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DEGENERATING THE ELLIPTIC SCHLESINGER SYSTEM

© G. A. Aminov*t and S. B. Artamonov*t

We study various ways of degenerating the Schlesinger system on the elliptic curve with R marked points.
We construct a limit procedure based on an infinite shift of the elliptic curve parameter and on shifts of
the marked points. We show that using this procedure allows obtaining a nonautonomous Hamiltonian

system describing the Toda chain with additional spin sl(N,C) degrees of freedom.

Keywords: integrable system, isomonodromic deformation, Schlesinger system, Toda chain, Inozemtsev

limit
1. Introduction

This paper is devoted to using limit procedures to study various degenerations of the elliptic general-
ization [1]-[4] of the Schlesinger system [5] and of the nonautonomous elliptic SL(NN,C) top. The methods
considered for constructing these limit transitions can be generalized to the case of the Painlevé equations
related to the elliptic Schlesinger system and to integrable systems arising in various domains of theoretical
physics. In particular, the Painlevé and Schlesinger equations have important applications in matrix model
theory [6]-[8] and conformal field theory [9], [10]. Some integrable systems are related to the low-energy
effective action in supersymmetric gauge theories [11]-[13].

Relations between different integrable systems were studied in [14]-[17] and other papers. Inozemt-
sev [14] proposed a procedure establishing a limit relation between the Toda chains and the elliptic Calogero—
Moser model. The Inozemtsev limit method was later generalized and used to establish relations between
other integrable systems [15]. A singular symplectic transformation of the Calogero—Moser system into the
elliptic SL(N, C) top was constructed in [16]. Using this transformation, Smirnov obtained integrable sys-
tems of tops on the sl(N, C) algebra equivalent to the N-particle trigonometric and rational Calogero—Moser
systems [17].

The Schlesinger system [5] is the following system of first-order differential equations for R matrices
S’ i=1,..., R, located at R marked points z; € CP!, i=1...,R:

oSt [S?S7] .,
8xj:xi—a:j’ 175],
oS’ [S?,S7]

--%

8331' €Ty —ﬂij'

(1.1)

J#i

Equations (1.1) describe the preservation conditions for the monodromies of the linear system on CP! of

R .
dv St
= 3
dz ; Z— T

the form
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It was shown in [18] that in the case of 2x2 matrices and four marked points, the Schlesinger system is
equivalent to the Painlevé VI equation [19].

The generalization in [1]-[4] of the Schlesinger system describing isomonodromic deformations on an
elliptic curve is called the elliptic Schlesinger system. It is a nonautonomous Hamiltonian system defined
on the space of R copies of the Lie coalgebra sl(IN,C)*, and the role of time in this system is played by
the parameter 7 of the elliptic curve ¥, = C/(Z + 7Z) and the positions z;, ¢ = 1,..., R, of the marked
points on ;. The phase space of this Hamiltonian system is the direct product of R copies of coadjoint
orbits of the group SL(N,C), and each orbit is related to one of the marked points x;. We can therefore
regard the elliptic Schlesinger system as a system of interacting nonautonomous elliptic SL(N, C) tops. An
autonomous version of the elliptic Schlesinger system is the integrable Gaudin system [20]-[22], which is a
Hitchin system on the elliptic curve ¥, with R marked points.

From the elliptic SL(N, C) top, we previously obtained the Toda chains for N > 2 in the autonomous
case [23], [24] and for N = 2 in the nonautonomous case [25]. Here, we generalize the limit procedure
in [23]-[25] to the case of the elliptic Schlesinger system and obtain a nonautonomous Hamiltonian system
describing the Toda chain with additional spin sl(/V,C) degrees of freedom.

The proposed procedure is based on the generalizations [23]-[25] of the Inozemtsev limit [14], i.e.,
the limit transition from the elliptic Calogero—Moser system to the Toda chain in the autonomous case.
In the Inozemtsev limit, we perform infinite shifts of coordinates of the elliptic Calogero—Moser system,
renormalize the coupling constant, and take the trigonometric limit in which the imaginary part of the
elliptic curve parameter tends to infinity. In the case of the nonautonomous elliptic Schlesinger system,
the elliptic curve parameter 7 plays the role of time and cannot be simply taken to infinity. We therefore
introduce an infinite shift of the parameter 7 using the change of variable

T =T + T2, (1.2)

where the first summand 7 becomes the time in the limit system and we use the second, constant term to
take the trigonometric limit Im 7 — +400. From the elliptic curve standpoint, in the trigonometric limit,
we obtain the complex cylinder C/Z from the complex torus C/(Z 4 77Z).

In Sec. 2, we obtain a nonautonomous Toda chain from the system of the elliptic SL(N, C) top with the
spectral parameter z for N > 2. For this, in addition to replacement (1.2), we perform the time-dependent
shift of the spectral parameter z = Z + 7/2 and time-independent scaling transformations of coordinates
analogous to those previously proposed in [23].

In Sec. 3, we consider the reduction of the Schlesinger elliptic system in which the Lax operator L(z)
is the sum of R copies of the Lax operator of the elliptic SL(N,C) top,

R .
L(z) = E L' (z — ).
i=1

Introducing various shifts of the marked points x;, we can realize its own type of reduction on each copy
of the elliptic SL(N,C) top. We construct the limit procedure that describes two possible variants of
reductions of copies of the elliptic top. We take the limit procedure described in Sec. 2 as the first reduction
variant and the trigonometric limit as the second. To simplify expressions, we apply the first reduction
variant to the first r copies of the elliptic top and the second reduction variant to the remaining p = R —r
copies. For this, in addition to replacement (1.2), we perform shifts of the marked points z; = &; — 7/2,
i=1,...,r, together with scaling transformations of the coordinates of the corresponding copies of the Lie
coalgebra s[(N, C)*. In Sec. 3.2.1, we show that the limit systems obtained at fixed p in the case r > 1 are
equivalent to limit systems obtained in the case » = 1 in which only one copy of the elliptic top transforms



into the Toda chain. Using the proposed reduction scheme for the elliptic Schlesinger system, we thus obtain
the nonautonomous system describing the Toda chain with additional spin sl(N, C) degrees of freedom.
We present the necessary facts about the systems under consideration.

1.1. The elliptic Schlesinger system. The elliptic Schlesinger system is defined on the space of R
copies of the Lie coalgebra g* ~ sl(N,C)*:

R
Pryn =Pl 9?={Si=ZSLnTmn},
=1 m,n

where the basis {T},n}, m,n=0,..., N —1, m? +n? # 0, is described in Appendix A. On the space Pg x,
we have the linear Poisson structure

i ; o . (7mnk—ml)\ ,
{SmTH S‘]]cl} = 216ij Sln( ( N )>Sm+k7n+l7 (13)

where i = v/—1. This Poisson system is degenerate, and its symplectic leaves are R copies of the coadjoint
orbits O;, i =1,..., R, of SL(N,C). The phase space of the elliptic Schlesinger system has the form

Re.n ~ Prn/{c"(i) = c*(i)o} ~ HQ',

where ¢#(i) are Casimir functions of the orders y = 2,..., N corresponding to the orbits O;.

The role of system times is played by the parameter 7 of the elliptic curve X, = C/(Z 4 7Z) and the
positions x;, i = 1,..., R, of the marked points on .. For the singular point positions z; and the elliptic
curve parameter 7 to have the sense of local coordinates in an open cell in the moduli space of elliptic
curves with R marked points, we can impose the condition Zil x; € (Z+TZ) on x;.

The elliptic Schlesinger system is a nonautonomous Hamiltonian system with the equations of motion

0,S" = {Hy,S"},

| | (1.4)
0y, S' = {Hy,S'}, ik=1,...,R,
where
1 , ; m
— ( J )
Hy = Ari (Z Z Smn S—m,—n f |:’I7,:| (Q:J 331)
j#£i mmn
R
i i m 4+ nt
_Zzsmn S—m,—n EQ( N ))7 (15)
i=1 m,n
Hk: —Zzsk Si (p|:m:|($_xk) (16)
‘ mn °—m,—n n i
i#k m,n
and



e(z) = ¥ and the functions ¢(u,z) and E(z) are defined in Appendix B (see the respective formu-
las (B.3) and (B.1)).
We can represent Hamiltonian equations of motion (1.4) as the zero-curvature conditions

- L —0,M° =[L,M"],

(1.9)
O L — 0, M" = [L,M"], k=1,...,R,
where
al , m
MO(2) = L ZR:ZSi f " (z — )T, (1.11)
2mi =1 m,n " n e '
M*(z) = —Zsfnngp[i;} (z — zk) T (1.12)

Hamiltonians (1.5) and (1.6) are related to the expansion of Tr L?(z) over the elliptic function basis,

R
1
y T L?(2) = 2miHy + > (HakEa(z — ax) + HeBy (2 — ), (1.13)
k=1

2

where Hs ) are the quadratic Casimir functions corresponding to the orbits Oy,
1 ko ok
Hyp =, mznsmn ELN (1.14)

We can write Poisson brackets (1.3) using the classical Belavin—Drinfeld r-matrix r(z) [26]-[28]:
{L1(2), La(w)} = [r(z — w), L1(2) + La(w)],
where
LORED D] [OF M S (1.15)
Li(z) = L(z) ® Id, and Lo(w) = Id ® L(w).

1.2. The elliptic SL(IN,C) top. The elliptic SL(N,C) top is an example of the Euler-Arnold
top [29], whose phase space is given by a coadjoint orbit of SL(N,C),

R ={S €sl(N,C), 8 =g '8y},
where g € SL(N,C) is defined modulo left shifts Gy commuting with S(®. In the phase space Rt of the

top, we have the nondegenerate symplectic Kirillov-Kostant form w™ = Tr(S® (dg)g~! A (dg)g~?).
The system dynamics is governed by the Hamiltonian

1
H™ =~ TrSJ(S), (1.16)



where J(S) = Zm,n Jmn SmnTmn, Smn are the coordinates in the basis {7, } of the algebra sl(N, C), which
constitute the sine-algebra (see Appendix A),

%ngbcnxm}a, myn=0,...,N—1, m?+n2#£0,

and Es(z,7) is the second Eisenstein function [30] defined on the complex torus C/(2uw1Z + 2w2Z) with
w; =1/2 and 7 = wo/w;.
We can write the equations of motion in the Lax form [31],

dLrot

:NLrOtMrOt.
o= NIt

The multiplier N is related to the definition of the Lax matrices in the sine-algebra basis (see Appendix A):
m m
LrOt = mn Tmn7 MrOt = mn Ton.
> st S st 7]

Hamiltonian (1.16) is related to the Lax matrix:

1

Hm:2ﬂ@mf—;ﬂ§@@m) (1.17)

We obtain the Poisson brackets for the s,,, from the commutator [Ty, Teq] of the basis elements T, and
T.q (see formula (A.1) in Appendix A),

bc — ad
{Saba Scd} =2i Sin(ﬂ—( CN ¢ )>Sa+c,b+d' (118)

Passing to standard basis (A.2), we obtain {S;;, Sk} = N(Sk;di — Sit0k;j)-

1.3. The Toda chains. Periodic and nonperiodic Toda chains composed from N interacting particles
are defined in the center-of-mass frame on the phase space

N N
RT = {(u,v): Zul =0, Zvi :O}
i=1 i=1

with the canonical symplectic form wT = (dv A du). The Hamiltonian of the nonperiodic Toda chain is

1 N N-1
HAT = 9 Z’U? + 47T2M2 Z G(Ui+1 — Ui),
i=1 i=1

while we must add the term corresponding to interaction between the first and last particles for the periodic

chain,
N

N
1
HPT: 2Zv?+47r2MZZe(ui+1—ui), UN+1 = U7.
i=1 i=1

The equations of motion of both the periodic and the nonperiodic Toda chains admit the Lax form [32]-[34]:

dLPT
dt

dLAT

— [[AT /AT
dt [ ’ )

— [LPT, MPT].



2. The nonautonomous SL(N,C) top and the Toda chain

We consider the nonautonomous elliptic SL(N,C) top in which the elliptic curve parameter 7 plays
the role of time. The Lax pair of the top satisfies the isomonodromy deformation equations:

1
aTLrot _ 5 .aZMrot — N[Lmt,Mmt], (21)
Tl

which are equivalent to the Hamiltonian equations of motion

dsmn

= HrOt mn f-
I [ s}

We previously applied various limit procedures to the elliptic SL(N,C) top to obtain Toda chains in the
autonomous case for N > 2 and in the nonautonomous case for N = 2 [23]—[25]. In this section, we construct
a nonautonomous Toda chain from the elliptic SL(N,C) top for N > 2. The Hamiltonian equations of
motion of this nonautonomous system are

87-1Uj = szj, 8Tlvj = 871'31M2N2q%/N (G(Uj_H - Uj) - e(uj - Uj_l)), (22)

N in the right-hand side of the second equation depends on time explicitly, ¢1 = e(m).

where the factor qi

As mentioned above, the limit procedure is based on an infinite shift of 7, which we describe by the
variable change 7 = 71 + 7o, where the first term 71 becomes the time in the limit system and we use
the second, constant term to take the trigonometric limit Im 7o — 4o00. After such a replacement, the
Hamiltonian of the nonautonomous elliptic top becomes H™' = H™%(s, 7 + 73). We now consider the
system dynamics with respect to 71, interpreting the constant parameter 7o as the time reference point.

The Hamiltonian equations of motion with respect to 7,

ds
" = {H sy},
dT1 { s }
admit the Lax representation equivalent to (2.1)
1
87-1 Lrot _ ) 8zMrot — N[LrOt, Mrot]’ (23)
2mi

where L™ = L™%(s, 2z, 71 + 7o) and M*™" = M*™"(s, 2,71 + 72). We next perform a spectral parameter shift

depending on 7y,

r
=3 2.4
z2=z+ 9 ( )

and a scaling transformation of coordinates independent of 71,
_ - —g(n) _ 1-— S(n) 25
Smn Smn{o ; g(n) ON ' ( . )

where we introduce the notation

- 1, n=0modN,
0, n#0modN.

The trigonometric limit as Im 72 — +o00 then corresponds to the limit as go — 0.



After replacement (2.5), Poisson bracket (1.18) becomes

{gab, §cd} = 2isin

m(bec — ad
( ( . )> GO @t

The coordinates §,,, hence constitute a Lie algebra with respect to the Poisson bracket in the limit as
g2 — 0 under the condition
g(k) +g(n) —g(k+n) >0 (2.6)

for all £ and n. The function g(n) defined in (2.5) satisfies condition (2.6), and all the nonzero Poisson
brackets of the limit system variables are

d
{500, 8o} = —2i sin<”; >§a+c,d.

Hence, we find that the limit algebra is solvable and is obtained by the contraction from sl(N, C).
In what follows, we conveniently use the standard basis in which replacement (2.5) becomes

(@) o L0y
Szg - SZJqQ Q(Z,]) - 2N
In the variables §1’j, the limit algebra becomes
{Sii, Sin} = NSju(0ir — 655)- (2.7)

Because spectral parameter shift (2.4) is time dependent in our procedure, Eq. (2.3) becomes

Mrot Lrot
8T1Lrot _ 85( ot 4 5 ) — N[LrOt,MrOt],

where L™ = L*%(s,Z + 7/2,7) and M™" = M™%(s,Z + 7/2,7). In the limit under consideration, the
isomonodromy deformation equation hence transforms into the equation

aﬁZrot _ 8 Mrot [Lrot Mrot]

where
L™t = lim 27iN L', M™" = lim (NMrOt + 7riNLr°t).

q2—0 q2—0

We then represent the limit Lax matrices in the standard basis:

N .
Trot __ Q e(k(l_m)/N) L
Lij = — 47? Z Simm e(—k/N) 1 5”

i+1,7 + 4772Nq1/2N51 i—1 e(

) )5i,j+17
N N-1

]’\Zir;t: —71'2 Z COt( ) i < > (z_m+1/2>5mm5ij+
1

~ z
>5i+1,j + Sii—1 e<N>5i,j+l>;

2(\21
2(\21

Z w

+ QWQNQ}/MT <§i+1,i+2 e (—



where again ¢; = e(7y).
As was shown in [23] in the autonomous case, algebra (2.7) admits the bosonization

~ N - ~

Sii = 9 (vic1 — vg), Sii+t1 = MN e(u;), Sit1,; = MN e(—u;),

i
B itk—1 (2.8)
Siitk = Ciji+k e( Z Un>, k=2,...,N—2, ¢y, = const,

where u and v are the canonical coordinates of the nonautonomous periodic Toda chain in the center-of-mass

frame,

{vi,uj}zéij, Z,]Zl,,N, ZUZZO, ZUZZO (29)

U1 e; 0 0 ey
e] U2 ed
~ 0 e . . 0 :
Lt = — 472 M N? ? : (2.10)
S - - . 0
0 0 el
e;r 0 0 e;\]_l UN
where we introduce the notation
_ Vg + Z\ 12N
Uk:Zﬂ'iM’ ek::te<:|:uk:FN>q/ , k=1,...,N,

for brevity. The elements of the matrix M™* are

We write the Hamiltonian in the form

N 2 N

~ V2

Hrot _ N2 Z 2’L 4 47T2M2N2q]1_/N Ze(ui+1 _ Ui)'
i=1 =1

We note that the explicit time dependence is contained in qi/ N = e(r/N).

The Hamiltonian equations of motion in u and v are (2.2).



3. Reducing the elliptic Schlesinger system

The equations of motion of the elliptic Schlesinger system admit Lax form (1.9), where the Lax matrices
L and M? are sums of R copies of Lax matrices (1.10) and (1.11) of the elliptic SL(N, C) top, the matrices
MP* have form (1.12), and the elliptic curve parameter 7 and the marked points xy, k = 1,..., R, are the
system times.

Taking the marked points x; on the elliptic curve as the limit procedure parameters, we can obtain
a separate reduction type for each copy of the elliptic SL(N,C) top. In this paper, we construct a limit
procedure allowing two types of reductions for these copies of the elliptic top. The first reduction type is
analogous to the limit procedure described in Sec. 2. It produces a nonautonomous Toda chain from the
nonautonomous elliptic SL(N,C) top. In the second reduction type, the Lax matrix of the elliptic top
transforms into the free system Lax matrix with preservation of the algebra s[(N,C). To simplify expres-
sions, we apply the first reduction type to the first r copies of the elliptic top and the second reduction type
to the remaining R—r copies. For this, we perform the infinite shift of the elliptic curve parameter 7 using
coordinate change (1.2) together with the following shifts of the marked points and scaling transformations
of the coordinates:

stho=8 ' =1, (3.1)

3.1. The Toda chain and the s[(IN, C)-spin degrees of freedom for N > 2. Before describing
the limit system equations of motion and their Lax representation, we define the new set of commut-
ing Hamiltonians and the corresponding times. We here consider only equations of motion generated by
quadratic Hamiltonians.

3.1.1. The quadratic Hamiltonians of the limit system. The coordinate change in (3.1) results
in contracting the first r copies of sl(N,C) in the limit as Im7 — +o0o. The algebra of the remaining
R—r copies of the elliptic top is then preserved. All the nonzero Poisson brackets of the limit system are
therefore

{éao,gzk}=—zisin<”]”v”‘ )g:mk, =1
(nk . (3.2)
{sfnn,sil}:msin(wn]vm )Sin—i—k.,n—i—l’ j=r+1,....R,

or, in the standard basis,

(St S} =NS" Gk — Opm), i=1,...,1,
. , . , (3.3)
{ann,sljd}ZN(Sinéml—anﬁkn), j=r+1,...,R.

Because the algebra of the first r copies of the elliptic top is not preserved in the limit under considera-
tion, the initial Hamiltonians (1.5) and (1.6) of the Schlesinger elliptic system do not transform directly into
the limit system Hamiltonians. To find the quadratic Hamiltonians of the limit system, we turn to elliptic
function basis expansion (1.13) of the trace of the squared Lax matrix (1.10) of the Schlesinger system. In
the limit procedure under consideration, matrix (1.10) transforms into the limit system Lax matrix:

r R
Liz)=_ lim L(z)=Y Liz—&)+ » L(z—uy), (3.4)
i=1

I
m 7o ——+00 e



where
Wz — ) E mn‘Pmn — )T, 1=1,...,7,

Z_xJ Zsmnwmn x])Tmna j:r+17...7R,
and we define the functions ¢, (z) and 5, (2) in (3.6) below. We find the expansion of the squared Lax
matrix of the limit system by taking the limit in expansion (1.13):
1, =~ ~ H g
o Tr L%(z) = 2ni (HO - QT) +7 Z (H; cot(n(z — 2;)) + mHa ;i sin 2(n(z — 2,))), (3.5)

i=r+1

where

ﬁ() - Imfljg-{-oo HO B 271 ZZ( Z ~:’nn ~J—m —-n Sln('i;j - jz) +

1=1m,n “j=i+1
R r
E ~q J T = E T,7
+ Smn 5777177 mn(xj 331)) =+ i H
j=r+1 =1
. R N-1 m R
—2 T J
“ E sin < N)(smos_mo—l—Z E smos_mo),
i=r+1m=1 Jj=1+1
r r R
T . _ ~q J T ~
HT = ImThTJroo § HZ - = E Smn S—m,—n(pmn(mj - xi)v
2 i=1 i=1 j=r+1m,n
r
. — ; E E 3 gt T 7)) —
Hl - Im7'hg+oo HZ - Smn Sfm,fn Spmn(xl x])
2 j=1mmn

In the formula for ﬁo, HT™ denotes the terms equivalent to the Hamiltonians of the nonautonomous Toda
chain whose explicit form is given in (3.11) below. In the latter expressions, we also introduce the new
functions f1,(2), f5.(2), ¢mn(z), and 3, (z), which are obtained from the expansions of f[7'](z) and
<p[’:] (2) in the parameter ¢ at the origin. Some of these functions manifest an explicit dependence on the
time 7. For example, fL (2) = fL (2,71), f5,(2) = fo.(2,71), and ¥, (2) = ¢L (z,71). Using formulas
in Appendix B, we find that for N > 2,

—r sin_z(W]:?;), n =0,
T (2) A2 1/2Ne<m]; z), ne1,
0, l<n<N

10



wzsinz(wﬁl) n =20,
47T2q1/Ne<m_z), n=1,
faa) =4 N
0, l<n<N -1,
47T2qi/Ne<Z]_Vm), n=N-—1,
(3.6)
7T6(;X7> sin~! (7;7), n=0,
m—z
27riq1/2Ne< ), n=1,
Pha() =4 N
0, l<n<N-1,
—27riqi/2Ne(;>, n=N-1,

- w(cot(wz) — cot(??)), n =0,

s
wc(é—j?) sin"'(7rz), 0<n<N.

The obtained coefficients in expansion (3.5) determine the set of quadratic Hamiltonians and Casimir
functions of the limit system. The coeflicients Hy ;, ¢ = r+1,..., R, are the limit system Casimir functions
because the algebra of coordinates of the corresponding copies of the elliptic top is preserved. The functions
H= ﬁo — ﬁr/Q and I?i, i=r+1,..., R, comprise the set of quadratic Hamiltonians. We now prove that
these functions are indeed the limit system Hamiltonians.

Proposition 1. The coefficients H and H;, i = + 1,..., R, of expansion (3.5) are in involution,
{H.H}=0, i=r+1,...,R,
{H;, Hi,} =0, i1,is=r+1,....R.
Proof. We write Poisson brackets (3.2) and (3.3) in the r-matrix form,
{L1(2), La(w)} = [F(z = w), L1 (2) + La(w)],

where Li(z) = L(z) ® Id, Ly(w) = Id ® L(w), and the matrix 7(z) is the limit of classical elliptic r-
matrix (1.15) as Im 75 — 400,

r = li = - 5 Tm n Tfm —n-

z) = tm  r(z) ;wm,n@) n @1,

We then obtain
{Tr L?(2), Tr L?*(w)} = Tr{L?(z), L*(w)} = 0 (3.7)

for the Poisson bracket between Tr L2(z) and Tr L2(w). Because the Hamitonians H;, i = r + 1,..., R,
are the residues of Tr L2(z)/2N at the points z = ;, expression (3.7) implies that they are in involution:
{ﬁil,ﬁi2} =0 for all 41,72 = r+1,..., R. Because the Hamiltonians Hy;, i = r + 1,..., R, are Casimir
functions of the limit system, it follows from expansion (3.5) that for the free term H = Hy — H,/2, we
have {H,Tr L%(z)} =0 or {H,H;} =0 foralli=r+1,...,R.

11



3.1.2. The equations of motion. We have obtained quadratic Hamiltonians and can now determine
the time set of the limit system. As stated above, instead of 7 in the limit system, we have 7 corresponding
to the dynamics governed by the Hamiltonian H. The remaining Hamiltonians I;Q determine the dynamics
with respect to the times x;, ¢ =r+1,..., R. The limit system is therefore a nonautonomous Hamiltonian
system with the equations of motion

0.8 ={H,8}, 0,8 ={H8Y}, i=1,....,r, k=r...,R, (3.8)

Ons' ={H,s'}, 0O, ={Hps'}, i=r,...,R, k=r... R (3.9)

We must make an important comment here. By the definition of the function ¢}, (2) (see formulas (3.6)),
the dependence of Lax matrix (3.4) on §%, i = 1,...,7, reduces to the dependence on sums of the form
> ey e(cn®r)sk,,, where ¢, = 0,4£1/N depending on n. The same holds for the dependence of the limit
system Hamiltonians, defined in expansion (3.5), on §°. This results in equations of motion (3.8) becoming
equivalent at different ¢ = 1,...,r. We can say that the marked points x;, i = 1,...,7, merge at infinity
after shifts (3.1). Hence, in the proposed limit procedure, it makes sense to consider only the case r = 1,
in which one copy of the elliptic top transforms into the Toda chain. We can then write the equations of

motion of the limit system as

8., 8" ={H,S"}, 8,S"'={HS'}, k=2,...,R,
O o (3.10)
Or,s' ={H,s'}, Oy, s' ={Hg,s'}, 4, k=2,...,R.

Before writing the equations of motion in an explicit form, we pass from the coordinates of the first
copy of the elliptic top to the coordinates representing the generalized degrees of freedom of the Toda chain.
As shown in Sec. 2, the limit algebra of the variables of S! admits such a transition, and the bosonization
formulas are then analogous to (2.8):

~ N ~ ~
1 1 1
Sii = oi (Vie1 — v3), Siiv1 = MN e(us), Sit1,i = MN e(—u;),
B ith—1
S})Hk = cﬁ,i%e( Z un), k=2,...,N—2, c¢jjt+r = const,
n=t

where u and v are the canonical coordinates in the center-of-mass frame and satisfy relations (2.9).
After passing to the coordinates u, v, we must add the following Lax matrix of the nonautonomous
Toda chain (analogous to matrix (2.10)) to the Lax matrix (3.4) of limit system:

01 e;r o --- 0 ey
- = +
e] U2 ey
~ ot ) 0 e 0 :
L™ =27iM N ,
. . . . 0
+
0 0 en_1
+ — —
e, O 0 ey_; Un
where now
_ Vi

12



We must also add the Hamiltonian of the nonautonomous Toda chain

2 N
V=
HT1 — NZ 23 + 47T2M2Nqi/N Ze(ujH — uy) (3.11)

=1 =1

to H.

We can now write the explicit form of the Hamiltonian equations of motion for the Toda-chain general-
ized degrees of freedom u and v and for the sI(N, C) degrees of freedom s7, j = 2,..., R. We first describe
the dynamics of these degrees of freedom with respect to the time 7;. The equations of motion for u and
v are determined by the nonautonomous Toda chain Hamiltonian H™'! and by the terms describing the

interaction between the Toda chain degrees of freedom and the s((N,C) degrees of freedom from Hy and
E[li

N 1 = mj ™™m
— o E E k
Ot = oV ~ o “m_lsmoe< N ) C0t< N )
Orvj = 47r2M2Nqi/N (e(wjyr —uj) —e(u; —uj—1)) —

R - -
1/2N Try1 — Tk T — X1
—2772Mq1/ E <e<uj+ N )Sj’-fj_l —e(—uj+ N )SﬁjH).

k=2

The equations of motion for s/, j = 2,..., R, are determined by terms with interactions between different
copies of the sl(N,C) degrees of freedom from Hj and by terms with interactions between the Toda chain
degrees of freedom and the sI(N,C) degrees of freedom from Hy and Hy:

; Al l il w(nl —m) T —
3Tls%n:2ﬁMqi/2NZZe<2N—§V><sin< N >e(uj—|— 1N Z)sﬁn_l,n_l—l—

j=1 1=0

l i —Z1\
+ sin(w(n; m)) e(—uj_l + 7 le)sﬁn_l,nH) +
AipiE=a jl mnl 7l
+Z Ujs;l+l’ne<N> sin(N )cot(N> -

ki (Tl . ol
510 Spn—i.p SINL sin .
' N N
k=2 I=1

To describe the dynamics with respect to the times zx, k = 2,..., R, we write the corresponding
Hamiltonians Hj, explicitly:

N N -

=~ . 1/2N Iy — Tk

Hy, = Zvjsjkj +2miMq;/ Z<e(uj TN )Sﬂlij—l -
j=1

=1

Tk —T1\ gk koo S
- e(_uj + N )Sj-,j-i-l) - Z Z Smn Sz—m,—n (pmn(xl - xk)

2<i<R, m,n
ik

13



These Hamiltonians contain terms of two types. The terms of the first type describe interactions between
the Toda-chain degrees of freedom and the sl(N, C) degrees of freedom; these terms determine the equations
of motion for u and v,

Dy u; =S¥,

Ji’
Dyv; = 4> Mgl <e<uj +7 ]_Vx’“>5’“g L+ e( i+ ”’“&“)S%H)

On the other hand, the terms of the second type describe the interaction between different copies of the
sI(N,C) degrees of freedom; these terms determine the equations of motion for s*, i =1,..., R, i # k:

i : i . 7T(mj - nl)
Oy, Soum, = 21255 Sin—ln—j sm( N <plsj(xz — k).

lL,j

The equations of motion for the variables s* are determined by the terms of both types and are

1/2NNN ! . 7r(nl+m) T —T1\
afk Spn = 4TMqy Z Z € 2N N N el —uj—1+ N Sm—ln+1 —

j=1 1=0

. (m(nl—m) T1 —
— sm( N > e(uj + N )sﬁl_m_l) —

i . (7(mj —nl)
S St sty sin( "™ e e -

2<i<R, Lj
i£k
= ANNZ
—212 v; 8 m+ln /sl oy )
j=1 1=1

3.1.3. The Lax representation for the limit equations of motion. We can represent equations
of motion (3.10) in the Lax form:

0y, L —0.M° = [L, M"], (3.12)
Oy, L —0.M" =[L,M"], k=2,...,R, (3.13)
where the Lax matrix L is defined in (3.4) and the matrices M k k=2,..., R, are the limits of the matrices
MF as Tm o — ~+00,
M’“(z): lim  MF(z Zsmngomn(z—xk)Tmn, k=2,...,R.

Im 70—4o00
m,n

We find the Lax matrix M° by considering the equations of motion of the limit system with respect to the

14



time 7:
0., 8" ={H,S'}, 0.8 ={H,s’}, j=2,...,R

The Hamiltonian H is related to the Hamiltonians of the elliptic Schlesinger system:
~ H

H=_lim (HO - )

Im 790—+4o00 2

We now construct the Lax representation for the Hamiltonian equations of motion of the elliptic
Schlesinger system with the Hamiltonian Hy — H; /2. We can write these equations of motion as

H,y

i i i 1 i
BTls:{Ho— 2,5}:875—23115, i=1,...,R.

Rewriting Eqs. (1.9) in the form

S S e[) =0 T = 1100

i=1 m,n
Y, [ } e ) Toan Oy = (LMY, k=1, R,
i=1m,n

we obtain the expression for 9, s':

ZZ { ]Z—xz Tm (%smn—[L,Mo—Agl].

=1 m,n

Using the replacement x; = Z; — 7/2, we transform the obtained expression into the sought Lax equation

1 1
aﬁL—az(MO— ]‘g ) = [L,MO— ]‘g } (3.14)

In the limit procedure under consideration, Eq. (3.14) transforms into (3.12). For the Lax matrix MO of

— 1
M= lim <M0—M).

the limit system, we then obtain

Im 79—400 2

Using the functions fX (z), f5 (2), and ¢ (z), we reduce the matrix MO to the form

MOE) = S 8 (Fhale = d0) gl (2 = 30) T +

m,n

Z SinO 510(2 = ;) Tmo.

N-1
m=1

T
+27Tiz

=2

4. Conclusion

We have described several ways to reduce the elliptic Schlesinger system using a limit procedure based
on infinite shifts of the elliptic curve parameter 7 and of r marked points x;. We showed that for a fixed
p = R—r, the case 7 > 1 is equivalent to the case r = 1 because the shifted marked points merge at infinity.
As a result, we obtained a nonautonomous Hamiltonian system describing the Toda chain with additional
spin s[(N,C) degrees of freedom and represented the equations of motion of the obtained system in the
form of zero-curvature equations (3.12) and (3.13).

15



The described limit procedure can be adapted to the case of the elliptic Gaudin system, which is an
integrable version of the elliptic Schlesinger system. In the limit, we then obtain an autonomous version
of the system constructed in Sec. 3. It can be expected that this autonomous system will be integrable
because its Lax operator is analogous to (3.4) except that it is explicitly time dependent.

Appendix A: The sine-algebra

The basis elements T}, of the sine-algebra in s[(N,C) are defined as

(Tonn)ij =e<gl]$)e<ljzl>5(j—i—n), mn=0,...,N—1, m?>+n?#0.

For elements with the indices m,n € Z such that m Z Omod N or n # O0mod N, we can introduce the
quasiperiodicity condition

T e(mn — (mmod N)(nmod N)

IN )TmmodN,nmodNa

. _e<(mmodN)(nmodN)—mn

Smmod N, nmod N
2N ) ’

where

e(mn— (mmO;i]\J]V)("mOdN)) — 1.

The commutation relations in the sine-algebra basis then become

. kn —ml
[TmnaTkl] = 2i Sln<7r( nN m )>Tm+k,n+l- (Al)

The coordinates {S,,,} in the sine-algebra basis are related to the coordinates {.S;;} in the standard basis
expansion of the SL(N, C) algebra as

1
Sij - Z Smn(Tmn)ija Smn = N Z Sij (T—m,n)ij- (A2)

irj
Appendix B: Elliptic functions

We borrow the definitions and properties of the elliptic functions from [30] and [35]. The principal
object is the theta function with characteristics,

’ [b] (2,7) = 2 a7 el + )z + D)),

JEL

where ¢ = e(7) = ?™7. We also need the Eisenstein functions

M
o) = m 3 e
n=—M
(B.1)
M
Ey(z) = Ml—igloo Z er(z+n1), kel
n=—M
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For taking limits of the Lax matrices, we use the series expansion

9(z) =0 Eﬁ] (57) = > qUFYD 2 e((j +1/2)(2 +1/2)). (B.2)
JEZL
We set 9w+ 2)9(0)
d(u,z) = Iu)d(z) (B.3)
This function satisfies the equalities
P(u, 2)¢(—u, 2) = Ez(2) — Ea(u),
(B.4)
Oud(u, 2) = é(u, 2) (E1 (u+z2) — Eq (u))
We also have the parity properties
En(—2)= (=) Ex(2),  I(=2)=—9(2),  é(u,2) = d(z,u) = —p(~u, —2)
and the quasiperiodicity properties
El(Z—l—l):El(Z), E1(2+T):E1(Z)—27Ti,
Ey(z+1) = Es(2), Ey(z+7) = Ea(z),
(B.5)

Iz +1) = —9(2),

¢(u + laz) = ¢(u72)7

dz+71)= —q /2 e(—2)9(2),

o(u+T1,2) =e(—2)o(u, 2).

We set z = Z+7/2 and investigate the reductions of the elliptic functions ¢[™] in (1.7) and f[7'] in (1.8)
in the limit as Im7 — +oo. By (B.3), the series expansion of ¢[™'](z) reduces to the series expansion of
the theta function. Taking the leading nonzero term of the expansion, we obtain

2q1/851n(ﬂ-m) +0(q1/8), n:O’
m  nT N
ﬁ(‘N - N) B
igl/s-n/2N o= ) fo(qlS ), 0 << N,
2N
92+ == r) =8 2 Bsin(n(2- ")) +o(g"®) n=")
N N N ’ 2’
iq3/8—"/2Ne(2_;n/N> + o(g¥/8/2N), ];f <n <N,
which gives
we(éﬁ/_) sin™! <7an) +o(1), n =0,
- n/N m n/N
minr 7 2mig e<N)+0(q ) O<n< _,
(b_N; 2:41/2~ ;M m/N + Z 1/2 N
q 81n<7r<z— N)) e( 9 ) +olqg/?), n= 9
1/2 o( 3 1/2 N
~2righ2 e(2) + oqV/2), , <n<N,
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and

7re<2w;[) sin1<7xfn> +o(1), n=0,
. njaN [T T N2 n/2N N
2miq e +o(q ), O<n< _,
[m] <~ N ’7'> N 2
g =
2 N
) By e -
N — N
—27riq(N")/2Ne< - %) olg-m) N on oy

To find the limit of f[""], we expand E1(& — o7) in a series in ¢ = e(7). Taking (B.1) into account, we

obtain
M
Ei(z—o7)= M£m+m Z 1@+ (n—o)7) =
n=—M
M
=ei(@ —or) + lim > (e1@+ (n—0)7) +e1(@ — (n+0)7))
n=1
Using the explicit expression for 1 (z) [30],
elz)+1 | —1—=2e(z) +o(e(x)), Imz — +oo,
e1(x) = meot(mz) = mi =i
e(z) =1 1+2e(z)+o(e(z)), Imx— —oo,

we obtain the result for the leading term in the expansion of F4(Z — o7):

meot(nz) + o(1), o=0,
. . - 1
7i 4 27ig? e(—) + 0(q?), 0<o< o
E(Z—oT)= 1
i+ 2migt/? (e(—7) — e(2)) + 0(¢/?), o= o
1
mi — 27ig! =7 e(Z) + o(¢*79), g <0< 1.
Using (B.5), we generalize this formula to the case o € R:
27i|o | + wcot(nZ) + o(1), {c} =0,
. . . - 1
ori|o| + i + 2miglot e(=7) + o(gl7}), 0<{o} < o
Ei(z—o7)= 1
omi|o| + mi + 2migl7t e(—2) + o(gi7h), {o} =,
1

2ri|o] 4 mi — 2mig! {7} (e(—2) — e(Z)) + 0(¢"/?), 5 < {o} <1,

where we let {o} denote the fractional part of o.
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We now consider the expansion of the function d,¢(u, z)| 2, in the limit as Im7 — o0 using

U=

formula (B.4). Setting z = Z + 7/2 and taking all possible values of ¢ into account, we obtain

—m2sin~? i + o(1), o=0,
2 ~ 3
drqe(—a) + o(q), 0<o< 4
au¢(u’ Z) ’u:ﬁ—UT = 3
Am2q3/* (e(—a) — e(a+ 2)) + o(g¥*), o= g
3
—Ar2q32= e(i + 2) + o(¢*/*77), g <0< 1.
Taking definition (1.8) into account, we finally obtain the expression
—m?sin~? (Z:?) +o(1), n=0,
Z 3N
- ) 47r2e<z>e(—T]L\;)q"ﬂN—ko(q”/ZN), 0<n< L
l(+2)- :
n 2 m n 3z 3N
2 N 5 _ 3/8 3/8 _
4 (e(N) e( N—i—z))e( 4>q + 0(q°’®), n 4
an?e( " 42 )e " PA=n/N)/2 (g3 =n/N)/2) 3N <n<N.
N N T4
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