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DARBOUX TRANSFORMATIONS AND RECURSION OPERATORS
FOR DIFFERENTIAL-DIFFERENCE EQUATIONS

© F. Khanizadeh,* A. V. Mikhailov,’ and Jing Ping Wang*

We review two concepts directly related to the Lax representations of integrable systems: Darboux trans-
formations and recursion operators. We present an extensive list of integrable differential—difference
equations with their Hamiltonian structures, recursion operators, nontrivial generalized symmetries, and
Darboux—Lax representations. The new results include multi-Hamiltonian structures and recursion opera-
tors for integrable Volterra-type equations and integrable discretizations of derivative nonlinear Schrédin-
ger equations such as the Kaup—Newell, Chen—Lee—Liu, and Ablowitz—Ramani-Segur (Gerdjikov—Ivanov)

lattices. We also compute the weakly nonlocal inverse recursion operators.

Keywords: symmetry, recursion operator, bi-Hamiltonian structure, Darboux transformation, Lax rep-
resentation, integrable equation

1. Introduction

Our aim in this paper is to give a comprehensive account of multi-Hamiltonian structures, recursion
operators, and Darboux—Lax representations for a wide class of integrable differential-difference equations.
Some of these results are well known but scattered in the literature. In many cases, we have completed
the picture by providing explicit expressions for the Hamiltonian, symplectic, and recursion operators and
Darboux—Lax representations. The Lax representations of nonlinear differential and difference equations
play a central role in the theory of integrable systems. They allow using the inverse scattering transform
to construct exact solutions and study the asymptotics of the initial value problem. Moreover, they allow
constructing a recursion operator, which generates infinite hierarchies of symmetries and conservation laws.
Currently, there is not any general method for finding the Lax representation for a given equation. The
most successful approach is the Wahlquist—Estabrook prolongation procedure [1]. Mikhailov and coauthors
recently tackled this problem from a different angle [2]-[5]. They studied possible reductions of a general
Lax representation using the reduction group approach [6]-[8] and further leading to a classification of Lax
representations and the corresponding integrable equations.

The concept of Darboux transformations originated from classical differential geometry [9]. Applying
Darboux transformations to the corresponding Lax representation leads to Backlund transformations and
to generation of new exact solutions for the integrable system. Béacklund transformations can be regarded
as an integrable system of differential-difference equations in their own right. These differential-difference
equations play the role of infinitesimal symmetries for the integrable partial difference equations that can
be obtained from the condition of the Bianchi commutativity of the Darboux transformations.

Differential-difference systems are the main object of our study. Our notation is standard. We illustrate
the notation with the well-known example of the Volterra equation [10] (see Sec. 4.1 for more algebraic

*School of Mathematics, Statistics, and Actuarial Science, University of Kent, UK.

T Applied Mathematics Department, University of Leeds, UK, e-mail: a.v.mikhailov@gmail.com.

Prepared from an English manuscript submitted by the authors; for the Russian version, see Teoreticheskaya i
Matematicheskaya Fizika, Vol. 177, No. 3, pp. 387440, December, 2013. Original article submitted May 15, 2013.

1606 0040-5779/13/1773-1606



properties of this equation), which we can write in the form
ur = u(ug —u_q). (1)

Here, we assume that the dependent variable w is a function wu(n,t) of a lattice variable n € Z and a
continuous variable ¢, and we set

Ut = 8tu(nat)7 Uy = U(Tl +]’t)

We omit the subscript index zero and use u instead of ug. Volterra equation (1) encodes an infinite sequence
of differential equations

Owu(n,t) = u(n,t)(u(n+1,t) —u(n —1,t)), neZ.

Equation (1) has an infinite hierarchy of symmetries; in other words, it is compatible with an infinite
sequence of evolutionary equations of the form
Ut,, :Km(umaum—la'-'7u1—m;u—m)7 mENa
where t; = t, K1 = u(u; —u_1), Ko = uw(ujus + u? +uuy —uu_q —u®, —u_ju_2), and K,, are certain

polynomials in the variables wy,, Um—1, - . ., U1—m, U—m. The compatibility means that 9y (Oyu) = 0¢(0,, u)
or vanishing of the Lie bracket [K7, K,,], defined as

[KlaKm] = Km*(Kl) - Kl*(Km)a

where K, denotes the Fréchet derivative

0K,
Ky = Z 8up Spa
p=—m
and S denotes the shift operator such that &7 (uy) = ujs; and we have S7(f(upy, .., uky)) = f(Wkytgs-- -
Up,+j) for any function f(ug,,..., uk,).
Symmetries of the Volterra equation can be generated by the recursion operator
1 -1 1
R=uS+u+u +uS " +ulus —u_1)(S—1) ) (2)
u
namely,
K1 = R™(KY).

The vector fields corresponding to the Volterra equation and its symmetries are difference polynomials,
i.e., elements of the difference polynomial ring R = [C,u,S], which is a ring without zero divisors over
the field of complex numbers C with an infinite number of indeterminates u, k € Z, and equipped with
the automorphism S. The corresponding field of fractions F = (C,u,S) is a difference field of rational
functions of indeterminates uy over C, which inherits the automorphism S. Difference operators are defined
as finite sums of the form Y a,S*, where a; € F (the above defined Fréchet derivative K, is an example
of a difference operator). Difference operators act naturally on elements of F. As in the differential case,
the elements of the ring R, field F, and difference operators are respectively called local polynomials, local
functions, and local operators.
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The recursion operator R given by (2) is not a local operator. It contains a local part and the term
w(u; —u_1)(S — 1)"tu~t. The action of R can be defined on those elements of F that belong to the
image of the difference operator u(S — 1). We can directly verify that Ky, Ko € Im(u(S — 1)). Similarly
to [11], it can be shown that all K,,11 = R™(K1), m € N, are difference polynomials. The action of R is
not uniquely defined on the elements of Im(u(S — 1)). Indeed, the base field C is the kernel space of the
difference operator u(S — 1); therefore, for a = u(S —1)(b), b € F, we have (S —1)"1(u"ta) = b+ a, where
a € C is an arbitrary constant. Obviously, acting on K7 with the recursion operator R defined by (2), we
obtain

R(u(ur —u_1)) = u(ugug +u? +uuy —uu_1 —u>, —u_1u_s) + au(u; —u_y).

The action of R is well defined on the sequence of the quotient linear spaces
K1 = Spang (K7 ), Ko = Spang (K1, Ko, ..., Ky)/ Spang (K1, Ko, ..., Kp—1),

and describing the result of the action of a recursion operator on a symmetry in what follows, we give one
representative from the corresponding coset.

The recursion operator R given by (2) is a pseudodifference operator. It can be represented in the
form R = BA~!, where A and B are difference operators. For example, we can take A = H; and B = Ho,
where H; and Hs are two Hamiltonian operators for the Volterra equation (see Sec. 4.1). We note that
the pseudodifference operator R is a sum of a local (difference) operator and a nonlocal term of the form
P(S —1)71Q. We say that a pseudodifference operator is weakly nonlocal if it can be represented in the

form

A+ P(S-1)7'Q,

where A, P;, and @); are difference operators and the sum is finite (a similar terminology was first introduced
in the study of pseudodifferential Hamiltonian operators [12]). Therefore, the recursion operator R given
by (2) is a weakly nonlocal pseudodifference operator. Moreover, it is easy to show that R™, m € N is
a weakly nonlocal operator. In the majority of cases studied in this paper, the recursion operators are
weakly nonlocal. Exceptions include the recursion operator for the Narita-Ttoh-Bogoyavlensky lattice [13]
(see Sec. 4.5).

We note that in the case of multicomponent systems of integrable difference equations with weakly
nonlocal recursion operators, surprisingly, the inverse recursion operator is often also weakly nonlocal. This
allows generating infinitely many local symmetries corresponding to the inverse flows. For example, the
Heisenberg ferromagnet lattice [14] (see Sec. 4.17 for more algebraic properties of this equation)

up = (u—v)(u—up)(uy —v) ™,

vp = (u—v)(v_g —v)(u—v_q)""

has the recursion operator

(u—v)? _2(u—u1)(v—v_1) _(u—ul)2
r— | (m—0)? " _(?i)_—lgjfl)w—v) (u(iuv—zv)2 +2KM(S —1)71QW),
(u—v_1)2 (w—v_1)2®

where
(u—v)(u—uy)

(SO u1—v (1) — v v
B =l v, | ¢ ‘(( )

U —v_1
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The operator R is weakly nonlocal and has a weakly nonlocal inverse

(u—v)z 8_1 (U—u_l)z
e O (u_1 —v)? o5 _ 1)1~
RS _%v—vl)"’ (u — v)? _21(U—u_1)(v—vl) 2KV(S - 1)WY,
(’U, - v1)2 (u - U1)2 (U - ’Ul)(u,:[ — U)

where
(u = v)(u_y — )
(_1) - U_1— 0 (_1) _ v — U1 U—UuU_1q
=l wow-w |7 € _((u—v)(u—vl)’ (u—v)(U1—v))'

u— v

Hence, the Heisenberg ferromagnet lattice has infinitely many local symmetries R* (K1) and R-{(K(-1)
for all [ € N. This phenomenon was explored for the Ablowitz—Ladik lattice and the Bruschi—-Ragnisco
lattice in [15]. Here, we compute the weakly nonlocal inverse recursion operators for all multicomponent
integrable differential-difference equations if they exist. Such inverses do not exist for scalar nonlinear
integrable differential-difference equations. For a given weakly nonlocal difference operator, whether there
exists a weakly nonlocal inverse operator is still an open problem.

This paper is arranged as follows. We first review two closely related topics concerning Lax repre-
sentations: the Darboux transformations of the Lax representation, from which we derive the integrable
differential—difference equations, and the derivation of the recursion operator for the resulting equations
using the Darboux transformation. We illustrate the methods with two typical examples: the well-known
nonlinear Schrédinger (NLS) equation and a deformation of the derivative NLS equation corresponding to
the dihedral reduction group Ds.

We complete the paper with a long list of integrable differential-difference equations, where we list the
equations themselves, their Hamiltonian structures, recursion operators, nontrivial generalized symmetries,
and Lax representations. We also include partial results on their master symmetries. For some equations,
we add further notes concerning the links with other known equations and the weakly nonlocal inverses of
recursion operators if they exist. The list is far from complete. A similar list for 141 integrable evolutionary
equations can be found in [16].

We mainly rely on sources with results about integrable systems useful for our work although we also
made some attempts to find the original contributions. In compiling the list, we verified the objects collected
from the vast literature and made them consistent. Our list also includes several new results (to the best
of our knowledge):

1. the Hamiltonian operators, symplectic operators, and recursion operators (Sec. 4.4) for Egs. (68)—(70),
and the relations between them,

2. the Hamiltonian operators, symplectic operators, and recursion operators for the Kaup—Newell lattice
(Sec. 4.14), the Chen—Lee—Liu lattice (Sec. 4.15), and the Ablowitz—Ramani—Segur (Gerdjikov—Ivanov)
lattice (Sec. 4.16), and

3. all weakly nonlocal inverse recursion operators if they exist (except those, already known, for the
Ablowitz—Ladik and Bruschi-Ragnisco lattices).

2. Lax representations and Darboux matrices
With a system of evolutionary nonlinear partial differential equations
u=F(uu,,...,u,. ), ueCm (3)
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solvable by the spectral transform method [17]-[19], we associate a pair of linear operators
L=D, —-U(uM\), A= Dy —V(u; ),

which is conventionally called the Lax pair. Here, U and V are square matrices whose elements are functions
of the dependent variable u and its z-derivatives and certain rational (in some cases elliptic) functions of
the spectral parameter X such that Eq. (3) is equivalent to the commutativity condition for these operators

[L,A] = Dy(U) — D (V) +[U,V] =0. (4)

This equation is often called a zero-curvature representation or Lax representation of Eq. (3). Here, we
mainly consider U and V' 2x2 matrices whose elements are rational in the spectral parameter \.

Generally speaking, symmetries of an evolutionary equation are its compatible evolutionary equations.
Integrable equation (3) has an infinite sequence of commuting symmetries

Uy, = Fk(u7 uw7'~'7uw7...,1)7 ke N7 (5)
which can be associated with a commutative algebra of linear operators
A¥ = Dy, — VF(u; N, [AT, AT] = 0. (6)

Similar to Eq. (3), system (5) is equivalent to [L, A*] = 0. The operator A and Eq. (3) can be considered
members of the respective sequence of the operators {AF} and symmetries (5) for particular values of k.
The commutativity of operators can be seen as a compatibility condition for the infinite sequence of linear
problems

D,() = U(u; \) ¥, Dy, (V) = VF(u; \) W, (7)

i.e., the condition for the existence of a common fundamental solution ¥ of all these problems, det ¥ #£ 0.
We regard a Darboux transformation as a linear map S acting on a fundamental solution

S: UV =MV detM#D0, (8)
such that the matrix function ¥ is a fundamental solution of the linear problems
D, () =U(w\)¥, Dy, (¥) = VF(uw;\)0, (9)

with the new “potentials” u. The matrix M is often called the Darboux matrix. The elements of the
Darboux matrix M are rational (elliptic) functions of the spectral parameter A. As a function of A, the
determinant of M can vanish only at a finite set of points on the Riemann sphere (the parallelogram of
periods). The Darboux matrix M depends on u and u and can also depend on some auxiliary functions
g (or parameters, if g is a constant). (The matrices in (18) are examples of such g.) We therefore let
M = M(u,u,g;\) denote the Darboux matrix. It follows from the compatibility of (8) and (9) that

Do (M) =U(u;\)M — MU (u; \), (10)
Dy, (M) =V*(u; )M — MV (u; ). (11)

Equations (10) and (11) are differential equations relating the two solutions u and u of (3) and (5). They
are also often called Bécklund transformations of (3) in the literature.
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A Darboux transformation maps one compatible system (7) into another system (9). It defines a
Darboux map S: u+ u. Map (8) is invertible (det M # 0) and can be iterated:

.i\I/:M(u,u,g;)\)\Ili\IJ:M(u,u,g;)\)\Ili

S y= M(u,u,g; \)¥ Syp= M(u,u,g; \)¥ 5.
It suggests the notation

L U =T, o=V, U=V, Uy=", ...
vay u_; = u, up = u, u; = u, U2 = u, ey

L) g-1=8, g0 =8, g1 =8, g2 =8,

With a vertex k of the one-dimensional lattice Z, we associate the variables ¥ and uyg; with the
edges joining the vertices k and k + 1, we associate the auxiliary functions (parameters) g and the matrix
My = M(ug,ugt+1,8r;A). In this notation, the Darboux maps S and S~! increase and decrease the
subscript index by one, and we therefore call it the S-shift or the shift operator S. In what follows, we
often omit zero in the subscript index and write u and g instead of ug and gp.

In this notation, Eq. (10) and sequence (11) are a hierarchy of compatible systems of differential-
difference equations. When the resulting equations from (10) and (11) are in the evolutionary form, they
constitute an infinite-dimensional Lie algebra of commuting symmetries. The existence of an infinite algebra
of commuting symmetries is often taken as a definition of the integrability of an equation (and of the whole
hierarchy of symmetries) [20]-[23].

To illustrate this construction, we consider two examples: the well-known example of the NLS equation
and new results on differential-difference equations corresponding to the dihedral reduction group Dy ~
Zo X Zo (the Klein group). We use these examples to illustrate the derivation of recursion operators.

2.1. The nonlinear Schrédinger equation. The NLS equation

2pt = Pxx — 8p2q7

2¢t = — Gz + 8¢%p

has zero-curvature representation (4), where [24]

o 0 2p 1 0 . P
v (3 Wyea(s ) (). 1)
v = [P P a0 ) et 0 (14)
o\ 2w 2¢ 0 0 -1/

The NLS equation has an infinite hierarchy of commuting symmetries. The matrix part of the corresponding

linear operators A* = D;, — V* has the form

VO _ J, VkJrl _ )\Vk + Bk(u), (15)
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where J = diag(1,—1) and B¥(u) are traceless matrices with elements depending on p, ¢, and their 2-
derivatives. The matrices B¥(u) can be found recursively [25]. In particular, we have

Vi=U(u;\), V2 =V(u;\),

1 <2pqw —20ps  Pax — 8p2q> (16)

V3= AV (u;\) +
2\ uo — 8¢°p  2qps — 20

The symmetries corresponding to A%, A', A% and A3 are

1 1
Do = 2D, Pi=Pay Pz = yPar — 4p°q, Pis = Paze — 6papa,
. ) (17)
Gro = =20, G =de G = et 4¢°p, @, = y Gowe — OPAGa.

It is known (see [26], [27]) that any Darboux matrix for the NLS equation is a composition of the three
elementary Darboux matrices

A+ A+h
M(uvulaf;)‘): f P ) N(uaulah;)‘): P )
a1 -1

P 0
K N « 0
u,ug, o \) =
! 0 a!

and their inverses. For each of these elementary Darboux matrices, we derive the Darboux map and the
corresponding differential-difference equation.

(K): The map corresponding to the Darboux matrix K is independent of the spectral parameter A
and the variables u and u;. Moreover, it follows from (10) that « is a constant (is independent of z),
p1 = a?p, and ¢; = o~ 2¢. In this case, the Darboux map is therefore a gauge transformation corresponding
to a point symmetry of Eq. (12) and its hierarchy of symmetries.

(IN): Substituting N(u,uy, h; A) in (10) yields

1
= he = 2p1q1 — 2pq, Pa = —2hp, ¢, = 2hq, (19)

and we therefore obtain the Darboux map in the explicit form

_ 2 P Px _1
Pl—Pq_4 ) Q= .
P/, p

After the change of the variables p = ? (and hence ¢ = e%~*), Eqs. (19) yields the system of evolutionary
equations
¢TE = _2h7 hw - 2€¢17¢ - 2€¢7¢71’ (20)

which after the elimination of h becomes the Toda lattice
¢ww = 4€¢_¢_1 — 46¢1_¢.

It is an infinite chain of differential equations for the dependent variables ¢,,, n € Z.
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We note that ¢ = logp and h = —¢,/2. Using (19) to eliminate a-derivatives from (17), we can obtain
symmetries of Toda chain (20):

bty =2, ¢, = —2h, br, = 207 — 2(S + 1)e? %,
hig =0,  hy =2(S—1)e? %1 hy, = —2(S—1)(e? 1 (h_y + h)),
br, = —2h +2e?7 1 (2h + h_y) + 2e” " ?(2h + hy), 2y
hiy =2(S — 1)((h%1 + h_th + h?)e? ™91 4 27201 1 (S + 1)e?™%-2).
Symmetries (21) have the Darboux—Lax representation
Ny, —S(UFN + NUF =0, N= (A:; 6;) : (22)

and the matrices U°,...,U? are obtained from V° ... V3 given by (15) and (16) by eliminating z-
derivatives using (19). In Sec. 3, we derive a recursion operator for generating symmetries of the Toda
lattice.

(M): Substituting M (u,uy, f; A) in (10) leads to the system of differential-difference equations

fr=2p1q1 — 2pq,  p. =2p1 —2fp, 0w = —2q_1+2f_1q. (23)

Symmetries of this system can be found from Lax Darboux representations (11), where V* are given by (15)
and (16) after elimination of z-derivatives using (23):

Pty = 2p, P, = 2p1 — 2fp, P, = 2(f%p — fp1 — fip — p’q — porqa + p2),
Qo = —2¢, @, = —2q-1+2f1q,  que, =2(f1q+ fa— o+ paq + ;g —qo1),  (24)
Jto =0, ft. = 2p1q1 — 2pq, fto = 2(S = 1)(pg—1 + p1g — (f=1 + [)pq).

System (23) and its symmetries (24) have the first integral ® = f — pgy, and hence ®;, = 0. Indeed,
det M (u,uy, f;A) = A+ f — pg1 should be a constant (is independent of x and t) because the matrices U
and V¥ are traceless (Abel’s theorem). Therefore, we can set fr = prqr+1 + ak, where oy, € C is a constant.
We can eliminate f from system (23), and this leads to

pe = 2p1 — 20°q1 — 2ap,  qp = —2q-1 + 2p_14° + 2a_1q, (25)

whose symmetries can be obtained from (24) by the same elimination of f. When ay = 0, Eq. (25) becomes
the Merola—Ragnisco-Tu lattice under an invertible transformation @ = t/2, p = u, and ¢; = v listed in
Sec. 4.10.

2.2. Equations corresponding to the dihedral reduction group Dy ~ Z3 X Za. The integra-
bility of the system

2Dt = Paa + 440 — 8(P°Q)
(26)
2Qt = —(Qqo + 4pz - S(qu)z

was established in [21]. This equation can be seen as a nontrivial inhomogeneous deformation of the
derivative NLS equation. The corresponding Lax pair

L(w;\) = D, — V'(u;\), A(w; \) = Dy — V(w3 \)
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has the matrix part of the form

Vi \) = 2pa; () + 2qaz(\) + 2a3()), (27)
V2w \) = w\)V(w A) + P _24p2qa1(/\) e +24q2p as(\) — 2pqas(\), (28)
where )
0 A 0 A~ 222 /(1 o0
w= (8 (O )

The matrices V¥(u; \) are invariant under the group (reduction group [8]) generated by the transfor-

1 0 1 0
V’“(u;A)H(O _l>vk<u;—A> <0 _1>,
V’%u;A)H(? ;) VA <(1) 3)

which is isomorphic to the dihedral group De ~ Zs X Zg (the Klein group). The function

mations

A2

w(N) 5

(30)

is a primitive automorphic function of the corresponding Mobius group (w(A\) = w(—\) = w(A™1)), and
any rational automorphic function of this group is a rational function of w(A) [3]. A hierarchy of higher
symmetries of Eq. (26) can be generated by the Lax operators A¥ = D;, — V¥ where the matrices V* have
the form

VERL = w\)VF 4+ rFar (\) + rhas (V) + rhas (), (31)

and the coefficients r¥, 75, and 7% are polynomials in p, ¢, and their z-derivatives and can be found
recursively.

It was shown in [28] that an elementary Darboux matrix for Lax operator (27) can be written in the
form

M(p, a1, f,g;:A) = fF(w(NI+az(A) +pai(A) + qraz(A) + g1), (32)
where I is the unit matrix. The matrices V* are all traceless, and the determinant
det M(p,qu, f,9;A) = f22w(N)(g — par) + 1+ ¢° = p* — ¢7) = 20(\)®" + &
is therefore independent of = and t;. We hence have two invariants
o' = fAg—par), ¥ =f(1+9"-p"—qi) (33)

Choosing an appropriate scaling M — yM, we can make ®* = 1 (if ®! #£ 0) or ®? =1 (if &2 # 0).
There are three essentially different cases [28]:

1. ®! =0 and ®2 = 1. In this case, the determinant is a constant (is independent of \).

2. ®! =1 and ®? = 42. In this case, the determinant has two double zeroes and is a square of a rational
function of A.
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3. ®! =1 and ®2 = 2. The determinant has four distinct zeros in the complex plane A (assuming that
a # £1).

In case 1, we have
g =Dpqu, (34)

and f can be found as a solution of the equation f?(1 — p?)(1 — ¢7) = 1. We can therefore determine the
matrix M (p, q1, f,pq1; A) in (32). Substituting it and V*(u; \) given by (27) instead of U(u; \) in (10) leads
to the system

pe=201=p) @ —q), @ =2(1-¢)p—p-1), (35)

which can be written as a scalar equation for one function v, = Py, Vapn—1 = @n:
vy = (1 —v*)(vy —v_q). (36)

In case 2, we take 20!+ ®2 = 0 (the other choice of the sign would eventually lead to a point-equivalent
system). We have
20" + & = f2(1+g+p+q)l+g—p—q)=0.

We choose 1+ g+ p+ g1 = 0 (the second choice 1+ g —p — g1 = 0 would lead to a point-equivalent system).
Substituting M (p, q1, f,—p — ¢1 — 1;A) and V(u; \) given by (27) instead of U(u; \) in (10) then leads to
the system

Pz =214p)(S-1a—p—p); @o=2(1+a@)(S-1)/p—q-pg. (37)

In general case 3 of the elementary Darboux transformation, we have

1

3? — 200" = (¢® — 2ag — p* — qf + 2apq +1)f* =0, = :
\/Q—P(h

(38)
Substituting M (p, q1, f, g; \) and V!(u; \) given by (27) instead of U(u; A) in (10) leads to the system

Pz = 29(p1 — p) + 2q1 — 2q — 2p(p1g1 — pq),
Qe = 29(q1 — q) +2p1 — 2p — 2q1(prq1 — pq),
gz = 2p(p1 — p) + 2q1(q1 — q) — 29(prq1 — Pq),

fe =2f(p1ar — pq).

The invariants ®! and ®? are first integrals of this system. The functions f and g can therefore be eliminated
using first integrals (38). We note that the parameter « in (38) is constant in z and ¢ but can depend on
the shift variable, and hence S(a) = ay.

3. Recursion operators for differential-difference equations

In this section, we show how to derive a recursion operator using a Darboux—Lax representation for
a differential-difference equation. Our construction is a natural generalization of the method used in the
theory of integrable PDEs [25], [29]—[32]. The main idea of the method is based on the fact that the matrices
VE(u, \) of the operators A¥ = D;, — V¥(u, \) corresponding to a hierarchy can be related as

VL (u, \) = p(A)VE(u, \) + BF(u, \), (39)



where () is a rational multiplier (elliptic in the case of the Landau-Lifshitz equation) and B¥(u, \) is a
rational matrix with a fixed (i.e., k-independent) divisor of poles. If the system and its Lax representation
is obtained as a result of a reduction with a reduction group G, then the multiplier () is a primitive
automorphic function [3] of a finite reduction group or in the elliptic case is one of the generators of the G-
invariant subring of the coordinate ring [30]. The matrix B*(u, \) also depends on the dependent variables
u and their z-derivatives.

Substituting (39) in the Lax representation [L, A¥] = 0 (see (6)) results in

Dtk+1 (L) = /’L()\)‘Dtk (L) - BkL + LBk (40)

We can use Eq. (40) to find B in terms of the variables u,, u,,,, and z-derivatives of u. We can then
regard Eq. (40) as a recurrence relation u, ., = R(uy, ), where R is a linear pseudodifferential recursion
operator mapping a symmetry to a new symmetry. A recursion operator can be related to a bi-Hamiltonian
structure. Indeed, if 7; and H, are two compatible Hamiltonian operators, then R = H1H;5 ! is a Nijenhuis
recursion operator [33], [11]. The sufficient condition for R to be a recursion operator for Eq. (3) is [34]

Dt(R) = [F*ﬂR]a

where F, is the Fréchet derivative of F.
A similar construction can be used in the differential-difference case [13]. Substituting (39) in Darboux—
Lax representation (11) results in

Dy, (M) = u(A\) Dy, (M) — S(B*)M + MB". (41)

Equation (41) allows expressing the elements of the matrix B in terms of u, u,, , uy, +1, and their S-shifts.
It allows finding a linear pseudodifference operator R such that u;, , = R(uy, ), i.e., a recursion operator
for a differential—difference hierarchy of commuting symmetries. As in the differential case, if we know
two compatible Hamiltonian operators H; and Hs or a compatible pair of a Hamiltonian operator ‘H and
a symplectic operator J, then R = HiH5 Uand R = ‘HJ are recursion operators. It follows from this
construction that a Darboux matrix M and a multiplier u(\) define a recursion operator completely and
uniquely.

In this section, we illustrate this construction with a few examples. In Sec. 4, we present an extensive
list (but far from complete) of integrable differential-difference equations with recursion operators, multi-
Hamiltonian structures, and Darboux-Lax representations.

3.1. Differential-difference equations from the NLS equation. We illustrate the construction
using the Darboux matrices M and N (see (18)) related to the NLS equation. In this case, the multiplier
w(A) = A (see (15)), and the matrix B* is independent of the spectral parameter \.

We construct a recursion operator for Toda lattice (20) using the Darboux matrix N (see (22)) and

the multiplier pu(\) = A. We substitute
a b
- ( ) (42)
c —a

in the equation

The part of (43) linear in A leads to the system of equations
(§—1a=hy,, b= —¢ye?, c1 = —¢ e ?.
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Hence, we can find all the elements a = (S — 1) 1h;,, b = —e®¢y,, and ¢ = —e~?-1S~1¢;, of the matrix

B. Then the Mindependent part of (43) reduces to the equations

¢tk+1 =bh—a—a; = _(8 + 1)(8 - 1)_1h‘tk - h¢tk)

Biy,y = (@ —a1)h +ce® —bie™® = —hhy, — e? 1S 1y, + e 0Sey,,

¢tk+1 R d)tk
htk+1 htk
with the pseudodifference operator

- ( ~h —(S+1)(S—1)1>' (44

which leads to the recurrence relation

P18 _ pP—P-15-1 —h

Starting from the seed symmetry ¢, = —2, hy, = 0, we can recursively produce the hierarchy of symme-
tries (21).

Similarly to the case of scalar discrete equations [11], [35], the canonical series of the densities of local
conservation laws can be found by taking residues p, = resRF. In the case of a matrix pseudodifference
operator A, the residue res.4 is defined as follows. Any pseudodifference operator A can be uniquely
represented by its Laurent series

A= Ankgm

k=0

The residue is then defined as res A = trace(A%). For example, we rewrite recursion operator (44) as
R O 0 -2\,
“leno o) 0 ) Tl e

p1 =resR = —2h, pa =resR? = 2h% — 2e%179 — 29791,

It follows that

are conserved densities for Toda lattice (20). Indeed, we have

Dyp1 = —4(S — 1)€¢7¢71,

Dyps = 4(S —1)(e?" %=1 (h_1 + h)).

We now take the Darboux matrix M (see (18)) and the matrix B of form (42). From the terms in the
equation
Dy, (M) = \Dy, (M) —S(B)M + MB (45)

that are linear in ), it follows that

a’:(‘s_l)ilftzm b:_ptka C = Q-
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The A-independent part of(45) leads to the recurrence relation for system (23)

ftk+1 _fftk + S(qptk) + P4, ftk
Pty = —2]?(8 - 1)_1ftk - ftkp - fptk + S(ptk) =R Pty | > (46)
Aty qy 2q(8 - 1)_1ftk - qs—l(ftk) + S_lqtk - f—thk diy,

where the pseudodifference recursion operator has the form

-f S p 0
R=| —»p -f+8 0 I (8—1)—1(1 0 0).
—qS_l 0 —f1+ S 2q

Using the first integral of system (23) and eliminating fir = prgr+1 + ok, we obtain the corresponding
recurrence relation and operator for system (25):

(pt’““> R <pt’“> , (47)
qtk+1 Gty

S—2pg —a —p*’S—2pp_y —2p
I _ —1
R - < _q28—1 S—l oy + 2q (S 1) (ql, p—l) .

As already noted, Eq. (25) is related to the Merola—Ragnisco-Tu lattice; we can verify that we ob-

where

tain the same operator from the recursion operator for the Merola—Ragnisco—Tu lattice in Sec. 4.10 using
formula (58).

3.2. Difference equation corresponding to the dihedral reduction group. We show how
to compute a recursion operator for Eq. (37), whose Lax representation is invariant under the dihedral
reduction group.

After the simple change of variables p — p—1, ¢ — g — 1, Eq. (37) becomes

Pz = 2p(S — 1)(2q — pq), q1,z = 2q1(S — 1)(2p — pq). (48)

This equation is the relativistic Volterra lattice in Sec. 4.9 under the scaling transformation

t
p=—2v, q = —2u, =, (49)
The corresponding Darboux matrix and the multiplier are
Nt+l-p-aq Alp—1) + A" Ha — 1) 1 B
M=f . » . ) = (AT, (50)
Mo -1)+A"7p-1) A +1l-p-a 2

This information suffices for finding a recursion operator, Eq. (48) itself, and its hierarchy of local symme-
tries. It follows from
det M = —(A = A1) f2pq,

that f2pq; is independent of 2 (Abel’s theorem), and we can therefore set f = (pg;)~'/2.
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Expression (31) suggests that
B = aa; + bay + cag,

where the coefficients a, b, and ¢ are independent of X\. In Eq. (41), the right- and left-hand sides are now
rational matrix functions in A\. The left-hand side has only simple poles. Requiring that the coefficients of
the third-order poles in A~ in the right-hand side be zero is equivalent to

(p — DpSaqr, — (p+ 1)aqrpe,

)

a= ;(c—l—cl)(p—l)—l—

4pgy
( ) ( ) o
1 a1+ 1)pSqr, + (1 — q1)q1py,
by = -1 y k.
1=, (ete)a-1)+ 4pay
The second-order poles vanish under the condition

q1Pt, + DA,
c—c = R 92
! 2pqq (52)

Using (52), we can now simplify (51) by eliminating ¢; and ¢_1 from a and b:
1

a=clp—1)= b,

(53)
1
b=c(g—1)+ 2th-
The residues in the left- and right-hand sides in Eq. (41) lead to the equations
1 1
Pty = cp(S — 1)(pg — 2q) + (p —q—1- 2p1q1)ptk = o PUSPy, +
1 1

+ ( - 2p2>th + ( - 2pp1>8qtk,

(54)

1
Qtysy = q(S = 1)(p-19-1 — 2p-1) + (q +p1—1- 2p_1q_1>qtk -

1 ~ 1 1 _
— o P-14S Yau, + (q — 2q2)ptk + (q — 2qq_1)8 Ypi, .

The A-independent part of Eq. (41) is satisfied after (52)—(54) are substituted in (41).

Equation (54) together with (52) is a recurrence relation. The differential-difference equation (a seed
symmetry) p, = 2K1(71), Or = 2K§1) (see (48)) can be recovered from this recursion by taking the derivative
of the right-hand side of Eqs. (54) with respect to ¢, i.e.,

(KD, KY) = (p(S = 1D (pa — 20), a(S = 1)(p-19-1 — 2p—1)).

This is not surprising. Indeed, to solve Eq. (52) for ¢, we must invert the difference operator S — 1, whose
kernel is the field of constants. As a result, the vector p;, ¢, can contribute to py, ., s, ., with an arbitrary
constant coefficient.

We now write the recursion operator corresponding to recurrence relation (54) explicitly as

— 1=
P+ q 9 9 9
R = -

1, 1 1 1
— — )8t 1—1— p_ig_1— p_1¢S7T
q 2q + (q 2qq 1) q+p-1 2]9 19-1 2]9 19

p(S = 1)(pg — 29)
- (S-1)7" <21 21 s) . (55)
q(§ —1)(p-1g-1 — 2p_1) P 2q1

1 1 1 1
P = ,panS p— P+ (p - ppl)S
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Obviously, R + I, where I is the 2x2 identity matrix, is also a recursion operator, which can be recovered
from the recursion operator for the relativistic Volterra lattice listed in Sec. 4.9 using transformation (49).

4. A list of integrable differential-difference equations

In this section, we present a long list of integrable differential-difference equations with their Hamil-
tonian structures, recursion operators, nontrivial generalized symmetries, and Lax representations. To be
self-contained, we introduce the notation and recall some definitions of the objects in our list in terms of
the Lie derivatives. The theoretical background and detailed definitions of the Hamiltonian and symplectic
operators can be found in [36], [37]. Here, we mention that there are some recent developments in the
theory of nonlocal Hamiltonian structures for nonlinear partial differential equations in [38].

Let u= (ul,...,u") be a vector-valued function of n € Z and the time t. An evolutionary differential-
difference equation for the dependent variable u has the form

u; = K[u], (56)

where K[u] means that the smooth vector-valued function K depends on u and its shifts u; = S*u. In all our
examples, after an appropriate point change of variables, we can consider K[u] € FV where F = (C,u,S)
is a difference field of rational functions of {u} | k € Z, i = 1,..., N}. The Fréchet derivative a, of a € F
is defined as the row vector of the difference operators

da da ) &
Ay = Sy S”.
]€€ZZ<81L}C ouy

Hence, the Fréchet derivative of K[u] is a difference operator with square matrix coefficients, and the
elements of the coefficient matrices are elements of F.
A variational derivative of a € F is a column vector

T
bula) :==al(1) = (ail""’affv) > 8 (a).
keZ

If Eq. (56) is Hamiltonian, then it can be written in the form

up = H(du(f));

where H denotes a Hamiltonian (pseudo)difference operator and f is a Hamiltonian function (or the Hamil-
tonian of the system).

Definition 1. Given differential-difference evolutionary equation (56), we say that
1. G is its symmetry if LG := [K, G] := G.(K) — K, (G) =0,

2. 'H is its Hamiltonian operator if LxH = H,[K] - K. H — HK! = 0 is satisfied by the Hamiltonian
operator H,

3. J is its symplectic operator if the symplectic operator J satisfies Lx J := J.[K] + KIJ + JK, =0,
and

4. R is its recursion operator if LxR := R.[K] — K,R + RK, = 0.
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Here, Lk denotes the Lie derivative, x denotes the Fréchet derivative, and 1 denotes the formal conjugation
of the difference operator.

If a symmetry of Eq. (56) is explicitly dependent on u; with ¢ # 0, then we call it a generalized
symmetry. An equation is integrable if it has infinitely many generalized symmetries depending on finite
sets of variables u;, whose sizes increase. Symmetries of an integrable systems can be generated by a
recursion operator, which is often nonlocal. Sufficient conditions on nonlocal pseudodifference recursion
operators that guarantee producing an infinite hierarchy of commuting local symmetries were discussed
in [11]. In the list, we also give partial results on master symmetries (see [39], [40] for more details on
master symmetries).

We now consider how the recursion, Hamiltonian, and symplectic operators change under transforma-
tions (difference substitutions). If evolutionary difference equation (56) is related by a difference substitution
u = F[v] to another equation of the form

vy = G[v], (57)

then the recursion, Hamiltonian, and symplectic operators ﬁ, ﬁ, and j for Eq. (57) can be expressed in
terms of the corresponding operators R, H, and J for Eq. (56):

~ —~ -1 ~
R =F;' oR|ypp o Fs, H=F,"oHlu_rp o Fl ", J =Fl o J|urp o Fu, (58)

where o denotes the composition of operators.

Example 1. It is known that the Volterra equation u; = u(u; —u—1) (Sec. 4.1) can be related to the
modified Volterra equation
vy = v (vy —v_q) (59)

by a difference substitution (a Miura-type transformation) v = F[v] = vv;. The operator H; = u(S—S~1)u
is a Hamiltonian operator for the Volterra equation. We note that the Fréchet derivative for vvy is F, =
v1 + 08, and we have F,'u = v(1 +8)~! and qu_l = 8(1 + 8) 'v. We can now find the Hamiltonian
operator H; for modified Volterra equation (59):

Hi = (v1 +08)  ov1 (S — S Hows (vg +v8)~! =
=v(1+8) S-S+ =08 -1)(S+1) 1o
In the same way, we can compute the second Hamiltonian operator 7-72 and the recursion operator R for
the modified Volterra equation (cf. Sec. 4.2).

In Sec. 2, we discussed that the compatibility of Darboux map (8) with Lax operator (9)
S(®) =M, Dy(®) =U(u; \)® (60)

yields (10),
Dy(M) = S(U)M — MU, (61)

which is equivalent to an integrable system of differential-difference equations. Compatibility condition (61)
is often called a zero-curvature representation or Lax representation of Eq. (56) in the literature. Because
it involves a Darboux matrix and a Lax operator, it is more appropriate to call it a Darboux—Lax repre-
sentation. But we still call it a Lax representation for consistency with the literature. In the following list,
we simply give the expressions for both the matrices M and U for Lax representations.

1621



There are many publications where an integrable system emerges as a compatibility condition of two
linear problems with scalar linear difference operators L and A,

where ¢ is an eigenfunction of L corresponding to the eigenvalue A and A\; = 0. Equation (56) is equivalent
to the compatibility condition

Dy(L) =[A, L] = AL — LA. (63)

This approach in fact resembles the original Lax formulation, where differential operators are just replaced
with difference operators. In the theory of ordinary differential equations, a scalar higher-order equation
can be represented as a system of first-order equations. We can do similarly in the case of higher-order
scalar difference equations and represent them as first-order difference systems. We can thus rewrite scalar
representation (62), (63) as first-order matrix Darboux—Lax representation (60), (61).

Example 2. We obtain the matrix Lax representation for the Volterra chain listed in Sec. 4.1 from
the scalar Lax representation with L = S +uS~! and A = S? + uy + u.
Let ® = (¢',¢*)T = (¢, S~ '¢)". We can rewrite L¢ = \¢ in (62) as

s )= (0)- () ()

ie., S(¢') = Ap! + ug? and S(¢?) = —¢'. We can now rewrite ¢, = A¢ as

oF = S + (uy + u)d' = ST + ud?) + (ug +u)pt =
= AS¢! +ug! = (N +u)d' + hug?,

6 = =876} = =" +ud’ + (w1 +u)ST'¢!) = Ao +u 16",

; AN 4+u Au !
- ()- (3 2))
¢t -A U-1 9]

We present either the scalar or the matrix Lax representation in our list.

Hence,

The following should be kept in mind:

1. Relations between nonlocal difference operators (e.g., (67)) should be understood as identities in the
noncommutative field of pseudodifference Laurent series.

2. In the computations with pseudodifference operators, we often use identities similar to “integration
by parts”:

- A-NE-1)'=fS-1)"' = (S-D7'f.

3. Because we have (S —1)c = 0 for any constant ¢ € C, the action of operators involving (S —1)~1 is not
uniquely defined. The corresponding results given in the list are up to these “integration constants.”
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4.1. The Volterra chain.
e Equation [10]:
ur = u(ug —u_q). (64)

e Hamiltonian structure [41], [42]: uz = H;6y fi,

Hi = u(S — S V)u, fi=u,

Ho = u(SuS +uS +Su —uS ™ — S tu — S uS Hu, fa= ; log u.
e Recursion operator:

R =HoH; ' =uS +u+up +uS ' +u(uy —u_1)(S — 1)’111 =

— (S — Sl)u(i(S ) S(S - 1)111).
e Nontrivial symmetry [42], [43]:
R(ur) = u(uius + u% +uuy —uu_q — u2_1 —U_1U_2).
e Master symmetry [42], [39], [44]:
R(u) = nug +u(2uy + v +u_y).

o Lax representation [45]:

L=S+uS™!, A=8%+u +u,

which can also be written in the matrix form

A u N 4u Au
M = , U= . (65)
-1 0 —A U_1
This equation is also known as the Lotka—Volterra model, the Kac—van Moerbeke lattice, or the Lang-
muir lattice [46]. The so-called Kac—van Moerbeke-Langmuir equation [41]

wr = w(wf —w;), €% 0 constant,
is related to (64) by the point transformation u = w® and t = er. This equation is also written as
w-+wy wHw_1

wy = e —e ,

which can be transformed into (64) by the transformation u = e**%1.
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4.2. Modified Volterra equation.
Equation [47], [43]:
up = uz(ul —u_q).

Hamiltonian structure [48], [43]:

Hi=u(S —1)(S+1)"u, f1 = wuu,

Ho = u*(S — S Hu?, fa =logu.

Recursion operator:

1

R = HoHi ' = u*S 4 2uuy + u®S™ 1 4 2u*(ug —u_1)(S — 1) "

Nontrivial symmetry [43]:
R(us) = v?u(ug + u) — v?u? | (u +u_s).

Master symmetry [43]:
u u?
R(2> = nus + 5 (Buy + u_1).

0 u UU_1 AU_1
M = , U= .
—u A A A2+ uu_g

Lax representation [26]:

The modified Volterra equation is also known as the discrete modified Korteweg—de Vries equation.

as in Sec. 4.1.

4.3. Yamilov’s discretization of the Krichever—-Novikov equation.
Equation [49] (V4, v = 0 in Sec. 4.4):

up = Rlun, ) =K®
Uy —U-1

3

where R is a polynomial with the constant coefficients «, 3,7, d, € € C defined by

R(u,v,w) = (av? + 28v + y)uw + (v + I + ) (u + w) + 0% + 20v + e.

Two nontrivial symmetries [50]-[53], [35], [11]:

_ 1 1
KO _ R(u,u_q,u)R(ur,u,uy) n ’
(ug —u—_1)? Uy — U  U— U_o

K(3) — R(ulvuaul)R(u7u—lau)< SZK(l) + S_QK(D >

(ur —u_1)? (uz —u)? * (u—u_2)?

+K<1>K<2>< b )
Uz — U U—u—9
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e Hamiltonian structure [11], [53]:
H=AS -8 'A4+2KW(S - 1)"'SK® 4 2Kk@(s — 1)1 KW,
H=AS?-82A+BS-S'B+ KPS -1)"4(S+1)K® +
+2KW(S —1)7ISK® 4 2K®(S — 1)K,

where

R(ug, u1,u2)R(u1, u, ur) R(u,u_q,u)

4= (ur — u_)?(uz — u)? ’

R(us, ua, ug)R(ug, ur, uz) R(u1, uw, u1) R(u, u_1,u)

4 (i — 1) (utz — )2 (at;z — 01)?

)

~ 2A( KO B OuR(u1,u,uy) 82R(u1,u,u1)) 2R (u,u_1,u)

B S(KW K@),
U— U_o 2(u; —u—_q) 40u Ouq (ug —u_1)? ( )

e Symplectic operator:
1

1
= S-8! .
J R(uy,u,uy) s R(u1,u,uq)
e Recursion operator [11], [53]:
R=HJ and R=HJ.

The recursion operators R and R satisfy the algebraic equation
(2R — I3)? = AR+ L1)® — g2(R + I») — g3, (67)

where I, I3, go, and g3 are the relative and modular invariants related to h = R(u1,u,u1) and a quartic
polynomial f(u) = (0y,h)* — 2h02 h defined by

]‘ ! el 1"
g2 = FFTYV =2 F" + (£,

g3 (12ff//fIV _ g(f/)ZfIV _ 6f(f///)2 + 6f/f//f/// _ Z(f”)g),

3456
Iy = (h0F 02,0 — (0u1)(0u 02, 1) — (00, P)(OF D) + (OER)(OF, ) + 1 (0w, )7,

h Ouh 02h
1
I3 = 4 det | Oy, b Ou, Ouh 0w, Oh
Bﬁlh 851 Ouh 851 0%h
4.4. Integrable Volterra-type equations. The classification of integrable Volterra type equations

of the form

Uy = f(u—lvuaul)v

where f is a smooth function of all its variables was obtained by Yamilov using the symmetry approach.
In his remarkable review paper [43], he presented the following complete list of integrable Volterra-type
equations (with higher-order conservation laws) up to point transformations:

V1: w = Pu)(u; —u_q), (68)



V2:

V3:

V4.

V5:

V6:

V7.

V8:

V9:

V10:

V11:

1 1
ut:P(u2)( — ),
Uy +u U+ uU_q

Ut = Q(U)(Ull—u + u_lu_1>7

. R(uy,u,u_y) + vR(uy, u,u1)Y?R(u_1,u,u_y)*/? ve{0,41)
t — ) ’ )
Uy —U-1

up =y(ur —u) +y(u—u_1), y' = P(y),

up = y(ur —wy(u —u_1) +p, Y = P(yy), peC,
1 !l 2
U= — )y — ) T y =Py7), pecC,
1 ;o
Ut = y(ul—l—u)—y(u—ku_l)’ Yy _Q(y)a
~ oyl +u) —y(u+u_q) , Py
Ut = ) — )
y(ur +u) +y(u+u_q) Yy
VD gt QM)
! y(ur +u) —y(u+u_q)’ y
oo mptm =) yle—u) | PGY o

where P and ) are polynomials with the constant coefficients «, 3, 7, d, and e defined by

P(u) = au® + Bu + 7,

Q(u) = au + Bud + yu® + du + ¢

(79)

(80)

and the polynomial R is defined by (66). As stated in [43], the problem of constructing the generalized

symmetries for all equations V1-V11 remains open although the master symmetries for some forms of

equations in the list are known [42], [39]. We know that the Miura transformation @ = y(u; —u) transforms

equations V5 and V6 into V1 and equations V7 and V11 into V2, and the Miura transformation @ = y(u1+u)

transforms equation V9 into V2 and equations V8 and V10 into V3 [43]. We present the recursion operators,

Hamiltonian operators, and master symmetries for the first four equations. The corresponding operators

for other equations can be obtained via the Miura transformations.

4.4.1. Equation V1 (see (68)).
e Hamiltonian structure:

H = Pu)(S — S P(u).

e Symplectic operator:

(S-S N+ (aus + B+ au_1)S(S — 1)

L P'(w) | P'(u)
P(u) © P(u)

e Recursion operator:
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e Nontrivial symmetry :
R(us) = P(u)(P(uy)ug + auut + Blu +uy)uy — Plu_1)u_o — auu? |, — Blu+u_1)u_1).

e Master symmetry:
nu + P(u) (cul + b +(2- c)u_l), ceC, ifa#0,
a

nuy + P(u)(cur +u+ (3 —c)u_1), ce€C, if «=0.

e Lax representation:

The case « = = 0 yields a linear equation.

The case a = 0 and 3 # 0 reduces to Volterra equation (64) via the linear substitution u — 371 (u—-).
It hence has Lax representation (65).

In the case a # 0, the linear substitution ¢ — a1t and u — u — (/2 transforms the polynomial P(u)
in V1 into the form P(u) = u? + ¢, where ¢ = v/a — 3?/4a?. The corresponding Lax representation has

the form [26]
e b AEXN 2 tuu_y AN u+ g
M = ) U= .
—u A —eAdlu_y — u A+ uu_g
This equation includes both the Volterra chain in Sec. 4.1 and the modified Volterra equation in Sec. 4.2.

The Hamiltonian f for a nonlinear equation, i.e., a8 # 0, depends on the coefficients in the polynomial P
defined by (79). If o # 0, then we take f = (1/2a)log P(u), and if o = 0, then we take f = u/f.

The Hamiltonian operator, symplectic operator, and recursion operator satisfy the unexpected relation
HT = aR? + R+ 27(8* — 2a).

4.4.2. Equation V2 (see (69)).
e Hamiltonian structure:
P@?) g PU?) _ PW?) o) P?)
UL +u U+ u_q U+ u_q Uy +u

H= —ug(S+1)(S — 1)ty

e Symplectic operator:

1 1

T= iS5 gy TS DS ) up -
P da B o, u
where p = (1/2)log((u + u1)?/P(u?)) and hence
Sup = ! + L _ P : P(u?) = 2u(20u® + B).

up+u  u+tu_y; 2P(u?)

e Recursion operator:

r— P S+P(u2)< Lo 2 ! )+

(u1 + u)? (utwu)?  (wtu)(u+u_y) (utu_1)?
A 1 P(u?) 1 1
+ P) <2u_u+u1>+ (u+u,1)28 25 = 1) bup-
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e Nontrivial symmetry :

RWQ:PW%PW@( 1 | )_

(u+u1)? \up +us o —u_g
P(u?)P(u%,) 1 1 N
(ut+u_1)2 \u_g1+u_2s u_1—u

audu® | + Buiu_q + 7

u? )
+2P( )(u +ur)(ug —u_q)(w+u_q)

e Master symmetry:

P 2
nug + (w?) —au® —fu  ify=0,
U+ uU_q
P 2
nu + () —au3—ﬁu if 32 —4ay =0,
U+ uU_q 2
P 2
nus + (w?) if « =0.
U+ u_q

Here, we found the master symmetries only in some special cases. For the Hamiltonian operator given
above, we have Hd,p = R(ut). Moreover, the Hamiltonian operator, symplectic operator, and recursion
operator satisfy the relation

HT =R?* — 26R + (% — dary.

The Calogero—Degasperis lattice [39]

T | G

Uy +u U+ u_q
is a special case of equation V2. The authors of [39] gave a different form of its master symmetry by

introducing a time dependence for the coefficients a and b.

4.4.3. Equation V3 (see (70)).
e Hamiltonian structure:

Qlu) ¢ Q) _ Q) o1 Qu)

U —uU U—U-1q U —UuU-1 Uy —u

H = +u(S+1)(S — 1) Ly,

e Symplectic operator:

_ 1 e 1 o
J= (uy — u)ZS S (ug — u)? dup(S+1)(S —1) dup
62 u? -1 u’ k) u -1 u
_ <2m— 4 )Q(U)(S— D(S+1) 0w e Q(u)(s_l)(8+1) o

52\ 1 1
—(276— 4>Q(u)(5—1)(5+1) +

Q(u)
u? Lou u , u?
+@w+mmmw“+” Q) ~ Q) Y mw)‘
Bs 5 e u? 11 o, u?
‘(2‘” ‘1><Qwﬁ5+” Q(u) mwsw+l)cxm)+
U o 11 L u
+”“”&Kmm“+” Q) ~ QuySE T mw)
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where

- Q(u)
p log (ur — )2’
and hence
1 1 Q' (u)

e Recursion operator:

R = Q(u)2S+Q(u)( Loy 2 1 )_

(u1 —u) (u—u-1)? (w1 —u)(u—u_1) (u1—u)?
- Q'(u) —20u® — fu—~v + Q) S —2u (S — 1) Hup.
UL —u (u —u_1)?

e Nontrivial symmetry:

Q(u)Q(u1) I Q(u)Q(u-1)

(ur —u)?(uz —w1)  (u—u_1)?(u—1 —u—2)

+Q(u)( Q) +2au2+6u)( by ! )

(ug —u)(u —u_q) Uy —u U —u_q

R(ug) = +aQ(u)(ur —u-_1) +

e Master symmetry:

nu — @fw) +aud+ Bu’ +yu ifd=e=0,
U+ u_q

nu; — Qu) ifa=p=0.
U+ u_q

Similarly to equation V2 in Sec. 4.4.2, we have not found the master symmetry for the polynomial @
in (80) with arbitrary coefficients. But if we seek a master symmetry of the form

U+ u_q

3
nu; — Qu) + Zciui, c; €C,
0

then we can determine the constants ¢; for certain polynomials ). Two examples are listed above.
We note that Hdé,p = R(u:) and the product of the Hamiltonian operator and symplectic operator
yields the square of the recursion operator, i.e.,

HJT = R>.

4.5. The Narita—Itoh—Bogoyavlensky lattice.
e Equation [45], [54], [55]:

p p
Uy = u(Zuk — Zu_k>, p € N.
k=1 k=1

e Hamiltonian structure [15]:
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e Recursion operator [13]:
_>p - . . .
R=u(S-8P)S— 1) [[(S"u—uS™ (S 'u—uS™") ",
i=1

where the notation [[,”] indicates the order of the value i, from 1 to p, i.e., [[,J] a; = aras - a,.
e Nontrivial symmetry:

R(us) = u(l — S~PHH)St=»p Z UjUjgp-

0<i<yj<2p-—1

e Master symmetry [13]: R(u).
e Lax representation [45]:
L=8+uS7?, A= (L(p+1))207

where (-)>o means taking the terms with a nonnegative power of S in L®+1.

For p =1, 2, or 3, a few higher-order symmetries were given explicitly in [15], where the authors also
studied their Hamiltonian operator, recursion operator, and master symmetry for p = 1, 2.

The Narita-Itoh-Bogoyavlensky lattice is known as an integrable discretization of the Korteweg—
de Vries equation. It can also be represented as

r p
w=o([Toe~ 110+
k=1 k=1

which is related to the Narita—Itoh—Bogoyavlensky lattice via the transformation u = Hi;é vy, for fixed p.
Taking p = 1, we obtain the well-known Volterra chain in Sec. 4.1. These chains can therefore also be
considered a generalization of the Volterra chain.
Let u = []?_, wk. Then w satisfies the so-called modified Bogoyavlensky chain

p p
wt:w(Hwk_Hwk).
k=1 k=1

The recursion operator given above for the Narita—Itoh-Bogoyavlensky lattice is highly nonlocal (so is
the master symmetry). Recently, Svinin [56] derived explicit formulas for its generalized symmetries in
terms of a family of homogeneous difference polynomials. The properties of these homogeneous difference
polynomials [57] allow proving the locality of its infinitely many symmetries [13].

A family of integrable lattice hierarchies associated with fractional Lax operators was introduced by
Adler and Postnikov [58], [59]. One simple example is

p p p—1 p—1
ut:u2<Huk—Huk>—u(Huk—Huk), 2<peN, (81)
k=1 k=1 k=1 k=1

which is an integrable discretization of the Sawada—Kotera equation. It can be considered an inhomogeneous
generalization of Bogoyavlensky-type lattices. The problem of constructing the Hamiltonian structure and
recursion operator for such a family of equations is still open.

Even in the scalar case, the classification of higher-order integrable evolutionary differential-difference
equations is still open.
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4.6. The Toda lattice.
e Equation [60]:

Qe = €1 — 0701,

In the Manakov-Flaschka coordinates [61], [46] defined by u = e? =% and v = ¢, it can be rewritten as the
two-component evolution system

up = u(vy — ), (82)
Ve =U—U_].

e Hamiltonian structure [41], [39], [36]:

. 0 U(S—l) . U2
Hl_((l—s_l)u 0 )7 fl_u+ 9’

o~ wS -8 Hu  u(S—1)w B
2 v(1 -8 Hu uS—-8u ’ fa=v.

e Recursion operator:

vy +u(v1—v)(8—1)*11 uS +u
R = HoH ! Y 1 =
1+S_1—|—(u—u_1)(8—1)_1u v

v uS +u u(vy — v
T R B e )

. <ut> _ < w(w? —v? +up —u_q) ) '
vy u(vy +v) —u_1(v_q +v)

e Nontrivial symmetry:

e Master symmetry [39]:

+3 +1
” nuy 2uv1 2uv
Rlov ]| = 5
v

2 nvy +u+u_q1+

2

Atvr u 0 —u
M = , U= .
-1 0 1 A+wv

The Hirota nonlinear equation [62]

e Lax representation:

Ut =01 —,
ve =v(u—u_q)
is related to Toda lattice (82) by a simple invertible transformation. Namely, let u = ¢ and v = p_;. Then

the variables p and ¢ satisfy the Toda equation. All its properties can be obtained from those of the Toda
lattice.
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4.7. A relativistic Toda system.
e Equation [63]:

ed-1—4 ed— 1
qt,t = qtq—1,t 14 et-1-1 — qiq1,¢ 14ea—a
We introduce the dependent variables [64], [65]
" — qteQ*ih Yy qt
T ld4erar’ T lderar’

The equation can then be written as

up = u(u_g —us +v—1v1), (3)

vy = v(u_1 — u).

Hamiltonian structure [65]:

H ’ v R O Bt S
= , = (u"+v uv + uru 4+ uv,
! (St—1u uS—-8S1u T2 ' '

Hy — <u(81 - Su u(l-3Sw
(S —1u 0

) , fo=u+w.
e Recursion operator [65]:
R =HyH; ' =
1
uS +u+wv; +up +uS Tt —ulv—v; +u_g —ul)(S—l)’lu uS + u

1
v—|—v8‘1—v(u_1—u)($—1)_1u v

_ uS+u+vi +ur +uS !t uS+u fwm (8—1)_1(1 O).
v+ 0S8t v v u

Nontrivial symmetry:

uu_q(u+u_g +u_g+2v+v_)—
—uug (ug + uy + u+ 201 +vg) + u?(v —v1) + u(v? —v)

vu_1(u_g +u_1+v+v_1)—uv(us +u+ vy +v)

Master symmetry [65]:

u —nuy + u(v+ 201 +u + 2u1 + u_
R():( e+ ' ! 1)>, (S—1)"'1=n.

v —nug +v(u+v+u_q)

e Lax representation:

M-\t ug A2 —u_, Ay
M = , U= .
-1 0 -1 —U_92 —V_q
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As noted in [65], the inverse of this recursion operator R is also weakly nonlocal:

1 u u 2u
v _UQS+v2_vv
R_lenglz 11 1 u ' u 2u1 1 T
-8 — ZS+STH L+ T+

voovr vy v VUL U

u U

v v 1 (1 2

Al et ),
V-1 U1

But the recursion operators R and R~! have different starting symmetries (seeds). The right-hand side of
Eq. (83) is the seed for R, while the seed for R~! is

u u

U1 v
g = 1 m
V_1 U1

Moreover, R acting on o and R ™! acting on the right-hand side of the equation do not yield new symmetries.
There is a Miura transformation v = —u’_; /v'v"_;, v = —1/v"_; between the flow corresponding to o
and Eq. (83), where v’ and v' denote dependent variables for o.
Other integrable equations related to the relativistic Toda lattice were studied in [64]. For example,
the equation

11— 2q_1—2 - 2q—2
Qt,t:(I—l,teq 179 _ p24-1 q_(Il,teq q1_|_e¢1 q1

can also be rewritten as system (83) by setting
u = 64—417 v=q — ed-179 _ gq4— a1

4.8. Two-component Volterra lattice.
e Equation [41]:
uy = u(vy — ),
(84)
v =v(u —u_q).

e Hamiltonian structure [41]:
" 0 u(S — 1)v F N
= y =Uu v,
' v(1 -8 Hu 0 !

( u(Sv —v8 Hu u(uS —u+ Sv —v)v
Ho = (
v

, = log u.
u—Stu+v—0vSHu v(uS — S tu)v ) f2 .

e Recursion operator:

R=HoH{' =

1 1
u+vl—|—u(v1—v)(8—1)_1u u8—|—u:jl —l—u(vl—v)(S—l)_lv

1 1
v+ 087+ u(u—u_1)(S — 1)*1u u+v+v(u—u_1)(S—1)""

v
uvy
U+ U1 uS + w(vy — v
v +< v )>(8—1)‘1<1 1).
v+ oSt U+ v v(u —u—1) u-v
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e Nontrivial symmetry:
» Ut u?(v; —v) +u(v? —v? +viu; —vu_q)
v) v2(u —u_q) +o(u? —u2 | +uvy —u_1v_1))

e Master symmetry [39]:
U 2nuy + u? + 3uv;
R = .
v 2nv + vu_q + 2uv + v2

e Lax representation [66]:
L=XS"t+v+u_i+ X ws, A= 2"tuwS.
This system comes from the Volterra chain in Sec. 4.1 written in the variable w, i.e.,
wy = w(wy —w_1), (85)

by renaming u(n,t) = w(2n,t) and v(n,t) = w(2n — 1,t). It is related to Toda equation (82), written in
the variables @ and v, by the Miura transformation [67]

= uv, v=u_1+v. (86)

In fact, the (master) symmetries, conservation laws, and local Hamiltonian structures of this system
can be easily obtained from the Volterra chain in the same way. For instance, we can derive the first
Hamiltonian operator H; as follows. A symmetry flow of Volterra chain (85) is

w, = w(S — S HwQn] = wwQn + 1] — ww_1Qn — 1],

where Q[n] is the variational derivative of a conserved density for (85). We now write both even and odd
chains and rename them for the variables v and v accordingly. We have

ur = w1 Q2n + 1] — ww@2n — 1], vy = vuQ2n] — vu_1Q2n — 2],

ur\ 0 u(S — 1) Q[2n]
v ) v(l1 -8 Mu 0 Qen—1])

Using the same method, we can derive Hs in the list. Such a construction holds for all scalar equations. It

ie.,

is tricky if the operator is nonlocal.

4.9. The relativistic Volterra lattice.
e Equation [66], [67], [28]:

ur =u(v —v_1 +uv —u_jv_1),

v = v(ur — v+ urv; — uv).
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e Hamiltonian structure [66]:

0 u(l =S
Hy = , fi=u+v+uw,
v(§ —1u 0
uv(1 + u)Su — uS~tuv(1 + u) wv(u 4 v + uwv) —
Hy = —u( S ruwS Tt +uST + S o ||
v(SuvS + v8 + Su)u — uv(u + v + uv) vSuv(1 +v) —uv(l +v)S v

fa=logu or fa =logw.
e Recursion operator:

w St rut+v+ur  uw(l+u_1)S T+ u(l+u)

R =HyH{' = 1 +
! v(l+v1)S + u1v( u+ o) u1vS + Uy + v+ u1vy

UV — V-1 + UV — U_1V_
N ( 1 10-1) (8—1)_1<1 1>.
v(ug —u+ urvy — uw) u v
e Nontrivial symmetry:

wv(1 4+ u)(u + u1 +uvy) + wo?(1 +u)? —
» (Ut> —uv? (1 4+u_1)? —vw?v_qy —u_quv_1(1+u+v_o+u_1+u_sv_s)
U urvv1 (1 + 2ug + ugva + u2) + uiv + ugvv? (1 + ug) +

+0%u1 (1 +v1) —uv(l +v)(v +v_1 +u_1v-1) — v?v(1 + v)?

e Lax representation

AN+ 2u; +20+1 “A2v+1) = A1 (2u; + 1)
A\ A@Qu 1) = AN (2u+ 1) A2 4 2up 4+ 20+ 1 ’
2_\2 2 + 1 2u + 1
A fwt o+, /\(U+ )+/\_1(u—|— )
- 8 2 "2 4 4
(2u+1) L (2u41) A2 u v
A 4 + A 4 3 —I—uv—|—2—|—2

In [66], the Lax representation is given in the form
U, =UC — AU, Wy =WB—CW, Vi =VB—AV,
where the difference operators U, V', W, A, B, and C are given by

U=u+ "1, A=u+u_qv_1+v_1+ X871,
W =1+\"10S, B=u+uv+v_q+AS7,
V=1-\1ws, C=u+uv+v+ASt
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The recursion operator R has a weakly nonlocal inverse:

uv u(u+1) _
S+ — S t—
(ur +v+1)° (u4v_1+1)?
uwo(u+ 1) + (1 +v-1)* +u)(u1 + 1) o uur +1)
Rl (u4+v_1+1)%(ur +v+1) (ug +v +1)2 "
- v(l+4wv) uv -1
_ S — , 8+
(ug +v+1)2 (u+v_1+1)
v(u? + u?v + 2u1v_y +ug + urvty) (T4 u1)(1+v)
u(u+v_g +1)(ur +v+1) (u1 +v+1)?
_oww-r uv
n ut+vg+1 up+v+1 (S—1)" 2 1 2 1
uv uv vt+v1+1 v wt+v+l w

- +
ut+v_1+1 wu+ov+1

In fact, it commutes with R and satisfies R'(R + id) = id. It is related to relativistic Toda equation (83)
written in the variables 4 and @ by the Miura transformation @ = —uv and ¥ = —(u +v_1 + 1) [67]. This
transformation is similar to (86), which explains the name of this equation.

4.10. The Merola—Ragnisco—Tu lattice.
Equation [15], [68]:

up = uy — uv,

VvV = —V_1 + vzu.

0 1 w22
H_<—1 O), f=uv— 5 -
e Recursion operator [15]:

? S—2uv —u? 5 —u (S—1) L
= + —1)" (v u) .
v? S1 v
e Nontrivial symmetry [15]:
. Uy Ug — u%vl —u?v_q — 2uvug + uBv?
Vg - —v_o + U2_1u,1 + v2uy + 2uvv_q — uv? '
e Master symmetry [15]:

. ((n + 1)u> _ (nut + 2u; — 2u?v — 2u(S — 1)_1uv> '

nue +v_q1 +uv? +20(S — 1) tuw

-1 ( —A —V_1
M = , U= .
U =2\ —uv —u A

e Hamiltonian structure [15]:

—nv

e Lax representation:

1636



The recursion operator R has a weakly nonlocal inverse:

1 _1 U2_1
_ —1w+1)2 —1v+1)2
r-1_ | (w-rv 2) (u—1v+1) n
_ vy 1 S— 2u_1v1
(uvy +1)2 (uvy +1)2 (u—qv + 1) (uvy + 1)
U—1
u_1v+1 1 VU1 U_1
+2 vy (§-1) (uv1—|—1 uw—i—l)'

_uvl +1

The symmetry (u, —v)T is a seed for both R and R~!.
Under the invertible transformation ¢ — —t, u — —u, and v — vy, this lattice transforms into

Ut = —uUp — U2U1,

2
VU = V-1 +0VU_1,

which is related to the NLS system u; = Uge + 202V, —U; = Vg + 20%u, presented in [69].

4.11. The Kaup lattice.
e Equation [69]:

up = (u+v)(ur — u),

v = (u+v)(v—uv_q).

e Hamiltonian structure [69]:

” 0 u—+v f
— ) = U1V — Uuv.
—(u+v) 0 '

e Recursion operator:

+0)S 4+ uy — 0
- (u+v) UL — U N Ut (8—1)_1( 1 1 >+
0 (u+v)8 ' +u —u v u+v utv

+ (_1) SS—-1)7"1 (v,l —v up — u) .

e Nontrivial symmetry:

Ut

» (ut> B ( (u+v)(vug + uv_1 + U1V — UTU2 — UVT — ULV_1) )

(u4v)(uU_qv_9 + V_9V_1] — UV — U_1V_1 + UIV_1 — V_1D)

e Lax representation [69]:

(u—)\ uv—|—)\(u+v)—|—)\2>
M = ’

u (w4 N)(v_1 + )
B 1 v—A .

1 V_1
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There exists another weakly nonlocal recursion operator

u+v 1 ~ (uw—u-)
o — | (w1 +0)? (u—1+0)? B
(v1 —v) u~+v U—1u_1—v+v

C(ut)? (utoy)? (u—1 +v)(u+wv1)

1 1 1 1 1
1 U+ vy u+v u_1+0v u—+v
uU—u—q

U_q1 +v (8—1)—1< 2 1 2 1 >

V1 — U U+ vq u+v u_1+v u+tvw
U+ v

The symmetry (1, —1)T is a seed for both R and R'.

4.12. The Ablowitz—Ladik lattice.
e Equation [70]:
up = (1 —uv)(ouy — Pu_q)

=ak K_;.
vy = (1 —uv)(fv1 —av_q) } Rt PR

e Hamiltonian structure [15]:

o 0 1 —uv . 5
= (1 uv) 0 , = (auy U_1)v.

e Recursion operator [15], [71], [72]:

1—uv)S — —uv_ - -
n_ (1 —=uv)S —ugv —uv_y () L (S—1)" (m1 Ul) _
VU_q (1 —uv)S~1 v
(1 —uv)uy _ v u
a ChE (1 — 1- ) '
—(1 — w)v_y uv uw
e Nontrivial symmetry [15]:

» ( (1 —uv)uy ) _ ( (1 —uw)((1 — uyvy)uz — vuf — uugv_1) ) '

(1 —uv)v_y (1 —uw)(=(1 —u_1v_1)v_2 + uv? | + ugv_10)

e Master symmetry [15]:

K)
|
3 3
& 8
N———
Il

( (n+1)(1 —uwv)u; —v?v_g —u(S — 1) tuv_y ) '

(1—n)(1 —uwv)v_1 +uvv_g +v(S — 1) tuv_q
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e Lax representation:

Aw A2 —wv_y M 0 A tuy
M = 11, U=« + 4 .
v \ AU_q 0 Ao A2 —wu_qv

The coefficients of a and (3, namely, K7 and K_;, are commuting symmetries for the equation. The
inverse of the recursion operator R is weakly nonlocal:

1 ( —UU)S_l w1 Y B
R = < 1 —ony (1 —uv)S — uvy — u_ﬂ)) + (_U> (S—1) (v1 u_l) "
’ <(_1(1—f1;):’);1> (S a 1)71 (1 —qu 1 _uuv) '

Both R and R~! share the common seed o = (_fj) Starting from it, we can generate the commuting
symmetries R~*(c) and R'(o) for i € N. More Lie algebra structure among the symmetries and master

symmetries can be found in [15].

4.13. The Bruschi—Ragnisco lattice.
Equation [73], [66], [41]:

Ut = ULV — UV,

vy =v(v —v_1).

Hamiltonian structure [73], [15]:

B 0 (1-8 Y
Hl_(v(S—l) 0 )

M vSu—uS v v(S—1)v F
= 5 = Uu.
Tl -8 0 ?

e Recursion operator [41], [15]:

1
vS  up +uS !+ (urv —uv_1)(S — 1)1
R =HyH;' = 1 v =
0 vS7+u(v —v_1)(S — 1)*10

vS  wuy +uS~! Uy _ ( 1)
= + S-1)7'o :
< 0 v8~1 ) (’Ut> ( ) v
R Ut _ VU1U2 — V_2V_1U .
vt v(vv_1 —v_1v_2)

2 _
» (u) _ (nut —+ 2u1v +u 1u> '
v nvy + vv_1

Nontrivial symmetry [15]:

Master symmetry [15]:
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The recursion operator R has a weakly nonlocal inverse:

.1 L U U_1 U _
St —812 +( —U)(S—l)1

1
)
R-1_ 1 v v v v_1 vl _
Tt 1 1 v 1
0 vS ,— + + -1)(S-1)
v VU1 U1 v
1 L u U U_q U
S ST 2T e -
- SR R R St (O )
0 S - -1 v
v v2 v + vy U1

But the recursion operators R and R~! have different seeds similar to those in the relativistic Toda system
in Sec. 4.7. The seed for R is the equation itself, while the seed for R~! is

-1 u
_ V-1 v
o= v
-1
U1

I acting on the equation itself and R acting on ¢ do not generate new symmetries. More

The operator R~
Lie algebra structure among the symmetries and master symmetries can be found in [15].

In fact, the Bruschi-Ragnisco lattice is trivially solvable, and so are its symmetry flows. The equation
for the second component v; is independent of the first component u. Moreover, the scalar lattice vy =
v(v—v_1) and v, = v/vy — 1 can be respectively linearized into w; = w_1 and wy = wy by the transformation

v = —w_1/w. Once it is solved, the equation for u is then linear.

4.14. The Kaup—Newell lattice.
e Equation [74]:

U1 u +b u U—_1
U = a — —
¢ 1—umn 1—wuv 1+ uvy 1+wu_qv

v V_1 —|—b V1 v
vy =a — —
K l—ww 1—wu_qv_1 1+ uvy 1+u_qv

e Hamiltonian structure [74]:

= akK +bK_1.

0 S—1 log(1 )+ blog(1 )
H = s f = —alo —uv) + 0, —+ uvy).
1-8t 0 & & !

e Recursion operator:

B 1 L b u} N u?
(1 — U1U1)2 (1 — UU)z B (]_ — ’U,1U1)2 (1 - U’U)2 -
2uqv 2uuq
R = = - - -
"I (1 —ugv1)(1 — uv) (1 —uv)(1 —ujvy)
B v, S-1_ v? _ 1 sS4 1—2uv
(1 —u_qv_1)? (1 —uw)? (1 —u_qv_1)? (1 —uv)?
B T v u )
2K0(S = 1) (l—uv 1—uv/’
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where the symplectic operator J is defined by

0 1 v
- l—w | | 1-w _ _1( v u )
J = 1 u (S+1(S-1) 1—w 1—w/’
C1—ww 1—uv
e Nontrivial symmetry:
1 U2 uiv
u —_— — —
(1 —wuqvp)? 17 —ugy 1 —wuw
1 Uy wv_q
RUKL) (1 —wuv)? 1—wvy 1—u_qjv_y
1 =
1 v uv? B V_1 _
(1 —uv)? 1—wvi 1 —u_qv_q
_ 1 v uv%l V_o )

e Lax representation [74]:

A+ (1 =XNuv u

()

(I—-Xv 1
A—1 U
2 1—wuv
I N C N D |
1-— U_1Vv_1 2
b A=D1 —u_qv) 2u_q

( )

The recursion operator R has the seed ¢ = (7% ) and R(0) = K; with zero taken as the integration
constant. As with the Ablowitz—Ladik lattice in Sec. 4.12, the coefficients of @ and b, namely, K7 and K _1,
are commuting symmetries of the equation. Indeed, there exists another weakly nonlocal recursion operator

T uw) o 21—Ne (1= N —u )

—Uu
v

2

2

u s u?,
1 o 1+ 2um (14 uwy)? * (1+u_1v)?
(1+u_qv)? (1 + uvy)? B 2uu_q
R —H — (I +u_qv)(1 4+ uvy) B
1 1
v? 1 v? (1+uv)?”  (1+u_v)?2
(1 +u_1v)? (1 uvy)? 2u_qvy
B (I+u_1v)(1 + uvy)
U1 U_1
—2K (S -1)7" (1 +uvy 14 u_lv> '

1641



where the symplectic operator J' is

1 1
0 S—u_
T = 1+uv1( Y 1U1)1—|—u_1v
- 1 1
_ - S-! 0
1—|—u_1v(u 1 )1—|—uv1
U1
1+ uvy 1 1 U_1
- U_1 (S+1)(S-1) (1+uvl 1—|—u_1v>'

1 +u_1v

Again, o is a seed for R’ and R'(c) = K_; taking

(8—1)1< uvy U1y ): U_1V

C1dury | 14w Cl4u_qv

By direct calculation, we have J'R = JR' = J' — J. Hence, these two recursion operators satisfy the
relations R'R = RR' = R’ — R, i.e., (R’ —id)(R — id) = (R — id)(R’ — id) = id.

4.15. The Chen—Lee—Liu lattice.
o Equation [74]:

g = a(l +uv)(ug —u) +b(1 +u_1v) " (u —u_q)

=akKy+bK_1.
v = a(l+uv)(v —v_1)+b(1 +uvy) " (v; — )
e Hamiltonian structure:
0 1+ uv 1
H= , f=aluv_y —uv) +blog —l—uv'
—(1+ wv) 0 1+ uvy

e Recursion operator:

R — 2] (1 + uw)S — 2uv + u1v + uv_q uug — u?
- a v? —vv_g (1+uv)S—t

+K1(8_1)_1(1—|j)uv l—fuv)_<_uv>(8_1)_l(v_v_l u—ul),

where the Hamiltonian operator Hs is given by

( 0 (1—|—uv)(8(1—|—uv)—uv+u1v)>
Ho = -
(uv — ugv — (1 + uv)S™H (1 + uv) 0

CK(S 1)t (u —v) - (_u> S(S—1)"1KT.

e Nontrivial symmetry :
(1 + wv)(urugvr + u2 + u%v +uujv_q +
+uPv —ug — v g — 2uugv — u%vl)
1+ uv)(u1v2 + 2uv_1v + u,lvzl +v_1 —v_g—
2

— uv’ — uvgl — UIV_1V — U—_1V_2V_1)
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e Lax representation [74]:

Atuv  u
M = ,
1-=XNv 1
U A—1+wuwv_1 u N b U_1V U_q
1-Nv_; 0] AHuav)\@-Nv 1-1)

The coefficients for ¢ and b, namely, K; and K_;, are commuting symmetries for the equation. The
above recursion operator R has a seed o = (*ﬁ) and R(o) = K.

There exists another weakly nonlocal recursion operator

1+ uv 1 _u_l(u—u_l)
R/ _ H/ H—l _ (]‘ + U71v)2 (1 + U71/U)2 _
2 v1(v1 — V) 1+ uv viu — 2u_1v1] +u_1v

(14 uvy)? (14 uvy)? (I+u_10)(1 4 uvy)

2 2u_
s (T T e ey

1+ uv B 1+ uv 1—|—u,1v_ 1+ uv

—U S 171 (%1 _ v U_1 _ u
a v (§-1) 14+uwv; 14w 14u_v 14w/’

where the Hamiltonian operator H) is

0 1+ uv 1 1+ uv +vl(u—u_1)
, 1+wu_qv 1+ uvy 1+ uvy
H2 =
1+ uv vi(u—u_1)\ 14+uv 0
1+ uvy 1+ uvy 1+u_qv

—K (S+1)(S—-1) KT, —

v

- K8 - 1) (~u v)—( “) (S —1)'KT,.

Again, o is a seed for R/.
4.16. The Ablowitz—Ramani—Segur (Gerdjikov—Ivanov) lattice.
e Equation [74]:
up = (aug — bu_1)(1 +wv)(1 — uvy)

= CLKl + bK_l.

vy = (bvy —av_1)(1 +wv)(1 —u_1v)
e Symplectic operator:
1 1
0 _
1—uwv 1+ wuv
J = 1 1 ’
_ g1 0
1+ uv 1—uvy
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and we have

e Hamiltonian structure:

e Recursion operator:

J(aK1 +bK 1) = 0y (a(uv_1 —uv — uvuivr) + b(u_1v1 — uvy + u_juvvy)).

H:

0

(14 wv)(S(1 + uv) + uv_1)(1 — u_1v)

—(1 = u_10)((1 +uv)S™t +uv_1)(1 + uv) 0

—- K S(S-1)1 (u —v) — (

—v

(14 w)(1 —uv1)S + u1v — ugvy +

R = +uv—_g —uwv(l 4+ u_jv_1 + 2uivy)
—(1 —u_1v)v_1v — (1 + wv)v_1v871

( up (1 + wv)(1 — uwvy)
_|_

—v_1(I1+w)(1 —u_qv

u
— ( > (S - 1)71 (v —V_ 1+ UV 1V Fuvv; U — U] +uu_1v_1 + uulvl) =
—v

1 0
=Hj+< >
0 1

e Nontrivial symmetry:

R(K71)

u) (S —1)"'Kf.

—uup (14 uv)S — u?(1 +u_qv_1) +

1—uwn
1—wu_qv

(1 +uv)(1 — uvy)((1 + ugv1)(1 — ugv)ug — udvr (1 + uv) +

Fuuiv_1 (1 — u_1v) —uv(u — uy))

(1 +uv)(u—1v —1)((1+u_qv_1)(1 —u_gv_1)v_g —

e Lax representation [74]:
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((1 —A)(1

+

b
A

—u_10% (1 4+ wv) + ugv_1v(1 —uvy) +wv_1(v_1 —v))

A+ uv U
—uv)v 1 —wuw ’

(o

At uv_q1(1 —u_qv)
1T=N1—-u_gv)v_q

U_1V — A

A1 —u_qv)v

U
+
—uv
U—1

(I=XN1 —u_1v) — Au_1v1(1 4+ uv)

S 1_1 v _ U1 u _ U_1
) (§—1) 14wy 1—wvy 14w 1—u_qv

) |

up(u —u_q — 2uu_10)

(1 +uv)(1 —u_10)S  +uvu_qv_4

>_

+



The equation given in [74] is

<Ut> =(a—0) (—u) +aK,+bK_;.

Because the vector o = ( _7;) commutes with both K7 and K_1, we remove this term in our consideration.

There exists another weakly nonlocal recursion operator

ut—1(1 +uwv)S +uu_o(1 +u_yv_q) —

(14 uv)(1 — uv1)S™ + uvu_qvq 1 —uv
u_1(u —u_q — 2uu_qv)

R — 1 U_1V 4
(I +w)(1 —u_1v)S +uvy — 2u_juvvy—

(1 —u_1v)v1v+ (1 +uv)v08~1
—u_qv1 +u—1v —u_ov(l +u_qv_1)

—u_1(1 +wuv)(1 — uvy) (-1 x
v1(1 +w)(1 —u_qv)

v _ V1 (3 . U_1 u S 1
“Mdtw 1wy 14w 1—u_qw + — (§—1)7" x

X (1}2(1 +ugvr) Fv1(u—1v—1) u_o(l4+u_jv_1)+u_q1(uvy — 1)) =

1 0
)
0 1

where the Hamiltonian operator H’' is
o 0 —(1+w)(l —u_yv) B
(I+w)(1 —u_yv) 0

CK 88— 1)t ( u —v) - ( u) (S —1)LKT,.

—v

The operator R’ is the inverse operator of R. The vector o is the seed for both of them and, R'(K_1)

is
(1 —wor) (1 +wv) (1 +u_qv—1)(1 —u_qv)u_g —
—wu_1vz(1 +ugvy) — u? v (1 4+ uv) +u_q(u_1v + uvy))
RI(K-1) =
(1 —u_q10)(1 4 uv)(— (1 + ugvr) (1 — wor)vg +
+u_gvv1(l +u_qv_1) + u_qv1(vivU + V1 — V) — uvf)
4.17. The Heisenberg ferromagnet lattice.
e Equation [14]:

g = (u—v)(u—uy)(ug —v)~ 1,

v = (u—v)(v_1 —v)(u—v_q) "
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e Hamiltonian structure:
0 (u—v)?
H = , f=log(u —v) —log(u —v_1).
—(u —v)? 0

e Symplectic operator:

(u—v_1)"28"1 (u—u1)(v—v_1)
J = ' ( e (u—v)?(u—v_1)(ur —v)
- 2 (u—u1)(v —v_1) 0 -
(up —v)™28 — (= 0)2(1 o) )

vV —U_1

(u—v)(u—v_1) N v—v_1 U — U

( v )(8+1)(81)1((uv)(uv1) (u_v)(ul_v)>.
(u—v)(ur —v)

e Recursion operator:

(u—0)? o 2w—w)(v—v_1)  (u—w)?
R=HT = (ug —v)? (u—v_1)(ug —v) (ug — v)? B
(v—v_1)? (u —v)? g1
(u—v_1)? (u—wv_1)?
Ut 1 V—vU_1 U — Uy
‘”<w>“‘” (o) wmm—0):
e Nontrivial symmetry:
u—v [(u—2)(uy —v1)(uy —uz) (u—u)?(v_y —v)
R<Ut> ul—v2( Uy — U1 * U —V_q )
Vs U—v ((u Wu_y —v_q) vg—v1)+(v—v1)2(u—u1)>

e Lax representation:
A —2u(u —v) —2(u —v)!
M = )
2uv(u —v)~t A+ 20(u—v)t

U Aoyt [ ? .
—2uv_; —(u+v_q)

The recursion operator R has a weakly nonlocal inverse:

(u—v)? __ (u—u_q)?
St
_ (u—1—0)? (u—1—v)?
RI'=HT = -
_(’U—’Ul)2 (u—v)? B 2(u—u_1)(v—1v1)
(u—wv1)? (u—wv1)? (u—wv1)(u_g —v)
(u—v)(u—1 —u)
U1 —v 1 v — U1 U—UuU-
z(ww@m>)“” (w—ww—m> w—wWA—w)’
u— v
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where the symplectic operator J' is given by

(u—u_1)(v—11)

—(u—wvy)72
7= ’ TS e ) ) |
(u_q —v)"28~ 1 — (u—u_1)(v—u1) 0
(u—=v)?(u =) (U1 —v)
vV — U1
(u—v)(u—wv1) N v — v U—u_1
+ U—U_q (S+1E -7 ((u —v)(u—wv1) (u—v)(u_1 —v))

(u—v)(u_1 —v)

The Heisenberg ferromagnet lattice is a special case (if we set a = 1, b = 0, and h(u,v) = (u — v)?/2)
of the Landau-Lifshitz (Sklyanin) chain [14], [75], [76]:

2h 2h
ut:a< +hv>+b< —l—hv),
uy —v U—_1—7v

2 2
vt=a< h _hu)+b< h _hu>7
U — V_q U — v

h(u,v) = i(K1(1 —w)? — Ko(1+w)? + Ks(u+0)%),  KiKKs#0, K, <R

where

We note that the coefficients of @ and b in the Landau-Lifshitz (Sklyanin) chain (87) commute.
The Lax representation for Eq. (87) was obtained in [75] in the form

3
U=iY aNF(N)Sk(u,v-1)ok + bN; (\)Sk(v,u_1)ox,
k=1

1 3
M = \/<SKS> (I - kzz:l Mk()\)S’k(u, U)O’k).

Here, o, are the Pauli matrices

0 1 0 —i 1 0
o1 = ) 02 = ) 03 = ’
10 i 0 0 -1
the vector function S(p, q) is defined as

1—pg i+ipg p+q
Slp7Q752paq7S3paq :( ’ ) )7
(S1(p,q), S2(p, 9), S3(p: q)) e
satisfying S7 + 92 + 52 =1,

3
(SKS) =Y KiS}(u,v),
=1

and M;(\), N;£(\) can be expressed in terms of Jacobi elliptic functions of the spectral parameter \:

M) = /1 - KiK' k), NEO) = */K22K3 My ),
My(\) = /1 - KoK len(A k), NE(N) = ‘/I;KB Ma(\ =+ o),
My(\) = /1 - KK ldn(A ), NE() = ‘/K21K2 Ma(h + 1),
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where k and p are defined by the equations

K= Ky (Ky = K) en(p, k) = K
Ky(Ky — K3)’ ’ Kj'

Instead of explicit uniformization of the elliptic curve, we can use the identities

Mlz_l_MjQ_l
K K

Like{l,2,3}, 1#j#k#L

K,

Ni" = 2(M12—1)(

M; + M;My),

One local Hamiltonian operator for Eq. (87) has the form [75]

- 0 1 - h(u,v) h(u,v)
H = h(u,v) (_1 0) ’ J = alog (u1 —v)? hlog (u—y — )%’

Knowing the Lax representation, we can, in principle, compute its recursion operators (as done in Sec. 3.2)
with the multipliers

pe(\) = (NfF(V))?2, ve(N) = NEA)NFA)NE ().

But the calculations involved are rather large and we have not obtained a compact representation of the
operators.

4.18. The Belov—Chaltikian lattice.
e Equation [77]:

up = u(ve —v_1),
vp=u_1—u+v(vy —v_1).
e Hamiltonian structure [77]:

WS-8 HS+1+S Hu uS-1)(S+1+S M
Hl = ’ fl =,
v(1-8HES+1+S Hu v(S-S Ho+Stu—uS

0 u(l+ 8+ 8?)(uS — S 2u)
Hy = +
(uS? =S M) (1+81'+8Hu v(1+8)uS —S%u)+ (uS? =S 'u)(1+ S M

uw(l+8+8?) (S v—vS)1+S1+SHu ul+S+8*) (S tv—vS)1+8S 1w
+ )
v(1+8)(S v —vS)(1+8S 1 +8?)u v(1+8)(S v —vS)(1+S

1
fo= — 5 log u.
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e Nontrivial symmetry:

wv_1(v+v_1 +v_9) —uva(vy + vy +v3) +u(us +us — u_1 — u_s)

Ha2df1 =

(u—vv1)(v+v1 +v2) + (Vo1 —u_q)(V+v_1 +v_9) —v(u_g —uq)

e Master symmetry [78]:

nuy + uvy + duv_q1 + uv

nug + u — vo; — du_q + dvv_q + v?

o Lax representation [79]:

A AU Au_g v—A =AU —Au_j

M=|1 0 o0 |, U=| -1 v,
0 1 0 0 -1

The Belov—Chaltikian lattice is the Boussinesq lattice related to the lattice W3-algebra [79].

The Boussinesq lattice related to the lattice W,,-algebra for the dependent variables u', u?,...,u™ and

independent variables n and ¢ was recently written [80] as

1 1,2 2
Uy = —u (um - u—l)v

i il il 2 L
up =u'" —uty —ut (i, —uty), i=2,3,...,m—1,

u* = ut —uly —um™ud,_ —u?y).

The vector T = (71,...,7")7T defined by

= nuf —ul ((m +1)u?, + Zul2>,

=0

i—1

Tt znui—ui<iuf_l+2ulz) + G+ Du T =23, m—1,

1=0
m—1
" =nuy —u™ <mu,2n_1 + Z ulz) + (m+ Dut,
1=0

is a master symmetry. Its Hamiltonian structures were also studied in [80].
4.19. The Blaszak—Marciniak lattice.
e Equation [81]:
Up = wp — Ww_1,
Vt =U-1W-1 —UW,

wy = w(v —vy).

1649



e Hamiltonian structure [81]:

S—8§1 0 0
1
Hy = 0 0 (St —1Dw |, fi=uw+ 2v2,
0 —w(§ —1) 0
Sv—vS™! -
v » SwS — 8w w(S+ 1)1 - S)w
—u(S§+1)"(1-8u
Ha = wS — S wS™! S luw — uwS (87— 1w ; fo=w.
S - Sw-—
WS +1)"1(1 - S)u —ws -1 Jw

—w( S+ 1)1 - Sw

e Recursion operator:

R = HoHi
where ) )
2(8—1)*1+2(8+1)*1 0 0
— 1
Hl 1 = 0 0 _(S _ 1)71
w
1
0 L G 0
e Nontrivial symmetry:
w wy(vy +v2) —w_q1(v+v_q)
Hodfi =Ho | v | = | u_rw_1(v+v_1) —vw(v+v1) —w_jw_2 + ww;
u w(v? —v}) + ww_1u_1 — wiu)
e Master symmetry:
u
2
Rl v
3w
2

e Lax representation [81]:
L=84+uS—uv +wSt, A=8>+u; S —v.

We do not explicitly write the recursion operator, which is no longer weakly nonlocal although both the
operators Hsy and Hl_1 are weakly nonlocal. The statement that such a recursion operator generates local
symmetries can be proved in the same way as in [31] for weakly nonlocal differential recursion operators.
We can compute the next Hamiltonian equal to uvw + uviw + v3/3 — ww;. Its master symmetry is highly
nonlocal [78].

Another three-component lattice was given in [29] as

bt =q1 —4q,
q =q(p-1—p)+r—r_q,

Ty = T(p—l - pl)-
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It has the Lax representation

0 1 0 —p_1 1 0
M=|qg u+X 1], U= q A
r 0 0 r-n 0 —p

This lattice is related to the Blaszak—Marciniak lattice by the Miura transformation
p =11, q = —uw, = —wWuwip.
5. Conclusion

We have reviewed two close concepts directly related to the Lax representations for integrable systems:
Darboux transformations and recursion operators. We used the well-known NLS equation, whose Lax
representation is polynomial in the spectral parameter, and a deformation of the derivative NLS equation,
whose Lax representation is invariant under the dihedral reduction group Dy, as two typical examples.
We then presented a list of integrable differential-difference equations containing the equations themselves,
Hamiltonian structures, recursion operators, nontrivial generalized symmetries, and Lax representations.
For most equations, we also added notes on their relations to other known equations and the weakly nonlocal
inverse recursion operators if they exist.

The theory of integrable partial difference (or discrete) equations is a relatively recent but very active
area of research. Thanks to the work of Adler, Bobenko and Suris, affine-linear quadrilateral equations were
classified [82], [83], based on the condition of three-dimensional consistency. Levi and Yamilov then proposed
using the existence of a generalized symmetry as a criterion for integrability [84] to classify integrable partial
difference equations. They extended the Adler—-Bobenko—Suris list. The symmetry flows for all integrable
partial difference equations can be regarded as integrable differential-difference equations. The concept of
a recursion operator was extended to difference equations, and it was shown that it generates an infinite
sequence of symmetries and canonical conservation laws for a partial difference equation [35], [11], [53].
It can be proved that the difference equation shares the same recursion operator for its symmetry flows.
Therefore, studying the symmetry structure is in fact the same for integrable difference equations as for
integrable differential-difference equations. This is one of our motivations for producing the list presented
here. Moreover, this list can serve as a benchmark for developing computer software packages for the
symbolic computation of recursion operators, Lax representations, symmetries, and conservation laws for
nonlinear differential-difference equations [72].

We did not present a rigorous proof here that the operators computed from Darboux transformations are
in fact Nijenhuis recursion operators for the equations obtained from the corresponding Lax representations.
For Lax representations that are polynomial in the spectral parameter, under certain technical conditions,
a sketch of the proof was given in [29]. We believe that the main statement in [29] can be significantly
generalized and simplified and also that there is a neat rigorous algebraic proof that the operators obtained

from Darboux transformations invariant under reduction groups are indeed Nijenhuis recursion operators.

Acknowledgments. This paper is supported in part by the EPSRC (Grant Nos. EP/1038675/1,
A. V.M., and EP/1038659/1, J. P. W) and the Federal Targeted Program “Scientific and Pedagogical Cadres
of Innovative Russia for 2009-2013” (Contract No. 8499, A. V. M.). Both authors gratefully acknowledge
the financial support.

REFERENCES
1. H. D. Wahlquist and F. B. Estabrook, Phys. Rev. Lett., 31, 1386-1390 (1973).

1651



(]

© 00 J O

10.
11.

12.
13.
14.
15.
16.
17.

18.

19.

20.

21.
22.
23.
24.
25.
26.

27.
28.

29.
30.
31.
32.

33.
34.
35.

36

. S. Lombardo and A. V. Mikhailov, J. Phys. A, 37, 7727-7742 (2004); arXiv:nlin/0404013v1 (2004).

. S. Lombardo and A. V. Mikhailov, Commun. Math. Phys., 258, 179-202 (2005); arXiv:math-ph/0407048v2
(2004).

. S. Lombardo, “Reductions of integrable equations and automorphic Lie algebra,” Doctoral dissertation, Univ.
of Leeds, Leeds (2004).

. R. T. Bury, “Automorphic Lie algebras, corresponding integrable systems, and their soliton solutions,” Doctoral
dissertation, Univ. of Leeds, Leeds (2010).

. A. V. Mikhailov, JETP Lett., 30, 414-418 (1979).

. A. V. Mikhailov, JETP Lett., 32, 174-178 (1980).

. A. V. Mikhailov, Phys. D, 3, 73-117 (1981).

. C. Rogers and W. K. Schief, Bicklund and Darboux Transformations: Geometry and Modern Applications in

Soliton Theory (Cambridge Texts Appl. Math., Vol. 30), Cambridge Univ. Press, Cambridge (2002).

V. Volterra, Legons sur la théorie mathématique de la lutte pour la vie, Gauthier-Villars, Paris (1931).

A. V. Mikhailov, J. P. Wang, and P. Xenitidis, Nonlinearity, 24, 2079-2097 (2011); arXiv:1009.2403v1 [nlin.SI]

(2010).

A. Ya. Maltsev and S. P. Novikov, Phys. D, 156, 53-80 (2001).

J. P. Wang, Stud. Appl. Math., 129, 309-327 (2012).

E. K. Sklyanin, Funct. Anal. Appl., 16, 263-270 (1982).

H. Zhang, G.-Z. Tu, W. Oevel, and B. Fuchssteiner, J. Math. Phys., 32, 1908-1918 (1991).

J.-P. Wang, J. Nonlinear Math. Phys., 9, Suppl. 1, 213-233 (2002).

V. E. Zakharov, S. V. Manakov, S. P. Novikov, and L. P. Pitaevskii, Theory of Solitons: The Inverse Scattering

Method [in Russian], Nauka, Moscow (1980); English transl.: S. P. Novikov, S. V. Manakov, L. P. Pitaevskii,

and V. E. Zakharov Theory of Solitons: The Inverse Scattering Method, Plenum, New York (1984).

M. J. Ablowitz and H. Segur, Solitons and the Inverse Scattering Transform (SIAM Stud. Appl. Math., Vol. 4),

SIAM, Philadelphia (1981).

M. J. Ablowitz and P. A. Clarkson, Solitons, Nonlinear Evolution Equations, and Inverse Scattering (London

Math. Soc. Lect. Note Ser., Vol. 149), Cambridge Univ. Press, Cambridge (1991).

A. V. Mikhailov, A. B. Shabat, and V. V. Sokolov, “The symmetry approach to classification of integrable

equations,” in: What is Integrability? (V. E. Zakharov, ed.), Springer, Berlin (1991), pp. 115-184.

A. V. Mikhailov, A. B. Shabat, and R. I. Yamilov, Commun. Math. Phys., 115, 1-19 (1988).

V. E. Adler, A. B. Shabat, and R. I. Yamilov, Theor. Math. Phys., 125, 1603-1661 (2000).

J. A. Sanders and J. P. Wang, J. Diff. Eq., 147, 410-434 (1998).

V. E. Zakharov and A. B. Shabat, JETP, 34, 62-69 (1971).

M. Girses, A. Karasu, and V. V. Sokolov, J. Math. Phys., 40, 6473-6490 (1999).

V. E. Adler, “Classification of discrete integrable equations,” Doctoral dissertation, Landau Inst. Theor. Phys.,

Chernogolovka (2010).

J. L. Cieéliniski, J. Phys. A, 42, 404003 (2009).

S. Konstantinou-Rizos, A. V. Mikhailov, and P. Xenitidis, “Reduction groups and related integrable difference

systems of the NLS type,” J. Math. Phys. (to appear).

D. Zhang and D. Chen, J. Phys. A, 35, 7225-7241 (2002).

D. K. Demskoi and V. V. Sokolov, Nonlinearity, 21, 1253-1264 (2008); arXiv:nlin/0607071v1 (2006).

J. P. Wang, J. Math. Phys., 50, 023506 (2009); arXiv:0809.3899v1 [nlin.SI] (2008).

V. S. Gerdjikov, G. G. Grahovski, A. V. Mikhailov, and T. I. Valchev, SIGMA, 1107, 096 (2011);

arXiv:1108.3990v2 [nlin.SI] (2011).

A. S. Fokas and B. Fuchssteiner, Lett. Nuovo Cimento (2), 28, 299-303 (1980).

P. J. Olver, J. Math. Phys., 18, 1212-1215 (1977).

A. V. Mikhailov, J. P. Wang, and P. Xenitidis, Theor. Math. Phys., 167, 421-443 (2011); arXiv:1004.5346v1

[nlin.SI] (2010).

. B. A. Kupershmidt, Astérisque, 123 (1985).

1652



37

38.

39.

40.

41.
42.
43.
44.
45.
46.
47.
48.
49.
50.

51.

52.
53.
54.
55.
56.
57.
58.
59.

60.
61.
62.
63.
64.
65.
66.
67.
68.
69.
70.
71.

72

. I. Dorfman, Dirac Structures and Integrability of Nonlinear Evolution Equations: Nonlinear Science, Theory
and Applications, Wiley, Chichester (1993).

A. De Sole and V. G. Kag¢, “Non-local Poisson structures and applications to the theory of integrable systems,”
arXiv:1302.0148v2 [math-ph] (2013).

I. Cherdantsev and R. Yamilov, “Local master symmetries of differential-difference equations,” in: Symmetries
and Integrability of Difference Equations (CRM Proc. Lect. Notes., Vol. 9, D. Levi, L. Vinet, P. Winternitz,
eds.), Amer. Math. Soc., Providence, R. I. (1996), pp. 51-61.

B. Fuchssteiner and W.-X. Ma, “An approach to master symmetries of lattice equations,” in: Symmetries
and Integrability of Difference Equations (London Math. Soc. Lect. Note Ser., Vol. 255, P. A. Clarkson and
F. W. Nijhoff, eds.), Cambridge Univ. Press, Cambridge (1999), pp. 247-260.

W. Oevel, H. Zhang, and B. Fuchssteiner, Progr. Theoret. Phys., 81, 294-308 (1989).

I. Yu. Cherdantsev and R. I. Yamilov, Phys. D, 87, 140-144 (1995).

R. L. Yamilov, J. Phys. A, 39, R541-R623 (2006).

D. Levi and O. Ragnisco, Lett. Nuovo Cimento (2), 22, 691-696 (1978).

O. I. Bogoyavlensky, Phys. Lett. A, 134, 34-38 (1988).

S. V. Manakov, Sov. Phys. JETP, 40, 269-274 (1975).

R. Hirota, J. Phys. Soc. Japan, 35, 289-294 (1973).

T. Tsuchida and M. Wadati, Chaos Solitons Fractals, 9, 869-873 (1998).

R. I. Yamilov, Russ. Math. Surveys, 38, 155-156 (1983).

A. Tongas, D. Tsoubelis, and P. Xenitidis, J. Phys. A, 40, 13353-13384 (2007); arXiv:0707.3730v1 [nlin.SI]
(2007).

P. Xenitidis, “Integrability and symmetries of difference equations: The Adler—-Bobenko—Suris case,” in: Proc.
4th Intl. Workshop in Group Analysis of Differential Equations and Integrable Systems (Protaras, Cyprus,
26-30 October 2008), http://www2.ucy.ac.cy/~symmetry/Proceedings2008.pdf (2008), pp. 226-242; arXiv:
0902.3954v1 [nlin.SI] (2009).

A. B. Shabat and R. I. Yamilov, Phys. Lett. A, 130, 271-275 (1988).

A. V. Mikhailov and J. P. Wang, Phys. Lett. A, 375, 3960-3963 (2011); arXiv:1105.1269v1 [nlin.SI] (2011).
K. Narita, J. Math. Soc. Japan, 51, 1682-1685 (1982).

Y. Itoh, Progr. Theoret. Phys., 78, 507-510 (1987).

A. K. Svinin, J. Phys. A, 42, 454021 (2009); arXiv:0902.4517v3 [nlin.SI] (2009).

A. K. Svinin, J. Phys. A, 44, 165206 (2011); arXiv:1101.3808v3 [nlin.SI] (2011).

V. E. Adler, “On a discrete analog of the Tzitzeica equation,” arXiv:1103.5139v1 [nlin.SI] (2011).

V. E. Adler and V. V. Postnikov, “Differential-difference equations associated with the fractional Lax operators,”
arXiv:1107.2305v1 [nlin.SI] (2011).

M. Toda, J. Phys. Soc. Japan, 23, 501-506 (1967).

H. Flaschka, Phys. Rev. B (3), 9, 1924-1925 (1974).

R. Hirota, J. Phys. Soc. Japan, 35, 286—288 (1973).

S. N. M. Ruijsenaars, Commun. Math. Phys., 133, 217-247 (1990).

Y. B. Suris, J. Phys. A, 30, 1745-1761 (1997).

W. Oevel, B. Fuchssteiner, H. Zhang, and O. Ragnisco, J. Math. Phys., 30, 2664-2670 (1989).

Yu. B. Suris, Rev. Math. Phys., 11, 727-822 (1999).

Y. B. Suris and O. Ragnisco, Commun. Math. Phys., 200, 445-485 (1999).

I. Merola, O. Ragnisco, and G.-Z. Tu, Inverse Probl., 10, 1315-1334 (1994).

V. E. Adler and R. I. Yamilov, J. Phys. A, 27, 477-492 (1994).

M. J. Ablowitz and J. F. Ladik, J. Math. Phys., 17, 1011-1018 (1976).

W. Hereman, J. A. Sanders, J. Sayers, and J. P. Wang, “Symbolic computation of polynomial conserved densities,
generalized symmetries, and recursion operators for nonlinear differential-difference equations,” in: Group
Theory and Numerical Analysis (CRM Proc. Lect. Notes, Vol. 39, P. Winternitz, D. Gomez-Ullate, A. Iserles,
D. Levi, P. J. Olver, R. Quispel, and P. Tempesta, eds.), Amer. Math. Soc., Providence, R. I. (2005), pp. 133-148.
. U. Goktag and W. Hereman, Math. Computat. Appl., 16, 1-12 (2011).

1653



73.
4.
75.
76.
7.
78.
79.
80.

81.
82.

83.
84.

M. Bruschi and O. Ragnisco, Inverse Problems, 5, 983-998 (1989).

T. Tsuchida, J. Phys. A, 35, 7827-7847 (2002); arXiv:nlin/0105053v3 (2001).

V. E. Adler, Theor. Math. Phys., 124, 897-908 (2000).

A. B. Shabat and R. I. Yamilov, Leningrad Math. J., 2, 377-400 (1991).

A. A. Belov and K. D. Chaltikian, Phys. Lett. B, 317, 64-72 (1993); arXiv:hep-th/9305096v1 (1993).

R. Sahadevan and S. Khousalya, J. Math. Anal. Appl., 280, 241-251 (2003).

K. Hikami and R. Inoue, J. Phys. A, 30, 6911-6924 (1997).

G. M. Beffa and J. P. Wang, “Hamiltonian evolutions of twisted gons in RP",” arXiv:1207.6524v2 [nlin.SI]
(2012).

M. Blaszak and K. Marciniak, J. Math. Phys., 35, 4661-4682 (1994).

V. E. Adler, A. L. Bobenko, and Yu. B. Suris, Commun. Math. Phys., 233, 513543 (2003); arXiv:nlin/0202024v2
(2002).

V. E. Adler, A. I. Bobenko, and Yu. B. Suris, Funct. Anal. Appl., 43, 3-17 (2009).

D. Levi and R. I. Yamilov, J. Phys. A, 44, 145207 (2011); arXiv:1011.0070v2 [nlin.SI] (2010).

1654



	Darboux transformations and recursion operators for differential--difference equations
	Abstract
	1. Introduction
	2. Lax representations and Darboux matrices
	2.1. The nonlinear Schrödinger equation
	2.2. Equations corresponding to the dihedral reduction group $\mathbb{D}_2\simeq\mathbb{Z}_2\times\mathbb{Z}_2$

	3. Recursion operators for differential--difference equations
	3.1. Differential--difference equations from the NLS equation
	3.2. Difference equation corresponding to the dihedral reduction group

	4. A list of integrable differential--difference equations
	4.1. The Volterra chain
	4.2. Modified Volterra equation
	4.3. Yamilov's discretization of the Krichever--Novikov equation
	4.4. Integrable Volterra-type equations
	4.4.1. Equation V1 (see (68))
	4.4.2. Equation V2 (see (69))
	4.4.3. Equation V3 (see (70))

	4.5. The Narita--Itoh--Bogoyavlensky lattice
	4.6. The Toda lattice
	4.7. A relativistic Toda system
	4.8. Two-component Volterra lattice
	4.9. The relativistic Volterra lattice
	4.10. The Merola--Ragnisco--Tu lattice
	4.11. The Kaup lattice
	4.12. The Ablowitz--Ladik lattice
	4.13. The Bruschi--Ragnisco lattice
	4.14. The Kaup--Newell lattice
	4.15. The Chen--Lee--Liu lattice
	4.16. The Ablowitz--Ramani--Segur (Gerdjikov--Ivanov) lattice
	4.17. The Heisenberg ferromagnet lattice
	4.18. The Belov--Chaltikian lattice
	4.19. The Blaszak--Marciniak lattice

	5. Conclusion
	Acknowledgments
	References


