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SOLUTIONS OF THE SINE-GORDON EQUATION WITH A

VARIABLE AMPLITUDE

E. L. Aero,∗ A. N. Bulygin,∗ and Yu. V. Pavlov∗

We propose methods for constructing functionally invariant solutions u(x, y, z, t) of the sine-Gordon equa-

tion with a variable amplitude in 3+1 dimensions. We find solutions u(x, y, z, t) in the form of arbitrary

functions depending on either one (α(x, y, z, t)) or two (α(x, y, z, t), β(x, y, z, t)) specially constructed func-

tions. Solutions f(α) and f(α, β) relate to the class of functionally invariant solutions, and the functions

α(x, y, z, t) and β(x, y, z, t) are called the ansatzes. The ansatzes (α, β) are defined as the roots of ei-

ther algebraic or mixed (algebraic and first-order partial differential) equations. The equations defining

the ansatzes also contain arbitrary functions depending on (α, β). The proposed methods allow finding

u(x, y, z, t) for a particular, but wide, class of both regular and singular amplitudes and can be easily

generalized to the case of a space with any number of dimensions.
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1. Introduction

The sine-Gordon (SG) equation

uxx + uyy + uzz −
utt

v2
= p0 sin u (1)

(where p0 = const and the subscript means the derivative with respect to the corresponding variable)
appears in many branches of modern science. Equation (1) describes the motion of dislocations in solids [1],
the deformation of a nonlinear crystal lattice [2], fluxon propagation in Josephson transmission lines [3],
spin orientation in ferromagnets [4], the orientation structure of liquid crystals [5], propagation of resonant
ultrashort optical pulses [6], and “commensurability–noncommensurability” phase transitions [7]. It also
arises in simulations of the processes in the earth’s crust [8], in the description of surface metrics [9], in
molecular biology [10], in field theory models, and in elementary particle physics [11], [12].

Currently, effective methods have been developed for solving the SG equation with a constant am-
plitude, but methods for solving the SG equation with variable amplitude are practically absent. This
essentially restricts the application sphere of the SG equation because many physical phenomena and tech-
nological processes are described by the SG equation with a variable amplitude,

uxx + uyy + uzz −
utt

v2
= p(x, y, z, t) sinu. (2)

For example, in the mechanics of a nonlinear crystal lattice, the constant-amplitude case describes the
deformation of the ideal crystal lattice by a field of uniform stresses. The deformation of a real lattice
with structural defects (dislocations, disclinations, pore seeds, splits, etc.), even by uniform stresses and
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all the more by a field of nonuniform stresses, is described by the SG equation with a variable amplitude.
In the mechanics of liquid crystals, the case p = const simulates the deformation of the long axes by
an electromagnetic field under the condition that the orientational continuum has no defects and the
electromagnetic field is uniform. Otherwise, p(x, y, z, t) �= const. In the surface theory, the SG equation
with p(x, y, z, t) = const describes the metrics of Chebyshev nets on a surface of constant curvature. If the
surface curvature varies, then p(x, y, z, t) �= const. In simulating wave propagation in the earth’s crust [13],
the SG equation with constant amplitude describes the case where the mechanical properties of the earth’s
crust are uniform, which is of course a strong idealization. It is clear from the above examples that the
application sphere of the SG equation would be essentially extended if solutions of the SG equation with a
variable amplitude were found.

In describing real media, structural defects are usually simulated by functions with appropriate singu-
larities (point, line, surface, etc.). The singularities can be either stationary or movable, i.e., propagating
with some velocity. They can differ by the rate of growth (logarithmic, power-law, etc.). Media with
nonuniformities described by regular functions without singularities are well known; moreover, the nonuni-
formities have a regular geometric spatial arrangement in many cases. From the above, it is clear that a
mathematical model constructed based on the SG equation would be relevant if the amplitude p(x, y, z, t)
took structural features of real media into account.

Below, we present a method for solving the SG equation with a variable amplitude. This method is
based on the following statements, which are proved by direct calculation.

Proposition 1. If a function ϕ(x, y, z, t) simultaneously satisfies the equations

ϕxx + ϕyy + ϕzz − ϕtt

v2
= 0,

ϕ2
x + ϕ2

y + ϕ2
z − ϕ2

t

v2
= p(x, y, z, t),

(3)

then

u = 4 arctan eϕ(x,y,z,t) (4)

is a solution of Eq. (2).

Proof. Indeed, if we substitute (4) in (2) and take the identity

sin(4 arctan eϕ) =
4eϕ

1 + e2ϕ
− 8e3ϕ

(1 + e2ϕ)2
(5)

into account, then Eq. (2) is

ϕxx + ϕyy + ϕzz − ϕtt

v2
=

(
ϕ2

x + ϕ2
y + ϕ2

z − ϕ2
t

v2
− p(x, y, z, t)

)
tanhϕ. (6)

The validity of Proposition 1 follows from (6).

Proposition 2. If a function ϕ(x, y, z, t) simultaneously satisfies the equations

ϕxx + ϕyy + ϕzz − ϕtt

v2
= p(x, y, z, t),

ϕ2
x + ϕ2

y + ϕ2
z − ϕ2

t

v2
= 0,

(7)

then

u = 2 arctan eϕ(x,y,z,t) (8)

is a solution of Eq. (2).
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Proof. This proposition can be proved similarly to Proposition 1. If we substitute (8) in (2) and take
the relation

sin(2 arctan eϕ) =
2eϕ

1 + e2ϕ
(9)

into account, then Eq. (2) is

ϕxx + ϕyy + ϕzz − ϕtt

v2
− p(x, y, z, t) =

(
ϕ2

x + ϕ2
y + ϕ2

z − ϕ2
t

v2

)
tanhϕ. (10)

The validity of Proposition 2 is obvious from (10).

The obtained results reduce the solution of Eq. (2) to finding a function ϕ(x, y, z, t) that simultaneously
satisfies either system of equations (3) or (7). The function ϕ(x, y, z, t) can be found using the methods for
constructing functionally invariant solutions of differential equations [14]–[25].

2. Functionally independent solutions of the SG equation with a
variable amplitude

A solution of differential equations is said to be functionally invariant if it has the form of an arbitrary
function depending on an ansatz. The ansatz is a solution of one or several equations. Equations can be
algebraic or differential or a mixed type. There are functionally invariant solutions depending on two or
more ansatzes.

The idea of the existence of functionally invariant solutions was suggested by Jacobi. He noted that for
the Laplace equation, the argument of an arbitrary function arising in the solution of a partial differential
equation must also satisfy the characteristic equation [26]. Forsyth [15] found functionally invariant solutions
of the Laplace equation, of the wave equation in a space of arbitrary dimensions, and of the Helmholtz
equation in the three-dimensional space. In studying electromagnetic waves, Bateman [14] fundamentally
and consistently developed the Jacobi idea as applied to the wave equation. Soboleff and Smirnoff [16]–[19]
successfully used the method to construct functionally invariant solutions of the wave equation to solve
problems of diffraction and sound wave propagation in uniform and layered solid media. Erugin [20] made
a large contribution to developing the theory of this method. We found functionally invariant solutions of
the SG equation with a constant amplitude in [22].

2.1. Solution with one ansatz. In constructing functionally invariant solutions of partial differen-
tial equations, the basic problem is to find the ansatz. It can usually be chosen from solutions of special
equations.

Let the ansatz τ be a root of the algebraic equation

xξ(τ) + yη(τ) + zζ(τ) − v2tτ =
s2 + q2

2
, (11)

where
s2 = x2 + y2 + z2 − v2t2, q2 = ξ2(τ) + η2(τ) + ζ2(τ) − v2τ2, (12)

and ξ(τ), η(τ), and ζ(τ) are arbitrary functions of τ . Equation (11) implicitly defines the dependence of τ

on the time and space coordinates. From it, we find the partial derivatives of the ansatz τ(x, y, z, t) using
the rule for differentiating implicit functions, and taking the relations

ξτ τx + ητ τy + ζτ τz + τt = 1, νxτx + νyτy + νzτz − νtτt

v2
= 1 (13)

into account where
ν = ξτ (x − ξ) + ητ (y − η) + ζτ (z − ζ) − v2(t − τ), (14)
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we find that the ansatz τ satisfies the equations

τ2
x + τ2

y + τ2
z − τ2

t

v2
= 0,

τxx + τyy + τzz − τtt

v2
= p(x, y, z, t), p(x, y, z, t) =

2
ν

.

(15)

According to Eq. (15) and Proposition 2, an arbitrary function depending on τ , ϕ(x, y, z, t) = f(τ),
satisfies Eqs. (7), and the function

u = 2 arctan ef(τ) (16)

is consequently a solution of SG equation (2) with the amplitude

p(x, y, z, t) =
2
ν

fτ . (17)

The function ϕ = f(τ)/ν satisfies Eqs. (3) if the amplitude has the form

p(x, y, z, t) =
f2

ν4
(2W + ξ2

τ + η2
τ + ζ2

τ − v2) − 2
ffτ

ν3
(18)

and
W = ξττ (x − ξ) + ηττ (y − η) + ζττ (z − ζ) − ξ2

τ − η2
τ − ζ2

τ + v2. (19)

In proving this assertion, in addition to Eqs. (13)—(15), we must use

ν2
x + ν2

y + ν2
z − ν2

t

v2
= 2W + ξ2

τ + η2
τ + ζ2

τ − v2,

νxx + νyy + νzz −
νtt

v2
=

2
ν

[2W + ξ2
τ + η2

τ + ζ2
τ − v2]

(20)

satisfied by the function ν.
According to Proposition 1, the function

u = 4 arctan ef(τ)/ν

is a solution of the SG equation with amplitude (18). The obtained solutions allow finding a large number
of particular solutions by specifying arbitrary functions. We note two elementary solutions:

1. ξ = 0, η = 0, ζ = 0,

τ = t ∓ R

v
, ν = ∓vR, R =

√
x2 + y2 + z2,

(21)

2. ξ = x1τ, η = x2τ, ζ = x3τ, x2
1 + x2

2 + x2
3 = v2,

τ =
s2

2ν
, ν = xx1 + yx2 + zx3 − v2t, s2 = x2 + y2 + z2 − v2t2.

(22)

In Fig. 1, we present plots of the amplitude and solution (21) of the SG equation at different times for
v = 1, z = 0, and f(τ) = sin τ . The solution u(x, y, 0, t) has the form of a standing wave.
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Fig. 1. The amplitude p and solution u(x, y, 0, t) corresponding to (21) at (a) t = 0 and (b) t = 10.

Functionally invariant solutions of the SG equation can be constructed if the ansatz τ(x, y, z, t) is
chosen from solutions of the system of equations

xξ(α, β, τ) + yη(α, β, τ) + zζ(α, β, τ) − v2tθ(α, β, τ) =
s2 + q2

2
, (23)

xξα + yηα + zζα − v2tθα =
(q2)α

2
, (24)

xξβ + yηβ + zζβ − v2tθβ =
(q2)β

2
, (25)

where q2 = ξ2 + η2 + ζ2 − v2θ2.

Equation (23) is algebraic. It coincides with (11) in form, but differs from it in that the functions
ξ, ν, ζ, and θ depend on three arguments α, β, and τ rather than the one argument τ . Equations (24)
and (25) are first-order partial differential equations. We can find the partial derivatives of the ansatz τ

from (23)–(25) and prove that it satisfies Eqs. (7) with the function

p(x, y, z, t) =
1
ν

[3 − (ξx + ηy + ζz + θt)]. (26)

Consequently, the function u = 2 arctan ef(τ) is a solution of SG equation (2) with amplitude (26).
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From the above solution, we can obtain interesting elementary solutions:

1. ξ = vτ cosα cosβ, η = vτ cosα sin β, ζ = vτ sin α, θ = τ,

τ =
1
2

(
t +

R

v

)
, p(x, y, z, t) =

fτ

vR
,

(27)

2. ξ = vτ, η = ζ = 0τ, θ = τ,

τ =
s2

2v(x − vt)
, p(x, y, z, t) =

2
v(x − vt)

fτ ,
(28)

3. ξ = τ cosα, η = τ sin α, ζ = τ sinh β, θ =
τ

v
coshβ,

τ =
1
2
[
√

x2 + y2 +
√

v2t2 − z2], p(x, y, z, t) =
1
2

[
1√

x2 + y2
− 1√

v2t2 − z2

]
fτ ,

(29)

4. ξ = τ cosα sinh β, η = τ sin α sinh β, ζ = τ, θ =
τ

v
coshβ,

τ =
1
2
[z +

√
v2t2 − x2 − y2], p(x, y, z, t) =

−fτ√
v2t2 − x2 − y2

.
(30)

Plots of the amplitude and solution (28) of the SG equation at v = 1 and z = 0 in the case f(τ) = τ

are shown in Fig. 2. The solution u(x, y, 0, t) represents a superposition of two types of perturbations. The
first one is of the kink type. The break plane moves with the velocity v. The second is of the soliton type.
The transverse sizes of the second solution increase with the velocity v, and the height reaches its maximum
value u = π. In time, the top of the second solution approaches the plane.

2.2. Solutions with two ansatzes. There are functionally invariant solutions of Eq. (2) with two
ansatzes. Let the ansatz α(x, y, z, t) be the root of the equation

xl(α) + ym(α) + zn(α) − v2tw(α) + g(α) = 0 (31)

and the ansatz β(x, y, z, t) be

β(x, y, z, t) = xlα + ymα + znα − v2twα + gα. (32)

Here, l(α), m(α), n(α), w(α), and g(α) are arbitrary functions of α related by the condition

l2 + m2 + n2 = v2w2. (33)

From (31) and (32), we can find the partial derivatives of the ansatzes (α, β) and verify that an arbitrary
function of (α, β),

ϕ = F (α, β), (34)

satisfies the system of equations

ϕ2
x + ϕ2

y + ϕ2
z − ϕ2

t

v2
= F 2

βC2(α), (35)

ϕxx + ϕyy + ϕzz − ϕtt

v2
=

(
Fββ +

2
β

Fβ

)
C2(α), (36)
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a

b

c

Fig. 2. The amplitude p and solution u(x, y, 0, t) corresponding to (28) for (a) t = 2, (b) t = 5, and

(c) t = 10.

where
C2(α) = l2α + m2

α + n2
α − v2w2

α.

Function (34) is a solution of the homogeneous wave equation if

F = A(α) +
B(α)

β
, (37)

where A(α) and B(α) are arbitrary functions of α. Substituting (37) in (35), we obtain

ϕ2
x + ϕ2

y + ϕ2
z − ϕ2

t

v2
=

B2(α)C2(α)
β4

. (38)

Hence, the function
u = 4 arctan[eA(α)+B(α)/β] (39)

is a solution of SG equation (2) with the amplitude

p(x, y, z, t) =
B2(α)C2(β)

β4
. (40)
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We give a simple example of this solution. Let l = cosα, m = sin α, n = 0, vw = 1, and g = 0. Then
the ansatz has the form

α = −γ + (−1)k arcsin
vt

ρ
, k = 0,±1, . . . ,

tanγ =
x

y
, ρ =

√
x2 + y2, β2 = ρ2 − v2t2,

(41)

and the amplitude is

p(x, y, z, t) =
B2(α)

β4
. (42)

The solutions of Eqs. (7) can be obtained if we take the roots of the equations

xξ(α, β) + yη(α, β) + zζ(α, β) − v2tτ(α, β) =
s2 + q2

2
,

xl(α, β) + ym(α, β) + zn(α, β) − v2tw(α, β) = g(α, β)

(43)

for the ansatzes (α, β). Here,
g(α, β) = lξ + mη + nζ − v2wτ,

and arbitrary functions l, m, n, and w of (α, β) are related by the conditions

l2 + m2 + n2 = v2w2, lξβ + mηβ + nζβ = v2wτβ .

The quantities (s2, q2) are defined in Eq. (12).
From Eqs. (43), we find the partial derivatives of (α, β) and verify that the first-order derivatives satisfy

the homogeneous equations

α2
x + α2

y + α2
z − α2

t

v2
= 0,

β2
x + β2

y + β2
z − β2

t

v2
= 0,

αxβx + αyβy + αzβz − αtβt

v2
= 0,

(44)

and the second-order derivatives satisfy the nonhomogeneous equations

αxx + αyy + αzz − αtt

v2
=

2
Δ

S,

βxx + βyy + βzz −
βtt

v2
=

2
Δ

(λ − R),

(45)

where
Δ = PS − RQ,

P = ξα(x − ξ) + ηα(y − η) + ζα(z − ζ) − v2τα(t − τ),

Q = ξβ(x − ξ) + ηβ(y − η) + ζβ(z − ζ) − v2τβ(t − τ),

S = −lβ(x − ξ) − mβ(y − η) − nβ(z − ζ) + v2wβ(t − τ),

R = −lα(x − ξ) − mα(y − η) − nα(z − ζ) + v2wα(t − τ) + λ,

λ = ξαl + ηαm + ζαn − v2wτα.

(46)
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The obtained results allow claiming that a function ϕ of form (34) satisfies Eqs. (3) if

p(x, y, z, t) =
2N

Δ
, (47)

where

N =
∂(l, f)
∂(α, β)

(x − ξ) +
∂(m, f)
∂(α, β)

(y − η) +
∂(n, f)
∂(α, β)

(z − ζ) − v2 ∂(w, f)
∂(α, β)

(t − τ). (48)

Here, we use the notation for the Jacobi determinant

∂(ϕ, ψ)
∂(α, β)

=
∂ϕ

∂α

∂ψ

∂β
− ∂ϕ

∂β

∂ψ

∂α
. (49)

Consequently, the function
u = 2 arctan[eF (α,β)] (50)

is a solution of SG equation (2) with amplitude (47).
The following simplest ansatzes might be of interest in simulating physical processes and in solving

problems in mechanics:

1. α = x ± iy, β = z ± vt,

2. α = x + iz
√

1 + c2 + icvt, β = y + cz + vt
√

1 + c2,

where c is an arbitrary constant.
If we restrict ourself to real solutions, then the function

ϕ =
1
2
[F (α, β) + F (ᾱ, β)] (51)

is a solution of Eqs. (7) if
p(x, y, z, t) = FαF ᾱ, (52)

and
u = 4 arctan[e(F (α,β)+F (ᾱ,β))/2]. (53)

Here, the bar over a symbol denotes complex conjugation.
Plots of the amplitude and solution (53) of the SG equation for v = 1 and z = 0 in the case F (α, β) =

β/ coshα are shown in Fig. 3. The solution u(x, y, 0, t) has the form of perturbations periodic in the axis
Oy, which change their sizes and shapes in time; the height reaches its maximal value u = 2π and eventually
approaches the plane.

The obtained solutions of Eq. (2) are given by functional relations (4) and (8). We can construct
functionally invariant solutions of the SG equation with a variable amplitude having another functional
relation. We seek solutions of Eq. (2) in either the form

u = 2 arcsin
[√

1 − ν2
0

sn(ϕ, ν0)
dn(ϕ, ν0)

]
(54)

or the form
u = π + 2am(ϕ, ν0). (55)

Here, sn(ϕ, ν0) and dn(ϕ, ν0) are the Jacobi elliptic functions, am(ϕ, ν0) is the Jacobi amplitude, ν0 = const
is the modulus, and ϕ = ϕ(x, y, z, t) is the argument. Substituting either (54) or (55) in (2), we verify
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Fig. 3. The amplitude p and solution u(x, y, 0, t) corresponding to (53) at (a) t = 1, (b) t = 5, and

(c) t = 10.

that (54) and (55) are solutions of the SG equation with the amplitude ν2
0p(x, y, z, t) if ϕ(x, y, z, t) satisfies

Eqs. (3).
We also note that if the function ϕ(x, y, z, t) satisfies either Eq. (3) or (7), then the function

V = eϕ(x,y,z,t) (56)

is a solution of the equation

∂2V

∂x2
+

∂2V

∂y2
+

∂2V

∂z2
− 1

v2

∂2V

∂t2
= p(x, y, z, t)V. (57)

Therefore, the solutions of Eqs. (3) obtained above can be used in Eqs. (54)–(56) to obtain new solutions
of both Eq. (2) (in form (54) or (55)) and Eq. (57).
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3. Conclusion

We have proposed methods for constructing functionally invariant solutions of the SG equation with
a variable amplitude in 3+1 dimensions. They can be simply generalized to the case of an arbitrary-
dimensional space. Moreover, the greater the dimensionality of the space is, the more possible types there
are of equations whose roots can be ansatzes of functionally invariant solutions [20]. As the dimensionality
increases, the number of arbitrary functions arising in the equations defining the ansatz also increases. This
increases the variety of solutions of the SG equation with a variable amplitude.

The proposed methods allow obtaining solutions for amplitudes with a special form. But the obtained
solutions form a rather wide class of functions. This follows from the solution method itself and also from
the method for constructing it. Solutions have the form of arbitrary functions depending on either one or
two ansatzes. The ansatzes can be found either from one equation or from a system of equations containing
arbitrary functions. And although they must satisfy certain conditions (different for different methods),
there remains a freedom in defining the ansatz (ansatzes).

It can be expected that the proposed approach allows properly describing physical processes in media
with a real structure and finding solutions of particular engineering problems. The freedom in choosing the
ansatz will suffice to satisfy the required initial and boundary conditions.
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