
Theoretical and Mathematical Physics, 161(3): 1647–1662 (2009)

FORMATION OF TRAPPED SURFACES IN THE COLLISION OF

NONEXPANDING GRAVITATIONAL SHOCK WAVES IN AN AdS4

SPACE–TIME

I. Ya. Aref’eva∗ and A. A. Bagrov∗

We study the formation of marginally trapped surfaces in the head-on collision of two shock waves in

anti-de Sitter space–time. We compare the obtained results with the corresponding results for de Sitter

space–time. To clarify this comparison, we use coordinates that allow studying AdS/dS cases in a universal

way. We also analyze the dependence of the area of the trapped surface on the choice of the regularization

of the shock wave metric.
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1. Introduction

The possibility of black hole formation during the collision of ultrarelativistic point particles in the
Minkowski space–time is a generally accepted theoretical fact [1]–[3]. In connection with the appearance of
the TeV gravity paradigm [4], black hole formation during the collision of particles with a center-of-mass
energy of a few TeV and the possible experimental manifestation of this process [5] recently became the
subject of numerous comprehensive investigations [6]–[10]. We also note the proposed possibility of creating
other more exotic objects at the LHC [11]–[13]. Black hole creation during collisions of ultrarelativistic
particles in anti-de Sitter (AdS) and de Sitter (dS) space–times is also a subject actively discussed [14], [15].

A negative cosmological constant leads to a collapse of matter, while a positive cosmological constant
facilitates its repulsion. It is therefore natural to expect that a negative cosmological constant promotes
black hole formation and a positive cosmological constant weakens this process.

Here, we study the formation of marginally trapped surfaces during the head-on collision of two shock
waves in an AdS space–time in detail. In particular, we analyze the dependence of physical parameters on
the type of regularization of the δ-function appearing in the shock wave metric. We also study the area
of the trapped surface as a function of the ratio of the cosmological radius and square of the shock wave
energy. We note that if the space–time is assumed to be asymptotically flat, then the presence of a trapped
surface usually guarantees the existence of the event horizon [16]–[19]. A similar theorem has not been
proved for an AdS space–time, but it is thought that the existence of a trapped surface can indicate the
formation of a black hole.

Our main motivation is related to the AdS/CFT correspondence. Despite the absence of a holographic
dual description of QCD, describing heavy-ion collisions in terms of gravitational shock wave collisions in
an AdS space–time was suggested in [20], [21]. Black hole formation in the bulk during collisions of objects
dual to the nuclei was interpreted in the space of one lower dimension as formation of a quark–gluon
plasma [22]–[24].
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In AdS, a dimension-dependent critical effect appearing in the collision of smoothed gravitational shock
waves was recently found [14]. For D = 4 and D = 5, there exists a critical value of the “blur” of the shock
waves in the direction of their motion, above which formation of a trapped surface during the collision
becomes impossible. We note that the results obtained in the AdS case agree qualitatively with the results
obtained in a flat space–time.

This paper is organized as follows. We begin by introducing the basic mathematical objects and recall
some basic facts about generalizing the Aichelburg–Sexl shock wave geometry [25]–[27] to nonexpanding
shock waves propagating in D-dimensional space–times with a nontrivial cosmological constant [28]–[36].
In Sec. 3, we present the trapped-surface equations in the complex coordinates. These coordinates are
especially convenient for analyzing the four-dimensional case. In the general case, the trapped surface can
be found as the solution of the particular Dirichlet problem (see Sec. 3 for the details) for the Beltrami–
Laplace operator on the hyperboloid where the shock wave is located. We conclude by comparing our
results with results in [14], [37] obtained in a different coordinate system.

2. The shock wave in complex coordinates

2.1. The shock wave in plane coordinates. To begin, we allow ourself to briefly recall the results
in [28], [32], [35] devoted to the geometry of shock waves propagating in the four-dimensional AdS space–time
(see [38] for gravitational waves). In terms of the dependent plane coordinates (U, V, �Z, Z4), �Z = (Z2, Z3),
satisfying

−2UV + �Z2 − Z42
= −a2, (2.1)

the line element of the shock wave space–time is

ds2 = −2 dU dV + d�Z2 − (dZ4)2 + F (Z4)δ(U)dU2, (2.2)

where U and V are related to Z0 and Z1 by U = (Z0 + Z1)/
√

2 and V = (Z0 − Z1)/
√

2.
The shock wave shape function F is a fundamental solution of the equation

(
�H2 − 2

a2

)
F = −16

√
2πG4p̄δ(�n, �n0), (2.3)

where ∆H2 is the Laplace–Beltrami operator on the two-dimensional hyperboloid H
2, �Z2−Z42 = −a2, �n0 is

the location of the particle on the hyperboloid, p̄ is the shock wave energy, and G4 is the four-dimensional
gravitational constant. The factor

√
2 in the right-hand side results from our choice of the coordinate

system (that factor disappears if we set −dU dV instead −2 dU dV in the metric for the AdS space and the
shock wave). This metric is a solution of the Hilbert–Einstein equations with an energy–momentum tensor
with the single nontrivial component TUU ∼ p̄δ(U).

For the parameterization Z4 = aξ, we obtain

F (ξ) = 4
√

2 p

(
−2 + ξ log

(
ξ + 1
ξ − 1

))
, (2.4)

where p = p̄G4 is the rescaled energy and ξ > 1.
Figure 1a schematically presents a single shock wave in a D-dimensional AdS space–time. The latter is

represented as a hyperboloid embedded in the (D+1)-dimensional Minkowski space–time. The coordinates
Z2 and Z3 are suppressed in this figure. The shock wave is located at the intersection of the hyperboloid
with hyperplane Z0 − Z1 = 0, U = (Z0 + Z1)/

√
2, V = (Z0 − Z1)/

√
2.

Two shock waves colliding at U = V = 0 are presented in Fig. 1b.
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Fig. 1. (a) A single shock wave in AdS space. (b) Two shock waves collide at Z: 0 = 0.

Fig. 2. A shock wave in AdS at discrete Z0-time instants.

We consider a collision of two waves of the type described above. We suppose that in the region
{U < 0} ∪ {V < 0}, i.e., the part of the space–time before the collision, the metric is given by

ds2 = −2 dU dV + d�Z2 − (dZ4)2 + F (ξ, ξ1)δ(U)dU2 + F (ξ, ξ2)δ(V )dV 2. (2.5)

Here, ξ1 and ξ2 are the locations of the two colliding particles (see [28] for the explicit formula for F (ξ, ξi)).
We can also draw the position of a single shock at discrete instants. In Fig. 2, we can easily see that

our shock wave is nonexpanding.
In what follows, we use independent complex coordinates, which are convenient for a universal descrip-

tion of the dS and AdS spaces.

2.2. The shock wave metric in the independent coordinates. To study the structure of the
space–time in terms of independent four-dimensional coordinates, it is convenient to use the complex con-
formal flat coordinates

w =
2aU

Z4 + a
, σ =

2aV

Z4 + a
, ζ =

√
2 a

Z4 + a
(Z2 + iZ3). (2.6)

In these coordinates, the shock wave metric is

ds2 =
−2 dw dσ + 2 dζ dζ̄ + 2H(ζ, ζ̄)δ(w)dw2

[1 ± (wσ − ζζ̄)/(2a2)]2
, (2.7)

where

H(ζ, ζ̄) =
1
2

(
1 ∓ 1

2a2
ζζ̄

)
F

(
a
1 ± ζζ̄/(2a2)
1 ∓ ζζ̄/(2a2)

)
(2.8)
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and F is given by (2.4). Hence,

H(ζ, ζ̄) = 2
√

2 p

(
1 ∓ 1

2a2
ζζ̄

)(
−2 +

1 ± ζζ̄/(2a2)
1 ∓ ζζ̄/(2a2)

log
(

2a2

ζζ̄

))
, (2.9)

where ∓ corresponds to the respective AdS or dS case.
The shock wave is located on the two-dimensional hyperboloid/sphere (we consider only the AdS case

in what follows; see Fig. 2), and the induced metric on it is given by

ds2 =
2 dζ dζ̄

(1 − ζζ̄/(2a2))2
. (2.10)

The rescaled shape function H(ζ, ζ̄) divided by 1∓ζζ̄/(2a2) is the fundamental solution of the Beltrami–
Laplace equation on this two-dimensional hyperboloid,

(
∆H2 − 2

a2

)
H(ζ, ζ̄)

1 − ζζ̄/(2a2)
= −8

√
2πp̄G4δ(ζ)δ(ζ̄), (2.11)

where

∆H2 =
1
2

(
1 − ζζ̄

2a2

)2
∂2

∂ζ∂ζ̄
(2.12)

or, in the ρϕ coordinates, ζ = ρeiϕ,

∆H2 =
1
2

(
1 − ρ2

2a2

)2(
∂2

∂ρ2
+

1
ρ

∂

∂ρ
+

1
ρ2

∂2

∂ϕ2

)
. (2.13)

Because H given by (2.11) depends only on ρ, we have a fundamental solution of the ordinary differential
operator

1
2

(
1 − ρ2

2a2

)2(
∂2

∂ρ2
+

1
ρ

∂

∂ρ

)
H(ρ)

1 − ρ2/(2a2)
= −8

√
2πp̄G4δ(ρ). (2.14)

2.3. Geodesics in term of the independent coordinates. Explicit expressions for geodesics in
terms of the dependent five-dimensional coordinates are known:

V = V0 + V1U + Q(Zj
0)θ(U) + R(Zj

0)θ(U)U, (2.15)

Zi = Zi
0 + Zi

1U + Si(Z
j
0)θ(U)U, (2.16)

where

Q(Zi
0) =

1
2
F (Zi

0), (2.17)

Si(Zi
0) =

1
2
F,i +

1
2a2

(F − Zj
0F,j)Zi

0, (2.18)

R(Zj
0) =

1
2
F,iZ

i
1 +

1
2a2

(F − Zi
0F,i)V0 +

1
8

F 2
,i +

1
8a2

(
F 2 − (Zi

0F,i)2
)
. (2.19)

These formulas have been obtained by a straightforward analysis of the geodesic equations with constraints
in [15] and also by an application of the theorem on embedding a manifold in [33]. Here and hereafter, we
use the convention

θ(0) =
1
2
. (2.20)
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Although the Heaviside function is a generalized function and its value at one point should not play a
significant role in physically meaningful calculations, we are here obliged to deal with such an object as
θ(0). We plan to discuss this aspect in detail in our next paper and perform an accurate regularization
procedure. Here, we simply use convention (2.20).

Using coordinate change (2.6), we obtain an expression for geodesics in terms of the independent
coordinates. In the first order of the parameter U , we obtain

w(U) = w1U + . . . ,

σ(U) = σ0 + σ1U + · · · ≡ σ0c + σ0θθ(U) +
(
σ1c + σ1θθ(U)

)
U + . . . ,

ζ(U) = ζ0 + ζ1U + · · · ≡ ζ0c + ζ0θθ(U) +
(
ζ1c + ζ1θθ(U)

)
U + . . . ,

(2.21)

where

w1 =
2

1 + Z4
0/a

, (2.22)

σ0c =
2V0

1 + Z4
0/a

, (2.23)

σ0θ =
2Q(Zi

0)
1 + Z4

0/a
, (2.24)

σ1c = 2
(

V1

1 + Z4
0/a

− Z4
1

a

V0

(1 + Z4
0/a)2

)
, (2.25)

σ1θ = 2
(

R(Zi
0)

1 + Z4
0/a

− Q(Zi
0)Z

4
1

a(1 + Z4
0/a)2

− QS4(Zi
0)

a(1 + Z4
0/a)2

− S4(Zi
0)

a

V0

(1 + Z4
0/a)2

)
, (2.26)

ζ0c =
√

2 z0

1 + Z4
0/a

, (2.27)

ζ0θ = 0, (2.28)

ζ1c =
√

2 z1

1 + Z4
0/a

− Z4
1

a

√
2 z0

(1 + Z4
0/a)2

, (2.29)

ζ1θ =
√

2S(Zi
0)

1 + Z4
0/a

− S4

a

√
2 z0

(1 + Z4
0/a)2

. (2.30)

Here, the complex variables S, z0, and z1 are related to Si, Zi
0, and Zi

1 by

S(Zi
0) = S2(Zi

0) + iS3(Zi
0), (2.31)

z0 = Z2
0 + iZ3

0 , z1 = Z2
1 + iZ3

1 . (2.32)

We see that there is a discontinuity only for the σ variable.

2.4. Smooth coordinates. To eliminate δ(U) from the metric, we use a coordinate change analogous
to one introduced in [39]:

w = W,

σ = Σ + H(Υ, Υ)θ(W ) + Wθ(W )HΥHΥ,

ζ = Υ + Wθ(W )HΥ.

(2.33)
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Here, HΥ = ∂ΥH(Υ, Υ). In the new coordinates, we obtain the metric

ds2 =
−2 dW dΣ + 2|dΥ + Wθ(W )(HΥΥ dΥ + HΥ Υ dΥ)|2

[1 +
(
WΣ − ΥΥ + Wθ(W )G

)
/(2a2)]2

, (2.34)

where H(Υ, Υ) depends on Υ and Υ as H(ζ, ζ̄) given by (2.8) depends on ζ and ζ̄ and

G = H − ΥHΥ − ΥHΥ. (2.35)

We rewrite metric (2.34) as

ds2 = 2gWΣ dW dΣ + gΥΥ dΥ dΥ + 2gΥΥ dΥ dΥ + gΥΥ dΥ dΥ, (2.36)

where

gWΣ = − 1
N , (2.37)

gΥΥ =
2
N θ(W )WHΥΥ(1 + WHΥΥ), (2.38)

gΥΥ =
1
N

[(
1 + θ(W )WHΥΥ

)(
1 + θ(W )WHΥΥ

)
+ θ(W )W 2HΥΥHΥ Υ

]
=

=
1
N

[1 + 2θ(W )WHΥΥ + θ(W )W 2(H2
ΥΥ

+ HΥΥHΥ Υ)], (2.39)

gΥΥ =
2
N θ(W )WHΥ Υ(1 + WHΥΥ). (2.40)

Here,

N =
[
1 +

1
2a2

(
WΣ − ΥΥ + θ(W )W (H − HΥΥ − HΥΥ)

)]2

. (2.41)

2.5. Two shock waves. In the case of two shock waves, we have the metric

ds2 = 2g
(2)
WΣ dW dΣ + g

(2)
ΥΥ dΥ dΥ + 2g

(2)

ΥΥ
dΥ dΥ + g

(2)

ΥΥ
dΥ dΥ, (2.42)

where

g
(2)
WΣ = − 1

N (2)
, (2.43)

g
(2)
ΥΥ =

2HΥΥ

N (2)
[θ(W )W (1 + WHΥΥ) + θ(Σ)Σ(1 + ΣHΥΥ)], (2.44)

g
(2)

ΥΥ
=

1
N (2)

[
1 + 2

(
θ(W )W + θ(Σ)Σ

)
HΥΥ +

(
θ(W )W 2 + θ(Σ)Σ2

)
(H2

ΥΥ
+ HΥΥHΥΥ)

]
, (2.45)

g
(2)

ΥΥ
=

2HΥΥ

N (2)
[θ(W )W (1 + WHΥΥ) + θ(Σ)Σ(1 + ΣHΥΥ)]. (2.46)

Here,

N (2) =
[
1 +

1
2a2

(
WΣ − ΥΥ +

(
θ(W )W + θ(Σ)Σ

)
(H − HΥΥ − HΥΥ)

)]2

. (2.47)

This form of the metric is correct for three space–time regions: (Σ < 0, W < 0), (Σ < 0, W > 0), and
(Σ > 0, W < 0). It should be modified for (Σ > 0, W > 0) because of the gravitation interaction (finding
a modification of the metric in the fourth region (Σ > 0, W > 0) was recently attempted in [40]). In what
follows, we present the main steps in deriving the expression for the trapped surface in the space–time
region where formula (2.42) is applicable.
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2.6. Derivation of the equation for the trapped surface. The trapped surface in the four-
dimensional space–time is a two-dimensional closed spacelike surface determined by the condition that the
convergence of null geodesics on it is equal to zero. We recall that the convergence of geodesics passing
through a given surface is given by [17], [41], [42]

θ = hMN∇MξN , (2.48)

where ξN is a tangent vector to a geodesic, ∇M is the covariant derivative, and hMN is a four-dimensional
tensor related to the two-dimensional metric induced on the surface (the exact definition is given below).

In coordinate system (2.33), the trapped surface whose explicit expression we seek has two parts. We
let S1 and S2 denote those two parts of the trapped surface in the respective regions Σ < 0 and W < 0.
They are defined in terms of the two functions Ψ1(Υ, Υ) and Ψ2(Υ, Υ) as

S1 :




W = 0,

Σ = −Ψ1(Υ, Υ),
S2 :




Σ = 0,

W = −Ψ2(Υ, Υ),
(2.49)

with the additional boundary conditions at the shock wave intersection C ⊂ {W = Σ = 0}

S1|C = S2|C (2.50)

and
∂�nS1|C = ∂�nS2|C , (2.51)

where ∂�n denotes the normal derivative to the surface.
Condition (2.50) means that

Ψ1(Υ, Υ)
∣∣
C = 0, Ψ2(Υ, Υ)

∣∣
C = 0, (2.52)

and a consequence of (2.51) is given in explicit form below (see (2.73)).
Because S1 and S2 are in the respective regions W < 0 and Σ < 0, we also have Ψ1(Υ, Υ) > 0 and

Ψ2(Υ, Υ) > 0.
We now derive equations for the two functions Ψ1(Υ, Υ) and Ψ2(Υ, Υ) determined by the condition

that the surface they define is marginally trapped [17], [41], [42], i.e., that the convergence of outgoing null
geodesics orthogonal to the surface has zero expansion. Our calculations are very close to the corresponding
calculations in the review section in [21].

The null geodesics passing through the trapped surface can be specified by the tangent vectors ξ with
the components for W < 0

ξW = w1 = 1 − ΥΥ
2a2

, ξΣ = σ1, ξΥ = ζ1, ξΥ = ζ̄1. (2.53)

Because of the isotropy condition gMN ξMξN = 0 for the geodesics, we obtain

2gWΣσ1w1 + gΥΥζ2
1 + 2gΥΥζ1ζ̄1 + gΥΥζ̄2

1 = 0. (2.54)

This condition fixes the parameter σ1:

σ1 = − 1
2gWΣw1

(gΥΥζ2
1 + 2gΥΥζ1ζ̄1 + gΥΥζ̄2

1 ). (2.55)
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We also suppose that ξ is orthogonal to the surface S1, i.e.,

(ξ, Ka) = 0, a = ζ, ζ̄, (2.56)

where KM
a are two independent four-component vectors tangent to the surface,

KM
a = (0,−∂aΨ, δb

a). (2.57)

This leads to
−gWΣ∂aΨw1 + gabζ

b = 0. (2.58)

We hence easily obtain
ζa = w1g

abgWΣ∂bΨ. (2.59)

For ξM , we have
ξM = gMN ξN , (2.60)

where

ξW = w1, (2.61)

ξΣ = σ1 = −1
2
gWΣw1(∂ΥΨgΥΥ∂ΥΨ + 2∂ΥΨgΥΥ∂ΥΨ + ∂ΥΨgΥΥ∂ΥΨ), (2.62)

ξΥ = ζ1 = w1gWΣ(gΥΥ∂ΥΨ + gΥΥ∂ΥΨ), (2.63)

ξΥ = ζ̄1 = w1gWΣ(gΥΥ∂ΥΨ + gΥΥ∂ΥΨ). (2.64)

Here, we can use an approximate expression for the metric. In the matrix notation up to the first order
in W , we have



0 gWΣ 0 0

gΣW 0 0 0

0 0 gΥΥ gΥΥ

0 0 gΥΥ gΥΥ


 ≈ 1

N




0 −1 0 0

−1 0 0 0

0 0 2HΥΥθ(W )W 1 + 2HΥΥθ(W )W

0 0 1 + 2HΥΥθ(W )W 2HΥΥθ(W )W


 .

Hence, at the point W = 0, we obtain

ξM = −
(

∂ΥΨ∂ΥΨ
1 − ΥΥ/(2a2)

,
1

1 − ΥΥ/(2a2)
,

∂ΥΨ
1 − ΥΥ/(2a2)

,
∂ΥΨ

1 − ΥΥ/(2a2)

)
, (2.65)

hMN = KM
a KN

b gab = N




0 0 0 0

0 −2∂ΥΨ∂ΥΨ ∂ΥΨ ∂ΥΨ

0 ∂ΥΨ 0 −1

0 ∂ΥΨ −1 0


 . (2.66)

The components of the corresponding connection are

Γ1
11 = −∂ΣN

N , Γ1
12 = −∂ΥN

2N , Γ2
12 = −∂ΣN

2N , (2.67)

Γ1
22 =

HΥΥ

2
, Γ2

22 = −∂ΥN
N , Γ1

13 = −∂ΥN
2N , (2.68)

Γ3
13 = −∂ΣN

2N , Γ1
23 = − 1

2N (∂WN − HΥΥN ), Γ0
23 = −∂ΣN

2N , (2.69)

Γ1
33 =

HΥΥ

2
, Γ3

33 = −∂ΥN
N . (2.70)
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Substituting them in (2.48) and taking (2.66) into account, we obtain the zero-convergence equation (the
equation for the trapped surface):

(
1 − ΥΥ

2a2

)
∂2
ΥΥ

(2Ψ − H) +
(

Υ
2a2

∂Υ +
Υ

2a2
∂Υ

)
(2Ψ − H) − 1

2a2
(2Ψ − H) = 0. (2.71)

The geometric meaning of this equation becomes clear if we rewrite (2.71) in the form

(
∆H2 − 2

a2

)(
Ψ − κH

1 − ρ2/(2a2)

)
= 0, (2.72)

where ρ2 = ΥΥ, ∆H2 on the shock wave is given by (2.12) (Υ = ζ and Υ = ζ̄ on the shock wave), and
κ = 1/2 (this particular value of κ is related to our choice θ(0) = 1/2).

We recall that the shape function H of the gravitational shock wave divided by the factor 1−ρ2/(2a2),
F = 2H/

(
1 − ρ2/(2a2)

)
, is the fundamental solution of Eq. (2.11). This means that the trapped-surface

function Ψ also divided by the same factor 1 − ρ2/(2a2) up to a solution to the homogeneous version of
Eq. (2.4) is a fundamental solution of this equation.

We can easily see that condition (2.51) can be represented in the form

∂ΥΨ1∂ΥΨ2

∣∣
C = 1. (2.73)

Indeed, this boundary condition can be written in terms of the vectors �ξ as

�ξ1 = �ξ2 (2.74)

because the vector �ξ tangent to the geodesics is also normal to the trapped surface and

ξM
1 = (1, ∂ΥΨ∂ΥΨ,−∂ΥΨ,−∂ΥΨ)

(
1 − ΥΥ

2a2

)
, (2.75)

ξM
2 = (∂ΥΨ∂ΥΨ, 1,−∂ΥΨ,−∂ΥΨ)

(
1 − ΥΥ

2a2

)
. (2.76)

A sufficient condition for black hole formation in an asymptotically flat space–time is the existence
of a marginally closed trapped surface at the hypersurface {W ≤ 0, Σ = 0} ∪ {W = 0, Σ ≤ 0} [9], [37],
[36], [39], [43]. We note that there are no general theorems in non-asymptotically flat cases, but there is a
widespread opinion that the existence of the marginally trapped surface can indicate creation of a a black
hole.

3. The trapped surface in AdS4 for head-on collisions

3.1. Solution of the trapped-surface equation. Here, we consider a head-on collision preserv-
ing the rotational symmetry around the axis of motion of massless particles, i.e., O(2) symmetry in
the D=4 case. Because of the O(2) symmetry of the head-on collision, the functions Ψ1(Υ, Υ) and
Ψ2(Υ, Υ) describing the trapped surface are identical and depend only on the parameter ρ2 = ΥΥ:
Ψ1(Υ, Υ) = Ψ2(Υ, Υ) = Ψ(ρ2). In this case, it is convenient to introduce the new function

φ(ρ) =
2Ψ(ρ) − H(ρ)
1 − ρ2/(2a2)

, (3.1)
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which depends only on ρ. Equation (2.71) then transforms into the ordinary differential equation

(
1 − ρ2

2a2

)2(
∂2φ

∂ρ2
+

1
ρ

∂φ

∂ρ

)
− 4φ

a2
= 0, (3.2)

whose solution has the general form

φ(ρ) =
A(ρ2 + 2a2) + B

(
(ρ2 + 2a2) log ρ + 4a2

)
ρ2 − 2a2

. (3.3)

Because we are interested in the regular solution of the homogenous equation, we must set B = 0. We then
obtain the expression

Ψ(ρ) =
√

2 p

(
1 − ρ2

2a2

)(
−2 +

2a2 + ρ2

2a2 − ρ2
log

(
2a2

ρ2

))
− 1

2a2
A(ρ2 + 2a2) (3.4)

for the trapped surface function. As mentioned above, in the head-on case, we must solve the boundary
problem

Ψ|C = 0, (3.5)

∂ΥΨ∂ΥΨ|C = 1, (3.6)

for one function Ψ, which is a solution of the equation for the trapped surface.
It is obvious that the bound C of the sewing of identical components of the surface is a circle,

ρ = ρ0 = const .

We thus obtain a system of two equations for the two constants A and ρ0:

√
2 p

(
1 − ρ2

0

2a2

)(
−2 +

2a2 + ρ2
0

2a2 − ρ2
0

log
(

2a2

ρ2
0

))
− 1

2a2
A(ρ2

0 + 2a2) = 0, (3.7)

1
a4ρ2

0

(
2
√

2 pa2 − ρ2
0

(√
2 p − A

)
−
√

2 pρ2
0 log

(
2a2

ρ2
0

))2

= 4. (3.8)

Substituting A from (3.7) in expression (3.4), we obtain

Ψ(ρ) =
√

2 p

(
4

ρ2 − ρ2
0

2a2 + ρ2
0

+
(

1 +
ρ2

2a2

)
log

(
ρ2
0

ρ2

))
. (3.9)

To connect with the results in [37], it is instructive to rewrite the condition imposed on ρ as an equation
in terms of the initial shape function F in the plane coordinates. By (2.4) and (3.4), we have

Ψ =
1
4

(
1 − ρ2

2a2

)
F (ρ) − 1

2a2
A(ρ2 + 2a2). (3.10)

Because this Ψ depends only on ρ, condition (3.6) can be rewritten as dΨ/dρ = ±2 (to avoid unphysical
roots, we choose the minus sign):

Ψ′(ρ) =
1
4

(
1 − ρ2

2a2

)
F ′(ρ) − ρ

4a2
F (ρ) − ρ

a2
A. (3.11)
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a b

Fig. 3. (a) Plot of Ψ(ρ)/(p
√

2) for different values of ρ0: this plot shows that Ψ(ρ) > 0 for ρ < ρ0.

(b) Plot of the function f(x) defining the value of ρ̄0: line 1 corresponds to a small value of a/p, and

line 2 corresponds to a large value of a/p.

On C, we have

Ψ′(ρ)
∣∣
C =

1
4

(
1 − ρ2

0

2a2

)
F ′(ρ0) −

ρ0

2a2 + ρ2
0

F (ρ0), (3.12)

and we obtain (3.6) in terms of the initial shape function,

1
4

(
1 − ρ2

0

2a2

)
F ′(ρ0) −

ρ0

2a2 + ρ2
0

F (ρ0) + 2 = 0. (3.13)

We can define ρ0 from requirement (3.13). We introduce a dimensionless parameter ρ̄0 = ρ0/a. From
Eqs. (3.9) and (3.13), we find that ρ̄0 satisfies the equation

f(ρ̄0) =
√

2
a

p
, (3.14)

where

f(x) ≡ 1
x

(2 − x2)2

2 + x2
. (3.15)

This equation has a solution for each value of the ratio a/p, and we therefore have no critical effect, unlike
in a dS space–time. Because the point ρ =

√
2 a corresponds to spatial infinity (the dS horizon), we are

interested in solutions in the interval 0 < ρ0 <
√

2 a, and Eq. (3.14) has unique solution in this interval for
a given a/p.

For a small ratio a/p (high-energy particles and/or a strongly curved space–time, which we call the
high-energy limit), the solution of (3.14) is close to ρ̄0 ∼

√
2:

ρHE
0 =

√
2 a −

√
a3

p
. (3.16)

For a large ratio a/p (low-energy particles and/or a weakly curved space–time, which we call the low-energy
limit), the solution of (3.14) is about ρ̄0 ∼

√
2 p/a:

ρLE
0 ≈

√
2 p. (3.17)
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3.2. Area of the trapped surface. We can now easily obtain the area of the trapped surface.
Because the metric of the space–time with two shock waves is given by (2.42), the induced metric on half
of the trapped surface (for definiteness, W = 0 and Σ = −Ψ(Υ, Υ)) is

gαβ =
1
N

(
0 1

1 0

)
. (3.18)

Therefore, the whole area of the two parts of the trapped surface can be written in the form

A = 2
∫

ρ<ρ0

2
√
| det gαβ |2πρ dρ = 2

∫ ρ0

0

4πρ dρ

N = 8πa2 ρ2
0/(2a2)

1 − ρ2
0/(2a2)

. (3.19)

For a large ratio a/p, as shown above, ρ0 ≈
√

2 p, i.e., ρ2
0/a2 is small, and

A ≈ 4πρ2
0 + 2π

ρ4
0

a2
≈ 8πp2

(
1 +

p2

a2
+ . . .

)
. (3.20)

The first term here reproduces the result in the flat case.
For a small ratio a/p, we have ρ0 ≈

√
2 a −

√
a3/p and

A ≈ 4πa
√

2pa. (3.21)

We can hence see that the presence of a small negative cosmological constant leads to a small increase in
the area of the trapped surface formed during the collision of ultrarelativistic particles and correspondingly,
perhaps, to an increase in the cross section of black hole creation.

3.3. Comparison with recent results. An equation describing the trapped surface in an AdS
space–time was also recently presented in [14], [37], [44], where mainly the Poincaré coordinates were used.
It is helpful to compare our result and the result in [37] and to demonstrate their equivalence. For this, we
must show that the equations for the trapped surface and also the boundary conditions obtained here and
in [37] coincide.

We recall the relation between plane coordinates (2.1) and the Poincaré coordinates:

Z0 = a
t√
2 z

, (3.22)

Z1 = a
x1

√
2 z

, (3.23)

Z2 = a
x2

z
, (3.24)

Z3 =
z

2

(
−1 +

a2 − �x 2 + t2

z2

)
, (3.25)

Z4 =
z

2

(
1 +

a2 + �x 2 − t2

z2

)
. (3.26)

The shock wave located at an intersection of hyperboloid (2.1) and one of the two planes Z0 ± Z1 = 0 is
located at x± ≡ t±x1 = 0 in the Poincaré coordinates. Metric (2.2) can be rewritten in the new coordinates
as

ds2 = ds2
AdS4

+
a

z
Φ−(z, x2)δ(x−)dx−2, (3.27)
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where the function Φ−(z, x2) is the solution of the equation

(
∆H2 − 2

a2

)
Φ−(z, x2) = −16πG4pδ(z − a)δ(x2) (3.28)

and the Beltrami–Laplace operator ∆H2 on the hyperboloid H2 in the coordinates (x2, z) can be obtained
from the metric on H2,

ds2
H2 =

a2

z2

(
(dx2)2 + dz2

)
, (3.29)

and has the form

∆H2 =
z2

a2

∂2

∂z2
+

z2

a2

(
∂

∂x2

)2

. (3.30)

The authors of [37], [44] used the chordal distance coordinate, i.e., the distance in the embedding space
metric between a chosen point (x2, z) and the fixed point (0, a),

q ≡ (z − a)2 + x2
2

4az
. (3.31)

Metric (3.29) in terms of these coordinates is

ds2 = a2

(
dq2

q(q + 1)
+ 4q(q + 1)dϕ2

)
. (3.32)

Here, we introduce the angle variable tanϕ = −Z3/Z2. The Beltrami–Laplace operator ∆H2 can be written
as

∆H2 =
1
a2

(
q(q + 1)

∂2

∂q2
+ (1 + 2q)

∂

∂q
+

1
4q(q + 1)

∂2

∂ϕ2

)
. (3.33)

The chordal distance q is related to the parameter ρ by

q =
ρ2/(2a2)

1 − ρ2/(2a2)
. (3.34)

Using (3.34), we can write boundary condition (3.13) in terms of q0 corresponding to ρ0:

F ′(q0) −
2

1 + 2q0
F (q0) +

8a√
2q0(1 + q0)

= 0. (3.35)

We can now easily see that this equation up to a difference in the coefficients coincides with the similar
equation previously obtained in [37]. This difference results from a different convention for θ(0). If we
set θ(0) = 1 and rescale the shape function F (q) =

√
2Φ(q), which is required by the difference in the

coordinate systems, then we obtain:

Φ′(q0) −
2

1 + 2q0
Φ(q0) +

2a√
q0(1 + q0)

= 0, (3.36)

which exactly reproduces the result in [37].
We now note that if we use an arbitrary regularization θ(0) = κ, then we obtain

(
∆H2 − 2

a2

)(
Ψ − κH

1 − ρ2/(2a2)

)
= 0 (3.37)

1659



instead of Eq. (2.71). It is easy to understand how the area of the trapped surface depends on κ. If θ(0) = κ,
then Eq. (3.14) changes to

f(ρ0) =
a√
2 pκ

, (3.38)

which leads to

ρLE
0 ≈ 2

√
2 pκ, (3.39)

ρHE
0 ≈

√
2 a −

√
a3

2pκ
. (3.40)

For the area of the trapped surface, we obtain

ALE =
8πa2ρ2

0

2a2 − ρ2
0

≈ 4πρ2
0 + 2π

ρ4
0

a2
≈ 32πp2κ2

(
1 + κ2 p2

a2

)
(3.41)

in the first case and

AHE =
8πa2ρ2

0

2a2 − ρ2
0

≈ 4
√

2πa3

√
2 a − ρ0

≈ 8π
√

κpa3 (3.42)

in the second case. We can hence see that in both energy regimes, the influence of the parameter κ,
depending on the kind of regularization of the initial metric singularity, is very significant. Only a detailed
analysis of this problem can indicate the physically reasonable choice.

4. Concluding remarks

We have studied the process of forming marginally trapped surfaces during the head-on collision of two
shock waves in the AdS4 space–time and established the dependence of the physical characteristics of the
surface on the ratio of a and p. A multiplicative correction to the area of the trapped surface (compared
with the flat case) depends on that ratio in a scaling way. In contrast to the dS4 case, there is no criticality
in the AdS4 case. We noted that our result differs from the previous results by a certain numerical factor,
which results from the choice of the type of regularization of the initial singularity of the wave metric. A
more detailed study of regularization requires further consideration and will be the subject of a separate
paper.
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18, 1843–1882 (2003); arXiv:hep-ph/0210296v1 (2002); P. Kanti, Internat. J. Mod. Phys. A, 19, 4899–4951

(2004); arXiv:hep-ph/0402168v2 (2004); S. B. Giddings and V. S. Rychkov, Phys. Rev. D, 70, 104026 (2004);

arXiv:hep-th/0409131v1 (2004); V. Cardoso, E. Berti, and M. Cavaglià, Class. Q. Grav., 22, L61–L69 (2005);
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