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THE EXTENDED ZN-TODA HIERARCHY

Chuanzhong Li* and Jingsong He*

We construct the extended flow equations of a new Zy-Toda hierarchy taking values in a commutative
subalgebra Zn of gl(N,C). We give the Hirota bilinear equations and tau function of this new extended
Zn-Toda hierarchy. Taking the presence of logarithmic terms into account, we construct some extended
vertex operators in generalized Hirota bilinear equations, which might be useful in topological field theory
and the Gromov—Witten theory. We present the Darboux transformations and bi-Hamiltonian structure
of this hierarchy. Using Hamiltonian tau-symmetry, we obtain another tau function of this hierarchy with
some unknown mysterious relation to the tau function derived using the Sato theory.

Keywords: extended Zy-Toda hierarchy, Hirota quadratic equation, Darboux transformation, bi-Ham-
iltonian structure

1. Introduction

Being completely integrable systems. the Kadomtsev—Petviashvili (KP) hierarchy and the Toda lat-
tice hierarchy have many important applications in mathematics and physics including the theory of Lie
algebra representations, orthogonal polynomials, and random matrix models [1]-[5]. The KP and Toda
systems have many kinds of reductions or extensions: the BKP and CKP hierarchies, the extended Toda
hierarchy (ETH) [6], [7], the bigraded Toda hierarchy (BTH) [8]—-[14], and so on. There are generalizations
of another kind, the so-called multicomponent KP system [15], [16] or multicomponent Toda system, which
attract more and more attention because they are widely used in many fields such as multiple orthogonal
polynomials and nonintersecting Brownian motions.

The multicomponent KP hierarchy was discussed with application to representation theory and the
random matrix model in [15], [16]. It was noted in [3] that the tau functions of a 2/N-multicomponent KP
generate solutions of the N-multicomponent two-dimensional Toda hierarchy. The multicomponent two-
dimensional Toda hierarchy was considered from the standpoint of the Gauss—Borel factorization problem,
theory of multiple matrix orthogonal polynomials, nonintersecting Brownian motions, and matrix Riemann—
Hilbert problem [17]-[20]. In fact, the multicomponent two-dimensional Toda hierarchy in [18] is a periodic
reduction of a bi-infinite matrix-formed two-dimensional Toda hierarchy. The coefficients (or dynamic vari-
ables) of the multicomponent two-dimensional Toda hierarchy take values in a complex finite-dimensional
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matrix. The multicomponent two-dimensional Toda hierarchy contains the matrix-formed Toda equation
as the first flow equation.

Adding additional logarithmic flows to the Toda lattice hierarchy, we obtain the extended Toda hier-
archy [6] defined on a Lax operator

L=A+u+e’A"t, wuveC, (1.1)

which governs the Gromov-Witten invariant of CP'. The Gromov-Witten potential of CP' is actually a
tau function of the extended Toda hierarchy, i.e., the Gromov- Witten potential 7 of CP' generates the
expression

d; M#*@TH)I* @I - @I (r®T7), (1.2)
involved in the Hirota quadratic equations [7] of the ETH, regular in A computed at ¢o — ¢ = le for
each [ € Z. The extended BTH (EBTH) is an extension of the BTH that includes additional logarithmic
flows [8], [10]. Here, we show that Hirota quadratic equations (1.2) can be derived as a reduction on the
Lie algebra from the Hirota bilinear equation of the extended Zy-Toda hierarchy (EZTH). Therefore, the
application of our Hirota bilinear equation of the EZTH in the Gromov—Witten theory is an important
motivation for our study. The Hirota bilinear equation of the EBTH was equivalently constructed previously
in [9] and very recently in [21] because the ¢; y and ¢o n flows of the EBTH are equivalent. Meanwhile,
it was proved that it determines the Gromov-Witten invariant of the total descendent potential of P!
orbifolds [21]. A natural question concerns the corresponding extended multicomponent Toda hierarchy (as
a matrix-formed generalization of the ETH [6]) and the extended multicomponent BTH. There is a class
of orbifolds that should be governed by some logarithmic hierarchies. We therefore think this new kind of
logarithmic hierarchy might be useful in the theory of Gromov—Witten invariants governed by these two new
hierarchies. With this motivation, our paper [22] was devoted to constructing a kind of Hirota quadratic
equation taking values in a differential matrix algebra set. This kind of Hirota bilinear equation might be
useful in Gromov—Witten theory. In [23], a new hierarchy called the Z,,-KP hierarchy taking values in
a maximal commutative subalgebra of gl(m,C) was constructed, and the relation between the Frobenius
manifold and the dispersionless reduced Z,,-KP hierarchy was discussed. This inspired us here to consider
the Hirota quadratic equation of the commutative version of the extended multicomponent Toda hierarchy,
which might be useful in the Frobenius manifold theory.

This paper is structured as follows. In Sec. 2, we recall the factorization problem and construct the
logarithmic matrix operators that we use to define the extended flow of the multicomponent Zp-Toda
hierarchy. In Sec. 3, we give the Lax equations of the EZTH and introduce the multicomponent Zy-Toda
equations and the extended equations into this hierarchy. In Sec. 4, we use the Sato equations to prove the
Hirota bilinear equations of the EZTH. In Sec. 5, we define the tau function of the EZTH, which leads to
the formalism of generalized matrix vertex operators and Hirota quadratic equations in Sec. 6. In Sec. 7,
we construct multifold transformations of the EZTH using a determinant technique [24]. In Sec. 8, to prove
the integrability of this new hierarchy, we construct the bi-Hamiltonian structure and tau-symmetry of the
EZTH. Section 9 is devoted to a brief conclusion and discussion.

2. Factorization and logarithm operators

Let G be a group containing linear invertible elements of complex N x N matrices, and let g denote
its Lie algebra of complex Nx N matrices My (C). We now consider the linear space of functions g: R —
Mn (C) with the shift operator A acting on these functions as (Ag)(z) := g(x + €). Left multiplication by
X: R — My(C) has the form XA/, (XA7)(g)(x) := X (z) o g(x + je) defining the product

(X (z)AY) o (Y(2)A) := X (2)Y (x + ie) AT,

1615



The set g of Laurent series in A as an associative algebra is then a Lie algebra under the standard commu-
tator.
This Lie algebra has the important splitting

g=g+Dg-, (2.1)

where

gy = {ZXj(x)Aj, X,(z) € MN((C)}, g- = {ij(xw‘, X;(z) € MN((C)}.

J=0 Jj<0

Splitting (2.1) leads us to consider the factorization of g € G

g=9-"ogs, g+€Gy, (2.2)

where G 1 have g4 as their Lie algebras, G, is the set of invertible linear operators of the form 3 i>09j (z)A7,
and G_ is the set of invertible linear operators of the form 1+3-, ; g; (r)AJ. This algebra has a maximal
commutative subalgebra Zny = C[I']/(I'Y), and I' = (6; j+1)i; € gl(N,C). We set Zy(A) := g.. We then
have the splitting

ge = et O Ge—s (2.3)

where

Jop = {ij(x)/v’, Xj(z) € ZN}, Jo_ = {ij(xw', Xj(z) € ZN}.

§>0 §<0

Splitting (2.3) leads us to consider the factorization of g. € G,

ge =9l ©Getrs Gt € Gex, (2.4)

where G.+ have g.i+ as their Lie algebras, G.; is the set of invertible linear operators of the form
> 509 (z)A7, and G._ is the set of invertible linear operators of the form 1+ >i<09i (r)AJ.
We now introduce the free operators Wy, Wy € G,

= A A 0

Wo _expL_Zotjej! +55 (€0 cj)], 0= P

(2.5)

o, A7 A 1

Wo :exp[‘ t; ! + 55 el (e@—cj)}, cjzzi,
j=0 =1

where ¢, s; € C plays the role of continuous time.
We define the dressing operators W and W as
W =50 Wy, W:=SoW, Se€G., SeqG.. (2.6)

Given an element g € G, we set t = (¢;) and s = (s;), j € N, and consider the factorization problem in G.
similarly to the consideration in [18],
Wog=W, (2.7)

i.e., the factorization problem
S(t,s)oWpog=_S(t,s)oWy. (2.8)
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We note that S and S have the expansions

S=Inx+w (A +w(x) A2+ € G,

B (2.9)
S = wo(x) +wi(z)A +wa(2)A? +--- € Gy
We also define the symbols of S and S as S and S:
S=TIn+wi (A +wa(z)A 2 +...,
) (2.10)
S = wo(x) + w1 (@)X + w2 (2)A% + ...
The operators S~! and S~! inverse to S and S have the expansions
St =Iy +wi(@)A P +wh(@)A 2 +--- € G,
- (2.11)
S = wiy(x) + Wi (@)A + Wy ()A? + - € Gy
We also define the symbols of S~ and S~! as S~ and S~!
STt =Ty + (@At Fwh(@)N 2 +.. .,
B (2.12)
ST = wh(z) + Wi (@) +wh(@)AE + ...
The Lax operators £ € G, are defined by
Li=WoAhoW l=WoA oW ' (2.13)
and have the expansions
L= A+uy(x) +ug(x)A™L. (2.14)
In fact, the Lax operators £ € G, can also be equivalently defined by
L:=So0AoS t=8SoA oSt (2.15)

These definitions are a continuous interpolated version of the multicomponent commutative Toda hierarchy,
i.e., a continuous spatial parameter x is brought into this hierarchy. With this meaning, the continuous
flow 0/0z is missing. To complete these flows, we define the logarithm matrix

1og+,/3:Woe(9OVV_1 =SoedoSH,
o 7 (2.16)
log. L=-WoedoW =-So0edoS7!

where 0 is the derivative with respect to the spatial variable x.
Combining the above logarithm operators together, we can derive the important logarithm matrix

1 1 . , = .
log £ =, (log, £ +log_ L) = 2(506808_1 —So0edo87N) = Y WiN' € G, (2.17)

which generates a series of flow equations containing the spatial flow in Lax equations defined below.
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3. Lax equations of EZTH

In this section, we use factorization problem (2.7) to derive Lax equations. We first introduce some
convenient notation.

Definition 1. The matrix operators B; and D; are defined as

L+ 2L S
(log £ —¢j), ¢ :Z . j=>0. (3.1)
i=1

B : D, =
TG+ nY T

Definition 2. The EZTH is a hierarchy in which the dressing operators S and S satisfy the Sato

equations B
6(9th = —(Bj)_S, 6(9th = (Bj)+S,

- - (3.2)
6(9st= —(Dj)_S, 6(9st= (Dj)+S.
We can then easily obtain the following proposition.
Proposition 1. The dressing operators W and W satisfy the Sato equations
€8th = (Bj)+W, 6(9th: (Bj)+W,
LI
LI
€0, W = (— i (log_ £ —¢j) + (Dj)+)W.
From Proposition 1, we derive the following Lax equations for the Lax operators.
Proposition 2. The Lax equations of the EZTH are
€0y, L = [(By)+, L], €0y, L =[(Dj)4, L], €0y, log L = [(Bj),log L], 3.4)
3.4

e(logﬁ)s]- = [_(Dj)*a 10g+ ‘C] + [(Dj)+7log— ‘C]

To see this kind of hierarchy more clearly, we give the Zxn-Toda equations as ty flow equations.

3.1. The extended Zn-Toda equations. As a consequence of factorization problem (2.7) and
the Sato equations, taking S € G._ and S € G, into account, we obtain the ¢y flow of £ in the form
L=A+U+VAh

€0 L =[N+ U VAT, (3.5)

which leads to the matrix Toda equation

€0, U=V (z+¢)—V(x),

(3.6)
€0,V =U(x)V(x) = V(2)U(xz — €).
Of course, we can switch the order of the matrices because Zy is commutative. We set
U 0 ) 0
Uv=|" y v=|" ]. (3.7)
Uy Ug U1 Vo
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The specific coupled Toda equation is then

€O up = vo(x + €) — vo(x),

€dpyur = vi(z +€) —vi(x),

(3.8)
€ Oyy o = ug(x)vo () — vo(z)vo(x — €),
€1 = (ur(z) —ur(z — €))vg(z) — v1 () (up(x) — up(z — €)).
To obtain the standard matrix Toda equation, we must use the alternative expressions
U:= wl(x) - wl(x + 6) = eat1¢(x)a
(3.9)
V= e?@e @70 — 9, w ().
From the Sato equation, we deduce the set of nonlinear partial differential-difference equations
wi(z) —wi(xz +€) =€y, (e‘z’(w))e*qﬁ(w),
(3.10)

€0y wi () = —e?(®@)g=d(z—e),
We note that if we combine the two first equations, then we obtain

& 02 §(z) = HEHI ) _ p@)g=0(a—0),

which is an N x N matrix-valued extension of the Toda equation, whence the original Toda equation follows

for N = 1. For N = 2, the equation for ¢ = [i‘; QED} is the coupled Toda system

62 3,521¢0($) — e¢0(1+6)*¢0(1) _ e¢0(1)*¢0(1*5)

)

207 01(2) = (1(a -+ €) = 41 ()™ I — (41(2) = Gy (@ — e )00,

In the calculation, we use the identity

oo O efo 0
exp = .
1 o prefo e
In addition to the Zy-Toda equations above, together with logarithmic flows, the EZTH also contains

some extended flow equations (see Sec. 4 below). Here, we consider the extended flow equations in the
simplest case, i.e., the so flow for £ = A + ug + u A1,

€05, L =[(Se 0.8 1)1, L] = [€0,5 S L] = eLy, (3.11)
which leads to the specific equation
05U = Uy, 05,V =V, (3.12)

To see the extended equations clearly, we must rewrite the extended flows in the Lax equations of the
EZTH as in the following lemma.
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Lemma 1. The extended flows in the Lax formulation of the EZTH can be given equivalently by

oL
6(98] - [Djvﬁ]a
. , (3.13)
L7 L7
D; = < | (log, £ — cj)) — < | (log_ L — cj)) ,
j! . \J! _
which can also be rewritten in the form
oL
easn = [Dy, L],
. . . (3.14)
L7 L7 L7
Dj="" e+ [ 4 (Z Wi (2)A* — cj)] - [ | (Z Wi (z)AF — cj)] .
J: J° \k<o + J: k>0 -

We can then derive the s; flow equation of the EZTH as

sy = (L= N)(VAT = 1) e(logV),) = 2(A = DV + U2 + Vs,

Vo, = (A =DV, V4 2)(U(z — €) — U(x))V +
+eVoU(x —€) + e(Up(x — €) + Uy (2))V,

where U = U(z) and V = V(). To give a linear description of the EZTH, we introduce the matrix wave
functions v and 1 defined by

Y=W-x, ¢Y=W-x, (3.15)
where
x(z) == 2%/ Iy, X(2) = 27 “Iy, (3.16)

and the dot denotes the action of an operator on a function. We note that A - x = zx, and we can define
the asymptotic expansions

P = zw/ﬁ(]IN +wi ()27 4 o(2),

oo . ,
zJ 27
Yo = exp{ E t; el + 55 Ej!(logz — Cj):|, z — 00,
i=1

_ _ (3.17)
b =2 (wo(x) + wi(x)z + -+ )Po(2),
e ij ij
o 1= exp{th el +s;5 . (logz— cj)}, z—0
§=0
We obtain linear equations in the following proposition.
Proposition 3. The matrix wave functions 1) and v satisfy the Sato equations
szz¢a E?Z:Z1ZJ,
€3tj¢: (Bj)+'1/}7 €8tj1/j:(Bj)+'1Za
(3.18)

LI
0= (£ og, £ =) = (D)) )
o ]
€05, = <— ol (log_ £ —¢;) + (Dj)+> -1,
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4. Hirota bilinear equations

From Lax equations, we can find that the sg flow is equivalent to the spatial flow 0,. Based on this
fact, we derive Hirota bilinear equations, which are equivalent to the Lax equations of the EZTH, in the
following proposition.

Proposition 4. The operators W and W are matrix-valued wave operators of the EZ'TH if and only

if the Hirota bilinear equations
-1

WAWL=WA"™W °, reN, (4.1)
are satisfied.
Proof. Let
O[:(OC0,0Z]_,QQ,...), 5:(517627"') (42)
be a multi-index and
o =opcopopr ..., 07 =000% ... (4.3)

Also let 9% = 9*0°. We first prove that the formulated statement leads to the expression
Wz, t, VAW =L (z, ', A) = Wz, ¢, AW (, ¢, A) (4.4)
for all integers r > 0. Using the same method as in [7], [9], by induction on «, we prove that
Wz, t, A)A(°W (2, t,A)) = Wz, t, VA" (Q°W ' (z,t, A)). (4.5)

This is obviously true for # = 0 by the definition of matrix-valued wave operators. Let Eq. (4.5) hold for
some 0 # 0. We note that

[((%S)S‘l +SAjS_1]W, pj = tj,

€0p, W 1= ‘
[(3Sj5')5"1 + SAI9, S~ W, p; = s,

and
pj = tj,

€0y, W =
S 1+SA ‘785 ]W, pj = Sj,

J

which further leads to

and
p; =tj,

€0p, W = j
(10g+£ )]W, pj = 85,
{ V(o L)W, py =,

This further implies
(8, W)AT ("W 1) = (8, W)A (2" W ).
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Taking (4.5) into account, we obtain
WA"(8,,0°W 1) = WA~"(8,,0'W ).

Therefore, if we increase the power of J,, by 1, Eq. (4.5) is still satisfied. The proof by induction is
completed. Expanding both sides of Eq. (4.4) in Taylor series in t = ¢’ and s = s’, we can finish the proof
of Eq. (4.4).

Conversely, by separating the negative and the positive parts of the equation, we can prove that S and
S are a pair of matrix-valued wave operators. |

For a description in terms of matrix-valued wave functions, we need the following symbolic definitions.
If the series have the forms

W(x,t,s,A) =Zai(x,t,s,8x)Ai, W(x,t,s,A) Zb x,t,8,0z)

S/ i€EZL

W (z,t,s,A) ZAZ (x,t,5,0;), W_l(x,t,s,A):ZAjb;(x,t,sﬂm),

€L JEZ
then we define their corresponding left symbols YW and W and right symbols W~! and Wfl as
W(x,t,s,\) = Zai(x,t,s,am)/\i, W™ (z,t,8,\) Za x,t,8,0;)

i€Z i€Z
W(x,t,s,A) Zb (x,t,5,0;) W_l(x,t,sj,)\) :Zb;(x,t,sﬂw)/\
€L JEZL

We can now write the Hirota bilinear equation in another form (see Proposition 5 below), defining the

Res) Z ap N\ = a_q

using a proof similar to the proof in [3], [7], [9].

residue as

Proposition 5. Let sq = sf,. The operators S and S are matrix-valued wave operators of the Z y-Toda
hierarchy if and only if the Hirota bilinear identity

Resy {\" """ Wz, t, 5, €0, VW H @ — me, ', 5", €0,,\)} =

= Resy (A" IW(a, L, 5, €00, VW (z — me, t', 8, €0y, \)} (4.6)

is satisfied for all m € Z and r € N.

Proof. Let m € Z, r € N, and sy = s,. We set
W(x,t,s,\) = Zazxtsﬁ W(x,t,s,A) = bets@

€L S/
Wt (x,t,s,A) ZN (x,t,8,0z), W_l(x,t,A):ZAjb;-(x,t,s,am)
€L JEZ
and compare the coefficients of A=™ in Eq. (4.4):
Z ai(z,t,s,0p)a;(x —me,t',s',0,) = Z bi(z,t,8,0:)0(x —me,t',s",0y).
i+j=—m—r i+j=—m-+r
This equality can be written also as Eq. (4.6). |

To express the Hirota quadratic function in terms of tau functions, we must first define the tau function
of the EZTH and prove that it exists, which we do in the next section.
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5. Tau functions of EZTH

We introduce the sequences

t—[N = (t; —e(i — 1INV, 0<j < o0).

(5.1)

A matrix-valued function 7 € Zy depending on only the dynamical variables ¢ and ¢ is called a matrix
tau-function of the EZTH if it provides symbols related to matrix-valued wave operators as

S .- T(so +x —€/2,t; —e(j — 1)I/N, s5€)
o T(s0+x —€/2,t,5;5¢) ’

1 Tl b/t el - YN, s50)

B T(s0 +x +€/2,t,s;¢) ’

T(so+x+€/2,tj+€(j — 1IN, s5¢)
T(s0+x —€/2,t,55€) ’

n

G-l . T(so+x —€/2,t; —e(j — 1)IN, s7¢€)
B T(so+x+e€/2,t,s;¢€) '

(5.2)

Here, division means multiplication of the numerator matrix by the inverse of the denominator matrix. We

can obtain the solution U, V in terms of tau functions as

T(x+€e)m(x —¢€)

U = (log 7)az, V =log ()

For N = 2, we obtain

up  Uup

[uo 0 ‘| (10g 7'0)11 O
= 7_1 5
1 T
<T0 > Tx ( o8 TO)

< [vo O] ) [ evo 0 ]
exp = =
V1 Vg v1evo e
To(x + €)10(T — €)

- Ti(x+e)o(x —€) +o(x+€e)mi(zr —€)  To(x+ €)T0(T — €)T1

T0 T2

This implies

T1
up = (log 70)xa» up = ( > ;
Trxr

To

To(x + €)10(T — €)
70

vo = lo,
0 g To (x)

Using Proposition 5, we can prove the following lemma.

. v = (A—1+A*1)Tl(x).

(5.3)
0
To(x + €)710(T — €)
70
(5.4)
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Lemma 2. The equations

N N

ZS(x,t,)\l)ikgi (x—l—e t+ )\2 Z :E t, )\2 sz (:E,t — [)\fl],)\g)kj,
k=1 k=1

N

M=

Zg(x tAD)iS = AL AR = Y S(x,t, Ae)in ST (@, t — A A2y (5.5)
k=1

>
Il

Mz
MZ i

ﬂi,t,)\l mS ($+€t+ /\2
k=1 k

S(x,t, )i S Ha + €.t + M), A2) kg
1

hold.

Using Lemma 2, we can prove the following important proposition, which asserts the existence of the
matrix-valued tau functions.

Proposition 6. For a given pair of wave operators S and S of the EZ TH, there exists a corresponding
matrix-valued invertible tau function T € Zy, and it is unique up to multiplication by a nonvanishing
function independent of t;, j > 1.

Proof. Here, we note that the Zx-valued tau function 7(z,t) corresponding to the wave operators S
and S is in fact 7(z — €/2,t).
System (5.5) is equivalent to

logS = (exp (—er!/\_(jH) 8,5]) — 1) log T,

=0
log S = (exp (e&r + ez:j!/\jJrl 8tj> = 1) log 7,
=0

Osy log 7(z,t) = 0y log 7(x, t).

Using Lemma 2, we can now prove the existence of the tau function of this hierarchy. |

Given the tau functions of the EZTH, the natural question arises about the expression for the Hirota
bilinear equation in terms of tau functions, and we answer this question in the next section using generalized
vertex operators.

6. Generalized matrix vertex operators and Hirota quadratic
equations

In this section, we continue to discuss the fundamental properties of the EZTH tau function, i.e., the
Hirota quadratic equations of the EZTH. We therefore introduce the vertex operators

N N
r+e.= exp( (Z I(j+1) -j! (log A — cj)>) X exp<:F;850 F [)\_1](9),

1/, A1 A €
b .— exp(:l:6 < t; (+1) — 5 i (log A — cj))> X eXp(:F2350 F [/\]a>,

Jj=
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where -
Ao = ezzj!/\jJrl 0
=0

Because of the presence of the logarithm log )\, the vertex operators I'*® ® I'F* and I'** @ I'F® are
multivalued functions. In passing between different branches around A = oo, monodromy factors appear:

a 211 N
M :exp{:l: . Z jt (Sj®1—1®8j)},
720
(6.1)

271 A7
Mb:exp{j: c Z | (Sj®1—1®sj)}
iz0 I
To compensate this difficulty, we generalize the concept of a vertex operator, which is already not scalar-
valued but takes values in a differential operator algebra in Zx. We therefore introduce the vertex operators

l)\J+1
T, —exp< Z] (€0, SJ>6I8507

7>0
i~ J+1)
= exp( Z J (e z)sj)ewso,
7>0
X (6.2)
l)\J+
]."a — %00 exp (Z J >7
7>0
“ FIA—G+D
T = e"%0 exp(z (e@m)sj)
7>0
Then it
i\
I'# @I, = e*0 exp <Z I (€0)(s; — 8;)) ewa%,
o €

i) (6.3)

jIA-UHL xd,,

I‘f& @ Ty = €0 exp (Z J (€02)(sj — sé))e Osf,
€
3>0

After some calculations, we obtain

u 2mi N
T# @T,)M* = exp{:l: . Z , (Sj—S;)} X

|
j>0 J:

xexp(:l:2ji((so+x)—(so+x+z )))(r#@)r ) =

3>0

o
- exp(:l: Zz(so—sg)>(I‘f®I‘G),

211 A
(P#@Fb)Mb: exp{:l: . Z i (sj—S})}X
>0 77

Xexp(:l:ZZi ((so+a:)— (so+x+z : )))(F#®Fb):

7>0
:exp<:|: . (50 _sg)>(rf®rb).
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Hence, if so — s, € Ze, then all (I'f @ ',)(I'* ® =) and (I‘Z‘aﬁ @Ip) (I ®I?) are single-valued near A = co.
We note that the vertex operators introduced above take values in a Zy-valued differential operator
algebra,

N
flz,t,s,¢) = Z Z cik(x,t, s, e)Fkﬁl}.

i>0 k>0

Cl0, z,t, s, €] := {f(a:, t,€)

Theorem 1. The invertible Zy-valued matrix 7(t, s, €) is a tau function of the EZTH if and only if
it satisfies the Hirota quadratic equation of the EZTH

Resy " H(I# @T) (T @ T (7 @ 7) = Resx A" H(ITF @ Ty) (M @ TP)(r @ 7), (6.4)
computed at so — s; = le for all | € Z and r € N.

Proof. We need only prove that the Hirota bilinear equations are equivalent to the hypothesis of
Proposition 5. By direct calculation, we obtain the four identities

I#0% = T<so T ;,t, s> AW (z,t, 5, €D, AN/
r,r—¢r= /\_(50+I)/EW_1(33, t,8, €05, )T <a: + 50+ ;,t, S),
F#F_bT = T(x + 89 — ;,t, s) )\SO/EW(x,t, S, €0y, )\))\ﬂN/E,
L, = )\_SO/EA_IHN/EWA(Q:, t,5, €0y, \)T (a: + 50+ ;,t, s).

Equations (6.5) can be proved by a method similar to the method given in [7], [9]. Substituting Egs. (6.5)
in Hirota bilinear equations (6.4), we obtain Eq. (4.6). [ |

Performing a transformation of the form A — A~! on Eq. (6.4), we obtain
Resy ' 1(I* @T,)T?@T 7 -T7*@T)(r®7) =0, (6.6)

evaluated at sg — s, = le for all [ € Z and r € N. This means that the expression

Prperyrere o) (e (6.7)

is regular in X at so — s, = le for all | € Z. For N = 1, expression (6.7) is exactly Hirota quadratic
equation (1.2) of the ETH obtained in [7]. As is known, the vertex operator in fact gives one special
Backlund transformation of the EZTH. To obtain more information about the relations between different
solutions of the EZTH, in the next section, we construct the Darboux transformation for the EZTH using
the determinant technique as in [24], [25].

7. Darboux transformation of the EZTH
In this section, we consider the action of the Darboux transformation for the EZTH on the Lax operator
L=A+U+VA (7.1)
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ie.,

LY =A+UM VEIAT=wew !, (7.2)

where W is the Darboux transformation operator. That means that after the Darboux transformation, the
spectral problem for the N x N matrix-valued function ¢

Lé=Ap+U¢p+ VA=A (7.3)

becomes
LM = N\l (7.4)

To preserve the invariance of the Lax pair for the EZTH in Proposition 2, i.e., to satisfy the equalities

O, £ = (B, £, o, = (D), £,
BY .= B;(clY), D= D,cl),
(7.5)
a, log £V = (B, log M),
(log £1),, = [—(D})_ log, £M] + (D)4 log_ £M],
the dressing operator W must satisfy the dressing equation
Wtj = _W(BJ)-'F + (WBjW71)+W7 .] > 0) (76)

where Wy, denotes the derivative of W with respect to ;.

We now formulate an important theorem, which we use to obtain new solutions.

Theorem 2. If ¢ is the first wave function of the EZTH, then the Darboux transformation operator
for the EZTH

W) = (1-(d(x—e) AT ) =¢o(1-ATos™, (7.7)

generates new solutions U and VI from seed solutions U and V:

UM =U + (A - D)g(d(z — €))7,

_ (7.8)
o a1, PN
vil=A Vg
We introduce the notation ¢; = (bEO] := ¢|a=x,- We can then choose a specific one-time Darboux
transformation for the EZTH in the form
Wl(/\l) = HN — qbl((bl (33 — 6))_1/\_1. (79)

As the same time, we can obtain the action of the Darboux transformation on a wave function ¢ as

oM = (Iy — d1(2)(d1(z — €)) T'AT1)g. (7.10)
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Iterating the Darboux transformation, we then write the action of the jth Darboux transformation on the
(j—1)th solution as
¢[_j -1]
J Al) Q=11

Sl — (HN _ _
—14i—1]
Aok

g

) _ -1 4 (A
ubl = yb-14 (A I)A“Gﬁﬁ-j—”’

(7.11)

¢£j—1] A72¢E_j—1]

vl = (Aflv[jfll) . o
A1~ A1l

where ¢£j g pl—1 [x=x, are the wave functions corresponding to different spectral parameter values and
the (j—1)th solutions U= and VU=, It can be verified that (;5&‘771] =0,:=1,2,...,5—1.

After iterating the Darboux transformation, we can generalize it to an n-fold transformation.
Theorem 3. The n-fold Darboux transformation for the EZTH has the form
_ [n] A —1 nJa—2_ .. [n] A —n
Wy =1In+t7 A7+t A 4 AT, (7.12)

where
Wi - dili<n = 0. (7.13)

The Darboux transformation constructs a new solution from a seed solution:

Ul = U+ (A — 1),
(7.14)
VIl — drl @y (AT v = @ — e,
where
8ij 0 AT 0
0 dpr1i(x—e) - drjalzr—e) - o1 ni(zr—e€)
0 dr12(x—€) - drjplr—e) - P1n2(Tr—€)
—¢1,i¢($) ¢1,1¢($ - 6) T ¢1,ji($ - 6) T ¢1,N¢($ - 6)
0 o1an(T —€) o1,5n (z —€) ¢1,NN (T —€)
0 ¢p211(x —€) 02.51(z —€) ¢2,N1(T —€)
0 ¢p2.12(T —€) 02.52(x —€) d2,n2(T —€)
(Wo)ij = Al —¢2,'u'(5€) ¢2,1i(x —€) ¢2,ji(?€ —€) ¢o,Ni(z — €)
0 po1n (T —€) G2, jN(x —€) o, NN (T —€)
0 Pn11(z —€) Onj1(z —€) én,N1(T — €)
0 Pn12(T —€) On,j2(z —€) ¢n,N2(T — €)
—(bn,z'i(l“) ¢n,1¢($ - 6) ¢n,ji($ - 6) ¢n,N¢($ - 6)
0 Gnan(z —¢€) bn.jn (T —€) Gn.NN (T —€)
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0

¢1.11(z — 2¢)
¢1.12(T — 2¢€)
o1.1i(T — 2¢)
¢11n(z — 2€)

2,21 (T — 2¢€

( )
¢2.12(x — 2¢€)
( )

~ ¢21i(T — 2€

0
¢1,n1 (7 — 2¢)
¢1,n2(7 — 2¢)
é1,ni (7 — 2¢)

o1, vN (T — 2€)
¢, n1(7 — 2¢€)
$2,n2(z — 2¢€)
¢o,Ni (T — 2¢)

AP
(]517]‘1 ($ - ne)
(]517j2($ - ne)
(]517]‘1' ({E - ne)
¢1)j]\](x - ne)
(bg)jl(ZIJ - Tlé)
(bg)jg(fl) - Tlé)
¢2,j1’ (33 - TLE)

0
¢1,n81 (7 — ne)
¢1,n82(x — ne)
é1,n5i(x — ne)
¢1,8N (T — ne)
¢2,N1(T — ne)
¢2,N2(T — ne)
$2,ni(x — ne)

21N (x — 2¢€) 2. NN (T — 2€) ¢2.;n (z — ne) 2. NN (T — ne)

¢n.21 (T — 2€) ¢n.N1(T — 2€) ®n,j1(T — nE) On,N1(T — nE)

Pn.12(T — 2€) On. N2(T — 2€) On,j2(T — nE) On, N2 (T — neE)

On1i(T — 2€) On, Ni(T — 2€) On,ji(z — ne) ¢n, Ni(T — nE)

On, 1N (z — 2€) On, NN (2 — 2€) On,jN (x — ne) On,NN(z — ne)
o1(x—€) o1(z — 2€) o1 (z — ne)
A P2(z —€)  pa(x — 2¢) $2(r — ne)
®n (33 - 6) On (x - 26) On (x - ne)

It can be easily verified that Wy, ¢; =0, =1,2,... n.

Taking a seed solution U = (0)nyxn, V = Iy and then using Theorem 3, we can obtain the nth new
solution of the EZTH as

U[n] - (1 - Ail) at() 1ngr(¢17 ¢27 ] an)a
(7.15)
V[”] = 6(17/\_1)(17/\_1)]OgWT(¢1>¢2>"'7¢n)7
where W,.(¢1, ¢a, ..., dy) is the Hankel function expressed in terms of T,
W (h1, 02,y ) = det(A T 1 i)1<ij<n. (7.16)

In the definition of the Hankel function in terms of I', it is understood that in the calculation process, each
element ¢, 41—, is treated not in the matrix form but as a scalar polynomial in I". After obtaining the
values of U™ and VI in terms of I', we rewrite the result in matrix form.

7.1. Soliton solutions. We investigated the first Darboux transformation for the EZTH above; we
now use it to obtain new solutions from trivial seed solutions. In particular, we find some matrix-valued
soliton solutions using the first Darboux transformation.

For N = 2, we take a seed solution of the form U = [ 8], V = [} V]. The initial wave function ¢; then

satisfies
0 A1 O
®,

1

Ao+ Al =

A2 A

x z1 0
¢:€Xp< IOg >7 21 7&07
€ zZ9 Z1

(7.17)
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and moreover

_ _ z
Zl—l—le:)\l, 22+le— 3:/\2.
21
-1 Ty1 X -2
S=EFE+wA " +v A7 — eAT + ..., w1 = const.
€ w1

Under such an initial condition, the operator A; in Lemma 1 becomes

1 0 1 0
A = <A-|- A_l)ea— <A— l A_l),

0 1 0 1
99 U - U -
351_[<A+ ) A >63—<A— ) A >}¢

The solution ¢ expressed in terms of x and s; can then be chosen in the form

z1 0 A 0
¢:exp(x+AsllogZ+Sl(—Z+Z1)), 7= " o= ,
€ € zZ2 Z1 )\2 )\1
where
1 0 1 21 0 1 0 21 /\1 0
Z+ Z_ - + z9 _q = A = ,
0 1 22 21 0 1 -2 21 /\2 /\1
an
and
1 cosh(((z + As1)/€)log Z + (s1/e)(=Z + Z71))
Ut = (A —1)
cosh(((z + As1)/€)log Z + (s1/e)(—Z + Z~1) —log Z)’
VI = (1-A"1)21og [2005h<x A8 log Z + o (—Z + Zl))].
€
Using
log 21 0 a 0 cosha 0
logZ = | 29 , cosh( ) = ,
- log 21 b a bcosha cosha

we can obtain the concrete elements of the new solutions U!, VI in the form

u[l] = 1 cosh((z/€)log z1 + (s1/€)(M — 21 + Zfl))
’ cosh((( — €)/€)log 21 + (s1/€) (M — 21 + 21 1))’

Tz 8 z
u[ll]:< 24 1<)\2—22— §>)><
€z1 € 22

cosh((z/e)log 21 + (s1/€)(\1 — 21 + 27 1)) B
cosh(((z — €)/e)log z1 + (s1/€)(M1 — 21 + 27 1))

Xr — €29 S1 Z92
— + Ao — 29 — 9 X
€ 21 € 21

cosh((z/€)log z1 + (s1/€) (M — 21 + 21 1))
coshz(((x —¢e)/e)logz1 + (s1/€)(M — 21 + zfl))7

v([Jl] =(1—A"2log {2 cosh(f log z1 + 561 (A1 — 21+ zfl))],

= (1 _A1)210g<x 2 s <)\2 - ig))

€z € 1
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Taking z5 = Ay = u[ll] [ I = 0, we reduce these soliton solutions to soliton solutions of the scalar-

valued extended Toda chain [26].
8. Bi-Hamiltonian structure and tau symmetry

In this section, to describe the integrability of the EZTH, we construct the bi-Hamiltonian structure
and tau symmetry of the EZTH as in [23]. For a matrix A = (a;;) = ZN 01 a;T'%, the vector field 94 over
EZTH is defined by

Yy gt + onte) 8.1)

i=0 k>0

For a function f = [ fdxz, we have

oaf = /}:Zj(éw) )m_/ﬂ-ZA@(ﬁ 5%Jd (8.2)

i=0 k>0 k>0

where

(5u)ij - uy (5v>ij T vy (8.3)
and ) _
1 1 N 1
N N-1
0 o1
TwA=Tr| % 2] A (8.4)
1
I 0 0 ]

In this section, we consider the EZTH using the Lax operator
L=A+u+e’AN wuve Zy. (8.5)

We can then introduce the Hamiltonian brackets as

{/, 9}—/T1"NZ 59 , d,

wu’ (8.6)

w,w' =wu;orv;, 0<i,j<N-1

For u(z) = Zivo ui(2)['* and v(z) = Efvo v;(2)['*, the bi-Hamiltonian structure for the EZTH can be
defined by two compatible Poisson brackets, which is a matrix generalization of the ETH in [6]:

{oi(2). ;) = {us(@),us ()} =0,
fula), v )b = Lo le® — 115(z — ),
{wie) uy)}a = ByeP ™ — ! @] 5(a —y), (8.7)
{ui(). o5} = Bigui(@)e® — 1(z —y),

i [eeaz - 87681]5(33 — ).

{vi(@),v;(y)}e =

m*—‘m»—nm,_.
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For any difference operator A = >, AxA*, we define the residue Res A = Ay. In the following theorem, we
prove that the Poisson structure above can be regarded as the Hamiltonian structure for the EZTH.

Theorem 4. The flows of the EZTH are Hamiltonian systems of the form

8ui 81)1- .
={u;, Hi ;i }1, ={vi,Hii}1, k=01, >0, 8.8
8tk)] {u ka]}l 8tk)] {U k;J}l J ( )

with to; = t; and t1 ; = s;. They satisfy the bi-Hamiltonian recurrence relations
{-.Hipato=n{-Hi}1+2{ -, Hon-1}1, {- Hon-1}2=(n+1){-,Hon}.
The Hamiltonians here have the form

Hy, :/hk,j(u,v;uw,vw;...;e)dac, k=0,1, j>0, (8.9)

where

ho,j = | Try Res £771, hij= N Try Res[£ (log £ — ¢;)]. (8.10)

1
(J+1)
Proof. For § =0, which corresponds to the original Toda hierarchy, the proof is the same as in [6].
Here, we prove that the flows 9/0t1 , are also Hamiltonian systems with respect to the first Poisson

bracket. The identity
Try Res[£"d(Sed,S™ )] ~ Try Res L 1dL (8.11)

was proved in [6]. It shows the validity of the equivalence relation
Try Res(L"dlog, L) ~ Try Res(L£"1dL). (8.12)

Here, the equivalence relation ~ is up to an z-derivative of another 1-form.
By analogy with (8.11), we obtain the equivalence relation

Try Res[£"d(Sed,S™1)] ~ — Try Res L 1dL, (8.13)

ie.,
Try Res(£"dlog_ L) ~ Try Res(£"1dL). (8.14)

Combining (8.12) with (8.14), we obtain

Try Res(£™dlog £) ~ Try Res(L£L"1dL). (8.15)
Let
Aa,n = Z aoz,n+l;kAk- (816)
k
From or
8tk = [(Bk,n)Jra ‘C'] = [_(Bk,n)fa E]a BO,’I’L — Bn7 Bl7n = Dn, (817)

we then derive the equation

0
€ 8tu =agn1(x+€) —agn1(z) € Zn,
B,n
; (8.18)
€ atv - aﬁ,n;O(x o 6)61)(1) - aﬁm;()(x)ev(z-‘re) €Zn, p=01
B.n
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Equivalence relation (8.12) now easily follows from these two equations. Using (8.12), we obtain

-9 .
dh,, = n!dTI"N Res[ﬁ (1og+ L— Cn)] ~

2 n—1 2 n—1 o
~ (n— 1) Try Res[L" " (log, £ — cn)dL] + ol Try Res[£" 7 dL] =
2 n—1
= (n—1)! Try Res[L" " (log, £ — ¢p—1)dL] =
= Try Res[a1 n:0(2) du + a1 .1 (z — €)e@ du]. (8.19)
This yields the identities
§Hi 0H1
5;7 = a1,n:0(2), 5;’ = a1 (x — €)e’®). (8.20)
These identities agree with the Lax equation
a'LLrL' o o 1 €0y 5H1,n _ 1
O {ui, Hinh = . [e«® —1] P 6(&1,n;1($ +€) — a1,n1()),
an 1 o 5H1 n
= . = — €% ’ = 8.21
3t1,n {U17 HLn}l € []— € ] 5“1 ( )

1

T e [a1,ns0(x — €)e"™ — ay o (w)e’ @]

Q-
From the identities obtained above, we can see that the flows 0/t ,, are Hamiltonian systems of
form (8.8). In the case 8 = 1, the recurrence relation follows from the trivial identities

2
(n—1)
2

1
— n—1 1 — Cpe ) n.
(n—l)!L (logy L —cp_1)L m/l

2 n n— 1 n
nmll (logy L—c,) =L !/3 1(logiL—cn_1)—2n!£ =

For 8 = 1, we then obtain

na1pn+1;1(7) = a1n0(T + €) +ua1 1 (7) + e’a1 na(r — €) — 2a0n11:1() =

= a1,n:0(7) + u(@ + €)ar 1 (z) + " T2ay o (@) — 200 na11 (@)
This further leads to

{uwi, Hi no1}2 = {[Ae”(w) — e”(w)Afl]aLn;o(x) +u(z)[A — 1]aq a1 (z — e)e”(w)}i =

ev(ere)

=nlainy1.1(x) — a1t — €)e’™]; +

v(z+e)

+ 2[agnt1:0(z)e — ag,nt150(x — €)e’™@];.

This is exactly the recurrence relation for flows in terms of u. The analogous recurrence relation for flows
in terms of v can be derived similarly. |

As in [6], the existence of the tau symmetry for the EZTH is proved in the following theorem.
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Theorem 5. The EZTH has the tau-symmetry property

Oham  Ohgn

= =0.1 > 0. .22
s P, oa,=0,1, mn>0 (8.22)

Proof. We prove the theorem for the case where « =1 and g = 0:

Ohy 2
mo_ T _(prntl _rm( ) =
oton  ml(n+1)! ry Res[—(L"70)_, L™ (log, £ — cm)]

B m!(n2+ 1! Try Res[(L™ (logy £ — )+, (L") -] =

B 2 m - ni1r  Ohon
= i+ 1)1 Try Res[(L™(logy £ —¢m))4, L] = . (8.23)

The theorem is proved similarly for the other cases. |

This property justifies the following alternative definition of another kind of tau function for the EZTH.

Definition 3. Another tau function in Zy for the EZTH can be defined using the expressions in terms
of the Hamiltonian densities

p=0,1, n=>0, (8.24)

where tOJ‘ = tj and tl)j = Sj.

Having two different definitions of tau functions for this hierarchy, we pose the question of some
mysterious relations between these two kinds of tau functions. One function arises from the Sato theory,
and the other arises from the tau symmetry of the Hamiltonian.

9. Conclusions and discussion

We have constructed a new hierarchy called the EZTH and extended the Sato theory to this hierarchy
including the Sato equations, matrix wave operators, Hirota quadratic equations, and existence of the tau
function. Similarly to the ETH and EBTH in the respective Gromov—Witten theory of CP! and orbifolds,
this hierarchy deserves further study in view of its potential applications in topological quantum fields and
the Gromov—Witten theory. Based on two different definitions of the tau functions for this hierarchy, it
would be interesting to discover mysterious deep relations between these two kinds of tau functions, of
which one is defined using the Sato theory and the other arises from the tau symmetry of the Hamiltonian.
This is not easy, and we plan to study this question in our future work.
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