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ONE-DIMENSIONAL TWO-COMPONENT BOSE GAS AND THE
ALGEBRAIC BETHE ANSATZ

N. A. Slavnov*

We apply the nested algebraic Bethe ansatz to a model of a one-dimensional two-component Bose gas
with a d-function repulsive interaction. Using a lattice approximation of the L-operator, we find the Bethe
vectors of the model in the continuum limit. We also obtain a series representation for the monodromy
matrix of the model in terms of Bose fields. This representation allows studying an asymptotic expansion

of the monodromy matrix over the spectral parameter.
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1. Introduction

We consider a model of a one-dimensional two-component Bose gas with a -function repulsive interac-
tion (TCBG model). This model is a generalization of the Lieb-Liniger model [1], [2] (quantum nonlinear
Schrodinger equation) in which Bose fields have two internal degrees of freedom (colors). This model was
solved by Yang in [3], where the eigenvectors and the spectrum of the Hamiltonian were found. The general
approach for solving the model with n internal degrees of freedom (multicomponent Bose gas) was given
in [4] (also see [5], [6]). The nested algebraic Bethe ansatz was applied to this model in [7], [8]. Our main
goal here is to create a base for calculating form factors of local operators in this model in the framework
of the nested algebraic Bethe ansatz.

The algebraic Bethe ansatz is an effective method for finding the spectra of quantum Hamiltonians. But
from the standpoint of calculating form factors of local operators, applying this method encounters some
difficulties. The main problem is to embed the local operators of the model under consideration into the
algebra of monodromy matrix elements. This problem is solvable in some cases [9], [10]. But constructing
such a solution requires expressing the monodromy matrix T'(u) of the model in terms of the R-matrix.
This is not the case with the TCBG model. On the other hand, representations for form factors of local
operators and correlation functions in terms of multiple integrals of the product of the wave functions can
be easily obtained in the framework of the traditional approach. But evaluating those multiple integrals
faces serious technical difficulties, and they have so far been computed only in some relatively simple special
cases [11].

A method for calculating form factors of local operators in models with the GL(3) symmetry was
recently developed in [12]. This method is based on the nested algebraic Bethe ansatz and deals with
partial zero modes of the monodromy matrix elements T;;(w) [13] in a composite model [14]. Most of
the tools in this approach can be used directly in the TCBG model, but some of them should be slightly
modified. In particular, the definition of zero modes should be adjusted. We solve these problems here.

We consider a lattice approximation of the TCBG model. Using the L-operator obtained in [7], [8] we
construct a monodromy matrix and the Bethe vectors. We show that these vectors have a correct continuum
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limit. We also obtain an explicit series representation for the monodromy matrix in terms of local Bose
fields. Using this representation, we can derive an asymptotic expansion of the monodromy matrix over the
spectral parameter. We thus find the zero modes.

The paper is organized as follows. In Sec. 2, we describe a general scheme of the algebraic Bethe ansatz.
We define the Bethe vectors of GL(3)-invariant models and give their representation in a multicomposite
model. Section 3 is devoted to a brief description of the TCBG model. In Sec. 4, we give a lattice
approximation of the TCBG model in the framework of the nested algebraic Bethe ansatz. In Sec. 5,
we consider the continuum limit of the Bethe vectors of the lattice model. In Sec. 6, we obtain a series
representation of the TCBG monodromy matrix. Using this representation, we find an antimorphism
between the Bose fields in Sec. 7 and the zero modes of the monodromy matrix elements in Sec. 8. In
conclusion, we discuss some further applications of the obtained results.

2. Algebraic Bethe ansatz

In this section, we describe an abstract scheme of the algebraic Bethe ansatz, which is applicable to
a wide class of quantum integrable models [15]-[17]. The key objects of the algebraic Bethe ansatz are a
monodromy matrix and an R-matrix. The models considered below are described by the GL(3)-invariant
R-matrix [18], [19] acting in the tensor product V4 @ Va of two auxiliary spaces Vi, ~ C3, k=1,2:

R(z,y) =1+g(z, )P,  gla,y) = ° . (2.1)

r—y
In this definition, I is the identity matrix in V3 ® V5, P is the permutation matrix exchanging V3 and V5,
and c is a constant.

The monodromy matrix T'(w) satisfies the algebra
R12 (wl, w2)T1 (wl)Tg (’LUQ) = TQ (w2)T1 (wl)ng(wl, wz). (22)

Equation (2.2) holds in the tensor product Vi ® Vo ® H, where H is the Hilbert space of the Hamiltonian
of the considered model. The matrices Ty (w) act nontrivially in V3 @ H. We assume that the space H
has a pseudovacuum vector |0). Similarly, the dual space H* has a dual pseudovacuum vector (0. These
vectors are annihilated by the operators T;;(w), where ¢ > j for |0) and ¢ < j for (0]. Both vectors are
simultaneously eigenvectors of the diagonal elements of the monodromy matrix,

where A;(w) are some scalar functions. In the framework of the general scheme of the algebraic Bethe
ansatz, \;(w) remain free functional parameters. In fact, we can always normalize the monodromy matrix
T(w) — Ay ' (w)T(w) such that we deal with only the ratios

r1(w) = 253 ra(w) = . (2.4)

Below, we assume that Ay(w) = 1.
The trace in the auxiliary space V ~ C? of the monodromy matrix tr 7'(w) is called the transfer matrix.
It is the generating functional of the Hamiltonian and all integrals of motion of the model.
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2.1. Notation. We use the same notation and conventions as in [20], [21]. In addition to the function
g(x,y), we also introduce the function

r—y—+c

o (2.5)

fz,y) =1+g(z,y) =
Sets of variables are denoted by a bar, w, u, U, etc. Individual elements of the sets are denoted by
subscripts, wj, ug, etc. The expression u;, for example, means @ \ u;. We also consider partitions of sets
into disjoint subsets and let the symbol = denote them. Subsets are denoted by superscripts in parenthesis,
a7). For example, & = {u"),4(®} means that the set @ is divided into two disjoint subsets @(!) and @(%)
such that 2™ Na® = @ and {aM, @} = 4.
To avoid excessively cumbersome formulas, we use a shorthand notation for products of operators or
functions depending on one or two variables: if the arguments of the operators 7T}; or the functions rj given
by (2.4) are sets of variables, then the product should be taken over the indicated set. For example,

T@) = [ Ty(un),  rs@®)= J[ rs(uy). (2.6)

uR €U uj€a)

A similar convention is applied to the products of the functions f(z,y):

f(Z,’lI)i): H f(szj)a f(ﬁ,@)z H H f(ujavk)' (27)

w; €W, U;EU VL ED
wj AW,

2.2. Bethe vectors. The eigenvectors of the transfer matrix are called on-shell Bethe vectors (or
simply on-shell vectors). To find them, generic Bethe vectors should be constructed first. In the framework
of the algebraic Bethe ansatz, generic Bethe vectors are polynomials in the operators 7T;; with ¢ < j applied
to the pseudovacuum vector. We let B, ;(%;7) denote them, stressing that they are parameterized by
two sets of complex parameters @ = {uj,...,us} and o = {v1,...,vp} with a,b = 0,1,.... Different
representations for Bethe vectors were found in [22]-[25]. Here, we give one of the representations obtained
in [25]:

S(1)15(1
Bao(@0) = > K"(f”((v)';‘)( ) F5®, 600, 50 T (0 DO om0, (28)
Here, the sums are taken over partitions of the sets @ = {a",a®} and v = {t(1), 5} with 0 < #aV) =
#9M) = n < min(a,b). We recall that Ti3(a")) (and similar expressions) means the product of the
operators Ty3(u) over the subset (1. Finally, K, (2" |a(!)) is the the partition function of the six-vertex
model with domain-wall boundary conditions [26]. Its explicit representation was found in [27]:

atel) = TT atepmdatin)) 100 ae (4 00 01)), (29)

1<k<j<n f(l‘gw Yk)

In particular, Ky (z|y) = g(z, y).
A generic Bethe vector becomes on-shell if the parameters @ and © satisfy a system of Bethe equations:

ri(u;) = ;EZ:Z%JC(U’UZ)’ i=1,...,a,
) (2.10)
o) = 10 ) =1

We recall that 4; = @\ u; and 7; =7 \ v;.
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2.3. Multicomposite model. The properties of local operators in the framework of the algebraic
Bethe ansatz can be studied using a composite model [14]. We suppose that we have a lattice quantum
model with N sites. The monodromy matrix 7'(u) is then a product of local L-operators,

T(u) = Ly(u)--- Li(u). (2.11)
We fix an arbitrary site m, 1 <m < N. Then (2.11) can be written as
T(u) = TP (w)TM (u), (2.12)

where
TO () = Lyy(u)---Li(u),  TP(u) = Ly(u)--- Ly (u). (2.13)

Representation (2.12) defines a composite model. In the framework of the composite model, the original
matrix T'(u) is called the total monodromy matrix, and the matrices T?) (u) and T™) (u) are called partial
monodromy matrices. The elements of the partial monodromy matrices T (1) and T® (u) act in the
spaces H(V) and H(?) associated with the respective lattice intervals [1,m] and [m + 1, N]. The elements of
the total monodromy matrix act in the state space H = H") @ H®).

In the framework of the algebraic Bethe ansatz, it is assumed that H") and H® have pseudovacuum
vectors |0)(F) k = 1,2, such that |0) = [0)(") @ |0)(?). These vectors have properties analogous to (2.3):

(k) k) _ I (k) k) _ () k —
Tij (“)|0>( ) = 0, 1>y, T (U)|0>( ) = A; (“)|0>( )a k=1,2. (2.14)
Similarly to (2.4), we introduce the ratios

k

- /\ék; (w), (k) . k=12 (2.15)

Ay (w)
Because of the normalization Ao(u) = 1, we can always set /\gk) (u) = 1. Below, we also extend conven-
tion (2.6) to products of functions (2.15).

For each partial monodromy matrix T(k)(u), we can construct the corresponding partial Bethe vectors
IB%EIIT; (@;7). They are given by Eq. (2.8), where we should replace all Tj;(u) with Tz(jk)(u) and |0) with
|0)*). The main problem considered in the framework of the composite model is to express the total
Bethe vectors B, ;(@; 7) in terms of partial Bethe vectors ngg(ﬂ,i) This problem was solved in [14] for
GL(2)-based models. The more general case of GL(N)-invariant models was considered in [22], [28]. The
particular case of GL(3)-invariant models was studied in [29], where the representation

B p(a;0) = ZT§2) (a(l))rgn(@@)) y

F@®, @) f@®), 50) )

FO@, am) oy, @5 0BE (@0 (2.16)
2 q ;

X
a2z,

was found. Here, the sum is taken over all possible partitions @ = {a"),a®} and v = {8V, 5}, The
cardinalities of the subsets are shown by the subscripts on the partial Bethe vectors.
Similarly, we can define a multicomposite model in which the original interval is divided into M > 2
intervals,
T(u) =T (u)---TW (u). (2.17)
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For each of these intervals, we can define partial Bethe vectors IBBSJ ))bj. The total Bethe vector can then be
expressed in terms of the partial Bethe vectors as

(i — _ _ M
Ba,b(u;v):Z{ 11 {rgj)(u(k))rék)(v(j))f(u(J) (k?))féz)l:;,U(k))]HB(jsz(u(j);v(j))}. (2.18)

1<k<j<M

Here, the functions r{/ )(u) and réj) (v) are vacuum eigenvalues of the respective operators Tl({)(u) and
Tég)(v). The sum in (2.18) is taken over all possible partitions

a={aV,... aMy,  #a9D =q;, a4 +an =a,
‘ (2.19)
o= {oW, ..., s}, #79) =0, by +---+by =b.

It is important that the number M of partial monodromy matrices is not related to the cardinalities
of the Bethe parameters a and b. In particular, we can have M > a and M > b. In that case, some of the
numbers a; and b; are equal to zero, i.e., the corresponding subsets are empty.

Equation (2.18) can be easily proved by induction on M. Indeed, assuming that it holds for M —1
partial monodromy matrices, we apply (2.16) to the partial Bethe vector Bg%j’)mﬂ (@M=D, 5(M=1)) This
immediately gives (2.18) for M partial monodromy matrices.

In the particular cases a = 0 or b = 0, we reproduce the known formulas for the Bethe vectors in the

G L(2)-invariant multicomposite model [30], [31]. For instance,

M
Buo(@, @) =Ba(@) =Y. [ @™ r@?,a®} [ Bd@?). (2.20)

1<k<j<M j=1

The multicomposite model is a convenient way to express Bethe vectors in terms of local operators. In
the next section, we discuss the method in more detail.

2.4. Bethe vectors in the SU(2) XXX chain. As a first application of the multicomposite model,
we construct the Bethe vectors of the SU(2) inhomogeneous XXX chain. This result is used in Sec. 3 to
describe the Bethe vectors of the TCBG model.

We consider an inhomogeneous XXX chain consisting of M sites. This model has a 2x2 monodromy
matrix T(‘Tm)(u), and the Bethe vectors are therefore parameterized by only one set of Bethe parameters,
for example, @. Correspondingly, Eq. (2.20) should be used to consider the multicomposite model.

The monodromy matrix is defined as a product of local L-operators,

T(zzz)(u) _ L%m)(u ) .ngww)(u — &), (2.21)

where &, are inhomogeneities and

c
1 v+ (14+07) co,,
L™ (u) = 2 c (2.22)
u co,t ut, (1—-02)

Here, 02 and o= are spin-1/2 operators acting at the nth site of the chain. They are given by the standard
Pauli matrices acting in the nth copy of the tensor product (C2)®* . The pseudovacuum vector is the state
with all spins up:

0)=(8),®®(§), (2.23)
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Bethe vectors with a spins down and M —a spins up have the form

xxT) [~ a,M = =10
B =y ot @é) ] o, 10). (2:24)
M>jo>>j12>1 m=1
where Q (u €) are coefficients depending on the Bethe parameters @ and inhomogeneities £. We find

these coefﬁments explicitly.

We consider a multicomposite model with M partial monodromy matrices 7). This means that
each TU) coincides with the L-operator L;(u — ;). Each partial Bethe vector ng}) (@) in (2.20) then
corresponds to the jth site of the chain, and because of (2.22), we hence obtain

BY) (@) = (@, &,)(07)% (3) (2.25)
Obviously, IB%EIJJ'.) vanishes if a; > 1, because (05 )* = 0. We therefore conclude that a; < 1 and the subsets
@9) either are empty or contain exactly one element. Let the subsets aU%) k = 1,..., a, corresponding
to the lattice sites ji,...,j, contain one element u; and the other subsets be empty. Then the sum over
partitions of the set @ becomes the sum over permutations in @ and the sum over the lattice sites j1, ..., jq
with the restriction j, > --- > ;.
It is easy to see that

u_éj:féj”j)(%) — F.&)(3) “_gj:jg_”j)(g)j:(é)j (2.26)

and therefore
i () = f(u,€). (2.27)
Then Eq. (2.20) becomes

B (u) = Sym [ flujour)

1<k<j<a

x ) ﬁ{( ﬁ f(weafm)> (uk, &5y, )0 ]|0> (2.28)

M>jo>->j121 k=1 m=j+1

where Sym denotes symmetrization (i.e., the sum over permutations) over the set indicated by the subscript.
The symmetrization in (2.28) acts on all the expressions depending on @. Comparing (2.28) with (2.24),
we can see that

QloM (@) =

-Ja

I l<

mo [ fuyw) H[( H fukagm) (ukaé-jk):|' (2.29)

1<k<j<a = m=jr+1

IS

In the homogeneous limit & = ¢/2, this expression coincides with the amplitude of the Bethe vector in the
coordinate Bethe ansatz representation (see [6]).

3. Two-component Bose gas

We consider the TCBG model on a finite interval [0, L] with periodic boundary conditions. In the
secondary quantized form, the Hamiltonian is

L
H :/0 (0,910, + %ngwg@ﬁ@a)dx, (3.1)
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where > > 0 is a coupling constant, «, 8 = 1,2, and summation over repeated subscripts is assumed. The
Bose fields ¥, (z) and ¥/ (z) satisfy the canonical commutation relations

(Vo (@), Uhi(y)] = dapd(x —y). (3.2)

The coupling constant s is related to the constant ¢ in (2.1) by » = ic.
The basis in the Fock space of the model is constructed by acting with the operators ¥! (x) on the
Fock vacuum |0) as

Uo(2)[0) =0,  (O[¥l(x)=0,  (0]0)=1. (3.3)

We note that pseudovacuum vector (2.3) in the case of the TCBG model coincides with the Fock vacuum
|0), and we therefore use the same symbol for them.

The spectral problem for the TCBG model was solved in [3] (also see [4], [6]). The Hamiltonian
eigenvectors can be found in two steps. Using the terminology of the algebraic Bethe ansatz, we can say
that a generic Bethe vector B, ,(u; ¥) should be constructed at the first stage. In the TCBG model, Bethe
vectors exist for a < b. They have the form!

Boy(w;0) = Z / dz1 - dzy Xy, ke (21, - - 2|0, D) X
D

b ko> >k >1

b

v I e, (3.4
m=1

=1,
é%{klxwwkaﬂ}
Here, the integration domain is D = {L > 2z, > --- > z; > 0}. In this domain, the wave function

Xk, ko (#15 - - -, 2b| U, U) has the form

; (3.5)

c=—13

b
o b o ;
Xkitsosha (215« o5 26| U, D) = SXlei?,..).7ka (u;0 + c) H f(vj,ve) H ereRvk
v b>j>k>1 k=1

where the coefficients Q,(ib)ka (@; D+ ¢) are given by (2.29).

Generic Bethe vector (3.4) becomes an eigenvector of Hamiltonian (3.1) if the parameters @ and ©
satisfy system of Bethe equations (2.10). In the TCBG model, it has the form [3]

b . a .
iLvs Vj — Vg + ¢ Up — vV +1x
SET ) AR | B T
Vj T Vg T U — U

k=1, =
k#3j
(3.6)
a . b .
U; — Uy — 1K UV — Uy — 12 .
1:H Y H , i1=1,...,a.
A 2 —
=1, Uj Uy (3 1 Vk (173
L#j

Comparing this system with (2.10), we conclude that 71 (u) = 1 and r3(u) = L% in the TCBG model.
1Here and hereafter, we neglect the normalization of eigenvectors in all formulas for them.
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4. Lattice two-component Bose gas

Quantum systems described by GL(3)-invariant R-matrix (2.1) were considered in [8], where a proto-
type of a lattice L-operator of the TCBG model was found. It has the form

L' (u) = ul +p, (4.1)
where 1 is the unit matrix and
alay alas ial\/m+p
p= abay abas iak/m+p | . (4.2)

iwm+par iWm+paz —m—p

Here, m is an arbitrary complex number and p = aJ{al + CL;GQ. The operators a; and az, k=1,2, act in
a Fock space with the Fock vacuum |0): ax|0) = 0. They have the standard commutation relations of the
Heisenberg algebra, [a;, aL] = dik.

At ¢ = —1, L-operator (4.1) satisfies algebra (2.2) with R-matrix (2.1). Based on L-operator (4.1), we
can construct a quantum system of discrete bosons. To obtain a continuous quantum system, we should
make several transforms of (4.1). First, we introduce the operators

v =AY a,, Ll =A%) k=12, (4.3)
such that 5
ik

g il = - (4.4)

In these formulas, A is a lattice interval. Setting m = 4/xA, we introduce a new L-operator as

L(u) = ”QA L@ <”+ij/A> -, (4.5)

where J = diag(1,1, —1). Obviously L(u) satisfies RT'T-relation (2.2) with R-matrix (2.1) at ¢ = —is.
The last transformation is to make N copies L,, n = 1,...,N, of L-operator (4.5) by changing

Pr — i (n) and ¢ — ¥l (n) with
5jk6nm

[ (m), v (m)] = " " (4.6)

The operators 1, (n) and w};(n) are lattice approximations of the Bose fields W (x) and \IJL(QC) Indeed, we
divide the interval [0, L] into N sites of length A. Setting 2, = nA and

mwzi/"m@m, @wzi/"ﬂ@m, (4.7)

we reproduce commutation relations (4.6). On the other hand, in the limit A — 0, operators (4.7) obviously
become the Bose fields ¥ (x) and \IJL(!E)2
We can now standardly define the monodromy matrix:

T(u)=Ln(u)---L1(u), (4.8)

2Here and hereafter, limits of operator-valued expressions should be understood in the weak sense.
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where

fu\ A? A?
OO BRSO ~iAY](n)Qn
1 2 ' 2
Lo(w) = ”§ ¥} (n)eh1 (n) 1- “‘QA + ”ﬁ vin)a(n)  —iA](n)Qn (4.9)
: 2
iAQut (n) iAQu s (n) 1+,
and A A 1/2
N=1- ) Qn = <%+ [)n) )
2 4 (4.10)

pr = Wi ()i (n) + () Y2(n).
The normalization factor N in (4.9) is used to satisfy the condition \g(u) = 1.
Remark 1. We write the number of lattice site n as the argument of the operators v; and 1/)3 . This

number is traditionally written as a subscript of ¢; and ¢j , but this is inconvenient in the case of the TCBG
model.

The L-operator (4.9) is a natural generalization of a 2x2 L-operator Ly, (u) found in [32] for the lattice
model of one-component bosons:

i (1= L ) A ()@
Ln(u) = N 2 2 uA A2 (4.11)
iIAQu(n) 1+ 5 £ 70 i m)g(n)

2 2

It is easy to see that L-operator (4.11) is the lower-right 2x2 minor of matrix (4.9) with the identification
P1(n) = 0, ¥a(n) = ¢(n). It was shown by different methods in [33]-[35] that L-operator (4.11) in the
continuum limit A — 0 describes a model of one-dimensional bosons with a d-function interaction. We must
solve an analogous problem: to verify that the model with monodromy matrix (4.8) and L-operator (4.9)
in the continuum limit does describe the TCBG model. For this, we find the Bethe vectors of lattice
model (4.8) and show that they coincide with states (3.5) in the continuum limit.

We indicate several properties of L-operator (4.9). It is easy to see that

(4.12)
(Ln(u)) 1,100 =0, (0[(Ln(u))y =0,
where N
+
rolu) = 1—iulA/2 (4.13)
From these properties, we easily obtain
ri(u) =1, r3(u) =rg(u),
(4.14)

T12(U)|O> = O7 <O|T21(u) =0.

We note that the condition r1(u) = 1 in fact implies the actions of Th2(u) and T1(u) in the second line
of (4.14). Indeed, from RTT-relation (2.2), we have

[Tgl (’U), Tlg(’u,)] = g(U, u) (Tll(u)ng(v) — Tll(v)ng(u)). (415)
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Applying this equation, for example, to the vector |0) and using the fact that ri(u) = 1, we obtain
[T21(v), Th2(w)]|0) = To1(v)T12(u)[0) =
= g(v,u) (T11(w)Ta2(v) — Ti1(v)To2(u))]0) = (r1(uw) — r1(v))|0) = 0. (4.16)

Similarly, acting with (4.15) on (0|, we obtain (0|T2;(u) = 0.

The property Ti2(u)|0) = 0 leads to a simplification of the explicit formula for Bethe vector (2.8).
Obviously, in this case, we should consider only partitions of the set @ such that @?) = @ and @V = 4.
Then (2.8) becomes

Ba,(3;0) Z f )|u (0@, 80)T13(0) T3 (81)]0). (4.17)

Here, the sum is taken over partitions of only one set o = {1, 5(?)} with the restriction # () = a. The
last restriction can obviously be satisfied if and only if a < b. Hence, if a > b, then B, ,(4;9) = 0. In
particular,

Bo1(2;0) = Tas(v)[0),  Bpi(ujv) = ?EZ Z; T13(v)|0). (4.18)

To conclude this section, we give two formulas concerning the continuum limit A — 0. The first
formula gives the limit of powers of the function 7o (u):

(TNt
iH—I}OTO( u) = ilgo(l B iuA/Q) =", (4.19)

The second formula describes a typical procedure for taking the continuum limit of sums over lattice sites.
Let ®(x) be an integrable function on the interval [0, L]. Then

N N T; L
A o)) =Z<I>(3:j)/ \IJL(x)dxH/O B(2) ¥l (2) de, A — 0, (4.20)

j=1

and we recall that all limits of operator-valued expressions are understood in the weak sense. We can hence
formulate a general rule: a sum over lattice sites multiplied by A becomes an integral in the continuum
limit. It is easy to see that if we have an m-fold sum over lattice sites multiplied by A" then it becomes
an m-fold integral in the continuum limit.

5. Bethe vectors in terms of local operators

We consider a multicomposite model with total monodromy matrix (4.8). Let the number M of the
partial monodromy matrices coincide with the number N of lattice sites. Then every partial monodromy
matrix 7" (u) is the L-operator L, (u) given by (4.9). Correspondingly, we have

rPwy=1, P ) =r). (5.1)

The formula for total Bethe vector (2.18) becomes

(i) — (i) — N
y f@D, a®) f(wd) 5k) G (). (5
= HTJ 11 F(U), a®) [1B.),, @ 0). (5.2)

1<k<j§N

ﬁ\
C\

This is the main formula that we use. But before applying this formula to the TCBG model, it is useful to
see how it works in the simpler example of the one-component Bose gas.
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5.1. One-component Bose gas. The L-operator of the one-component Bose gas is given by (4.11),
but to construct Bethe vectors, we only need to know this L-operator up to terms of the order A:
iU\
. - —iA/zt (n)
Ly(u) = 2 uA +0(A?). (5.3)
iA/)(n) 1+ 5

We recall that we here set 12(n) = 1(n) and 11(n) = 0 and similarly for 1/)};(71) In the continuum limit,
these operators become the respective Bose fields ¥(z) and ¥'(x).

Bethe vectors of the one-component Bose gas correspond to the particular case of B, ,(u;7) at a =0
and @ = @. Then formula (5.2) becomes

N N
Boo(@;0) =By(0) = > [[nd ' @) [ £@9,5W) [[B @D). (5.4)
j=1 1<k<j<N j=1

A partial Bethe vector at the site j is
By (09)) = (i3t () 10), (5.5)
where corrections of the order O(Ab*1) are neglected.

Remark 2. We recall that the total pseudovacuum vector |0) in the multicomposite model is equal
to the tensor product of the partial pseudovacuum vectors |0>(j), 7 =1,...,N. But in the case of the
one-component Bose gas, we can assume that all operators ¢(j) and v7(j) act in the same Fock space.
Obviously, because v(j) and 1 (k) commute for j # k, such a formulation is equivalent to the original one.
In the case of the TCBG model, we use the same treatment of the multicomposite model.

We consider an example b = 2. We then have two possibilities:

e There exists one b; such that b; = 2, and all other b, = 0. Then the subset () coincides with the

original set {vy,vs}, and all other subsets 7(*) are empty.

e There exist two b; =1 and b, = 1, and all other b, = 0. Then the subsets 7@ and 5 consist of one
element (e.g., 1Y) = vy and 5*) = vy or vice versa). All other subsets () are empty.

We consider the first case. We let B2 & denote the corresponding contribution to the Bethe vector.
Then

N
Ba.g = —2AY " (ro(v1)ro(v2) )~ (1 (4))?(0), (5.6)
j=1
and because of (4.19), we obtain
N
Byp = —3A Y e (1())20). (5.7)
j=1

This sum goes to zero because it has the coefficient A%, Indeed, because of (4.20), we have

N L
A2 ST G)P0) — A [ @l ) ) — 0, Ao (5:5)
j=1 0
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It remains to consider the second case. We let By 1,5 denote the corresponding contribution to the
Bethe vector. Then

Biig=—»>A%Sym Y i (oa)rg T (va) f (va, 01)0 T (5)¢T (R)]0) (5.9)

U 1<k<j<N

or, because of (4.19),

Biig=—#A%Sym Y e R £y 00) et )yl (K)|0). (5.10)

U l<k<j<N

This time, we again have the coefficient A2, but the sum is double. The limit is therefore finite,
L 2 . .
iimOIB%l,Lg =B(7) = —»Sym f(’Ug,Ul)/ d;vg/ elrrvitizzvz gt (o)Wt (21)|0) da; . (5.11)
- o 0 0

It is clear from (5.4) and (5.5) that for general b, the Bethe vector By () is proportional to A, This coefficient
should be compensated in the continuum limit. The only possible way to obtain such a compensation is
to have a b-fold sum over the lattice sites. Then Ab times the b-fold sum gives a b-fold integral. Hence,
we should consider only such partitions of the set o = {v1,...,v,} that reduce to b-fold sums over lattice
sites. Obviously, these are partitions such that there are exactly b nonempty subsets in them. In this case,
each such subset contains only one variable. Hence, we in fact treat the case already considered in Sec. 2.4.
Therefore, the sum over partitions reduces to the sum over lattice sites and the sum over permutations,
i.e., to the symmetrization over v.

For general b, we thus obtain

N b
By(0) = (—iv/zA)Sym [ floj,on) D T8 ()t (Ge))10) (5.12)
Y b>>k>1 Jb>>d1 k=1
or, partially taking the continuum limit,
N b
By(v) = (—ivA) Sym [T foo) 30 JLE ™0 Ge))I0): (5.13)
b>i>k>1 Jp>>g1 k=1
This b-fold sum over the lattice sites passes into a b-fold integral, and we finally obtain
iigloﬂb( 0) = (—iy/2)° S}:}mb>l_[k>1f Vj, Uk / H (eroe Ut (24))]0) day - - - day, (5.14)
>5>

where D = {L > x, > --- > a1 > 0}. Representation (5.14) coincides with the well-known result for the
Bethe vectors in the coordinate Bethe ansatz [1], [2], [31]. We have thus constructed Bethe vectors in terms
of the local Bose field U'(z) starting from lattice L-operator (5.3).

5.2. Two-component Bose gas. The infinitesimal lattice L-operator of the TCBG model has the

form [7] .
e 0 syt
L (u) = 0 1— ”‘2A —iA/s(n) | +0(A?). (5.15)
i (n) iAsaba(n) 1+ “‘2A
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We again consider a multicomposite model with the number of partial monodromy matrices T(”)(u) equal
to the number of lattice sites. Each T (u) of such a model then coincides with L-operator (5.15). We
first find how the Bethe vector depends on A. In the TCBG model, Bethe vectors are given by (4.17). It is
easy to see that the total number of creation operators T13 and Ths in (4.17) is b. In the case of the partial
Bethe vectors Bg?)bj (@);59)), we have

T (w) = —idVs] (), TH (w) = —iAvspi(). (5.16)
Therefore,
szjj),bj (@9 50)) ~ A% consequently B, (7;7) ~ AP (5.17)

The Bethe vectors of the multicomposite TCBG model are given by (5.2). Using the same arguments as in
the case of the one-component Bose gas, we conclude that we should consider only partitions of the set v
with exactly b nonempty subsets consisting of one element. The sum over such partitions of the set v then
becomes the sum over permutations of ¥ and a b-fold sum over the lattice sites.

We now consider what happens with the partitions of the set . In every partial Bethe vector, b; > a;.
As shown above, all b; are equal to either zero or one. If b; = 0, then a; = 0. But if b; = 1, then either
aj; =1 or a; = 0. We obtain a partial Bethe vector of the form Bﬂ in the first case and of the form B((ﬁ
in the second case. But because all nonempty subsets @7) consist of exactly one element, the sum over
partitions of the set u also becomes the sum over permutations in 4 and the sum over the lattice sites where
aj = 1.

The sum in (5.2) is therefore organized as follows. First, we should choose a set J consisting of b
numbers J = {ji,...,jp}. These are the numbers of the lattice sites where b;, = 1. In all other sites,
b; = 0. We assume that the subset oUr) consists of one element v. Symmetrizing over ¥ and summing
over all possible j; with the restriction j, > - -+ > j1, we thus reproduce the sum over partitions of the set
v. More precisely, we reproduce only such partitions that eventually contribute to the continuum limit.

Up to this point, everything is exactly as in the case of one-component bosons. We should now take
the partitions of the set @ into account. For this, from the set J = {j1,..., s}, we should choose a subset K
of numbers consisting of a elements: K = {ji,,...,Jk, }, X C J. These are the numbers of the lattice sites
where aj, = 1. In all other sites, a; = 0. We assume that the subset alrm) consists of one element 1u,,.
Symmetrizing over 4 and summing over all possible jj, with the restriction jz, > --- > ji,, we reproduce
the sum over partitions of the set u.

Summarizing all the above, we rewrite (5.2) as

Bos(w;0) = Sym [ flojoe) [ Flujouw) x

VU s ik a>j>k>1

N “ b X
x Z Z H H fﬁl(waum)HTék*l(vk) X
k=1

Jo>>01 Jrg > >k, M=LL=ky+1

ke €J
x [T B wmion,) T BE (2500). (5.18)
m=1 Je€J\K
Because of (4.18) and (5.15), we find
j . . j . v, U .
BYY(230) = —iAVed()]0),  BY (usv) = —iAVx jii u§ ¢()0), (5.19)
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and using (4.19), we obtain

Bab(@;0) = (—iAy/3)? Sym H f(vj,vg) H fug,ug)

Uu

b>>k>1 a>j>k>1
N a b b
SRS | O R |
Jo>>01 Jkg > >0k, mM=1L=kp+1 k=1
Tk €J
gvkmaum
XH(U %M 1T ©iGolo). (5.20)
Fm > U je€J\K

Using the obvious properties of the functions g(x,y) and f(z,y)

9,2) (5.21)

flz,y+c)= g(x,y+c)=—

1
fly,x)’

we see that

) T 1 .
Sym [T 7Cusm) H{ . I1 f(ve,um)}:( )aQ’(fhb) ko (80 +0),

U
a>j>k>1 =1 Ko ) b=k, +1

where the coefficients Q( b)
Hence, (5.20) becomeﬁ

B, y(u;0) = (—1)%(—iAV/%)° S}%m H f(vj,v) x

b>j>k>1

1, are given by (2.29).

Z Z H “”"”"Qab) u(ﬂ;@—kc)x

Jo>>01 Jke > >k, k=1

Jkm €J
<[] ¥iGk.) ] #iGolo), (5.22)
m=1 Je€J\K

and it becomes clear that in the continuum limit, we obtain (3.4) up to a normalization factor.

6. Representation of the monodromy matrix in terms of Bose
fields

In this section, we derive explicit representations of the monodromy matrix elements Tj;(u) in terms
of the Bose fields. These representations have the form of a formal power series in the coupling constant
». But we note that these series, in a weak sense, are truncated on an arbitrary Bethe vector.

We represent infinitesimal L-operator (5.15) as a 2x2 block matrix:

a b,
Ly(u) = <c d) +0(A?). (6.1)

Here, d = 1+ iuA/2, and a is a 2x2 matrix a = (1 — iuA/2) - 1, where 1 is the 2x2 identity matrix. A
two-component column vector b,, and two-component row vector ¢, are

= A (Zﬁi) L en = A (¢1(n) wg(n)) . (6.2)
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It is convenient to separate the diagonal and antidiagonal parts of L-operator (6.1) as®

L) = Aw) + W, Aw= (") w= (" ) (6.3)
0 d ¢, O

Representation (6.3) should now be substituted in (4.8) and then expanded in a series in W,,. Because the
antidiagonal part W,, is proportional to /s, the monodromy matrix 7'(u) becomes a polynomial in /3
and becomes an infinite power series in the continuum limit:

T(u) =Y "*T,(u), (6.4)
n=0
where

iuA —N
72T, (u) = (1— “‘2 ) > ANFa gy, ke haoaml o pRe =Ry AR—L (6.5)
N>kp>--->ki1>1

It is clear from this representation that the diagonal blocks of the monodromy matrix are series in integer
powers of » and the antidiagonal blocks are series in half-integer powers of s.
Let

. 0 by
Wki = A_kiWkiAki_l = <~ gl> ) (66)
Ck,

i

where

- b, 1+ iuA/2\" N Ch, 1—iuA/2\"
bki = . . s Ck;, = . . . (6.7)
1+iulA/2\1—iulA/2 1—dulA/2\ 1+ iul/2

Then Eq. (6.5) becomes
iuA\ N ~ —~ —~
%"/2Tn(u):<1— 0 ) AN > Wi, Wi, -+ Wi, (6.8)
N>kp>o>ki>1

Partially taking the continuum limit via (4.19), we obtain

, wA\ Ny 1 0
ilino(l_ 2) A —<0 eiuL> (6.9)

UL, —tuzy,;

b, = b, """ i, and ¢, = cy,e

It is convenient to study the operators T;,(u) separately for even and odd n. Let n = 2¢. The product
of two matrices Wy, and Wy, , gives a block-diagonal matrix

S bk, Ch, 0
sz'Wkifl = < S o ) . (610)

Hence, we obtain

0 . Ag(u) 0
2 Top(u) = < 0 Dg(u)) , (6.11)

3Here and hereafter, we omit the terms O(AZ2) because they do not contribute to the continuum limit.
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where

Ag(u) = Z Dkag Chiag— 1 Okog— o Chiog_g =~ * Dky Ciy
N>kge>->k12>1
(6.12)

iul, Z - g - o
Df(u) =e Ckzebk2271ck2272bk2173 "o Chy by -
N2>kog>--->k12>1

We note that all operators in these products commute because they are from different lattice sites. Therefore,

bk2eck2e—1bk2e—2ck2e—3 T bkzclﬁ = :bk2£0k2£—1bk2£—2ck2£—3 o 'bkzc/ﬁ 5

- - - . - _ (6.13)
Ek2ebk2£—1ék2e—2bk2e—3 S Cyby, = :Eszbk2e—1ékzz—2bk2£—s “+ Cry by s
where the symbol : - : denotes normal ordering. Obviously,
Coay Doy, = e A2 (Th2im ~Thai) 1(1/11(@1'—1)1!11(7621') + ¢;(k2i—1)¢2(k2i))t . (6.14)

Hence, we find

¢
Ag(u) = 'A% Z Hei“(zk% “Zhaio1) x

N>kog>->ky>1 i=1

-1

i
X : (%(kzz)% (koit1) +¢2(k2z)¢2(k2l+1)) <¢}f(k2£)¢l (k1) o (k’g@)d)g(kﬂ) .

T
Y (koo)pr (k1) 5 (kae)tpo (K1)

I
-

3

14
Dy (U) — eiuL%€A2€ Z H e—iu(rk% —Tho; ) %

N>kae>->ki 21 i=1
¢

X H ] (ki1 )1 (ko) + 5 (i1 )vba (ko) )
i=1

It remains to replace the sums over k; with integrals via (4.20). It is convenient to set zy,, = z; and
Thy;_, = Yi- Then

L ¢
Ag(u) = ;{Z/ H{ew %79 dz; dy; }Ou(Z, ) X
i=1

0
o W (20) W1 (1) \If{(z@%(yﬁ)
1(Z) 1 (Yiga ‘I’Zi‘I’Qil ' , 6.15
X g (Yitr1) + U3(2) Pa(yis1)) <\I!£(Zg)\111(y1) WL (20) Wal1) (6.15)
L ¢
Dz(u) _ eiuL%Z/ H{e—iu(zi—yi) dz; dyl}ge(z’?ﬂ %
0 =1
¢
X H Ty W (z:) + U (i) Wa(21)):, (6.16)
=1
where
O0(2,y) = 0(ze — yr) H O(yir1 — 21)0(zi — yi)- (6.17)

=1
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The antidiagonal blocks of the monodromy matrix can be found in exactly the same manner. Setting
n =20+ 11in (6.8), we find

(6.18)

%E+1/2T24+1(u) = (C;Zu) Bgé@) 7

where

14

L
Co(u) = ie”LL%“l/z/ H{e“‘(zi_yi) dz; dy; ye " 10(yps1 — 20)04(Z, §) dyes1 X
0 =1

¢
X H \IJJr (20) 1 (yig1) + 0L (2:) V2 (yiy1)) - (‘I’l(yl) ‘I’Q(yl)) 5

=

=

By(u) = _“‘“m/ H{e 1 dzy dy; }e Y (Yo — 20)O0(Z, ) dyes X

L T
X H Ty (z) + O Y(Wi)Wa(z)) - <\Ij]%(y“1)> ;.

‘1’2(ye+1)

We have thus obtained an explicit series representation for the monodromy matrix elements 7;;(u) in
terms of the local Bose fields. This series is formal, and we do not study the problem of its convergence.
But it is easy to see that if we introduce a vector

=

L a
|(I)a7b>:/ q)a,b(l'lw"?xa;yla'"7yb)H\Ij;]r_(xz H y] |O dxla"wdxadyla"'?dyba
0 =

where @ p(21, ..., Te;Y1,- .-, Yp) is a continuous function within the integration domain, then the action of
any Tj;(u) on [®45) becomes a finite sum.

7. Maps of fields
Because the R-matrix is invariant under transposition with respect to both spaces, the map
P(Tjk(u)) = Thj(u) (7.1)
defines an antimorphism of algebra (2.2) (see [21]). This map is a very convenient tool in studying form

factors because it allows relating form factors of different operators. In the case of the TCBG model,
antimorphism (7.1) agrees with the map of the Bose fields

$(Wi(x) = V(L —2),  $(¥](2)) = ~Wi(L —2). (7.2)

Indeed, for example, we consider how map (7.2) acts on the matrix elements Tz (u) for j,k = 1,2. By
Egs. (6.11) and (6.15), we have

u) = i 5 (Toe) ji(u),  jok=1,2, (7.3)
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where

(T2e)jio(u / H{e“‘“n ) dzy dy, YO (2,9) X

x W (20) W (1) H<Z\Iﬁ 2,0 yn+1)) (7.4)

We recall that because of the factor ©,(z, ), the integration in (7.4) is over the domain z¢ > yp > 2p—1 >
- > 21 > y1. All the operators in (7.4) therefore commute with each other, and the normal ordering is in
fact unnecessary. Acting on (7.4) with ¢ as in (7.2), we obtain

O ((T20) jk (u / H{ew(z" ) dzy, dyn YOu(Z,7) X

-1 2
< WL —y)W,(L—z) || (Z UL =y 1)UL (L — zn)) ;. (7.5)

It now suffices to change the integration variables z, — L — yp41—p and y, — L — 2¢41—,,. We then have

- ¢
65(57?3) Zn—L—Ye41—n, H o(yf—n+l - Zl—n) H 0(2'2—7L+1 - yE—n+1) =
=1

Yn—L—2er1-n n=1

= H O(yisa — ) [ 0(zi — vi) = ©u(z,9). (7.6)

It is also easy to see that

Il
a

H(Z UH(L = ypyr) T (L—zn)) b ] 1(2%(2«“)@3@““)) =

n=t Yn—L—zp41_p n=1 “s=1

-1
= H <Z \Ifl(zn)\lls(ywrl)) . (7.7)
n=1 ‘s=1
Hence, we obtain
L ¢ '
¢((T2e)jk (u)) = /0 H{ezu(zn—yn) dzy, dyn}ee(za Zj) X
n=1

n=1
Similarly, using the explicit representations for other operators T, (u), we can prove that (7.2) implies (7.1).
8. Zero modes

A method for calculating the form factors of local operators in GL(3)-invariant models was developed
n [12]. This method is based on using partial zero modes of the monodromy matrix elements 75;(u) in the
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composite model consisting of two partial monodromy matrices (2.12). Although this approach is applicable
to a wide class of integrable models, it should be slightly modified in the case of the TCBG model. The
point is that it was assumed in [12] that the monodromy matrix T'(u) passes into the identity operator as
|u| — oo. This restriction is not very important, but it leads to minor changes in the case of the TCBG
model.

We note that a monodromy matrix 7'(%) (u) constructed by L-operator (4.1) has the property mentioned
above. Indeed, we can define local L-operators L' (u), n = 1,...,N, by Eqs. (4.1) and (4.2), where
the operators aj and aL are respectively replaced with ax(n) and az(n) with the commutation relations

[ai(n), al.(m)] = Gnmdi. We can then set
T@(u) = NLP () - - L (w), (8.1)
and this matrix obviously has an asymptotic expansion
(a) €pla) -2
T'u)y=1+ TYW0]+0u™7), u-— oo. (8.2)
u
Therefore, we can standardly define the zero modes of this monodromy matrix:

T[] = lim (T (u) - 1). (8.3)

uU—00 C

But in passing from L-operator (4.1) to L-operator (4.9), we multiplied L(*)(u) by the matrix J =
diag(1,1,—1) (see (4.5)). As a result, the monodromy matrix T'(u) given by (4.8) has an essential sin-
gularity at infinity in the continuum limit. The definition of zero modes therefore needs clarification in the
case of the TCBG model. We clarify it in this section and consider an asymptotic expansion of the mon-
odromy matrix elements T}, (u) at a large value of the argument. For this, we use the integral representations
for T;;(u) obtained in Sec. 6.

If w — oo, then the expansion for the monodromy matrix contains multiple integrals of rapidly oscil-
lating exponents. Methods for calculating rapidly oscillating integrals are well known (see, e.g., [36], [37]).
In our case, the integration domain of every integration variable is a finite interval [0, L], and one of the
simplest ways to obtain the asymptotic expansion of T;;(u) is therefore integration by parts. Using this
method, we can easily show that single and double integrals yield a 1/u behavior while all the terms with
£ > 1 give contributions of the order o(u~!). Therefore, to find zero modes, it suffices to take only the first
nontrivial terms of the expansion for T'(u). We then have

L
Tij(u) = di5 + ”/ "Gz — y) Ul ()0, (y) dzdy + O(), 4,5 = 1,2,
0
. . L .
T33(u) = el 4 5 etul / e“‘(y_z)ﬂ(z —v) (\IJI(y)\Ill(z) + \Ilg(y)\llg(z))dz dy + O(54%).
0

L
Tys(u) = —i\/%/ Ul (y)dy + 0(*?), i=1,2,
0
Ts;(u) = i\/%e“‘L/ e (y) dy + O(¥?), j=1,2.
0

All the terms denoted by O(3?) or O(5*/?) contribute O(u~2) as u — oo and are therefore unimportant.
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Integrating by parts, we obtain

i [T
Ty =dy+ "7 [ V@@ a0, ij=12, (5.4
: 1 L
Tyy(u) = ™ =~ e”L/O (Tl (y) 1 (y) + Th(y) Pa(y))dy + O(u™?), (8.5)
Tiz(u) = — \{j‘ (e™Ewi(L) —wl(0)) +O(w™2), i=1,2, (8.6)
T3 (u) = —f‘ (T;(L) — e™FT;(0)) +O(u?), j=1,2. (8.7)

We now define the zero modes as

L
7500 = Jim ¥ (Ts(0) ~6) = = [ V@) dy, 0= 12 (538)
0
(we recall that ¢ = —isr). This is the same definition as for the models considered in [12]. The zero mode

T33[0] is defined slightly differently:

L
Ti[0] = lim " (e™"ET5(u) — 1) :/0 (T1() W1 (y) + Th(y) V2(y))dy, (8.9)

and therefore T41[0] + T22[0] = —T33[0].
Looking at (8.6) and (8.7), we see that we in fact have two types of zero modes for these operators.
We call them left and right zero modes, respectively denoted by Ti(jL) [0] and 1;(]3)[0]. Then

1

(r) — : —juL W o t
TkB [0] - u—].»lzr%ooe CTk3(u) - Z\/%\Ijk(L)v
. k=12, (8.10)
. u
0= dim Tl ==, 90),
and X
= pen Y oy ,
T3;7[0] = uilf%w CT3j (u) = i\/ijJ(L)’
) J=12 (8.11)
. _'L/U. u
70 = dim e T = = W50,

The sums Ti(jL) [0] —i—Ti(;) [0] play the same role as the zero modes of the monodromy matrix of type (8.1),
(8.2). It is known, in particular [38], [13], that some of the zero modes T;;[0] annihilate on-shell Bethe
vectors:

Ti(ja) [0] me(ﬂv @) =0, i>j. (812)
Similarly, it can be verified that
(T [0] + T3 (0D Buy(@,0) =0, j #3, (8.13)

if B, »(@, v) is an on-shell vector. To prove (8.13), it suffices to use the formulas of the action of Tj;(u) on
Bethe vectors [25] and then to consider the limits u — +ioco as in (8.11).
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Finally, the obtained formulas for the zero modes allow studying the form factors of local operators
in the framework of composite model (2.12). Indeed, let the partial monodromy matrix 7" (u) in (2.12)
correspond to an interval [0, z], where z is a fixed point of the interval [0, L]. The partial zero modes Ti(jl)[O]

and ﬂgl;R)[O] are given by (8.8)—(8.11), where L should be replaced with x everywhere. In particular, we

obtain J L4
wi( V() de@(Jl)[O] = i dr ulingo u(Ti(jl)(u) —di), 4,j=12,
. .
@) =ivx Tyl = m ol (), j=12 (8.14)
1
( )—z\/%T(lR)[ 0] = e lim e~y T,S)( )s E=1,2

The problem of calculating the form factors of local operators in the TCBG model thus reduces to evaluating
the form factors of the partial zero modes T( [0] and Ti(jl;R) [0].

9. Conclusion

We have described the TCBG model in the framework of the algebraic Bethe ansatz. Our main goal
was to prove that lattice L-operator (4.9) correctly describes the TCBG model in the continuum limit and
allows finding zero modes of the monodromy matrix 7'(u). This goal was successfully achieved.

To calculate the form factors of the fields ¥, (x) and \IJ;r (z) and their combinations \I!I(x)\I/j (x), we can
now use the method in [12]. In fact, part of the results can already be predicted. Indeed, definition (8.8)
of the zero modes T;;[0] for ¢, j = 1,2 coincides with the definition used in [12]. Therefore, the form factors
of the operators \I'j(x)\llj () are in fact already computed.

The calculation of the form factors of the fields ¥;(x) and \I/j(x) should be slightly modified. But the
modification in this case affects only the limit u — oo and does not affect the determinant representations
for partial zero modes. We will consider this question in detail in our subsequent publication.
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