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COMPLETE CLASSIFICATION OF SPHERICALLY SYMMETRIC
STATIC SPACE-TIMES VIA NOETHER SYMMETRIES

F. Ali,* T. Feroze,* and S. Alif

We provide a complete classification of spherically symmetric static space—times by their Noether symme-
tries. We obtain the determining equations for the Noether symmetries using the usual Lagrangian of a
general spherically symmetric static space—time and integrate them in each considered case. In particular,
we find that spherically symmetric static space—times are categorized into six distinct classes correspond-
ing to the Noether algebras of dimensions 5, 6, 7, 9, 11, and 17. Using Noether‘s theorem, we also find
the first integrals corresponding to each symmetry. Moreover, we obtain some new spherically symmetric

static solutions.

Keywords: Noether symmetry, static space—time

1. Introduction

The first exact solution of the Einstein field equations was obtained by Schwarzschild and is a spherically
symmetric static solution. For a spherically symmetric space-time, there are exactly three rotational Killing
vector fields preserving the metric, which gives SO(3) as the isometry group of symmetries of these space—
times. The interest in studying spherically symmetric space—times is explained by the help it gives in
understanding the phenomena of gravitational collapse and black holes, widely known in the literature.
For example, the Schwarzschild solution is a nontrivial exact spherically symmetric solution of the Einstein
field equations and describes the gravitational field exterior to a static, spherical, uncharged massive body
without angular momentum and isolated from all other bodies.

Seeking spherically symmetric space—times is an important task, and because they are significant in
understanding the dynamics around black holes, classifying them according to their physical properties is
crucial. It would therefore be interesting to find the general form of these space-times along with a detailed
characterization of the first integrals of the corresponding geodesic equations. Moreover, the quantities
that remain invariant along the geodesics carry significant physical information. Plane, cylindrically, and
spherically symmetric space—times were classified with respect to their Killing vectors, homotheties, Ricci
collineations, and curvature collineations in [1]-[7].

In [8] and also [9], a connection was found between the symmetries of the geodesic equations and
the Killing vectors of the underlying spaces by comparing the Lie algebras of the two sets of symmetries.
The Noether symmetries, being a superset of the Killing vectors, give more information about the invari-
ants/conserved quantities. The Noether symmetries for different space—time metrics were obtained in a
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series of papers [10]-[12]. Finding a connection between the Noether symmetries and the Killing vectors
was the basic goal in those papers. To establish this connection, the authors of [10]-[12] found the Lie alge-
bra of the Noether symmetries and then compared this algebra with the algebra of isometries. Ali et al. [13]
recently used the symmetry method approach to completely classify the Lagrangians of plane-symmetric
static space—times using Noether symmetries and also presented the first integrals/conserved quantities in
each case.

In differential geometry, a Lagrangian that yields the geodesic equations (in the form of the Euler—
Lagrange equations) is introduced. The Lagrangian can be obtained directly from the line element [14]

ds® = gap(2°) dz® da®,

namely,

L = gap(z©)ia.

Here, we employ symmetry methods to completely classify spherically symmetric static space—times
according to the Noether symmetries. We then use the famous Noether theorem to write the first integrals
for each space-time. We thus recover all known solutions of the Einstein field equations and the Noether
symmetries together with their first integrals.

The plan of the paper is as follows. In Sec. 2, we give the basic definitions and describe the structure of
Noether symmetries. In Sec. 3, we write the determining equations for spherically symmetric static space—
times, which is a system of nineteen linear partial differential equations (PDEs). We obtain different values
of the metric coeflicient, namely, v and p, while integrating the PDEs. This yields a complete classification
of spherically symmetric static space-times by Noether symmetries. The corresponding first integrals are

also given in the same section. Section 4 contains the conclusion.
2. Preliminaries

A symmetry

3] .0 .
Xzfas—i—nzami, 1=1,2,...,n,

is a Noether symmetry if it leaves the action
W = /L(s,xi(s),;ti(s)) ds (1)
invariant up to some gauge function A [14], i.e., under the transformation

5= 5 +e€(s,a"),

i =i+ (s, 7)),

the action given by (1) becomes

W:/u@wﬁf@M&

where L is the Lagrangian, s is the independent variable, z* are the dependent variables, and & are their
derivatives with respect to s. The variation up to the gauge function is

W—W:/meﬂwﬁ, (2)
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where D is the standard total derivative operator given by

0 ;0
D= AN
0Os e oxt
Equation (2) can also be written as
XML 4+ D)L =DA, (3)

where
(1) i 0
XW=X+n"_ .
5 axz

is the first-order prolonged generator. The coefficients ¢ and 1’ of the Noether symmetry are functions of
s and z'. The coefficients n’; of the prolonged operator X@) are functions of s, x%(s), and i’(s) and are
defined as

s =D(n') — 'D(),

where 2° refers to the space of dependent variables.
Using the same identification, we state the famous Noether theorem: If X is a Noether symmetry
of a given Lagrangian L with respect to the gauge function A, then the quantity

; i\ OL
r=a-(er+ -,y )
called a first integral, is annihilated by the total derivative operator, i.e., DI = 0. In other words, cor-
responding to each Noether symmetry, there is a conservation law/first integral [15], for example, the
generators of time translation 9/9t and rotation 9/96 respectively give conservation of energy and angular
momentum.
The general form of a spherically symmetric static space—time is [3]

ds? = e’ 2 — et qr? — M g0?, (4)

where dQ? = df? + sin?#d¢? and both v and p are arbitrary functions of the radial coordinate 7. (In
particular, for spherically symmetric space—times, the dependent variables are (¢, 7,6, ¢) for 2,7 = 0,1,2,3.)
It can be seen that e*")
in the definition of d2?).

We write the determining equations using the corresponding Lagrangian of the above space-time and

can have one of two forms: 32 or 72, where 3 is some constant [2] (we absorb (32

study the complete integrability of those equations in each case. The usual Lagrangian L for a general
spherically symmetric static space-time is

L ="M — M2 _ A0 (02 4 sin? 0 ¢?), (5)

where the dot denotes differentiation with respect to the arc-length parameter s. For this Lagrangian, the
Noether symmetry generator becomes

Y I 9 9 9 9 9
(1) _ 0 1 2 3 0 1 2 3
X =g T g T 9 T 99 T g T 1 i T g T gy 708

¢’

and the operator D becomes

o .0
D= iy +7

9
2s T 'o +é

o  ,0
r+9 96

0 00
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3. Classification results and computational remarks

Substituting Lagrangian (5) in (3) and comparing the coefficients of all monomials, we obtain the
system of 19 linear PDEs

& =0, &=0, &=0, & =0,

A, =0, Ay —2e"n? =0, A+ 20t =0,

Ag+2eM02 =0, Ay +2en0)E =0,

C—pent =20 =0, & -t —2p? =0,

55—2771—277520, 55—2771—2c0t0772—2ng:0,
r r

W2 +sin2fnd =0, e’ —erinl — o,

iy =0, Uy —rPpf =0,

e’"Inf —r?sin” O} = 0, ey 4+ 72 sin? O = 0,

We intend to classify all spherically symmetric static space—times with respect to their Noether symmetries
by finding the solutions of above system of PDEs.

In solving system (6), we used the computer algebra system Maple-17 and split out the cases with the
remarkable algorithm rifsimp, which is essentially an extension of the Gaussian elimination and Groebner
basis algorithms for simplifying overdetermined systems of polynomially nonlinear PDEs or ODEs and
inequalities by transforming them into a convenient form.

In what follows, we list spherically symmetric static space—times, their Noether symmetries, and the
corresponding first integrals. We also present the Noether algebra of Noether symmetries in the cases that
are unknown in the literature.

For solving system of PDEs (6), we note that the first equation simply implies that £ can only be
a function of the arc-length parameter, i.e., & = £(s). To distinguish Killing vector fields from Noether
symmetries, we use different letters: Noether symmetries that are not Killing vector fields are denoted
by Y. We also note that a static space—time always admits a timelike Killing vector field. Moreover,
Lagrangian (5) is not explicitly dependent on ¢; therefore, a timelike Killing vector field appears as a
Noether symmetry in each case. Furthermore, Lagrangian (5) is spherically symmetric; therefore, the Lie
algebra of Killing vector fields, so(3), corresponding to the Lie group SO(3) is intrinsically admitted by
each space—time. It is also important to note here that a static space-time always admits a timelike Killing
vector field. Hence,

0 0
Xy = =
o YT gy
0 0 . 0 . 0 0
X4 96’ XQ—COb(bae—COtGSIH(ba(b, Xg—bmqﬁae4—cot9<:osqbaq5

form a basis of a minimal five-dimensional Noether algebra, in which Yy is not a Killing vector field of
spherically symmetric space-time (4). The Noether algebra of these five Noether symmetries is

(X1, Xo] = =X, (X1, X35] = Xo, (X2, X3] = —X4,
X, Xo] =0, [Xi,Yo] =0 otherwise
and is identified with the associated group SO(3) x R?.

976



3.1. Spherically symmetric static space—times with five Noether symmetries. Some exam-

ples of space—times that admit the minimum set of Noether symmetries (five symmetries) and appeared
during the calculations are given in Table 1.

Table 1
No. v(r) p(r)

2
1. log ( ) arbitrary

r
@
O\
2. 10g<1 — < > ) arbitrary
@
\2 \2
3. log( > —log(1—< >>
e e
\2
4. arbitrary —log (1 — ( ) )
@
5. 1og<1—a) —1og(1—a>
r r

Forms of y and v.

The Noether symmetries and corresponding first integrals with a constant value of the gauge function,
A = const, are listed in Table 2.

Table 2
Gen First integrals
Xo do = e’(i
X1 $1 = r2sin® 0¢
X ¢ = 1r%(cos #8 — cot fsin ¢¢)
X3 ¢3 = r?(sin #8 + cot f cos ¢¢)

Yo s = e’(Mi2 — er(i2 _ 1202 4 gin? 09?)

First integrals.

3.2. Spherically symmetric static space—times with six Noether symmetries. There are two
distinct classes of spherically symmetric static space—times admitting six Noether symmetries. In particular,
we obtain

ds? = <2> dt? —dr? —r?dQ%, o #0,2,

which in addition to the minimum five-dimensional Noether algebra also admits a Noether symmetry
corresponding to the scaling transformation (s,t,r) — (s, \Pt, A\'/?r) and given by

0 0 2 —
Y1:S +pt 7'8 = @
Jds
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forming a six-dimensional Noether algebra. This induces a scale-invariant spherically symmetric static
space—time. The corresponding first integral is

«@ 2
o6 :s<(’") i2—¢2—r2((92+sm20¢52)) + O‘f(:) th + ri. (7)

a

The other space—time with a six-dimensional Noether algebra is given by

2\ —1
ds? = dt* — e"Mdr? — r2d0?,  pu(r) # log (1 = 22) , p(r) # const,

with an additional Noether symmetry relative to a nontrivial gauge term,

1 Sata

The first integral corresponding to Y is ¢g = t — st.

3.3. Spherically symmetric static space—times with seven Noether symmetries. There arise
five space-times with seven Noether symmetries in which four cases contain the group of six Killing vector
fields and one case contains only the minimum group of Killing vectors while the other two symmetries are
Noether symmetries. We discuss them separately.

The four metrics are given by

ds® = e"/’at? — dr® — d0?, b0, (8)
ds® = sec? Z dt* — sec? Z dr? — dQ?, a #0, (9)
—1
d52—<1—’"2>dt2—<1—’"2> dr2 —dQ2, b#0 (10)
- b2 b2 9 9
2 2
ds? =, di* = ) dr® — d0?, a#0. (11)
T T

Together with the minimum set of symmetries, they respectively contain two additional symmetries:

5} 2\ 0 g to
Xy1=t_ —ble T/ Xs1= . —
=Ty, (e i 4b2) ot 1T 9 T opor
X —‘inrcos +sintcosra X —co*tcosr8—sinrsint8
42 =8m a Ot a a Or’ 52 =08, a Or a a Ot’
rbet/t 9 0 rbe=t/t 9 0
X, 2= — 2 _ p2 t/b X o = 2 _ p2et/b
4,3 Vr2 — b2 ot +Vr <o 5,3 Vr2 — b2 Ot +Vr c o
t2+1r2 0 0 0 0
Xiq4 = t X, =t
Mg g T 5 =g T

where the new subscript refers to different cases, which we consider hereafter.

The corresponding first integrals are listed in Table 3.
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Table 3

Gen First integrals
2er/b .
X4,1 ¢>5:b(1+ 12 )t—i—tr
te"/b .
Xs,1 = b t+ 27

rf{. . r t L.t r
X4,2 05 = sec? tsin cos —7sin  cos
a a a a a

. t t
Xs52 ¢ = —sec? " (t sin " sin 4+ 7cos cos T)
’ a a a a a
ivr2 — b2 b2
X _ ot/b r
4,3 o5 =e b + 22

_7“t'\/r2 — b2 n b2

b \/7‘2—b2
24+t tr
@+ |t

X5,3 P = €t/b(

X4 ¢5 = .2 .
X5,4 P = 2<Z — 7'“7“)

Y, 05 = sL — ri + 2572

Y, b6 = 28°L + 2(s7% — sr7) + 1?

First integrals of seven Noether symmetries

The Lie algebra of the symmetries of metric (9) is

)

[Xl,Xz] = _X37 [Xla X3] = X27 [X27X3] = _X17
1 1

[Xo,X4,2] = aX572, [Xo,Xs5,2] = —aX4,2,

[Xi, X;] =0, [X:,Yo] =0 otherwise.

The Lie algebra of the symmetries of metric (10) is

[Xl,Xz] = _X37 [Xla X3] = X27 [X27X3] = _X17
[X07X4,4] - X5,4, [X474, X5’4] — —X474’
[Xo, X5,4] = X, X, X;] =0, [X;,Yo =0 otherwise.

The space—time
2
ds? = <T> di* — dr® — r* dQY?
a

contains two nontrivial Noether symmetries

0 r 0 20 rsd
Y1:885+28r’ Y2:288+267"’

whose first integrals are also given in Table 3.
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3.4. Spherically symmetric static space—times with nine Noether symmetries. This section
contains some well-known and important space—times. Here, we have five different cases of space—times in
which three contain two additional Noether symmetries and one case contains one additional Noether
symmetry with all others being Killing vector fields.

We obtained the following results (space—times) with nine Noether symmetries:

ds* = dt* — dr* — d9?, (12)
3 th
ds* =", df* = dr® —d®®,  B#£Q, (13)
r 2
ds? = <1 + b) dt? —dr? —d0?, b+#0, (14)
gt —air— g2 b0 (15)
5 1—p2/p2 '

The first three space—times correspond to the famous Bertotti-Robinson-like solutions of the Einstein field
equations, which describe a universe with a uniform magnetic field, and the last case is the Einstein universe.
We first list the Killing vector fields that are also Noether symmetries:

0 0 0

=T Tl 51 g

0 0 0 0
X,o0=—fBret/P 2,-t/B _ t/B 2 t/8
4,2 Bre ot +re o’ X502 = fre ot +rfe o

b
Xy5 = eft/b 8t +€7t/b 9

P bt 0 or’
Xs5,3 = _bf—ret/bgt —i—et/b;,
X4 = /02— 12 Sind’sm"gr - WT_ g Cosasm‘baao + \/leger 2 Cosd’aaqs’
Xs54 = Vb2 — 12 COWSM;« - \/bzr_ g Cosecos‘i’go - \/f;;;z sin ¢ aaqs’
Xe,4 = Vb2 —r200s0§r - \/bQT_ r Sin9686,7

and the Noether symmetries corresponding to nontrivial gauge terms are

Y1 = sgt, A =2t,

Yo = Sgr’ Az = —2r,
Yia— _rseﬁ—;/ﬁ gt N 7"25;:/5 ({;970’ Ars Qe;t/ﬁ’
Y13 bs e t/b 0 5 et/ 0 Az = (b+r)e /P,

BT T2+ ot 20 o >
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bs 0 s 0
Y _ t/b o t/b
23 2(b+r)e ot 2% or

0
Y — A == 2t.
1,4 8875’

The Lie algebra of symmetries of metric (13) above is

X1, X,] = - X3, X1, X3] = Xo, X, X3] = =X,
1 1
[Xo,X4,2] = QX472, [X4,2,X5,0] = =Xy 2, [Xo,X5,2] = QX572,
1 1
Xo,Yi2]=— Yy, X0, Y22l = Yoo,
o a
1 1
[Yo,Y12] = a4X4’2’ [Yo,Y22] = ol X5,2,
[XZ’, XJ] = 0, [Xl, Y()] = 0, [Yl, YJ] =0 otherwise.

The first integrals for the nine Noether symmetries are given in Table 4.

Table 4
Gen First integrals
X41, Xs,1 b5 =tr —rt, ¢g=1
Yi1, Yo o7 =2(t — st), Ppg =1 — ST
t' . t' .
X42, Xs,2 b5 =25 (L4 ) g —aermg(=f O
' ' ro o2 r o or2
i 2e~ /8 —i 7 2¢!/P
Yio, Yoo 7= 2se—f/ﬁ( + Z) 2 g = 2set/5< ; 7"2) ¢
ré r r roor r
t(b t(b
X3, Xs53 ¢>5=e‘t/b<— ( :T)H*), ¢6:et/b< ( :r)+i~)
_ i st(b+1) )
Y13, Ya3 br=e ( b tsi (b)),
bs = et/b<5t(b;r N st o+ r))
Xy4,4 o5 = 7\0/8;1?5711; — 1OVb2 — 12 cos Osin ¢ + rdv/b2 — r2 sin 6 cos ¢
b2 . . 9 . ]
X5.4 og = 7;/(3()025? j;n — 70Vb2 — 12 cos 0 cos ¢ + rpV/b2 — r2sinfsin ¢
b27 cos 6 : .
_ _ 22 — 4
X64, Y14 o7 = VB 2 rOvVb2 — r2sin®, ¢y =1t — st

First integrals of nine Noether symmetries.
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3.5. Spherically symmetric static space—times with eleven Noether symmetries. It turns
out that the famous de Sitter metric

2 2
2 r 2 dr 2 102
ds :<1—b2>dt _1—r2/b2_r ds? (16)

is the only case with eleven Noether symmetries. All except Y are Killing vectors. Together with the
minimum set of Noether symmetries, for the metric given by (16), we have the Noether symmetries

br sin ¢ sin 6 cos(t/b) O
Xy =

Vb2 — 12 ot
t 0 0 cos¢p 0
. 9 ol . .
+s1n<b>\/b r <s1n0s1n¢>8r+rcos9s1n¢ae+rsinea¢>,
Xe — br cos ¢sin b cos(t/b) O
o Vb2 — 12 ot
A ) 0  cosfcos¢p O sing 0
. 2 _ .2 _
+51n<b>\/b r <SIDGCOS¢3T + , 90 rsin98¢>’
br sin ¢ sin 0 sin(t/b) 0
Xg= —
Vb2 — 12 ot
t . ., 0 . 0 cos¢ 0
2 _ 2
—|—cos<b) \/b r <sm951n¢ar +T‘COS6‘SIH¢89 + Tsin08¢))’
br cos ¢sin @ sin(t/b) 0
X;= —

N/ I

t . 0 cosfcos¢p O sing 0
2 2
+cos<b)\/b r <sm6‘cosq5 7’+ , 0 reingé >,

Xq — br cosf cos(t/b) O —l—sin(Z) b2 —r2(cos6‘ 0 sinf 0 >7

Vb2 — 2 Ot or r 00
_ —brcos@sin(t/b) 0 t 5 o 0 sinf 0
Xg = VB 2 8t+COS<b)\/b r cosﬁar . 90)

The first integrals are given in Table 5.

3.6. Spherically symmetric static space-times with seventeen Noether symmetries. The
famous Minkowski metric, which represents a flat space—time, admits seventeen Noether symmetries. The
list of all symmetries was given in [11], and the first integrals in Cartesian coordinates were mentioned
in [13].

4. Conclusion

We have given a complete list of spherically symmetric static space-times. It can be seen that the
Lagrangian of spherically symmetric static space—times can give 5, 6, 7, 9, 11, or 17 Noether symmetries. A
few examples of space—times with the minimum (i.e., five) Noether symmetries are given in Table 1. Briefly,
there are respectively two, four, and five cases in which the Lagrangian of the space-times give six, seven,
and nine Noether symmetries (including the Bertotti-Robinson and the Einstein metrics). There is only one
case (which is the famous de Sitter space—time) of 11 Noether symmetries, and there is one case (Minkowski
space—time) of 17 Noether symmetries. Just like the Lagrangian of plane symmetric static space—times,
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Table 5

Gen First integrals
2
X ¢5:_Z\/bQ_TQSiH¢Sin0COS(Z>i+\/b2b_7~ smd)bm@sm(é)
+r\/b2—r2cosﬂs1n¢sin(z)9+r\/b2—r2sinﬂcos¢sin(z)¢5
¢6:—T\/b2—r2cos¢sin0cos t t+ 4 cos ¢ sin 0 sin 7+
X b Vb2 — 12
+r\/b2—r2cos6‘cos¢sin<lt)> —7“\/b2—r251n6‘sm¢sm(2)¢
¢8:T\/b2—rzsin¢sin081n t + ’ sin ¢ sin 6 cos
X7 b b \/bz—rZ
—|—r\/b2—r2cosﬁsin¢cos<b>9+r\/b2—rQSinﬁcoschos(Z)
X4 ¢9:—Z\/b2—r2cos¢sin9cos(> cosqbsinﬁsin(lt)) +
t
+r\/b2—r2cost9cos¢sin< ) —r\/bQ—r%mGsmd)bm(b)(ﬁ
¢7:—r\/b2—r2c059cos cos6‘sin t 7 —
X b b
—r\/bQ—rzsinﬂsin<b>9
1) _T\/bQ—’/’QCOSGSiD t i+ 4 cos 0 cos t 7 —
X1 07y b Vb2 — 2 b

— /b2 —r%in@cos(é)é

First integrals for eleven Noether symmetries.

the minimum number of Noether symmetries for spherically symmetric static space—times is five, and the
maximum number of Noether symmetries is 17, while the minimum number of isometries is four, and the
maximum number of isometries is 10. This completes the classification of spherically symmetric static
space—times by their Noether symmetries. A similar work on cylindrically symmetric static space—times is
in progress.

There are three new classes that we have not seen in the literature, and we must mention them briefly.
We also list the nonzero components of the Riemannian tensors, Ricci tensors, and Ricci scalar.

The first class is

ds? = secQZ(dtQ — dr?) — d9?,

in which we have seven Noether symmetries and six Killing vectors. The Ricci scalar and nonzero compo-
nents of the Ricci and Riemann tensors are

2(a® —1)

Rscalar = 2
a

3
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2 2
secT\r/a secT(r/a .
Roo = — (2/ ), Ry = (2/ ), Roy = —1, R33 = —sin? 4,
a a
4
sec*(r/a .
ROlOl - - a(z/ ), R2323 = — Sln2 .

The second class is )
ds® = (“) (dt* — dr?) — dQ?,

in which we have seven Noether symmetries and six Killing vectors. We note that this metric becomes
1
r?ds® = o?(dt* — dr?®) — r?dQ?, ds® = 2d§2,
r

where d$ is the standard Minkowski metric. Therefore, (7) represents a conformal Minkowski metric with
the conformal factor 1/r2. The Ricci scalar and nonzero components of the Ricci and Riemann tensors are

a?—1
Rscalar - 2

1 1

.

Roo =— ,, R = ,, Rgp = —1, R33 = —sin” 6,

r 7

2
(6% )

Rowon = — Ra323 = —sin” 6.

The third class is

2 4
ds?® = (f) dt? — <f) dr? — d0?,

in which we have nine Noether symmetries. The Ricci scalar and nonzero components of the Ricci and

Riemann tensors are

Rscalar = 27
R22 = —1, R33 = —Sin2 6‘,

R2323 = — sin2 0.
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