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ANALYTIC PROPERTIES OF THE S-MATRIX FOR INTERACTIONS
WITH YUKAWA-POTENTIAL TAILS

M. Baldo* and V. S. Olkhovsky'

We give an explicit analytic expression for the S-matrix in the case of an arbitrary central interaction
inside a sphere of finite radius with a Yukawa-potential tail at large distances. The method uses the
completeness of the wave functions outside the finite sphere and also the unitarity and the symmetry

conditions for the S-matrix.
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1. Introduction

The analytic structure of the nonrelativistic one-channel S-matrix is now known rather completely
for a wide class of spherical interactions (see, e.g., [1]-[5]). It seems that the case of interactions with
Yukawa-potential tails, for which the explicit analytic representations of the S-matrix is unknown, is the
only essential exception. Indeed, this case is characteristic for nuclear physics, both for nucleon—nucleon
and nucleon—nucleus interactions. Our goal in this paper is to fill this gap to some extent based on the
method developed in [3]-[5].

2. Basic formulas and general S-matrix properties

We assume that the interaction between two colliding particles outside a sphere of finite radius a is
described by a central Yukawa potential

V="lbr) e ], Vo<0, b'~a, (1)

while it has a given arbitrary form inside the sphere.
The radial scattering wave function Rl(+) with outgoing-wave boundary conditions for the partial wave
l, the wave number k, and r > a can be written as

R (k,r) = 2% [fie (ke r)e™ 2 — Si(k) fuy (kyr)e™ /2], (2)

The radial wave function for a bound state R}’ in the same region can be written in the form

R?(knl,’/“) — (27‘()71/2 Bl(knl)f:r(knlar)’ (3)

where k,; is the corresponding eigenvalue and B is the so-called bound-state constant. The S-matrix or,
more precisely, the function S;(k) in Eq. (2) satisfies the (extended) unitarity condition

Si(k)Sp (k%) =1 (4)
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and the symmetry condition

Si(k)Si(=k) =1 ()

(see, e.g., [1]-[5]). The definitions and some properties of the functions fi1(k,r) are given in [1]. All the
information on the interaction for r < a is contained in the functions S;(k), constants B;(k,;), and numbers
knl-

We now consider the analytic properties of fi+(k,r) for Yukawa potentials (1). First, according to [1],
for the case [ = 0, we have

fox(k,r) = [1 + / Se (V' k)e " db’] eI (6)
b
where Sy (b, k) is the solution of the equation
boF 2)S5(0.0) =+ [ pSs (V) 7)
b

where p = 2uVy/(h%b3) < 0 and p is the reduced mass. The solution of Eq. (7) can be written as

9ik\ 1!
s0.0) = oo w2 |15 1015 50) |, ®)
and we obtain
2ik b gy Likr
foi(kar)—{14‘/’[1?%10%(1?—)] / CEST } (6a)
from Eq. (6).
In Eq. (8), there is a logarithmic singularity of fo+(k,r) at the point k = k, = ib/2. We consider the

analytic properties of the factor
2ik\ 17!
A_ 1 —1 14+ — .
=1+ gpon1+ 7)) )

It is easy to verify that for complex values of k with both Rek and Im k nonzero, the factor A~ has no
zeros, and A_ therefore has no poles. The same result is obtained for real k. Further, we set k = iz, where
x is real, and rewrite Eq. (9) in the form

o gu-3)]

In the case 2z/b > 1, the factor A~! has no zeros because the logarithm is complex, and A_ therefore has
no poles. In the case 0 < 2z/b < 1 for p < 0, as in the case of the long-range part of the nuclear forces, A_
again has no poles. Finally, in the case 2x/b < 0, poles can exist, but they must be located in the lower
half of the complex k plane.

In conclusion, we note that the factor A_ contains no additional singularities in the upper half of the
complex k plane except a branch point at k, = ib/2.

The treatment can be extended to higher angular momenta [ > 0. The same logarithmic singularity
at the point k = k, = ib/2 also appears in f;_(k,r). To show this, the following integral equation, which
allows computing f;_(k,r) from fo_(k,r), can be used:

fio(k,r) = fo—(k,r) +1(1+1) /OO G(ksr, 7Y ) 2 fi_ (kv dr’, (10)
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where r > a and the Green’s function G(k;r,7’) has the form [1]
G(lﬁ Ty rl) = (2“@71 [fo,(k, T)fOJr(kv T/) — fo- (kv T/)fOJr(kﬂ 7‘)] =

= [for (k,0)] T [@(k,r) f (k1) — @k, o) f (K, 7)]. (11)

Because the function ®(k,r) is regular everywhere, the Green’s function in Eq. (11) has no singularity at
the point k. The solution f;_(k,r) of Eq. (10) for any value of | contains the same logarithmic singularity
as the function fo_(k,r) at the point k, = ib/2.

After these preliminary considerations, we investigate the analytic structure of the S-matrix S;(k). For
this, as in [3], [5], we use the completeness condition for the wave function in the range r > a. We assume
that in this external region, the colliding particle can be described using the Schrédinger equation with a
single Yukawa potential (with the possible addition of a potential decreasing faster than any exponential).
Therefore, we can write

/ K2R (b, r)R* (e, 1) dk+ZR(" Kty 7) R (k') = 77 28(r — 1) (12)

for r, 7’ > a. Using the well-known property [1]

fi:_(k,’l") :fl—(kar)v fl*—(kar) :fl-i-(kvr)v (13)

valid for real k, and conditions (4) and (5), we can write Eq. (12) in the form

% /c fie (k) fig (ks 1) k) fip (ky 7)) fra (k') die +

2 (r — 1)

5 (14)

+%Z(Bl(km))2ﬁ+(knz, ) fus (it 7) =

r

The integration path C in Eq. (14) goes along the real axis from —oo to co except near the origin k = 0,
where it follows a semicircle of infinitely small radius in the upper half-plane D*. At the point & = 0, the
functions f;4 (k,r) have poles of order I.

Because for the chosen potential in the external region (r > a), the functions f;4 (k,r) have the limits
eTT for |k| — oo in all directions in the complex plane, we can deform the integration path inside D+
to another path composed of two pieces: an arbitrarily large semicircle above the real axis and a set of
contours inside DT going around all the existing singularities, either cuts or poles, as close to them as is
convenient. After such a deformation, using the identities

/ Jie(ky7) fro (Ryr') db = / ek =) g = / R0 =) dk = 28 (r — 1),
r+ r+ —o00
(15)
/ Sy(k) fiy (k,7) fiy (ky ') dk = Sy (k)e* '+ e,
T+

T+

we obtain [5]

f{ fi (k) fry (K, r") dk+2]{ _(ky7) fra (k') die —

DS 74 Su) fi ) s (') b — (—1)'Y 74 Suk) fu (k) f (k") ke —

q Ya

— (=D [ Si(k)e ”’””)dk—i—z Bi(kn1) ) fir (k) fre (Rent, ') = 0. (16)

T+
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Here, I'" is an infinitely large semicircle above the real axis, k,, and k; denote isolated singularities, and
vp and 7, are contours encircling nonisolated singularities or going along the edges of a cut in the case of
branch points. Because the functions f, (k,r) and e**" are independent as functions of 7 at different points
kniy km, ks, vp, and v, (singularities for f_(k,7) and Sj(k)) in D*, Eq. (16) is equivalent to the set of

equations

- (—1)lf;~C Sl(k)fH(kaT)fH(kﬂ“/)dk = (Bl(knl))szr(knlar)fl+(/€nla7“l)a (17)
(—1)17{ Si(k) fre (kyr) fry (kyr") dk:% fim(kyr) fige (k,r') dk, (18)
Ko kum
(—1)l Si(k) fie(k,7) froe (k') dk = fim(kyr) fig (k7' dk, (19)
Sy (k)e™* ') gl = 0, (20)
r+

where 77" > a. According to the residue theorem, we can conclude from Eq. (17) that in DT, S;(k) can
have first-order poles corresponding to the bound states and having residues equal to (—1)"*1i(27) =1 (B,,;)2.
Equation (18) can be rewritten as

/ fl*(kﬂrl)_ 1\l _
F st | o — (108 dk =

whence we can conclude that in D¥, S;(k) can have additional isolated singularities coinciding with the
isolated singularities of f;_(k,r) in D near which

Jim fi(kr) = lm Dy (k)i (k). (21)

The function D,, (k) is independent of r and has an isolated singularity at the point k,,. These results were
obtained in [1] using a different method. In Appendix 1, we present the English translation of a paper by
Olkhovsky and Tsekhmistrenko [6] (where similar results were presented concerning poles for interactions
that are more general than those in [1]); it was previously published in an Ukrainian edition, which had
not been translated into Russian and English and was hence previously unknown to readers not knowing
Ukrainian.

We now consider Eq. (19) near the logarithmic singularities of f;_(k,r) in D*. The contour ~, can
be chosen in the form shown in Fig. 1. It consists of the almost closed circle vac. around ky = ib/2 with
the small radius € = (¢/b)b and the two infinite lines yeqqe along the edges of the cut with a much smaller
distance between them given by (£/b)°b, § > 2, i.e., Yy = Yace +Yedge- We let 12 denote the segment joining
the lowest points 1 and 2 of the two lines (see Fig. 1). Letting . denote the closed contour formed by the
almost closed circle and the segment, we can write the identity

Lf
acc c Y12 e—0 Ve

for the integrals in Eq. (19). Because the length of yi5 is (¢/b)%b, the integrals over 15 and over VYedge
vanish as O(e?~2) as ¢ — 0. Therefore, only the contour integral over the closed circle 7. centered at the
point k. remains.
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Im k

1|l 2
ky = ib/2

0 Re k

Fig. 1. A form of the contour .

We consider the integral over . in detail. The value of the integral is determined by the behavior of
the integrand as the radius of the circle tends to zero. Therefore, we consider the limit

. . -1 roo ik—b")r
) ip 2ik el ,
1 1+ —logl 1+ — ——db". 23
kﬂﬁ[ o Og< M )] /b V(v + 2ik) (23)

It is easy to show that the integral over the variable b’ in this expression has a logarithmic divergence at
k~ that cancels when the corresponding factor vanishes, and the function fo_(k,r) therefore has no pole at
k. Explicitly evaluating limit (23) shows that in the vicinity of k,, the function fo_(k,r) can be written
as (see Appendix 2)

Fo_ (kor) — W(k,7) + [1 + ;—Z 10g<1 + %)] ), (24)

where the functions W and U are analytic functions of k¥ at the point k, and inside the small closed circle
ve- Equation (19) can therefore be rewritten as

%So(k)foJr(k,T)foJr(k,T/)dk: % fo+(/€,’r‘)f0,(k77'/)d]€:

c c

= ¢ W(k,r)for(k,r")dk+

Ve

. . —1
+ [1+%1og<1+¥)] ﬁ U(k,r)fot (k. r") dk. (25)

Because each integral in the right-hand side vanishes, we can conclude that

So(k) fox (ky7) fos (k,r") dk = 0. (26)

Ve

It hence follows that Sp(k) can contain at most a singular factor of the type

B ip 2ik ip 2ik\] "
F = {1 2k10g(1 b )} [14— 2k10g(1+ 2 (27)

connected with the analogous logarithmic branch points at k = k. Of course, there may be no such factor,
or So(k) may contain other factors that have a logarithmic branch point but vanish at k..
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Fig. 2. A disposition of the poles and the cut.

We consider a few special cases where this factor actually occurs. If the interaction inside the sphere
r < a is such that the scattering wave function in the external region (r > a) can be written in the form

Wext = fo—(kr) — So(k) fo+ (kr) (28)

and vanishes at some point r = rg > a, then

fO— (kv TO)
So(k) = =———=. 29
o(k) o hro) (29)
It follows that So(k) must contain a factor F' given by Eq. (27).
Another possibility occurs for a wide class of potentials [1], namely, when the interaction inside the
sphere r < a is such that the continuity relations

Uint = const - ®(k,a) = fo_(k,a) — So(k) fo+(k, a),

- de, (k’l‘)
N dr

Wine|  _dB() (30)
dr o dr

r=a

dfo+(k,
— S, fOer(T r)

r=a r=a

r=a

are satisfied. Here, the function ®(k,r) is the regular solution of the radial Schrodinger equation inside the
sphere r < a with the boundary condition ®(k,0) = 0. This function is determined only by the interaction
inside the sphere r < a. Equations (30) determine the constant and the corresponding S-matrix

_ gp(k, CL) df07 (ka a’)/da - f07 (kv CL) d@(kv a)/da
f(H—(kv CL) d(p(kv a)/da - (p(kv CL) df0+(k7 a)/da7

So(k) (31)

i.e., Sp(k) also must then contain factor (27). According to (10) and (11), the same result is also obtained
for Sj(k) with I > 0.
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Using the same approach, we can study a more general case where there is a covering of the cut
(see Fig. 2) by the poles (corresponding to bound states and/or “redundant” poles that appear when the
potentials decrease exponentially). In this case, it suffices to use equalities analogous to (22),

ace (n) kn Jya 0 Jk,

and simply repeat the reasoning preceding (24). It is then easy to prove that for all these singularities,
Eq. (21) continues to hold, and the results obtained previously concerning the singularities of Sj(k) in D
also continue to hold.

Finally, the analytic continuation of the functions S;(k) to the lower half-plane D~ can be found as
usual based on symmetry condition (5) and the known general theorem on analytic continuation.

3. The explicit analytic S-matrix representation for the chosen
class of interactions

We now try to find the explicit analytic representation of S;(k). The factor F' defined by (27) contains
logarithmic singularities analogous to those of (8) at the points k, = ib/2 and —ky, satisfies symmetry
condition (5), has the absolute value equal to unity on the real axis k, and, finally, has no other singularities
except possibly a zero of the denominator in (27) and no zeros except possibly a zero of the numerator
in (27).

Taking the behavior of (25) and equality (20) into account, we can easily see that for any value of [, the
functions §I(F)(I€) = F15)(k) with S;(k) = S;(k)e2*@ contain no logarithmic singularities, no zeros, and
no poles connected with the presence of logarithmic factor (27). They are regular and bounded everywhere
in the upper half-plane (including the real axis) except the points k,;. And for §Z(F)(k), we can find
the product expansion following an approach that was outlined schematically in [5] and received further
development here.

First, we consider some intermediate products. The product

k+kn
— 32
" —k+ky ( )
contains all the poles of S;(k) in DT, has no other singularities or zeros, satisfies conditions (4) and (5) and
has the absolute value equal to unity on the real axis k.

The product
—k + k'vl

k+ kvl (33)

contains all the zeros of S;(k) on the positive imaginary axis (except, of course, zeros of F'), contains all
the poles of S;(k) on the negative imaginary axis (in accordance with conditions (4) and (5), which are
satisfied for (33)), has the absolute value equal to unity on the real axis k, and is regular in D in the case
of convergence.

The product

H (ksi — k)(ky + k)

(hot 7 F) () — ) (39

contains all the zeros of Sj(k) in DT (except the imaginary axis and zeros of F), satisfies conditions (4)
and (5), is regular in DT in the case of convergence, and has the absolute value equal to unity on the real
axis k.

I The possible zero of the numerator in (25) is excluded in gl(F)(k).
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The function

N1 —1
Bt b kb 2 (k= ) (k7 + )
T (F) [H eyl | Sy E[(ksz‘f'k)(k:z_k) (35)

for finite numbers N = N; + N3 is regular and bounded on the real axis k. If the limit
Jl(k) = ]\;im JlN(k)

exists, then it has the same properties, and then

iy H k+ kn —k + ku yp (kst — k) (K5 + k)
_ 2ika sl
Silk) =e F(k) —k+k lH k+ Ky H (ks + k) (kX — k) (36)

To be certain of the validity (correctness) of (36), it is necessary to show that two infinite products

in (36) converge. The condition for their absolute convergence is the convergence of the sum
ka —k 1‘

k*
;[ksl—Fk +k*—k H‘LZU:
1
ZQ'k'{zs:|k+ksz|+zs:|k:l +Z|k+/€uz|} 37)

In turn, the convergence of (37) is determined by the convergence of the sum
22 e T 2 Tl T

because |ks;| — 00 as s — oo and |ky| — 00 as v — co. It is easy to see that sum (38) converges if the

vl"‘k ‘

(38)

sl| 'ul|

analyticity of the function
; 57 (k)
Jl (k) B k+ knl
—k+ knl

(39)

in D7 is taken into account together with the absence of its zeros above the real axis k and if the following
theorem is used.

Theorem ([7]. Let a function f(z) be bounded and ana]ytic for Re z > 0, and let its zeros in the right

half-plane z be riet, rqe?? . Then the series Y > L cos#,, converges.

nln

Because cosf,, = | cosf,| > ¢, where £ # 0, for J;(p) with p = ik, we have

o0 o0
ag < g ot cos 6, < oo,
n=1 n=1

which proves that sum (38) converges. Hence, the infinite products in (36) converge uniformly and give a
meromorphic function with the poles —kg and —k,;.

We note that for all known interactions in the field of nuclear and elementary particle physics, the
“resonance” zeros of the S-matrix (in the single-channel limit) are always located at increasing distances
from the real axis k (and hence at increasing distances from the imaginary axis p for Ji (p)) with increasing
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oo 7"71

values of k. Therefore, the lower bound ¢ of cos#,, as n — oo can be not very small, and the sum > | 7

is hence not only finite but also not very large, being at least proportional to e 1.

Moreover, for all interactions for which the Levinson theorem is applicable, sum (37) must converge
as a direct consequence of the nonpositive (negative or zero) integral [~ Ar(E)dE, where Ar(E) =
(h/2)(Qarg S;/OE)E is the time delay, h = h/(27), and h is the Planck constant, over the whole positive
half-axis of kinetic energies E = h?k?/(2u) for the relative motion of colliding particles [8], [9] because
the contribution of the “resonance” zeros ks and “virtual-state” zeros k, to fooo AT(FE)dE is positive and
moreover is less than the absolute value of the contribution of the finite number of poles corresponding to
bound states and of the terms connected with reflection (from the interaction boundary).

Returning to the function J;(k), we note that it is not only analytic in D+ but also, being an entire
function without zeros, can be written in the form e“*%, where u + iv is an entire function (see, e.g.,
the relevant theorem in [7]). The real function u(k) must be negative in DT because of equality (20) and
positive in D~ because of conditions (4) and (5). Therefore, according to the Cauchy—Riemann equations,

the condition
ou ov

T 9Imk Ok’

must be satisfied on the real axis k. It hence follows that the function v(k) increases monotonically and

0

Imk =0, (40)

takes any real value not more than once. Then the function u + iv takes any imaginary value not more
than once and consequently must be a linear function of k:

u+ v = 2iark + as. (41)

Obviously, a1 = 0, and because of the equality S;(0) = 1, we have s = 0. Thus, we finally obtain

k+ kn —k+ ky H (ks — k)(k3 + k)

S (k) = 72ikaFk ’
(k) =e (k) Lkt L B+ Ry (ks + k)(k3 — k)

where a = a — a; < a and the factor F is defined by (27).
4. Conclusions

Formula (42) is obtained for the first time and is a direct generalization of the results in [3]-[5] to
interactions with the Yukawa-potential tail. In turn, it can be easily generalized further to noncentral
parity-violating interactions and interactions with absorption using the methods presented here and in [5].
A separate work will be devoted to investigating many-channel scattering for interactions with the Yukawa-
potential tail.

We note that in all kinds of dispersion relations, it is necessary to take residues not only at the poles k,,;
but also at the “redundant” poles for the potential decreasing exponentially and also to take the integrals
over the contours 7, around logarithmic singularities into account.

Appendix 1:2 Necessary and sufficient conditions for the
existence of the “redundant” poles (m/2)ib with b > 0,
m=1,2,..., in fo(k,r) and hence also in Sy(k)

Using the Jost equation
folk,r) = e + k! / sin[k(r' = )|V (r') fo(k,r") dr’ (A.1)

2This translation of a paper from the Ukrainian [6] is dedicated to the memory of Yu. V. Tsekhmistrenko.
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and solving it formally by the method of successive approximations, we obtain the sum

fo(k,r) :ZfOU(kﬂr)ﬂ (A2)
v=0
where
foo(k,r) = e,

fou(k,7) = €*7 (2ikr)? /OO (62““(“_7’) —1)V(ry) x -+

T

- X / e‘Qik(T“_“‘l)V(rv) dry---dri, v=1,2,..., (A.3)
ro—1

v —

for the cases where |V| < M/r**° M < oo, and § > 0 [10].
Further, we use the following theorems.

Theorem 1 [7]. Let F(k,r) be a function of the complex variables k and r that is definite and
continuous for all values of k in some domain D and for all values of r on the contour C'. Then the function

@(k):/CF(k,r)dr

is an analytic function of k in the domain D. If the contour C' is infinite, then uniform convergence of the
integral is also necessary.

Theorem 2 [7]. Let all the functions in the series ui(z),u2(z),... be analytic functions of z in the
domain D and the sum Y. un(z) be uniformly convergent in every domain D’ inside D. Then the
function u(z) = >~ un(2) is an analytic function of z inside D.

It follows from (A.3) and Theorem 1 that fo,(k,r), v = 0,1,2,..., are analytic functions of k in the
upper half-plane. If Born series (A.2) is uniformly convergent, then by Theorem 2, the function fo(k,r) is
analytic in the upper half-plane. Analogously, fo(—k,r) is analytic in the lower half-plane. Moreover, if
fou(k,7), v > 1, is analytic in the lower half-plane, then all successive terms are also analytic.

We now show that the following theorem holds.

Theorem 3. If fy,(k,r), v > 1, has singularities, then fo1(k,r) must also have them.

Indeed, let fo1(k,r) be analytic everywhere. Then all successive terms are also analytic everywhere.
This contradiction proves Theorem 3.

We use the analytic structure of fo1(k,r) in the upper half-plane. Obviously, the problem can be
reduced to studying the analytic structure of the integral

I:/ 672“"/‘/(7“’)617"’

because all other terms give functions that are analytic in the whole plane.
As shown in [10], [11], in the case of the potential
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where P, (r) is an nth-order polynomial and b > 0, the function fo(—k,r) has poles of an order not higher
than n 4 1 at the points ib/2, ib, 3ib/2, ..., and it is analytic at all other points of the complex plane.

We now show that if fo1(—k,r) has a pole of an order not higher than n + 1 at the point ib/2, then
the potential must have a term of type (A.4). It follows from the hypothesis that the integral

I = / eV (1) dr!

where V1 =V — V4 (the term V2 does not give poles), can be represented on the real k axis in the form

n
I]_ =
n=0

ou(—2ik,r)

@kt by —

where ¢,,(—2ik,r) is analytic at all the poles and is nonzero at the point ¢b/2. Further, rewriting I; in the
form

L :/ L AT Pl

and successively integrating by parts, we can transform the right-hand side of identity (A.5) into the series

X 1 . dV; 1 -
—2ikr —2ikr 1 —2ikr
_ Vi — BV +—L)
T Sk ( T ) Qiktopr.  °
_1dV % ou(—2ik,r)
n 1@V _..._E: A
X(bv““"b ar +dr") 2zl~c—|—b (4.6)

Comparing the coefficients of equal powers of 2ik + b, we obtain a successive system of the corresponding
identities. Because there is no term containing (2ik + b)~™, m > n, in the right-hand side of (A.6), we

‘/ n _ ‘/ ’n,+ ‘/
zn—‘rl‘/ ] z n [TL 1 e
1 (n ) i'f‘ :! d/'a2 d/'a’l’LJrl

207

whence follows
V =P, (r)e " + Vs,

where V3 is an arbitrary function that cannot be brought to the form P, (r)e .

The following general theorem can be proved analogously.

Theorem 4. For fy(—k,r) to have poles of an order not higher than ny + 1 at the points iby /2, iby,
3ib1/2, ..., not higher than ns + 1 at the points iba/2, ibs, 3iba/2, ..., and not higher than n,, + 1 at the
points by, /2, iby,, 3iby, /2, ..., it is necessary and sufficient that the corresponding potential have a term

Zm,nm an (T)eibmr'

Obviously, to have essentially singular points, it is necessary and sufficient that the corresponding po-
tential contain a term X (r)e~*", where X (r) is an uniformly convergent infinite series of the type 2 j c,r™
not equal to et 0 < o < oo.

br

Investigating the behavior of I on the axis k = ¢b/2 in the case where V(r) = v(r)e™"", where v(r) is

const-r™ "y > 1. we can easily conclude that branch points can

an arbitrary function not having a factor e
appear on that axis. One of the simplest cases is the potential [e~*" sin(er)]/r9. For various ¢ > 0, this
potential can give branch points of different types at k = ib/2 £ ¢/2.

If I(r) = v(r)e="" and a > 1 is an integer, then I and hence fo(k,r) are analytic functions in the
whole plane.

—br

Thus, the presence of the factor e~" leads to the function fo(—k,r) becoming nonanalytic in the upper

half-plane.
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Appendix 2: Derivation of formula (24)

We rewrite expression (6a) for fo_(k,r) inside the circle v, around the point k, = ib/2 in the form
: : -1 oo —b'r
. ip 2ik e o\ xikr
—(k 1 1 14+ —log( 14— ——————db =
fo-( ’T)_’kﬂﬁ{ +p[ o °g< R )] /b v F 2ik) }e

. ip 2ik>}‘1/°° e~ (b+or } ik
—limd 1+ o1+ Llog(1+ 2 gl AT
wo{ p{ ok g( b o Grmb+) (A1)

where we introduce the variables b = b — b and n = 2ik + b. We then make the following simple transfor-
mations of the right-hand side of (A.7):

. . -1 roo —br 2ikr ji
fo (k,7) — nm{1+p{1+ﬁlog(1+%>} / e rerrdb }e—“ﬂ”:
n—0 2k b o (b+n)(b—2ik+n)
: . -1 oo _—br i3,
—ikr Lo 2ik > :| / € db ikr
=e +pll4+ =log|1+ — e +
p{ 2% g( b o b(b— 2ik)
. N1 b b i
+p{1+ﬂlog<1+%>} lim/ = ° dé et =
2k b n—=0Jo (b4 n)(b—2ik+n)

=e M 4 % [fos (k1) — ™) +
+

. 92 -1 b —br g7 _
+p{1+ﬂlog<1+ﬁ>} lim/ = ° db et (A.8)
2k b 1=0Jo (b+n)(b— 2ik +n)

. . —1
_ el 2k
Ay = [1:|:2k10g<1:|: 5 )]

and we use definition (6a) for foy(k, 7).
We now analyze the last integral in the right-hand side of (A.8), using formulas (3.352.1) and (8.214.1)
in [12]:

where

b b 7 b ~
J = lim = e~ db_ :th e_l"[;—;] db =
=0 Jo (b+n)(b—2ik+n) n=0b—mnJ b+n b+b

= },li%{ ; i nenr [Ei(—br — nr) — Ei(—nr)] — . i nebr [Ei(—2br) — Ei(—br)] } =
= %136 % [—log(nr) + X (n,7)], (A.9)

where Ei is the Airy function and

> —or ’f’k > —’f‘k > —T‘k > —’f‘k
Xy = 5 It S _ebr[z< 2br)f X b)}

e =R

is an analytic function of n = b+ 2ik at the point 7 = 0 and in a small circle || < b. Further, we can
obviously rewrite (A.9) as

1 ip 2ik\ | 20k
J—E{[1+ﬁlog<1+7)]7+Z(k,7’)}, (A.9a)
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where Z(k,r) = X (n,r) —log(br) — 2ik/p is an analytic function of k at the point k = k, = ib/2 and in a
small circle |k] < b/2.
Using (A.9a), we continue the transformations of (A.8):

o) e+ A o)~ 14 2 og(14 28]
x %li%ek%{ [1 + %10g<1 + %)} % + Z(k,r)} -
=Wi(k,r)+ {1 + ;—Z log(l + QLbkﬂ 71(](/\3,7«),
where
Wk, r) = e~ + % ik

. ) 4 ‘ ‘
Ulk,r) = [1_ %105;(1 - &f)] f0+(/€,r)+e“”{§Z(k,r) — [1 — %10g<1 — 2Lbk)]}

are analytic functions of k at the point k = ky = ib/2 and in a small circle |k| < b/2.
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