1) € sup

0<s<t<T

(1) — w(s)|.

Note that, in general, 0sc(w(~), [0, T]) < 2lloOMIlr
and that Osc(a)(-), [0, T]) > |lo()||T if ®(0) = 0 and
we(t) > 0foranyr € [0, T]and any 1 < ¢ <d.

We let e be the identity function, that is, e(x) = x.

A sequence of stochastic processes {X"},>1 is said to be
tight if the induced measures on D? form a tight sequence
(that is, the sequence of induced measures is weakly rela-
tively compact in the space of probability measures on D?).

We will use P — lim for the convergence in probability
(uniformly on compacts), and D — lim to denote the conver-
gence in distribution on C¢ or D¢ (or weak convergence).

That is, we write D — lim X" = X if the sequence of
n—+400

probability measures induced in D? by {X"},, say {P"},,
converges weakly to that induced by X, P. We denote the
weak convergence of probability measures by P" = P. The
sequence of processes {X"}, is called C—tight if it is tight,
and if each weak limit point, obtained as a weak limit along
a subsequence, almost surely has sample paths in C¢.

A function f = (fi, ..., fa) : [0, +00) — R% is
said to be absolutely continuous if each of its components
fx 1s absolutely continuous. A regular point for f is a value
t > 0 at which each component of f is differentiable. Let
%fk (t) denote the derivative of function f; at time ¢ if 7 is a
regular point of f.

The multi-dimensional reflected fractional Brownian
motion (rfBm) process on the positive orthant has been intro-
duced, for instance, in Delgado [6,7] and Konstantopoulos
and Lin [17]. Here we extend the definition of this process
to a polyhedral cone, which is a particular case of convex
polytope. For that we adapt conveniently the definition of
a semimartingale reflecting Brownian motion on a convex
polytope given in Dai and Williams [3] among others.

Definition 1 (polyhedral cone) For any d > 1, a d—dimen-
sional polyhedral cone S is defined in this way:

= {xeRd : Vx =0}

for a given set of vectors v!, ..., v in R?, being V the
d x d matrix whose row vectors are v!, ..., v¢. The fact
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that the cone is determined by the matrix is made explicit,
when convenient, by using the notation S(V).

It is assumed that the interior of the cone is nonempty
and that the set {v!, ..., vd} is minimal in the sense that
no proper subset defines it, that is, for any strict subset L C
{1, ..., d),theset{x e R? : (v, x) >0 forall¢ e L}is
strictly larger than S(V'). This is equivalent to the assumption
that each of the boundary facets

S {xes(v): hx) =0}, £=1,....4

has dimensiond — 1. Let 0§ = Uzlzl F¢ be the boundary of
the cone.

Associated to the cone S(V) we can introduce the direc-
tions of constraint u(y) for any y on its boundary, which are
constant along each facet, by using a d x d matrix R whose
column vectors are denoted by ul, ..., u?, with the restric-
tion that (v, u®) > Oforall £ = 1,...,d, in the following
way: we can define /() o {i=1,...,d : yeF;}. Then,
if 1(y) = {€} for some ¢, u(y) is defined as u®. Otherwise,

def

u(y) = éeR‘lzézz&ui, with some §; > 0

iel(y)
and such that || =1} (1)

We will say that the cone S(V') with associated matrix of
directions of constraint R is “in normal form” if rank(R) =
d and it holds that (vt, ut) = 1 forall¢ =1, ..., d, thatis,
the diagonal entries of matrix V R are all equal to 1.

Definition 2 (r/Bm on a polyhedral cone) Let S(V) be
a d-dimensional polyhedral cone as in Definition 1, with
associated matrix of directions of constraint R, and in nor-
mal form. A reflected fractional Brownian motion on S(V)
associated with data (x, H, 6, I', R), where x € S(V),
H € (0,1),0 € RY and I"'is ad x d positive defi-
nite matrix, is a d—dimensional process W = {W(t) =
(W1i(8), ..., Wq(t)), t > 0} such that

(i) W has continuous paths and W(z) € S(V) forallt > 0
a.s.,

(ii)) W =X + RY as., with X and Y two d-dimensional
processes, defined on the same probability space and
verifying:

(iii) X is a fBm with associated data (x, H, 6, I'), thatis, it
is a continuous Gaussian process starting from x, with
mean function E (X (1)) = x + 01 forany t > 0 (6 is
the drift vector), and with covariance function given by:
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ift, s >0,

Cov(X(t), X(s))
- E((X(t) —(H00)(X () — (x +95))T)
=Ty(s,0)rl,

1
where 'y (s, 1) = 3 (t2H +s2H = s|2H) and
(iv) Y has continuous and non-decreasing paths, and for
each £ = 1,...,d, as., Yy(0) = 0 and Y,(t) =

t
J Liw(s)er,1 d Ye(s) forall + > 0 (that is, ¥, can only
0

increase when W is on the boundary facet Fy).
If conditions (i), (ii) and (iv) are met, we say that the pair
(W, Y) is a solution of the (multidimensional) Skorokhod
Problem associated to X on the cone S(V') and with asso-
ciated matrix of directions of constraint R.

To get an idea, rfBm starts in the interior of the cone S
and behaves like a fBm being constrained to remain within
S in the following way: when the fBm process touches the
boundary 95, it is instantaneous “reflected” preventing its
exit from S. For each £, the £—th column vector of matrix R,
ut, gives the direction of the reflection on facet Fy, and Y,
gives its intensity. On the intersection of two or more facets
(ridges and peaks), the direction of reflection is given by
a linear combination of the corresponding vectors u¢ of the
form given by (1). Two fundamental properties of fBm justify
the general interest in it from the modelling point of view:
fBm is a self-similar process and has long-range dependent
increments, which are positively correlated if 1/2 < H <
1.

Remark 1 As usual, we call the map 7 X — W the
Skorokhod Map associated to the Skorokhod Problem intro-
duced in Definition 2. It is known that strong existence and
uniqueness of the solution of a Skorokhod Problem can be
established when the associated Skorokhod Map is Lipschitz
continuous on C? (see for instance the discussion given in
the Introduction of Dupuis and Ramanan [10]). In the cou-
ple of papers Dupuis and Ramanan [10,11] it is shown that
the sufficient condition for Lipschitz continuity of the Sko-
rokhod Map given in Dupuis and Ishii [9] is accomplished,
in particular, for a class of Skorokhod problems which are
there referred as the generalized Harrison—Reimann class.
Indeed, Theorem 2.2 [11] ensures the Lipschitz continuity
of the Skorokhod Map associated to a Skorokhod Problem
in a d—dimensional polyhedral cone S(V) with associated
matrix of directions of constraint R and in normal form,
if matrix VR verifies the following condition (named the
generalized Harrison—Reimann condition there) forad x d
matrix Q:

HR The matrix obtained from ® = Q — I
by replacing its elements by their absolutevalues, has

spectral radius strictly less than 1.

We highlight that although it is not explicitly written in
the statement of Theorem 2.2 [11], there is assumed that the
diagonal entries of matrix V R are all equal to 1. Indeed, in
order to apply Theorem 2.1 [11] in the proof of Theorem
2.2 [11], it is used that for any ¢, (e‘f, R’ v‘z) = 1, where e’
denotes the unit vector in the £th coordinate direction; taking
into account that (¢!, R’ v%) = (Ref, vb) = ut, v%), we
obtain that necessarily (u’, v*) = 1. (Observe that notation
used here does not match that of Dupuis and Ramanan [11].)
Moreover, actually assumption HR as stated in Theorem 2.2
[11] refers to the transpose matrix (V R)’ instead of V R, but
this makes no difference since the spectral radius of a matrix
coincides with that of its transpose.

We discuss briefly two special cases of particular interest:

Case (a) The positive orthant Rf{. In this case Ri =SV =
I;) and let R be any d x d matrix such that
rank(R) = d and all its diagonal entries are 1 (this
last requirement can be achieved by normalizing
the directions of constraint vectors u!, ..., ud).
Thus, the cone is in normal form, and if R verifies
assumption HR, then strong existence and unique-
ness of the solution to any Skorokhod Problem on
R‘j_ can be ensured. (This is the case previously
considered in Delgado [6-8].)

Case (b) A cone S(V) with directions of constraint the unit
vectors in the coordinate directions, that is, with
R = 1. The cone is in normal form if V is such
that all its diagonal entries are equal to 1 (this
may be achieved through normalization of vectors
v!, ..., v?).Ifthathappens and V verifies assump-

tion HR, then strong existence and uniqueness of

the solution to any Skorokhod Problem on S(V) is
ensured. This is the particular situation we consider
in this work.

3 The bandwidth sharing network model
3.1 Network structure

We consider a network with finitely many nodes labeled
{1, ..., J}. There is also a finite set of routes labeled by
k € IC, where each route is interpreted as the non-empty sub-
set of nodes along which network traffic can be transferred.
Let K denote the cardinality of IC. We assume J < K. We
denote by j € k if node j is used by route k. Each node
J has finite (bandwidth) capacity C; > 0, which is shared
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among all routes k such that j € k. Let C = (Cy, ..., Cy)
and A be the J x K incidence matrix defined by Aj = 1
if j € k and O otherwise. Note that in this model A cannot
have a column with all entries equal to zero. Hereinafter, we
will consider that matrix A satisfies the following condition:

LTForeachj =1, ..., J, there existsk; € K
such thatAjkj = 1andAgkj = Oforall¢ # j,

which can be interpreted as a local traffic condition under
which each node has at least one route that only uses that
node (see Assumption 5.1 [14]). Note that LT implies the full
row rank J of matrix A. An example of networks verifying
this condition are the so-called linear networks, for which
K = J + 1, there is a common route that goes through all
nodes and gets served simultaneously at all of them, and
there are J crossing routes: route j going just through node
Joj=1...,J.

Assume that while being transferred, a flow takes simulta-
neous possession of all nodes on its route, and its transmission
time is independent of that of all other flows. Packets wishing
to be transferred through route k, arrive at the network from
N i.i.d. On/Off external sources, independently of packet
arrivals on all other routes, each one with its own 0/ 1 —valued
jump process {U,E")(t), t >0}, n=1,..., N,onacom-
mon complete probability space (§2, F, P), and they are all
independent. U ,f") (t) = 1 means that at time ¢, the nth source
sending data to route k is On (and it is actually transmitting
data at a deterministic data generation or arrival rate o ,iv > 0),

and U,E") (1) = 0 means that it is Off (that is, the nth source
is silent). We suppose that independently of &, the lengths of
the On-periods are i.i.d., those of the Off-periods are i.i.d.,
and the lengths of On- and Off-periods are independent of
each other.

Let f°" and f°f be the probability density functions
corresponding to the lengths of On- and Off-periods, respec-
tively, which are non-negative, and at least one of them is
heavy-tailed. Therefore, their (positive) expected values are

400
uo" =/ u f°"(u) du and
0
+00
Moff — / u fOff(I/t) du
0

Assume that as x — +o00,

+OO on
FOu)du ~ x P L"(x) and
%o 2
£y du ~ x=B Lo (x),

X

where 1 < pon, goff < 2, gon A goff < 2 and Lo, LOff
are positive slowly varying functions at infinity such that
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if o0 = BOff, then lim,_, o0 %((xx)) exists and belongs to
(0, 400). Note that ° and u° are finite (and positive)
while variances are not if the corresponding beta is < 2.
The K —dimensional (non-deterministic) aggregated cumu-
lative flow arrival process is denoted EN = (EN(t) =
(EV@), ..., Eg(t))/, t > 0}, with component processes
that are all independent and defined by

[ N
EN) € ol /O % (Z Ul (u)) du. 3)
n=1

Note that fj 4 (3N, U ())du is the average amount of
time that a source of route k is On during the time interval

[0, 1. LetaV = (@, ..., o) and
N def Mon N -1 K
k on off "k > -

©ot 4+

Then, vector ANV = WV, ...,
effective arrival rate.

A%)’ can be interpreted as the

3.2 Bandwidth sharing policy
How might the capacities C = (Cy, ..., C;) beshared over
the routes K ?

A bandwidth sharing policy is a generalization of the
notion of processor sharing discipline from a single resource
to a network with several shared links. Bandwidth capac-
ity is allocated dynamically to the routes according to
the a weighted proportional fair bandwidth sharing policy
explained below.

Typically, the real-time capacity allocation takes the form
of a solution to an optimization problem, with the objective
function being a utility function (of the state and the allo-
cation), and the constraints enforcing the capacity limit on
the nodes. The bandwidth allocated to each route at time 7,
which is shared equally among all the flows on the route, is
given by a function A(-) = (A{(-), ..., Ag(-))" applied to
the amount of flows on each route at this time, defined as fol-
lows: A() : RE — RX andifforn = (n1,..., ng) e RX
we denote by Ko(n) ={i e K : n; =0}and X (n) = {i €
K : n;j > 0}, A(-) is such that A (n) = 0 for any k € Ko(n)
and if Ky (n) # @, then (A (n))refc, (n) is the unique vector
(Ap)kek, (n) that solves the optimization problem

maximize Y.

kEIC+(n)
2 ApA=Cj 1<j=<J

k€K+(l’l)

over Ay >0 foranyk € K4 (n),

Nk ng log Ay

OPA 1 subject to
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where {n;, k € K} is a fixed sequence of strictly positive
weights.

We summarize the properties of function A(-) in the fol-
lowing proposition (see Proposition 2.1 [14], which is proved
in Appendix A [16]).

Proposition 1 For each n € RX,

(1) Ag(n) > 0foreachk € Ky (n),
(i) A(€n) = A(n) forall £ > 0,
(iii) Ax(-) is continuous on {n € Rf : ng > 0} but may be
discontinuous on {n € Rf s ng =0},
(v) ifn # 0, thereis p = (p1, ..., py) € R, depending

J
on n, such that for allk € Ky (n), > pjAjx > 0and
Jj=1

Ar(n) = =% sphere the (Lagrange multipliers)
2j=1Pj Ajk
P, ..., pysatisfy that forall j =1, ..., J,

pi(Ci— D AjAn))=0.
kek4(n)

3.3 Stochastic processes description
Consider an increasing sequence of scale parameters {r; }f:"f,
with r; > 1, which converges to +o00; for ease the notation,
we shall simply write r instead of r;, but it is understood
that r increases to infinity through a sequence, and consider
a sequence of models indexed by (r, N), with N being the
number of On/Off sources feeding each route, where the net-
work incidence matrix A and capacity vector C, as well as the
distribution of the On/Off sources and the bandwidth shar-
ing policy weights {nx, k € K}, do not vary with (r, N). We
append a superscript " to indicate the stochastic processes
[all defined on the probability space (§2, F, P)] or parame-
ters in the (r, N)-model, when they are dependent on both r
and N. Thus, we have a flow arrival process E "N an arrival
rate Y > 0 and an effective arrival rate "V > 0.

For the (r, N)—model, each flow at route k requires an

i.i.d. service with mean ,1 + > 0 before it depart from the

Hi
network; the actual holding time depends on the capacity
allocation, that is, — can be thought of as the mean file size
PR

k
and the fact that the bandwidth is shared equally among all the
flows on route k means that if currently the number of flows
in transfer across the K routesisn = (n1, ..., ng) € Rf,

then the mean holding time of each flow is (MZ’N A’;L—]((”))_l

if np > 0, that is, flow is tranferred at rate ,u,rc’N A‘;l—in) until

there is a change in the network’s state, caused either by a
flow transfer being completed, or by a flow arrival occurring.

Let us denote p/-V = (,uq’N, u;;N)’ and MV =
diag(u™N)~!. Assume that limy_ oo u™ exists, does
not depend on r and is strictly positive; we denote it by
w= (1, ..., pg). Let M = diag(u)~". For each j we

introduce the node traffic intensity induced by elastic traffic
by

)Lr,N

rN dif k
'Oj - Z r,N

k:jek Mk

(i.e., o"N = AMN N ) 4)

Henceforth assume that p"V < C.

Let Z,C’N(t) be the (random) amount of flows on route k
attime 7, and 2"V (1) = (Z7N (1), ..., Z¥N (1)) € RK. For
simplicity we assume Z-"(0) = 0. Then, the bandwidth
allocated to route k at time ¢, which is shared equally among
all the flows on this route, is Ax(Z"" (¢)). Also define a J-
dimensional (average) workload process by

Wr,N d;f AMr,N Zr,N’ (5)

that is, for any j = 1,..., J and t > O, W;’N(t) =

> %N Z;‘N (t), and we introduce the allocated band-
k:jek Mk
width TN = (17N (1), ..., TeN @), t > 0}, defined

by: Tkr’N(t) e (;Ak(Z”N(s)) ds, which is the cumula-
tive amount of bandwidth allocated to route k up to time

t. Then, we can introduce the unused bandwidth capacity

process YN = {(er’N(t), Y;’N(t))’, t > 0}, which is
defined by:
def
YN = cie— D 1o (6)
k:jek

(In matrix form: YN = Ce — AT"V).
3.4 Scaling

In order to define the scaled processes associated with the
(r, N)—model we have to introduce some previous notation
by following Taqqu et al. [26] (see also Delgado [6]). Set

on off -
a™ = _fz(ﬁz(;,_al)) and ¢ = —F(z?gfl)), where g°" and gOff
are defined by (2). The normalization factors used below

depend on b, defined by b & lim;—, 4 $(BT =P %(é)),

which exists although it could be infinite. If 0 < b < 400
: : L)

on _ poff — ___ =
(implying g°" = B°" and b = tJ?w L°ff(t))’ set B
ﬂon — ,BOff L = Loff and

a2 (7 0+ () )

o= 3
(Mon_'_luoff) F(4_,3)

If, on the other hand, b = 4o (ﬂOff > B°M), set L =
Lorl7 ,3 — 13011 and
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Z(MOff)z a°n

2 def
(Mon + Moff)3 1"(4 _ ’3)

Ifb =0 (BT < "), set L = L°%, g = gff and

2(Mon)2 qo°ff
(pon 4+ Moff)3 r- ﬂ)'

def
o

In either case, 8 € (1, 2). Let us define H = &ef 3

fore, H € (j, 1).
Now we can introduce the scaled processes associated
with the (r, N)—model. We use a hat to denote them.

. There-

E”N(r t) — AN g

EN ) E VN — s E (7a)
27N VN —f,rLNl(/rzz)) (7b)
W () ¢ def %g(tr)) (70)
PN € VN —251(28) (7d)
Lemma 1 Ler ¢; & m > 0and c; & 2M71) > 0.

Then, for any fixed r > 1 there exists nop = no(r) > 1 such
that for any T > 0 and any N > ny,

al[WrNOl < [2776]|, < el WO, ®)

Proof Since we assume that limy 4 oo "V = 1 > 0, for
any r > 1 there exists ng = no(r) such that for any k € K
and N > ny, MZ’N < - First note that

k
by (5), (7¢c) and (7b), W"N = A M"N Z”N. Then, for any
T >0, N > ng,

) 1 5
[[F7 YOl <2 max(- ke KY|ZV Ol

=2|M|||Z"V ()|,

and we obtain the first inequality in (8).

For the second inequality we note that for any k € IC,
there exists at least one index ji such that A = 1, that
is, such that j; € k, and taking into account that for any
J=1. . LW = > 720N if we take j = ik,

J o ",
C:jet e
we deduce that

N - 1

N
Jk = r :
M

.,
v ZK

@ Springer

Then,

5r,N rN yo,r,N N
ZeN < WY <2 max {ux, k€ K} W

=2|m | Wi
Jk
and in this way we obtain the second inequality in (8). O
Next proposition shows how using simple algebraic
manipulations, a decomposition of process WV similar to
that given by formula (17) [6], which will be used in the

proof of Theorem 1, can be obtained.

Proposition 2 For anyr, N > 1, we can write

Wr,N — )’zr,N + ?r,N’ (9)
where

vr,N def r,N fr,N \/N rnN _
X" AM™NE" +—rHL1/2(r)( C)re. (10)
Moreover, forany j =1, ..., J,

or,N r,N
Yo = HL1/2(r)/ ( ZA,kAk z" (s)))ds

(1)

and verifies that )A’;’N(O) = 0, and its paths are continuous
and non-decreasing.

Proof By definition, for any k € K, t > 0,

rNT

(@) 12)

rN(t)_ rN(t)

[thatis, Z"N = E™N — (M"N)=1 7"-N]. Indeed, the trans-
t

ferred flows up to time ¢ are f D,Z’N (s)ds, where
0

Ak(Z7N(s)
DY (s) = N (,N )Z,ﬁ’N(S)
ZeN(s)

= ;N A (27 ()

if Z,Z’N (s) > 0 and O otherwise. Therefore, by (7c), (5) and
(12),

wNey N
ﬁrHLl/z(r) TOPHLI2(p)
VN

- ri L12(r)

WrN (1) = AM"™NZ"N (rr)

(A MNEN Gy — AT (r r))
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VN

T PH L)
+ AM™N ANy

(AMN EN o =N e

_A T”N(rt))
\/ﬁ r,N

_ rN fr,N
=AM " E (t)—i——rHLl/z(r),o rt
_ LAT’W(”)
ri L12(r)
_ rnN r,N \/ﬁ rnN _
=AMV E (t)+—rHL1/2(r) (o C)rt
\/N r,N
D) (Ce—AT"M)(rv)
. N
= AM"NE™N (1) + Al (o™ —C)rt

rHELY2(r)
+ YN @),

which uses (7a), (4), (6) and (7d). The proof ends considering
that for any j, the paths of f’;’N , which have the expression
(11), verify that start from zero and are continuous. Moreover,
these paths are non-decreasing since the integrand in (11) is
nonnegative by the restriction of the optimization problem
OPA.O

3.5 Heavy-traffic condition

Our main result will be proved under heavy-traffic, which
establishes that the total load imposed on each node (that
is, its traffic intensity) tends to be equal to its capacity. This
node’s capacity saturation assumption can be splitted into
two parts, namely conditions HTa and HTb:

HTa lim NN —C)=—p"
N—+o00
forsome p” € RY, and lim p’ exists mRJ.
r— 400
F1-H
HTb y ERJ exists such that hm 7 =y.
r—+00 1/2(r)

Formulation of the heavy-traffic assumption here is for-
mally the same as in Delgado [8], where it was motivated
through thin control, which applies to systems with process-
ing rates of the form u;’N = k;’N (Clj + ﬁ )71.’ ) (see Remark
5 [8] for the particular case C; = 1, and references therein).

Remark 2 Note that from HTa, (4) and the assumption that

d f
limy— 400 M’ N — M, we deduce the existence of A <

limy— 400 AN which is independent of r and verifies that
C = AM x. Here and subsequently assume that A > 0.
Moreover, since A"V = Mon—+oﬁe oV, the (independent of
r) limit of the data generation rate as N — 400 needed to
achieve the maximum capacity of the network is

on off
) 1o 4+
lim "V =8 "2
N—+00 uon

with A suchthat C = AM A.

The following result shows the convergence of the scaled
flow arrival process ErN , first as N — 400 and then as
r — 400 to a multidimensional fractional Brownian motion
process (see Definition 1 [6]). As a consequence and assum-
ing heavy-traffic, we obtain the convergence of process XN
defined by (10), which is a component of the decomposition
(9) of the scaled workload process wr

N

Proposition 3 [f there exists lim lim o"" = o and

r——+00 N—+o00
o > 0, then there exist the limits

lim E™N and D— lim E" = BY,

N—+00 r——+00

E'=D -

where BY is a K —dimensional fractional Brownian motion
with associated data (x = 0, H, 8 = 0, ozdiag(oc)z),
where H and 0% were introduced in Sect. 3.4.

Moreover, assuming that HTa holds, we have that there
exists the limit

X' =D— lim X"V (13)
N— 400
R ,1-H
_ r - Ar
=AME L1/2(r)y e,

which has continuous paths. In addition, if HTb holds, there
also exists the limit

X=D— lim X
r——+00
=AMB" —ye,

which is a J—dimensional fractional Brownian motion
process with associated data (x = 0, H, 0 = —y, I'),
being

def

'S o6>AMdiag(a)’> M A'. (14)

Proof Fixed r, N > 1, for any k € K we have by (7a) and
(3) that E;*N () can be written as

rN @ Mon
n
HLI/Z(,.) f Z (/ U (w)du — Lon _|_Iuoffrt)’

and then using Theorem 1 [26] and Theorem 7.2.5 [29],
jointly with the joint convergence for independent random
elements (see Theorem 11.4.4 [29]), we have that in DK
there exists the limit

Jim E"N, (15)
—+00

E'=D-—
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which has paths in CX, and in CX there exists the limit

D— lim E" = BH. (16)
r—+400
Then, by (10), (15), HTa and the continuous mapping the-

orem (see Corollary 1 of Theorem 5.1 [1]), we deduce that

X" =D— lim X"V exists and obtain (13).
N—+o00
If we also assume condition HTb, then by (16) the limit

X =D - limr_>+oof(’ exists and X = AM BH — ye,
which is a J—dimensional fBm with associated data (x =
0, H, 0 = —y, I'), where I" is the matrix (14). O

3.6 Fluid model solution and invariant manifold

From Sect. 4 [14] (see also Sect. 5 [16]) we adapt the follow-
ing two definitions that are used to introduce the polyhedral
cone where the limit of the scaled workload process lives, as
will be proved in Sect. 4.

Definition 3 (Fluid model solution) A fluid model solution
is an absolutely continuous function

z : [0, 400) —>R§

such that at each regular point # > 0 for z, we have that for
eachk € IC,

d A — ok Ap(z(2))  if zx(2) > 0,
— k(1) = .

dt 0 if zx (1) = 0,
andforeach j =1, ..., J,

A
S ApAzo)+ D Ajku—’]‘{ <Cj.
kel (20)) kelCo (2(r))

For an intuitive idea we refer the reader to the comments
following Definition 5.1 [16].

Definition 4 (Invariant manifold) A state zo € RX is called
invariant if there exist a fluid model solution z(-) and o > 0
such that z(t) = zg for all t > fy. Let M denote the set
of invariant states of the network. We call M the invariant
manifold.

Foreach z € RX we define w(z) = (w1(2), ..., ws(z)),
to be given by

0;@E > Ay Z—’; forall j =1, ..., J.

kelC

Thatis, w(z) = A M z. We call w(z) the workload associated
with z.

@ Springer

For each w € Ri, define A(w) to be the unique value
z€ Rf that solves the following optimization problem:

2
minimize F(z) &ef % >k i—’;
kel
OP A subject to > Ajisk > wj, 1<j<J
kelC
(thatis , A Mz > w),

over z; >0, kek,

Function F was introduced in Bonald and Massoulié [2] as
a Lyapunov function for the fluid model solution. Note that
as we assume A > 0, function F is well defined. Since A has
full row rank and its only entries are zeros and ones, for each
w € ]Ri the feasible set of the optimization problem {z €
RE © DpecAje st = w; ¥j = 1,...,J} is nonempty,
and then since F' is nonnegative in R_’E and F(z) — 4ooas
|z] = +00, OPA has an optimal solution, which is unique
by the strict convexity of F (see Remark 5.2 [16]).

As stated in Proposition 4.1 [14] (see also Kelly and
Williams [16]), function A(-) defined in this way has two
main properties: it is continuous and verifies that A(c w) =
¢ A(w) for each w € Ri and ¢ > 0. Moreover A(0) = 0,
as can be readily seen. Theorem 4.1 [14] gives some charac-
terizations of the invariant states which we reproduce in the
following lemma, for the sake of completeness.

Lemma 2 The following are equivalent for z € ]Rf :

(i) z e M;
(i) Ax(z) = 2 forall k € K1.(2);
(iii) there exists some q € Ri such that

ol
Zkz—k— 5]/'Ajk forallkelC;
e i

(iv) z = A(w(2)).

In Sect. 5 we will use the following result, which is anal-
ogous to Proposition 4.2 [14]. We reproduce it, as well as its
proof, for convenience of the reader:

Lemma 3 For each w € RJJF, A(w) € M (that is, A(w) is
an invariant state).

Proof Fixed w € RZ, A(w) is the unique solution to OPA.
Then, by Lemma 6.4 [16], there exists ¢ € Rfr such that
Alw) = 2 L Z]J'=1 qj Aji for all k € K. By Lemma 2,

Rk Tk
this is equivalent to say that A(w) € M. O

From Lemma 2 we can write the invariant manifold M
as:
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J
A 1
ZEREZHqERiandsz—k—quAjk, VkelC s

Pk T 4

and for any j, let us introduce

M; = {zeRf:Elq GRJerithqj = 0and

J
A 1
Zk=—k— qujk, Vk e K
Mk Mk <—
j=1
Let us define
WEAMM={AMz: ze M}. (17)

Then, W is a J-dimensional polyhedral cone as introduced
in Definition 1, since it can be expressed in the form

W={ABAq:qeR]},

with B = diag(bi, ..., bk) and by = uéknk'

k
matrix A has full row rank and B is diagonal with strictly

positive diagonal entries, A B A’ is a linear bijection between
R and W, and it follows that

Actually, as

W =S() (18)

with V being a J x J matrix whose diagonal entries are
taken to be all equal to 1, obtained from matrix (A B A’ y~1
by normalizing its row vectors.

Moreover, the jth facet of W is given by

Fi=AMM;={AMz:ze M},

and if we denote by n/ the vector of the jth row of matrix
(AB A1, then

Fi={weW: (i, w)=0}. (19)

4 The heavy-traffic limit
4.1 The invariance principle

A key ingredient in the proof of our heavy-traffic limit result
is what is known as the Invariance Principle. This result
is stated and proved for Semimartingale reflecting Brown-
ian motions (SRBMs) living in the closures of domains with
piecewise smooth boundaries in Theorem 4.3 [15]), a crucial
ingredient in its proof being an oscillation inequality for solu-
tions of perturbed Skorokhod problems (Theorem 4.1 [15]).
However, this important result does not depend, actually, on

the specific law of the processes, as can be checked follow-
ing the steps of the proof. This enables it, in particular, to be
applied to reflected fractional Brownian motion processes.
For convenience of the reader we present below a simplified
version of this result.

Lemma 4 (Version of Theorem 4.3 [15]) Let d > 1. Given
a d—dimensional polyhedral cone S(V) in normal form
and associated matrix of directions of constraint 1, assume
that matrix V verifies condition HR in Sect. 2, and that
there exists a sequence of strictly positive constants {8"},
such that for each positive integer n, there are processes
W", W", X", ¢", Y" defined on some probability space
(82", F*, P") and having paths in D9, such that

(i) P"—a.s, W' = W" + ¢", W'(0) = ¢"(0) = 0 and
d(W"(r), S(V)) < 8" forallt >0,

(i) P*—a.s.,, W' = X"+ Y",

(@iii) {X"}, is C—tight,

@iv) Y" has non-decreasing paths, and for each j =
1,...,d, P"—a.s., YJ’?(O) = 0and

t

Ny n
Yj (t)_/1{d(W"(s),Fj)§5"}de (s),
0

where F denotes the jth facet of the cone S(V),
(v) ¢"* — 0 in probability, and 8" — 0, as n — +o0.
Then, the sequence {(W", X", Y™}, is C—tight, and any
weak limit point of this sequence, of the form (W, X, Y),
has continuous paths almost surely, and additionally verifies
conditions (1), (i) and (iv) of Definition 2 (with W(0) =
X(0)=Y(0) =0and R = 1), that is, (W, Y) is a solution
of the Skorokhod Problem associated to X on the cone S(V)
and with associated matrix of directions of constraints 1.
If, in addition,
(vi) {X"},, converges in distribution to a d—dimensional
fBm  process with associated data (x, H, 0, I'),
then W is a rfBm process on S(V) with associated data
(x, H, 0, I, 1y).

Brief justification of Lemma 4: First, note that we use The-
orem 4.3 [15] in a particular situation in which the domain G
isacone S(V) = ﬂ?zng with Sy = {x e R? : (vf, x) >
0}, with directions of constraint the unit vectors in the coordi-
nate directions ey, ..., e4. In Assumption 4.1 [16], we take
B*=0andforanyi =1,...,d,y""(y, x) = y' (x) = ¢;.

The proof of Theorem 4.3 [15] does not uses any spe-
cific property of the Brownian motion process. Indeed, the
C—tightness of sequence {X"},, which is assumption (iii),
is a consequence of (vi), and {(W", X", Y")}, inherits
C—tightness from it as showed in Theorem 4.2 [15]. Let
(W, X, Y) be a (weak) limit point of this sequence. Then, a
subsequence {(W"k, X"k  Y"k)}; exists such that
D— lim (W™, X", Y"™) = (W, X, Y).

k——+00
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Then, the Skorokhod representation theorem (Theorem 3.1.8
[12]) is used to replace the above sequence of processes by
one that is term-by-term equivalent in distribution to the
original one and that a.s. converges uniformly on compact
intervals. With this simplification, it is seen that the limit
triplet (W, X, Y) inherits properties (i), (ii) and (iv) of Def-
inition 2.

Now, instead of use hypothesis (viii) of Theorem 4.3
[15] in order to ensure that all (weak) limit points of
{(w", X", Y™}, have the same law, as done in the proof of
this result, we use that by assumption HR on matrix V, the
law of the pair (W, Y) is unique (see Remark 1), which gives
the desired result. Combining this uniqueness with tightness,
it follows that the whole sequence {(W", X", Y")}, con-
verges in distribution to a triplet (W, X, Y) which satisfies
conditions (i), (ii) and (iv) of Definition 2 (with W(0) =
X(0) =Y (0) =0and R = I;) and, moreover, that if condi-
tion (vi) is satisfied, then W is a rfBm process on S(V') with
associated data (x, H, 0, I', 15). [

4.2 The heavy-traffi limit results

Before stating our main result, the heavy-traffic limit, which
has been split into two theorems, we introduce a key assump-
tion, that is a form of state space collapse since it expresses
the relationship between the scaled workload and flow
count processes through the deterministic lifting operator A
obtained by solving the optimization problem OPA, in this
way: for any r > 1,

SSC  P— Ilim
N—+o00

(Z”N —A (W”N)) = 0.

In Theorem 1 below we prove that in the heavy-traffic envi-
ronment, concretized by assumption HTa, condition SSC is
not only sufficient, but also necessary for the existence of the
limits of the scaled workload and flow count processes, when
N — 400, denoted by W’ and Z", respectively.

Theorem 1 Assume that HTa holds, and that matrix V in
(18) verifies assumption HR (Sect. 2). Then, condition SSC
is necessary and sufficient for the existence of the limits

lim z"N
N——+o00

lim W'V and 72" =D —
N——+oo

W =D—

and, if the limits exist, 7" = AW") and for any t > 0,
Z"(t) € M or, equivalently, W(t) € W = S(V), a.s.

Proof Step 1: Sufficiency.
def

Let us introduce notations 7"V (1) = —/N(p"N — C)t
and &N (1) & 27N (1) — AWV (1)). We first mention that
by Proposition 3 and hypotheses HTa and SSC, we actually

have that for any r > 1 there exists
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D_NETOO(EA%N7 }’Zr,N, Jf)r,N’ ér,N) — (E"-r, }?r7 Jf)r, 0)’

where E£” and X are processes with continuous paths related
by means of expression (13).

We proceed now to show the corresponding convergence
for processes W”-N and ¥V . For that we use (9) and hypoth-
esis HR on matrix V to apply the Invariance Principle in
domains with piecewise smooth boundaries (Theorem 4.3
[15]) in the version given by Lemma 4, with ¢" = £"-V and
using that forany j = 1,..., J,r > 1,¢t > 0 and N big
enough, PN —qa.s.

t
or,N _ or,N
Yj (t) - \/(; 1{d(Wr'N(S),Fj)SSY’N}de (S) (20)

for a sequence of positive numbers 8" — 0 as N — +00
and a sequence of probability measures PN = P as
N — +o0, where WV and £"V are introduced in (28),
with §’~N (0) = 0.Indeed, (20) is proved in Corollary 1 (Sect.
5), under the MSSC assumption, which is implied by SSC.
Actually, these two conditions are equivalent under HTa, as
shown in Proposition 4 (Sect. 5), from which it follows that
P—limy_ 4o é”N = 0,andforanyt > Oa.s. W’*N(t) ew
is shown in its proof.

Then, sequence {(W"-N, X"V YN}y is C—tight (inher-
its tightness from {X"V}y), and in D3/ there exists
D— lim (W"N, X"V V) = (W7, X7, ¥)

N—+o0

and the limit satisfies conditions (i), (ii) and (iv) of Definition
2 on the cone S(V) with R = I;. That is, (Wr, I?’) is a
solution of the Skorokhod Problem associated to X" on the
cone S(V) with associated matrix of directions of constraints
I;. Then,

W =X"+7" 1)

and Y” has continuous and non-decreasing paths, starting
from zero, and

13
77y = /0 i rce,) 477 ) (22)

Taking into account that Z"-N = &N 4 A(W"N), SSC and
the continuous mapping theorem, the existence of

lim Z"N, with Z" = A(W"), (23)
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since A(+) is a continuous function. Finally, by (23) we have
that for any 1 > 0, Z' (1) = AW (1)) = A(AM Z' (1)) =
A(a)(i’ (t))) a.s., which by Lemma 2 is equivalent to writ-
ing VAl (t) € M a.s., and by definition (17) this in turn is
equivalent to wr ) e W=S8(V) as.
Step 2: Necessity.

Note that for any fixed r > 1, D— lim N —0

N—+o00
by the continuous mapping theorem and the fact that by
hypotheses, there exist D — limy_, 100 2"V = Z" and

D — limyoioo WY = W', and Z" = A(W’). Then,
assumption SSC follows if we prove tightness of sequence
(8" N} y. First, we have that for any 7 > 0,

HE"NOllr = 12"V () — AW N)OlIr
<Z"NOlr + 1AW M)OlIT, (24)

and by Lemma 1, ngp > 1 exist such that ||Z”N(~)||T <

c ||W”N(~)||T for any N > ng. Besides, by (9) and (13) we
have that D — limy— 400 YN = Y7 exists and

rl—H

- e+ ¥,
EGH

W' =AME"

and hence W’ has continuous paths. Then, for any ¢ > 0 a
positive constant K > 0 exists such that for N big enough,

PIZYONr < k) =1-3. ©5)

Note that the existence of £” and X”, which was shown
in Proposition 3, does not require hypothesis SSC. Analo-
gously, taking into account that function A(-) is continuous,
we have that a positive constant K] > 0 exists such that for
N big enough,

™

P (||A<VV’~N><~)||T < K) >1—-. (26)

[\

Let K. & K/ + K. Then, by (24), (25) and (26),

P11V Ollr > Ke) = P 127V Ollr > KY)
+ P (1AW ) Ollr > K[) <&

for N big enough, that is, P ("N ()l|lr < K) = 1 —
e, which proves the tightness of {¢""}y and finishes the
proof. O

Remark 3 In Theorem 2 below quantity H plays the role
of the Hurst parameter of the reflected fractional Brown-
ian motion process (rfBm), to which the scaled workload
process converges. Note that 8 € (1, 2) implies H € (%, 1).
In particular, H > % (the condition on the Hurst parameter

corresponding to the long-range dependence behavior of the
rfBm process) is due to the fact that 8 < 2, that is, that the On-
and/or Off-period lengths (at least one of them) have infinite
variance (heavy tails). As mentioned in Taqqu et al. [26], if
both period lengths were light-tailed (with finite variances),
then g = g = g =2 and H = %, which would corre-
spond to the case of the ordinary Brownian motion process,
whose increments are independent.

Theorem 2 Under the assumptions of Theorem 1, suppose
in addition that HTb and SSC hold. Then, the following
conditions are fulfilled:

Q)W =D— lim W, X=D— lim X" and

r—-+00 r—+00

Y =D— lim Y exist,
r——+00

(i) W = X + Y and it is a rfBm on the polyhedral cone
W = S(V) with associated data

(x=0,H,0=—y, I Ij),

withl' = 62 AM diag(«)>* M A', and H and o2 introduced
in Sect. 3.4, and
(iii) Z = D— lim Z" also exists, and Z = A(W).

r——+00

Proof By (13), (21) and (22) we have that

1-H

LA
L2 " *

X'()=AME" (1) —
A t A

r r
Y; () :/0 l{vi/'(s)eF,-}dY.i (),

that is, (W’ , Yr ) is the solution of the Skorokhod problem
associated to X" on the cone W = S(V) and with associ-
ated matrix of directions of constraints /; (see Definition 2).

Moreover by Proposition 3 it follows D— lim E" = B
r—400

and

X=D— lim X' =AMBY —ye

r—-+00
by HTb, which is a J/ —dimensional fBm process. Therefore,
we can apply the Invariance Principle of Theorem 4.3 [15]
again in the version of Lemma 4, to processes W, X" and
Y7, taking into account that V verifies assumption HR and
that

D— lim X =X,

r—-+o00

with ¢” = §" = 0, obtaining that {(W’, )A(’, I}’)}r inherits
tightness from sequence { X’ }r and consequently,

D— lim

r—+00

(W’, X", )}’) = (W, X, Y) exists,
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where W = X + Y, and conditions of Definition 2 are
satisfied. Hence W is a J—dimensional rfBm on the sim-
ple polyhedral cone YW = S(V) with associated data (x =
0, H, 06 = —y, I, Ij), and (i) and (ii) are proved.

Finally, we deduce (iii) from (23). Indeed, Z" = A(W")
and D— lirJP A(W") = A(W) by the continuity of func-

r—+400

tion A.O
4.3 An example by + bs “1

For easy viewing of these mathematical results, consider the
following illustrative example of anetwork with J = 2, K =
3and A = ((l) (1) i), which verifies LT. Indeed, this net-
work is the example of linear network depicted in Fig. 1, in
which each resource has a route that passes only through that
resource and there is also a route (route 3) that passes through
both resources. This example was introduced in [14], from
which we reproduce some elements of interpretation.
In this case,

by + b3 b3
ABA = - ,
( b3 by +b3)

1
(ABA) ! = (
b1by 4+ b1b3 + babs

by +b3  —b3
—b3 b1+ b3

1 b
and V = by b2+b3 ) which verifies HR if and
T bi+b3 1

b3
only if the spectral radius of matrix ( lg ba+bs ) is strictly
b1+b3

less than 1, but this can be checked directly since b% < (b1 +
b3) (b2 + b3).

The workload cone in this example is the polyhedral cone
in Ri W=AMM = {AMz : z € M}. Taking into
account that

M={z=(1.22.23) € R} : 3¢ = (q1.q2) € R} and
21 =biq1, 22 = baqa, 23 = b3(q1 + q2)}

A >
y Y
C, G,
> ® ® >
)\3 M3
\\ 2 V
M1 M2

Fig. 1 A linear network with two resources and three routes

@ Springer

Fig. 2 The workload cone for the linear network with two resources
and three routes

we see that the cone has the following representation:

W={w=(01,) eR: : 3¢ = (q1,¢2) € R% and
w1 = (b1 + b3)q1 + b3qa, w2=b3q1 + (ba + b3)q2}

b3
=lw= (0], ) eR% : w > w3,
[ (w1, @) R AL
b3 ]
w2 = w1
b1 + b3
and the two boundary facets of the cone are:
Fil=lo=(w;,m) eW : o = 3 w},
1 [ (w1, @2) L= b2
F=lo=(w,w) e¢W:w = bs 10
2 1, @2 HNO%) b + bs 1

(see Fig. 2). On the other hand, the lifting map A is a lin-
ear map on W given by: if o = (w1, @) € W, A(w) =
(z1,22,23)' € R} with

by
71 = by + b3)w| — byw
1 bibs T bibs & babs ((b2 + b3)w| — b3ws)
by
7 = b1 + b3)wy — byw
> 7 biby + bibs + bybs (b1 +bs)z = baen)
b
23 s (brw1 + biwy).

= biby + bibs + babs

As a consequence, points (wy, )" on the boundary facets
F1 or F, are mapped respectively to points

’ E E ’ ) .

Roughly speaking we can say that condition SSC estab-
lishes that in the limit, not only the workload process is a
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function of the amount of flows on each route, as is deduced
from definition (5), which in this example results in the con-
ditions

Zl(t)+23(t) and WI(1) = Zz(t)+Z3(t)’

Wit =
M1 M3 2 M3

but that with the knowledge of the workload process at each
node we can retrieve all the information about the amount of
flows on each of the routes by means of the lifting map A in
this way:

by
Z5(t) = by 4+ b3) Wi (t)—bz Wi (¢
0] b5 T bibn T bobn ((ba + b3) W{ (1) —b3 W5 (1))
by
Z5() = b1+b3) W5 (t)—bz W (¢
5 (1) b1b2+b1b3+b2b3((1+ 3) Wy (1) —b3 1())
r b3 r -
Z5(1) = (by Wi (t) + by W5 (1)).

b1by + b1b3 + bybs

This condition plays a key role in the proof of the heavy
traffic limit. Indeed, by assuming conditions HTa and HR
hold, SSC is sufficient and, what is more important, also
necessary for the existence of the limits in conclusion of
Theorem 1, that is, it cannot be weakened nor dropped.

The conclusion of Theorem 2, which is our heavy traf-
fic limit result, applies provided assumptions of Theorem 1
plus condition HTD are satisfied. If moreover SSC holds, we
obtain that the limiting workload process when r — +00 is
arfBm process W living in the polyhedral cone W, which is
confined there by reflection at the boundary, with associated
data (x =0, H, 8 = —y, I', I) where

2 2 2
TR} 93
re=o2|m m 13

=0 o? o? o?

Lt Q4%

2 2 2

H3 ] 13

The direction of reflection on the boundary facets is defined
by the columns of the matrix R = I, that s, reflection occurs
in the horizontal direction (corresponding to node 1 underuti-
lizing capacity) on the bounding facet F. The interpretation
of this is that although there is no work for node 1 on route
1, there is work for this resource on route 3, but that by the
nature of the bandwidth sharing policy, congestion at node 2
is preventing node 1 from working at its full capacity. Sim-
ilarly, vertical reflection (node 2 underutilizing capacity) on
F> is interpreted to mean that congestion at node 1 is pre-
venting node 2 from working at its full capacity. Thus, the
shape of the workload space MV indicates the entrainment of
the nodes, whereby congestion at one of the nodes may pre-
vent the other node from working at its full capacity. Note
that when n3 — 400 (implying b3 — 0), F| and F; tend
respectively to the vertical and the horizontal axes, expand-
ing the polyhedral cone to the whole first quadrant, that is,
approaching the situation with full utilization resources.

Moreover, given W in Theorem 2, define process 7 =
diag(by, by) (ABA))™! W, that is,

o b
2000 = oy s (2 ) Wi = by Wa()
- b

Za(t) = 2 ((b14b3) Wa(t)—bs Wi (1)).

b1by + b1bz + bab3

Then, process V4 (corresponding to take the first two compo-
nents of process Z = A(W) in Theorem 2) inherits an rfBm
structure from W. Indeed,

7Z =diag(by, b)) (ABA)"' X
+diag(by, b)) (ABA)~'Y

is a rfBm process living on the two-dimensional first orthant
Ri, with associated data (x =0, H, 6, I', R), where

0 = —diag(by, b)) (ABA) 'y
I =diag(by, b)) (ABA) ' I (ABA") " 'diag(b;, by)
R =diag(by, b)) (ABA")™,

since Y; increases when W is in F;, that is, when 7 j is zero
[by (27)]. The directions of reflection on the axes of ]R?|r are
defined by the columns of matrix R.

5 Multiplicative state space collapse

In this section we introduce a condition that is a kind of
MSSC, and it has appeared in different contexts regarding
heavy-traffic limits (see for instance Williams [30], Kang et
al. [14] and Delgado [7]):

2r,N —A WV,N
MSSC P— Ilim A—() =0
N=+oo [|[WrN()[|7 v 1

forany T > 0, r > 1.

It is obvious that state space collapse SSC (see Sect. 4)
implies MSSC. Somewhat surprisingly, under heavy traffic
they are, in fact, equivalent. That is, MSSC also implies SSC
as can be seen from Proposition 4 below. This proposition
presents similarities with Lemma 7.5 [14]. Let us introduce
the following notations:

TN A M AGY) and £V SN g,
(28)

Proposition 4 Under assumption HTa (see Sect. 3.5),
assume MSSC holds. Then, for each r > 1, T > 0 and
8 > 0, there exist constants K and Ny (depending onr, T
and §) such that for each N > N,
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POIEN Ol =0, 1277 () = AWV Oy <6,

YOl < K PN Ollr < K) = 1-5. @9)
Moreover, for each j = 1, ,Jandt € [0, T), on a set
of probability > 1 — §,

13
or,N _ or,N
v (t)—/o Wi ez} @ V7 O (30)

Note that from (29) we obtain that the sequences {W’ Ny

and {Y"V}y are tight, and also that P— lim £V = 0and
N—+00

P— Ilim (Z”N — A(W”N)) = 0, that is, under HTa we

N—+o00
have that

MSSC = SSC.

Proof For better understanding, we split the proof into sev-
eral steps.

Step 1:

First, fixedr, N> land j =1, ..., J,in order to prove
(30) we have to find out where I};’N () increases. By making
a change of variable in the integral of (11), we have that for
any t > 0, f;’N(t) can be written as

— Z AjkAk(Z

ke

rl—H t

N
WU/—Z(H i (c, (rs))) ds

and taking into account that C; — > x Ajx Ak(Z"N) >0
by the restriction of the optimization problem OP A in Sect.
3.2, we concentrate on finding out where this expression is

strictly positive. For that, fix T, § > 0,¢ € [0, T] and w €
§2, and take s € [0, t] C [0, T] such that

0<Cj— D Aj A(Z2"V(rs, w))
kekC

ZAjkAk

ke

s, o),

where we have used (7b) and Proposition 1(ii). By Proposi-
tion 1(iv), if Z"N (s, w) # 0,

M5, w) = (7"

exists such that p;’N(s, ) =0, and

p (s, @), ..., PG5, @) eRYL

7
o ~ 1
Z,Z’N(s, w) = Ak(Zr’N(s, w))a ZpZ’N(s, w)A (31
(=

for any k € IC+(2"N(S, ®)). By assumption LT on matrix
A (Sect. 3.1), there exists k; such that A jkj = 1 and
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Agkj = 0O for all £ # j, and using (31) with k; we have
that Z,:IN (s, @) =0.

For any ¢ > 0, we introduce the following subset of £2,
denoted by BrT]Z ,

{12280 = a0 ¥ plir = e Y Ollr v 1)} 32)

By MSSC we have that n1(§) exists such that if N > n(6),
then P(B?g) > 1—6§/2, and if © € B?g, then as
ZiM (s, ) =0,

(A(W”N(s, a)))) < g(||vi/rvN(.)(w)||T v 1). (33)

J

On the other hand, from Lemmas 3 and 2 we know that
there exists some ¢V (s, ) € ]R_{ of the form g™V (s, w) =

(qf’N(s, ), ..., q;’N(s, w))’, such that
R PV
(A(Wr’N(sv C()))) = —4 — q[ (Sv (1)) Afkj
ki Mk Mk
M,
=2 — NG, w), (34)
Mk 77k
and then, by (33), if w € BT s
Bk, [
Yoo zen, (10 O@II V). 69
k

J

Note that if Z*N (s, w) = 0 the same applies.
Besides, by using notations (28) we can write

Wr,N — AMr,N Zr,N

as WV = wrN 4 £V where

ér,N _ Wr,N _
+ A (MY -

WrN =AM (2"N — AWmY))
M) z"N. (36)
By Lemma 3 and definition (17), W"N(s, w) € W, and by

(34) WN(s, w) = ABA ¢"VN(s, w), and if o € BTE,
taking into account the definition of vector n’ (see (19)),

i N
d(WV,N(S’ w)’ FJ) — (nj’ W (S’ Cl)))

|
i r . rN nN
(W, ABAq" (s, w)) 4 (s, )
ni| ]
€ nk; M L(IWN O (@)llr v 1)
< -
- In/|

<De(IW'NO(@llr V1)



A packet-switched network with On/Off sources and a fair bandwidth sharing policy. . . 477

ith D = o i inequall
with D = [ max | (mx, T ] ), where in the first inequality

.....

we used (35). And then, we have proved that on B;lz, if
t el0, T1, ?;’N(t) can be written as

t
or,N

/O1{d(vaN(s>,F,->sDe<||v”vr=N<~>||Tv1>}de ), 37
which is not yet the desired expression (30), but from which
we will get it in Step 3. For the moment, (37) is what we need
to prove (29) in the next step of the proof.

Step 2:

Secondly we will show (29). For that, note that fixed
r, N>1land T, 8, ¢ > 01in Step 1, there exists na(e, §) >
n1(8) such that for any N > nj(e, §),

N )
PUIX"N ()7 < Ko) >1-5 and IM™N — M| <e

for some constant Ky > 0 depending on ¢ although not

specify in the notation. This is a consequence of assuming

the convergence of M" ‘N to M as N — +o00, and of the fact

that sequence {(X"Nyy is C —tight, since by Proposition 3,

under HTa there exists X" = D— lim X"V = AME" —
N—4o00

1-H A . .
L’]/—z(r) y" e, which has continuous paths. Let

2N s =11X"N Ollr < Ko} n B .

Then, for all N > na(e, 8), P(27% 5) = 1—8.0n 277
using (36) and Lemma 1, we have that forall N > nj (¢, §) v
no,

HEN O < ese (IIWNOlir v 1), (38)

where c3 = |A M| + |A| ¢ > 0. We introduce notation
No & ny(e, 8) v no. (39)

Note that Ny depends on fixed » > 1, andon T, 8, ¢ > O,
and that if N > Ny, then P(277 ;) > 1 — 6.

On the other hand, by (37) we can apply the Oscillation
inequality (Proposition 7.1 [14]) to WY = WV —grN =
()A("N - é”N) + Y™V and then we have that some constant
Co > 0 exists such that on .Q;];’ 5

Osc(W™N (), [0, T)
< Co(0se(®™N () =€V (). [0, T))
+De (VN Olirv1))

< Co 2NX"NOllr +21E"NOlIr
+De(IWNOIlr v 1)) (40)

and the same bound applies to OSC(I}”N (), [0, T]), that s,

Osc(Y"N (), [0, T1) < Co QUX"NOllr +211E"N OlIr
+ De(IW N Oz v1)). @)

By using that

W N Ollr V1< 0se(W™N (), [0, T]) + 1
< 0sc(W™"N (), [0, T]) + OscE"N (), [0, T]) + 1
< Osc(W"N (), [0, T +211E" N Ollr + 1,

(40) and (38), we have that if N > No, on 27 ;.

W™ N )7 v1<2Co Ko+ (CoQcs+ D) +2c3) e
(MW" Nl v 1)+ 1 (42)

From now define ¢ = ¢(6) by

1
min — ,
2(Co(2C3 + D) + 263)
8
2max{D, c3, 1}2CoKo + 1) ]

(43)

With such an ¢ > 0, (42) implies that if N > Ny, on .Q;]: 5
WY Ollr v =2@Co Ko+ 1, (44)
and then, by (32), (44) and (43),

12PN G = AW N O)lir < e AWV Ollr v D <6,
which by using the bound in (41) and (38) gives that

1PN ()lI7 < Ose(PN (), [0, T1)
5260K0+60(2C3+D)5'

Then, with

K max{22Co Ko+ 1), 2Co Ko + Co 2 c3 + D) 8),

which is a function of », T and §, we obtain that on Q;IX 8).5°
if N > No, [[W"NOllr < K, IT"Y¥()|lr < K. Finally,
from (38), (44) and (43), on 9;1;/(6) s and if N > Ny,
||§”N(~)||T < §, which completes the proof of (29).

Step 3:

Thirdly, we return to the expression (37), and by (44) and
(43), we obtain that if N' > No, on 277 ;) , it holds that if
t€[0, T],
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t
or N _ o N
Y = /0 l{d(W’-N(s>,F,~)§6} ay;(s), (45)
which finishes the proof. O

Corollary 1 Under assumption HTa, assume in addition
that MSSC holds. Then, for each r > 1 there exists a
sequence of positive numbers {8}y such that 8"V — 0 as
N — 400, and a sequence of probability measures { PN}y
on (2, F) with PN = Pas N — +oo, such that for each
t>0,j=1,..., Jand N big enough, PN _g.s.

t
o N _ B "(,N
YJ (t) - /(; l{d(Wr-N(s), Fj)58’~N} d Y] (S)

Proof (This proof follows the arguments of Theorem 5.2
[14].) Fix r > 1. To make explicit its dependency on 7, &
and §, we denote by Ny (7, ¢, §) the constant defined by (39),
where ¢ = £(§) is the function of § given by expression (43).
Choose a strictly increasing sequence of positive constants
{N¢, € > 1} such that limy_, ; o Ny = 400 and for each ¢,
N¢ > No(, €(1/9), %), and define the sequence {8}y in
this way:

g der [1 AN < N
,17 if N € (N¢, Nog1].

Then, limy_ 400 8" = 0 and limy_, ;o £(1/£) = 0. Using
notation introduced in the proof of Proposition 4, forany N >
Ni let us define £27V def Qg’i\z]/e) , if N € (Ne, Nevl
With this definition, as seen in the ifroof of Proposition 4,
P(2"Ny > 1 — 8"V which is > 0 since N > N;. Now
define a sequence of probability measures {P""}y- N, On
(82, F) by:

P(AN Q"N
VAeF, pPNaY (—N)
P(£2N)

(that is, P"N(-) = P(-/£2"N)). If a property holds Yo €
27N then it holds PN —a.s. since PN (2"V) = 1, and
moreover PN = P as N — 4o00.

For any ¢+ > 0 and N big enough, there exists £ > ¢ such
that N € (Ng, Ny41] and then, from (45) with T = ¢, § =
1/¢ and ¢ = ¢(1/€) we have that forany j = 1,..., J,
PN_as.,

t
or,N _ B "(,N
Y (t)_/o Wi, epe) 4776

t
_ or,N
_/0 Ui oy s} V7 6.
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6 Conclusion

A heavy-traffic limit theorem (split into to parts: Theorems
1 and 2) for a flow-level model of a packet-switched net-
work handling elastic flows, with local traffic and fed by a
huge number of heavy-tailed On/Off sources, is proved in
this paper. The service capacity (bandwidth) on each node of
the network is dynamically allocated to the routes passing by
the node by following a weighted proportional fair sharing
policy, and the fraction of capacity assigned to each route is
shared at any time among the flows in progress at the route.
The choice of the arrival process has been made by coherency
with the long-range dependence and self-similarity observed
in modern high-speed network traffic.

In the proof of this result, state space collapse SSC plays
a key role: in the heavy-traffic environment and under some
other technical conditions, if SSC holds we prove that the
limit of the conveniently scaled workload process (associ-
ated to each node) W is a rfBm process on a polyhedral cone
determined by the bandwidth sharing policy. SSC implies
that the limit of the scaled amount of flows process (associ-
ated to each route) can be expressed in terms of W by means
of a deterministic lifting map. The novelty lies in the fact
that it is for the first time that SSC has been considered in the
context of a heavy-traffic limit theorem in the On/Off heavy-
tailed sources model, with a fair bandwidth sharing policy.
We also prove that SSC is equivalent, under heavy traffic, to
the a priori weaker condition known as MSSC.

Another important ingredient in the proof of the heavy-
traffic limit is the version we introduce of the Invariance
Principle in domains with piecewise smooth boundaries by
Kang and Williams [15]. An illustrative example consisting
of a linear network with two resources and three routes, is
introduced to assist in the understanding of the results pre-
sented in the paper.

In this work, we restrict ourselves to the member « = 1
of the family of weighted «-fair bandwidth sharing policies
introduced in [20], but other members of the family, that is,
extensions of the model to other network bandwidth sharing
policies than the weighted proportional fair, could be consid-
ered for future research.
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