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Abstract

We develop a new epi-convergence based on the use of bounded convergent nets on the
product topology of the strong topology on the primal space and weak star topology on the
dual space of a general real Banach space. We study the propagation of the associated varia-
tional convergences through conjugation of convex functions defined on this product space.
These results are then applied to the problem of construction of a bigger-conjugate repre-
sentative function for the recession operator associated with a maximal monotone operator
on this real Banach space. This is then used to study the relationship between the recession
operator of a maximal monotone operator and the normal—-cone operator associated with the
closed, convex hull of the domain of that monotone operator. This allows us to show that the
strong closure of the domain of any maximal monotone operator is convex in a general real
Banach space.

Keywords Maximal monotone operators - Representative functions - Almost convexity -
Recession operators

Mathematics Subject Classification 47HO05 - 46N10 - 47H04 - 49J53

Introduction

Monotone operators have attracted the attention of researchers for many decades due to
their important place in the theory of functional analysis and optimisation [2, 26, 30] and
[3]. In [18, 21] Martinez-Legaz, Svaiter and Penot pioneered the use of monotone operator
theory using representative functions, a tool which has come to be indispensable for the
study of this topic. Representative functions are proper convex functions on X x X* that
characterise their associated monotone operator as the set of points of coincidence with the
duality pairing. Indeed for any representative function this contact set is always a monotone
set and so each representative function represents a given monotone operator. The notion of
a representative function was introduced by Fitzpatrick in [14] where he gives an explicit
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formula for the minimal such function which is now called the Fitzpatrick representative
function which may be used to represent any maximal monotone operator.

When one constructs a monotone operator from other maximal monotone operators the
question arises as to how to obtain a representative function for the resultant operator, based
on the knowledge of the Fitzpatrick function of the constituent maximal monotone operators.
There have been many studies that have covered this issue from the point-of-view of certain
binary operations of convex analysis [2, 30, 33] (and other references contained therein) but
we wish, here, to single out constructions where we have a family of monotone operators
and take a set-valued limit in the construction [15, 16, 19, 20, 22-24, 27]. The content of the
last list of publications is much more varied in the nature of the convergences that are used
in these constructions. Moreover, the spaces on which these constructions work are often
affected by the convergence used, and the desired interaction of these convergences with
conjugation (a necessary tool in the use of representative functions and convex analysis to
study monotonicity). This has often resulted at least in one of two restrictive assumptions.
The convergence is defined via a strong metric characterization (and possibly other addi-
tional assumptions on the family) or the space is assumed to be reflexive where conjugation
is characterised in a fashion consistent with imposition of strong topologies on the primal
space X x X* and weak topologies on the dual space (X x X*)* = X x X* (the conjugate
transpose operation).

When X is reflexive, we conveniently find that the closures of a convex set with respect
to all combinations of weak and strong product topologies that are possible for a convex
set C € X x X*, all coincide due to the coincidence of the weak and weak™ topologies and
coincidence of the strong and weak continuous linear forms. Outside of a reflexive space
this happy situation is completely missing and we must face the issue of compatibility of
convergences and duality (and hence conjugacy) directly. This endeavour constitutes part of
the study undertaken in this paper.

In this paper we also continue the study the recession operator [5, 13, 25] associated with
any monotone operator 7. We will focus on a construction of a bigger—conjugate represen-
tative function for the recession operator of a maximal monotone operator 7.

Definition 1 Let 7 : X = X* be an operator. The recession operator, recT : X = X* (see
[5] for a sequential version)

(recT) (z) :={z* € X* | 3ty — O, (24, 22) € T such that (zq, f2%) =" (2, 2%)},

where z, —° z denote strong (norm) convergence in X along the net and 7,z —W 2* de-
notes weak™ convergence in the dual space X* and (za, taz:) —>sxbdw" (- %) denotes this
joint convergence with norm bounded nets.

One of the reason for interest in this operator is that it provides a natural connection
between the domain of the original maximal monotone operator 7" and its strong closure in
that it is shown in [13, Lemma 11] that dom (rec T') = domT.

In our study we single out a particular subclass of representative functions for study,
those whose conjugate—transpose are pointwise larger that the original representative func-
tion. This class of bigger—conjugate representative functions interact with closure operations
in interesting ways [13, Theorem 8]. In this paper we show how one may construct bigger—
conjugate representative functions from the Fitzpatrick function of the original maximal
monotone operator 7 that represents the recession monotone operator rec 7', in the sense
that the set-of-contact with the duality product (the set which it represents) contains the
graph of rec T'. Indeed the monotone operator it represents is Nggdom7, Where codom 7' de-
notes the (strong) convex closure of the domain of 7. Indeed whenever rec 7' is maximal this
result implies codom T = dom7 . Convexity of the closure of the domain, for a monotone
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operator, is here referred to as the almost convexity property. We note that the maximality of
rec T for maximal operators T has already been shown to be true in reflexive spaces in [11],
providing a another proof of the almost—convexity property in this context. The almost—
convexity problem is important for two reasons: 1) its resolution would be helpful as a tool
to aid studies of the sum theorem (where domain assumptions can be essential); 2) a coun-
terexample to almost—convexity for a maximal monotone operator is also a counterexample
to the sum theorem (it is well known that if the sum theorem holds in a given Banach space,
then on this space maximal monotone operators possess the almost—convexity property).
We provide necessary and sufficient condition for almost—convexity similar to the necessary
conditions used in [30] and the related works of [6] and these conditions also generalise the
recent result of [32] (which only applied to bounded domains). We go on to establish the
almost—convexity for maximal monotone operators on any real Banach space, establishing
a long-held conjecture.

The main obstacle to the program revolves around the study of the variational conver-
gence of convex functions on X x X* with respect to an epi-convergence based on bounded
s x w*-convergent nets. This being a convergence that is not (in general) induced by a
topology, we need to undertake a study of its interaction with conjugation (based on X x X*
endowed with the s x w* topology paired with X* x X, endowed with the w* x s topology).
This requires the building of a theory of epi-convergence based on this new convergence
notion. The primary target is the development of some result on the propagation of these
variational convergences through conjugation. This allows us to demonstrate that the repre-
sentative function we construct is indeed bigger—conjugate and also allows us to obtain an
explicit formula for it.

The paper is organised as follows: basic definitions are given in Sect. 1, in Sect. 2 we
begin our discussion of the “closure operation” induced by the convergence of bounded
strong x weak® convergent nets on X x X*. In Sect. 3 we define the variational s x bdw*-
convergence concept and consider the problem of characterising the convergence for mono-
tone families of convex functions. Section 4 is devoted to the study of the propagation of the
conjugation operation through s x bdw*-epiconvergence of variational convergent families.
In Sect. 5 we summarise some tools we use from monotone operator theory. In Sect. 6 we
carry the construction of the bigger—conjugate representative function discussed above. Fi-
nally in Sects. 7 and 8 we use these tools to study the almost convexity property for maximal
monotone operators. In the final Sect. 8 we provide a proof of almost—convexity.

1 Preliminaries

We denote by X a real Banach space and X* is its topological dual, paired via the duality
product (x,x*): X x X* — R. In this and the papers [11, 13] all topological closures of
set in X x X* are with respect to the s x w* topology so as to respect the basic duality
relationships for conjugation on X x X* paired with X* x X, with the latter endowed with
the w* x s topology. The interior of a set C C X is denoted by int C and its (strong) closure
by C. The convex hull of a set T € X x X* (which is often identified with the graph of the
associated operator 7 : X = X* taking x € X to T(x) € X*) will be denoted by coT and
the convex (s x w*)-closure by ¢o 7. The complement of set 7 (in the ambient space) will
be denoted T¢. The indicator function §¢ (x) of a set C C X takes the value O for x € C and
+o0 otherwise. Denote by 1 : (x*, x) <> (x, x*) the transpose operator. We denote both the
s X W* (resp. w* x s)- closed ball of radius K > 0 by

Bk (0) :={(x,x*) (resp. (x*,x)) | max{[lx||, [x*] } <K} S X x X* (resp. € X* x X)),

@ Springer



4 Page4of4s A. Eberhard, R. Wenczel

and by Bk (0) the corresponding open ball (this is to avoid cumbersome notation like
B_KT (0) € X* x X).By PC (X x X*) we denote the proper convex functions f : X x X* —
R, := RU{+400}. Denote by I" (X x X*) the set of all (w* x s)-lower—semicontinuous,
proper convex functions. When going from sets in X x X* toonesin X x X* xR (i.e. epi f)
we may use the norm || (x, x*, )| = max {|| (x, x*)||, ||} i.e. when dealing with epi-graphs
we will also use the box norm to extend to the extra single dimension. All closures can be
interpreted according to its context, strong in X and w* in X*, which closure or ball will be
clear from the context. Noting that convergent weak* sequences are necessarily bounded, a
slight generalisation on this type of limit involves bounded s x w*—convergent nets. This is a
convergence notion and is not directly associated with a topological convergence (differing
in nature from the bounded—weak* topology [17] denoted by bw™).

We can embed a convex set C € X x X* into the space X** x X* in the usual isometric
sense that one usually considers X € X**. When we do this with epigraphs of functions
f X x X* = Ri: we denote the resulting function by ]/‘\: X** x X* — Rin. We also
denote the conjugation with respect to pairing o, (X x X*) with oy« ((X x X *)*) by f—
f*. Note that f* acts on the space (X x X*)* = X* x X**. Denote the transpose operator
T (x*, x) < (x,x*) and the transpose conjugate of f by

)= () = - osup f{(wxt) (@ 2) = f (=27 M

(z,z%)eX x X*

The conjugate f* in the sense of (1) and the traditional conjugate f*' are compatible in the
sense that

FDlxxxs = on X x X* deepif7TN(XxX*xR)=epi f*I.  (2)

A representative function for a monotone operator T is a convex function f : X x X* —
Riw with f > (-,-) and T C {(x,x") | f(x,x*) = (x,x*)} := M. The interest in rep-
resentative functions stems from that fact that M, is always monotone. Martinez-Legaz
and Svaiter [18] also introduced the monotone polar for a monotone set 7 € X x X*,
by TH :={(x,x") e X x X*| {(x —y,x*—y*) >0,V (y,y") € T}. In [18] it is noted that:
T € TH* means T is monotone; with 7 maximal if and only if 7# = T'. Related notions are
of pre-maximal monotonicity, T** = T* (i.e. T* is maximal and T has a unique maximal
extension) and of monotonic closure, T** =T .

The class of bigger—conjugate representative functions for 7 is defined as

bR(T):={f e PCAX xX")| [ = f=(.-), TS M}.

The interest in the f € bR (T) stems from the fact that My = M s+, with their assured
maximality as monotone sets when X is reflexive [10]. In [13] it is shown that in a general
real Banach space, representable monotone extensions of 7, which are given by M for
f € bR(T), are maximal-like in that they are monotonically closed i.e. M = M.

Denoting the restriction of a function F': X* x X** — R, by F:X*xX— Ro given
by F (x*, x) = F (x*, x*) when ¥ = x™* then the Fitzpatrick function

—

.t
Fr(x,x*) =[( )+ (x.x*) = sup {((x.x7),(z.2%)) — (z.2%)}

(z,z*)eT

is a representative function for 7, when T is maximal monotone [14]. As the Fitzpatrick
function is defined via a conjugate-transpose restricted to X x X* it is (by definition) s x w*-
closed (and hence strongly closed as well). We note that almost all duality theorems for con-
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Jugation (i.e. Fenchel duality) are based on the duality pairing that gives rise to the conjugate
f +— f* which unfortunately will not be available when using the transpose conjugate (1).

2 A Closure Operation for Convex Subsetsin X x X*

When X is not reflexive it is well known that (x, x*) — (x, x*) is not continuous under any
topology s x t compatible with duality (i.e. (X*, t)* = X) unless X is at least reflexive,
[33]. Indeed to be continuous with respect to 7 = bw* we need X finite dimensional [33].
This is why we are interested in w*-convergence of bounded nets as it is well known that
the duality product is continuous with respect to this convergence [13].

In the following we study the closure for convex sets C € X x X* with respect to bounded
s X w* convergent nets since in the subsequent analysis we need to construct a bigger-
conjugate representative function 4 € bR (rec T). The main difficulty is actually showing
our construction indeed has a bigger conjugate. This necessitates the introduction of the
following closure operation in order to develop an appropriate duality theory. The product
topology s x w* is problematic to study directly as one member is sequentially determined
and the other is not. We will discuss in this section a novel way of characterising this product
topology that allows a classical approach to its study.

Definition 2 For C € X x X* denote

*
—s xbdw* w

C = JcnBrO . 3)

K>0

—sxbdw* _ —sxw* . . .
Clearly C € C o ccC ™" and it is immediate that when C is s x w*-closed, have

C= fsxww*. Note that fuhdw* consists of all s x w* accumulation points of bounded nets
from C, motivating the notation.

This closure must be strictly stronger than the s x w* closure (indeed for the case C =
{0} x C*, this closure corresponds to that associated with the classical bounded—weak*-

topology on X* which is itself also strictly stronger than the weak* topology). We say C is

— s xbdw* — s xbdw*

s X bdw*-closed iff C D C (andso C=C ).

Lemma3 Let C C X x X*.

—sxw* —sx *
1. Then CNBg () < C " NBx (0) forall K > 0.
2. If C is convex so is o

3. If {Ci}ier are s x bdw*-closed then so is Ni¢;C;.

. . .. . —sxbdw* .
Proof The first inclusion follows from definitions. Since C " is a union of the nested

— s X W —s xbdw* . .
convex sets {C N Bk (0) we have C convex. For the last conclusion, since

K>0
—s xbdw*

C,-QCi 5

%

Nc2NT ™ =NUcnB0

iel iel iel K>0
s X W
o ——sxbdw*
o2J(Ne)nBr = . 0
K>0 \iel iel
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We will now assume C is convex to obtain a much stronger result. We will need to
appeal to the following variant of a separation theorem. Denote Y := X* x X and consider
the canonical embedding of a subset C C X x X* into Y* = (X* x X)" = X** x X* by
Jy (C) N (X™ x X*) (later we will simply write either C or C € X*™* x X*, accepting
the abuse of notation). We impose the w*-topology on the dual space Y* := (X* x X)* =
X x X*.

Proposition 4 Suppose C, D C X x X* are convex. Denote the w* closure of Jxxxx (C)N
(X™ x X*) (and Jxxx+ (D) N (X™ x X*)) as a subset of Y* by c’ (and D" ).

1. For any convex set C,

—sxw*

CY lxuxs=C" . 4)

2. Suppose that 6w* N Ew* = ) with D bounded. Then there exists (z*,z) € Y (= X* x X)
such that

S (2% 2) <a <8} (2% 2). ®)
Conversely if C, D can be strzctly separated by a s x w*-continuous hyperplane, in the

sense of (5), then c’ nD" =0.

Proof Part 1: With Y = X* x X, then from the embedding of Y into Y*, we may view C
and D as subsets of Y* = X** x X*. Now C " is the intersection of enclosing half-spaces

in X x X* formed from (x*,x) € X* x X , and C" is the intersection of those in X** x X*
formed from (x*, x) € X* x X =Y. Hence

—sxw*

M =T n (X x X*) =" Jxxes

which is (4).
Part 2: Now suppose C" ND" =0. We then have D" compact in Y* and C” closed.
We now invoke Theorem 1.1.5 of [34] to obtain (z*, z) € X* x X satisfying

(2% 2), (V™. v) e < < ((2*.2), (™, u*))

for all (v**,v*) € Ew* and (u™,u*) € Ew*. AsC C ESXW* - fw* (and similarly for D) we
have (5). Thus when C° N D" = we can strictly separate then with a s x w*-continuous
hyperplane.

On the other hand whenever this possible, we have (z*,z) € Y := X* x X which is the
pre-dual of Y* := (X* x X)* = X* x X* and o, a, such that for all (v,v*) € C and
(u ,u*) € D, we have

(2% 2), (v, v") <y <ap < {(2%,2), (u,u*)).

Hence for H, := {(y**, y*) | {((z", 2), (", ¥")) < o} we have
fw* € H,, and Ew* C Hofz
andso C” ND" ¢ H,, NHS, = O
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Corollary 5 Suppose C C X x X* is convex. Denote Y = X* x X and the w*-closure of
Jx (C) N (X*™ x X*) as a subset of Y* := (X* x X)* by fw*. Then C is s x w*-closed
iff there exists a w*-closed convex set D C Y* such that C = D|xxxx. In particular C is
s X w*-closed iff C :6"}* N(X x X¥%).

Proof We have C is s x w*-closed iff C=C" " =C" N (X x X*) and so for D :=C"
we have C = D|yyx+. On the other hand when C = D|xxy- for D=D" then C=D" N
(X x X*) with this set s x w*-closed. O

Remark 6 Note, that by Corollary 5, a convex set A is s x w*-closed iff there exists a w*-
closed set B in Y* = X** x X* with A = BN (X x X*) from which it then follows that

A=BAX xX9" N(X x X¥).

3 Variational Limits

The recession operator rec T is defined as a Kuratowski-Painlevé limit of a family of sets
{tT},.o with respect to the s x bdw*-convergence. This leads us to study such limits in
more detail. A problem that arises often in defining variational limits, in the context of
convergences that are not defined by a topology, is that of devising a consistent set of funda-
mental definitions (this also arises with sequential convergences based on weak topologies).
We must do this in our context, and so pursue the framework of a Kuratowski/Painlevé-
type convergence (see [1, Sect. 5.2]), based on bounded convergent s x w* nets. Denote
by (s x w*)-limsup,_, , , A; and (s x w*)-liminf,_, . A; the usual Kuratowski—Painlevé
convergence with respect to the product topology of strong with weak*. Denote

N(x,x*):={UxW|xeUeN(x) andx* € W e N (x*)}

where N (x) is the strong neighbourhood basis at x (in X) and N (x*) is a weak* neigh-
bourhood basis at x* (in X™).

Definition 7 Let {A,},., be a family of subsets of X x X*. Then, we define

bdsw*-limsup A, := [(x, x*) | 3 net (xa, Xk, ta) L sxwT (x, x*, —|—oo)
t——+00

with (xq,x}) € A, and {x}} bounded}, (6)
bdsw*-liminf A, := {(x,x*) |3K >0:
1—+00

VYV eN (x,x*) Gty > 0)(Vt > ty) (A, N Bx )NV #08}. (7

We always have bdsw*-limsup,_, A, 2 bdsw*-liminf,_, . A;. The set
bdsw*-limsup,_, . A, may not be s x w*-closed.

Remark 8 These notions have an obvious extension to subsets of X x X* x R (to include
epigraphs of functions on X x X*) where s x w* then stands for s x w* x g, the product

with the standard topology on the reals.
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Remark 9 We note that when (x, x*) € bdsw*-liminf,_, ;.o A, and U x W € N (x, x*) then
there exists K > 0 such that {t eR,y | [[U x WINBg (0)] NA, #0 } is residual. Moreover
(x,x*) € bdsw*-limsup,_, , ., A, then we have {t e Ry |[[U x WINBx (0)]NA, #0 }
contains a cofinal subset.

Remark 10 Note that if we define %T = {(x X ) | (x,x*) € T} then

1
bdsw*-limsup —T =recT ®)
t——+00 t
once again identifying rec T with its graph and rec T (x) with the image of the associated
multi-function.

Definition 11 We say that a family { f;},., of proper functions s x w*- boundedly converges
at (x, x*) as t — oo iff both of the following coincide:

(bd -e- hmmff,) (x,x*) :=inf{a | (x,x*, @) € bdsw*-limsup (epi f;)} and

1—>+00 t—>+00

—>—+00

(bd—e-limsup f,) (x,x%) :==infla | (x,x*, &) € bdsw*-liminf (epi f,)}.
—>—+00

When these coincide for all (x, x*) then we denote the associated function f by:

f=bd-e- lim f;.
t— 400
We also note in passing that order is preserved when applying these limits, in that f; < g;
implies bd-e-liminf;_, | o f; < bd-e-liminf,_ ,, g; etc.

This definition is used to take into account the possibility that the infimal value may
not actually be in the limit of epigraphs. When {f;},., is monotonically non-decreasing
this problem does not occur and we can then simply identify epi (bd-e-lim,_, 1 f;) =
bdsw*-lim,_, ., (epi f;) (see later for details).

Clearly

bd-e- 11m1nff, < bd-e-limsup f;.

1—>+00 t—+00

We may move from a limit with # — +00 to one with T — 07 (as is later done in Sect. 6)
via the simple transformation v = H#a for any o > 0 and so for now we focus on limits with
t — +00. Characterisation similar to those of other epi-limits of functions can be made, but
in this case the attainment of the infimum in the following is not assured. We say an epi-limit
is attained if there exists a net attaining the infimum in (9). In the case when X is reflexive
then we find that weak* and weak topologies coincide and so for convex functions this
convergence is characterised sequentially (using Mazur characterisation of weak vs strong
closures of convex sets). Hence a diagonalisation argument may be used to assert attainment
as weakly convergent sequences are bounded.

Lemma 12 Let { f;},. be a family of proper functions. Then

(bd—e-liminf f,) (x,x*) = inf liminf £, (xa. x5) ©)
t—+00 [(xa,x;)eSXb"W*(x,x*)
{tq —>+00}
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Proof We have

y = bd—e—lfigljgoff, (x, x¥)
=inf{B13net (xu ], 1) =" (x,2%, +00) with =limint £, (xa. x})
o

and so for any ¢ > 0 we have the existence of (xa, X3ty ) —sxw* (x, x*, 400) such that
(Xt X7, Va) € €pi f;, With ¥y — 9 <y + £. That is, for any & > 0

bd-e-liminf f; (x, x*) +e> inf inf liminf f, (xa, x;‘)
t—>+00 (vxmyxi)ﬁsxbdw*(x’x*) {tg—>—+o00}
or bd-e-liminf f; (x, x*) > inf inf liminf f, (xc,,x;‘).
t——+00 (Xa.,X;)%YthW*(X,X*) {tq =00} o

Take an arbitrary f, — -+oo and suppose (xo,x}) —*" (x,x*). Place y’
liminf, f, (xa,x*). Then for y, = f, (xa,x:) we have (xa,x;‘,y,;) € epi f,, and

o

liminf, 3, =y’. Then (x, x*,y’) € bdw*-limsup, , , ., epi f;. Hence

hmmff,a (xa, ) y' > bd-e- hmlnff, (x X )
As this holds for all 7, — 400 and (x,, x}) —>sxbdw" (1 3*) we have

inf inf liminf f;, (x,. x; ) (bd e- hmmf f,) (2, x%). g

{(xp)c,*)—)bedW* (qu*)} {tg—>+o0}

Note that for any K > 0 we have (s x w*)-limsup,_, ., (A, N Bk (0)) = bdsw*-
limsup,_, | (A, N Bx (O)) (and similarly for the limit infimum). We may now give a char-
acterisation of these limits, paralleling that given for the Kuratowski—Painlevé limit of vari-
ational analysis. Note that the final union means that the limiting sets are not necessarily
s x w*-closed.

Proposition 13 Consider a family {A,},- o of subsets of X x X*. Then

s X W

bdsw*-limsup A, = |_J ) [(U A,) OB_K(O):| and (10)

=+ K>07>0 L \r>p

s X W

bdsw*-liminf A, = U N |:(UA,>0B_K(O):| ) (a1

K>0ICR4 tel
cofinal

Moreover we have bdsw*-limsup,_, , . A; = A if (s x w*)-limsup,_, | (A, N Bg (0)) =
A N Bk (0) for all sufficiently large K > 0, and bdsw*-liminf,_, 1o A, = A if (s X W*)-
liminf,_, ;o A; N Bk (0) = AN Bk (0) for all sufficiently large K > 0. When all {A,},., are
convex then so is bdsw*-liminf,_, , o A;.

Proof See the Appendix for proof. O
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4 Page 100f45 A. Eberhard, R. Wenczel

We can interpret such limits for subsets {A,},_o of ¥ = X* x X by embedding A, :=
Jxsxx (A) N (X*™ x X*) CY* where ¥ = X* x X.

Definition 14 Suppose {A,},., are a family of subsets of ¥ := X* x X. Embedding A, =
Jxxx+ (A) N(X*™ x X*) CY* denote:

bd(w xw*)—limsupA, = UH[UA,OB_K(O)] ﬂ(XxX*)

t=>+00 K>0n>0 Lt=n

= |:U w*-lim sup [A, ﬂB_K(O)]] N (X X X*) and

K=0 t—+00

bd(wxw*)-l}injgofA, = U ﬂ |:UAtﬂB_K(O)i| ﬂ(XXX*)

K>0ICRy Ltel
cofinal
_ [U w*-]iminf[/i, N Bx (0)]] N (X x X7).
K>0 oo

Remark 15 Note that the limit-infimum and —supremum on the right-hand-side are in the
Kuratowski—Painlevé sense.

Definition 16 For g: X x X* — R, form g : X** x X* — R, by g (x, x*) = g (x, x¥)
if (x, x*) € X x X™* and +o00 otherwise. Denote, for (x™*, x*) € X** x X*,

<bdw —e—l}gljgfg,) (x L X )

::inf{y

bd (w x w*) -e-liminf £ := (bdw*-e-nminff*‘f> x5
—>~+00 t—>+00

(" y) e [U w-lim sup [epi & “m”]“ "

K>0 t—+00

Note that | ., w*-limsup,_, [epifg\, N Bx (0)] consists of the limits of all selections
of bounded w*-convergent subnets. The set epi (bdw*-e-liminf,_, ;o g;) has the vertical
recession direction we associate with an epi-graph but the set may not be closed. Note that
fi* acts on the space (X x X*)* = X* x X**. Note the conjugate in our prior sense F*t and
that f,”L which passes from Y := X x X* to Y* = X** x X* are compatible in the sense that

F Do =£1 on X x X* e epi fi 71N (X x X* x R) =epi £, *. (12)

In general we only have

(bdw*-e- limsupepi f; ﬂ)

t—>—+00

=bd (w x w*) -limsupepi f, *'

X xX* t—+00

due the potential failure of the limit set to be convex. Note, that by Corollary 5, for convex
sets A, are s x w*-closed iff there exists a w*-closed set B, in X™ x X* with A, = B, N

(X x X*) from which it then follows that A, = B, N (X X X*)w* N(X x X*).
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The following may be proved along similar lines to that in Lemma 12 and so the proof is
omitted.

Lemma 17 Let { f;},- be a family of proper functions on X x X*. Then

bdw*-e-nminf?) X, 1) = inf liminf f;, (x,.x2).  (13)
< r—>-too 7! ( ) {(Xu,xﬁ)%bdw*(x**.x*)} * t( )
{tq —+00}

Let us now consider monotonic limit of families of functions.

Proposition 18 Let { f:},.( be a family of [—oo, +-o0]-valued functions.

L. When {f,},.q are convex then so is f := bd -e-limsup,_, ,  f;.
2. Assume for each (x, x*) thatt — f; (x, x*) is monotonically non-decreasing (ast — 00).
We have

S W* .7_SXW* . .
ﬂepif, b ﬂ U epi f; N Bk (0) D bdsw*-limsupepi f; (14)
>0 >0 K>0 f=+00
- xwF —— s xbdw*
=J(epifin Bk (0)  =bdsw*-liminfepi f, 2 ( )epi f;
1—+00

K>01>0 t>0

and so bd-e-lim,_, ., epi f; exists.

3. When all f; are s x bdw* (resp. s x w*)-closed then f = bd-e-lim,_, f; is also
s X bdw* (resp. s x w*)-closed and coincides with the pointwise limit (i.e. epi f =
Ni=oepi f;), and (s x w*)-lim,_, . [epi f; N Bk (0)] =epi f N B (0) for each K > 0.

Proof 1) Convexity of f := bd-e-limsup,_,  f; follows immediately from the last asser-
tion of Proposition 13.

2) Assume t — f; (x, x*) is monotonically non-decreasing. As epi f; C epi f; for all
t > 7, it follows that |, . epi f; = epi f; so

7_SXW* 5 W*
bdsw*-limsupepi f; = U ﬂepif, N Bk (0) Cepi f; xbd forall 7 >0
=400 K>01>0

5)

w*

so  bdsw*-limsupepi f, C ﬂepi fTSthW* = ﬂ U epi f; ﬁB—K(O)SX

=400 >0 t>0 K>0

To show equality of the limits we need to demonstrate that bdsw*-liminf;_, ; epi f; 2
bdsw*-limsup,_, . epi f;. Let (x,x*) € bdw*-limsup,_, ,  epi f;. Then there exists K >
0 and {t,} with 7, — 400 and {(xo,x})} with (xe,x}) — (x,x*) for which (x4,x}) €
epi fi, NBx (0) for all @. Let W be a neighbourhood of (x, x*). Then, there exists & such that
for all & > & we have (xq, x) € epi f;, N Bx (0) N W. Let T > t5. Then (since t, — 400)
there exists ¢,y > 7 with &’ > @, so epi f; N Bx (0)NW D epi f,a, N Bk (0) N W. Therefore
(x, x*) € bdw*-liminf,_, ,  epi f;.

3) When each epi f;, is s x bdw* (or s x w*)-closed, by Lemma 3 part 3 we have
(,=0€Pi fi is s X bdw* (or s x w*)-closed, and so, by (14) the limit exists, as epi f =
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ﬂn>0 epi f,,, which is s x bdw* (or s x w*)-closed. Moreover, as

5

epi fNBr @ =epi 0 Bx O ={J|OUerifinBx©  |nBr©

n>0 H>0 | n>0t>n

we have (s x w*)-limsup, _, , ., epi f; N B (0) = epi f N By (0). A similar calculation can
be used to show (s x w*)-liminf;_,  epi f; N Bg (0) =epi f N Bk (0). O

We briefly discuss monotonically non-increasing families.
Proposition 19 Assume for each (x,x*) € X x X* we have t — g, (x, x*) is monotonically
non-increasing (as t — 00), where the family {g;};cr.. are [—00, +o0]-valued functions.
1. Then

s x bdw*

bdsw*-liminfepi g, = bdsw*-limsupepi g, = (U epi g,) ,
=00

t—+00 >0

and so g := bd-e-lim,_, , g; exists.
2. If each g, is convex, then g := bd-e-lim,_, |, g, is convex.

Proof As {g,},., is monotonically non-increasing, which implies epig, C epig, fort <,
we have (Ufel epi g,) = (szo epi g,) for any residual or cofinal set / C Ry. Let K > 0.
Then for epi g := bdw*-limsup,_, , . epig;, by Proposition 13, for all = > 0,

5 X W* s X W*
epig={J[) (Uepi&) nB; 0  =/J (Uepi&) N By (0)
H>0n>0 \t=n H>0 \r>0
s X W
= (Uepigt) NBi (0)
H>0 \t>7
s X bdw*
= bdsw _zl—i>nolo epig, = (U epi g,)
t>0
When {g;},.( is a family of convex functions then Urzo epi g; is convex (being a monoton-
———————sxbdw*
ically non-decreasing nested set of convex sets) and hence (U,zo epi g,) is convex by
Lemma 3. O

Utilising these observations about monotonic limits we find that the limit—infimum lends
itself to another useful interpretation.

Lemma 20 Suppose {f:},. is a family of extended-real-valued functions. Then

n—oo t=n n—00 t=n

bd-e-liminf f, = bd-e- lim (inf ﬁ) > bd-e- lim <W“b‘”*> _
t—00
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———sxbdw* . . .
Proof Note that g, := inf;, 777 s a monotonically non-decreasing family of s x

bdw*-closed functions and so by Proposition 18 we have existence of the epi-limits
bd-e-lim,_, g = sup, g, and bd -e-lim, (inf,z,] f,). By Proposition 13 with A, :=
epi fi

bdsw*-limsupepi f;

1— 400

s XW*

_un [(Uepﬁ;) mmw]xw* ~UN(ewi(in))nBr o

K>0n>0 t=n K>0n>0

= bdsw"- lim_epi <tirzlgff> < [ J[)(epigy) NBx (0) =(") epig,

K>0n>0 n>0

= epi (sup g,,> = epi (bd-e- lim g,) = epi [bd-e- lim (inf f,”w*ﬂ . O
n n—o00 n—o00 \t=n

4 The s x bdw*-Convergence and Conjugation

We will need to understand how the limits used in construction of a representative function
for the monotone operator rec T, interact with conjugacy, in order to show that such a func-
tion is bigger-conjugate. In this section we explore the interaction of conjugation with this
new convergence notion.

The following has been observed for almost all viable epi-limits (see [21, Lemma 1]).
‘We provide a proof for our context.

Proposition 21 Let { f;},.( be a family of functions. Then

(bd-e-li[minf f,*)* < bd-e-limsup f,. (16)

t—00

If { fi},-.¢ are proper convex, so is bd-e -limsup,_, . f.

Proof By Proposition 18, the convexity of f; yields same for f := bd-e-limsup,_, ., f;. Let
H :=bd-e -liminf,_, |, f; and we will show f > H*.If f (x,x*) =400 or H = +00 (s0
H* = —00) there is nothing to prove. We may now assume f (x,x*) < 400 and H is not
identically +o00. Let 00 > y > f (x, x*). As (x, x*) € bdsw*-liminf,_, ; , epi f; , then for
some K > 0, we have for all U x W € N (x, x*) there exists ty > 0 such that for r > 1y
we have (epi f;)N [U x W] N B (0) # @, and so there exists (x,, x;") € epi f; N Bx (0) N
[U x W1so f; (x,x}) <y with (x;,x)) € U x W and | (x,x})| < K. Now for +o0 >
B> H (y,y*) wehave (y, y*) € bdsw*-limsup,_, , , epi f;* so there exists (yi,, v} B, ) =
(y,y*, B) as t - oo with ||y;:: H < K’ < +00 bounded and +o0 > B, > f (y;;,y,a). We

know that f* (y;, y,) > —oc since the presumption that f* (y;, ) = —co would im-
ply fi, = f* = +00 and we know that f (x, x*) < +oo. Similarly if it was the case that
o (Xi» x}) = —o0 then f* = +o0, implying f,, = -+00, counter to construction. By the

Fenchel inequality for all @ we have,
Vie T Bty = Jia (xta»x;;) + f,:: ()’;Zv Yt(,) = ((xtusx;;) > ()’Z,v }’tu))~
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For each ¢ > 0 we may take W € A (x*) such that sup,.., (y, u* — x*) < ¢ where
B (x) x W x I, (y) e N (x,x*,y) has (x,x*) € B (x) x We N (x,x*) and y,, <y +¢
with (x;,, x7) € Be (x) x W. In this case we observe that limsup, ((x;,, x;") . (7. y,)) <
y + B +¢. Now

(550) ) = (7)) + (03, =971+ Dy, =)
+ (X =X, y0) + (Vi — ¥, X))
> (%) (13D + ey — 3+ g, — )
— K’ |lx, — x|+ K [y, —¥]-
Since y;' Wy X —¥ x*, x,, = x it follows that
y+B+e=((x,x"), (y,y")) =& (K + K') +limsup(y, x;, —x7)
> ((x,x*) , (y, y*)) —E(K +K' + 1)-

As ¢ > 0 was arbitrary we have y + 8 > ((x, x*), (y*, y))and so y > ((x, x*), (3%, ¥)) —B.
As B> H (y*,y) and y > f (x,x™) are arbitrary we get (for any (y*, y) with H (y*,y) <
+00)

f (x,x*) > ((x,x*) , (y*, y)) —H (y*, y), for all (y, y*) so f(x,x")>H" (x,x*).
Then bd-e-limsup,_,  f; = f > H* = (bd-e-limianOO f,*)* a

We may leverage this result for non-decreasing nets to obtain a continuity result for
conjugates.

Proposition 22 Let { f;},. be a family of functions with t — f; (x, x*) monotonically non-
decreasing (as t — 00). Then

(bd-e-tlim f,**>*=bd-e- Tm 77 17)
— 00 =00

When all f, are s x w*-closed, convex with f; > —oo then bd-e-lim;_, , f; exists and is also
s X w*-closed and convex with

bd-e- lim f, = (bd-e- fim f,*)* and (bd-e- fim f,)*:bd-e- Tm 720 a8
1—>00 —00 =00 1—>00

Proof Let g, := £, then {g:},~¢ 1s monotonically non-increasing. Hence by Proposition 19
we have g; > g :=bd-e-lim,_, g forall ¢t > 0 and so g/ < g*, implying bd-e-lim,_, o, g/ <

—bdw* xs
* = g* and hence

w*

*T * —_—X
(bd-e- lim f,**) - (bd-e- lim gj) > g% = bd-e- lim £
t—>00 —00 —>00
Now apply Lemma 21 to g, to get

(bd-e-liminfg;‘) < bd-e-limsupg, or
1—00

—>00
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*t
(bd-e- lim £7*)" < bd-e- lim £,
—00 t—>00
* 4“]*)(‘? *
implying (bd-e- lim f,**) <bde-Tminf /7" < (ba’—e— lim f,**) .
t—00 t—00 t—00

For the case when f; is convex and s x w*—closed with f; > —oo, then f* = f;, so

(bd-e-1im,_, », f;)* = bd-e-1lim,_, ft*sxw* and in particular, due to Proposition 18 then
bd-e-lim;_, f; = sup, f; > —oo is closed and convex so bd-e-lim;. f; =

(bd-e-lim, . . f,)** along with (bd-e-limHoc F7 ) = (bd-e-1im, o f7)", via the fact
that our conjugation is based on the pairing of X x X* with X* x X and associated s x w*-

continuous linear functions on X x X* (so the s x w*-closure does not affect the value of
the conjugate). O

Again we may utilise the symmetry that is present in the pairing of o+ (X X X*)
with o+ (X* x X). A result that uses the passage of the conjugate * : o+ (X X X*) —
Owrxs (X* x X) is also applicable to inverse * : Oy x; (X* X X) = 0yxw+ (X X X*) (using
the transpose operator).

Proposition 23 Let { f;},.o be a family of convex functions, f; # +o0o with t — f; (x,x*)
monotonically non-increasing (as t — 00). Then bd-e-lim,_,, f;" is (W* x s)—closed and

bd-e- lim f*=bde-Iim ;" = = (bd-e- lim ﬁ) . (19)
t—00 t—00 1—00

Proof 1f { f;},. is monotonically non-increasing then for g, := f,* we have {g,},., is mono-
tonically non-decreasing and closed. Hence applying Proposition 22 we have (noting that
either g, > —oco or f; > f* =g/ = +00)

*
bd-e- lim f =bd-e- lim g, = (bd-e- lim sup g,*)
t—00 1—>00

—>00

- (bd-e-lim sup f,**) - (bd-e- lim supfsxw*> . (20)
t—00 t—00

In the following, by Proposition 19 we have the first equality, with the inequality following

from f; > inf,.q f; so

s X W

> infftsxw* _ <—inffts><bdw*> 1)
>0 >0

=5 xbdw*

bd-e-limsup 7, = inf 7,
1>

1—00
Thus, as the conjugate is not affected by the s x w*-closure, and by Proposition 19 we have
bd-e-lim, . f, =it £, ™", it follows from (20)-(21) that:

*
s X W

bd-e- lim f’* < (—ingﬁsxhdw*> _ (ingftxxbdw*) _ (bd_e_ lim ft)* ' (22)
1—>00 > 1—00

By Proposition 21 we have (bd-e- lim;_, f,*)* < bd-e -lim;_, », f; sO

bd-e- lim f* > bd-e-Tim [ " = (bd-e- lim f,) > (bd-e- lim f,)*. 23)
1—00 1—00 =00 1—>00
Combining (22) and (23) we get (19). O
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We note the following for later use when further investigating the continuity of conjuga-
tion in relation to these variational limits.

Lemma 24 Let {f;},., be a family of s x bdw*-(resp. s x w*-)closed functions on X x X*
for which (inf, f;) (x, x*) > —oo for all (x, x*). Recalling that ?, denotes the embedding of
f; within the conjugate space (X x X*)* = X* x X**, (by setting ?, = f; on the subspace
X x X* and 400 otherwise) with the associated conjugation *: X x X* — (X x X*)* =
X* x X**. Then on X x X*

—s xbdw*
A\ *t
(bdw*-e-liminff,) - (bd-e-litm inf f,) . (24)

t— 400

Proof We have, using the w*-continuity of (x**, x*) > ((x™, x*), (y*, ¥)) = (x**, y*) +
(x*, y), the Fenchel inequality ((xa, x;‘) SO = fa (xa, ) < f/ (y*,y) and Lemma 17
that

*t
(bdw*-e- lim inf f,) (v, ")

= sup {((x™ x*), (V5 y) - inf liminf 7, (x, x7)
(%, 1) {(M x ) _ bdw* ( Hx x*)l o
{ta—+00}
= sup limsup[{((xa,x;) () = fro ((%ar x ))}]
{(xa,x;)ﬁbdw (** *) X**XX*} a
{ta—+00}

< sup limsup £ (v, y*) = Jim sup £ (v, ")

{tq —+00} o t>n

*t
= lim <1nff,> (y,y*).

n—>+00

That is, we have a monotonically nondecreasing family { gy =Iinfj>, f,} where

*t
(bdw*-e-limjnff,) |xxx* < lim (g,,)*T. (25)
1——+00

n—>+00

As { g,’;} is closed and monotonically non-increasing, Proposition 19 implies

t *Txxbdw* —*Tsxhdw*
bd-e- lim (g,,) :inf(g,,) = lim (g,,)

n—>00 n 11— +00
Using this observation and Proposition 22 (18), we have

s X bdw* — s xw*

: *f . *f . *f
Jim_(g,) = bd-e- lim (g,)" = bd-e- lim (g,)
*t
= <bd-e- lim g,,) .
n—>00
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Combining this with (25) and Lemma 20 we have

-~ :TJdeW* 7Ts><bdw* *t
(bdw -e-ltlglﬁgofﬁ) < r]EI«Poo (gn) = (bd-e— nlglolo g,7>
*T #t
— <bd-e- lim <inf f,)) — (bd-e- lim inf f,) .
n—>o0 \1=n t—00
Hence
= xbdw*
(bdw*-e- lim +infﬁ) < (bd-e-liminf f,) .
1—+400 1—0o0

The reverse inequality is immediate from epi (bdw*—e—limian+oo E) )

epi (bd-e-ﬁrﬁanoO f;) as then, when restricting to X* x X, we have

(bdw*-e- hminf?,) > (bd-e-/hrﬁnff,)' - (bd-e-liminf f,) :
t—00 1—00

t—+00

The last inequality is preserved on taking the (bdw* X s)-closure as the conjugate
(bd-e-1lim,_, o, f;)* is actually (w* x s)-closed. This gives the reverse inequality. O

We will strengthen our conjugation results by adapting Theorem 2 of [21]. We first show
the following result.

Proposition 25 Assume that {fi},cr, is a family of (s x w*)~closed, proper, convex func-
tions. Assume in addition that for any cofinal subset I, C R there exists a cofinal subset
I, of I, and a bounded net {(xg, )co,)}twel2 such that {ftz (x;f, xa)}rmel2 is bounded above.
Denote f :=bd-e-limsup,_, o, fi. Then, on X x X* we have

—s xbdw*

7 < <bdw-e-lfim +inf}?) . (26)

Furthermore, if inf, f;* (x*,x) > —o0 for all (x*,x) € X* x X thenon X x X*:

bd-e-Timsup 7, """ = (bd-e-liminf f,*)* . 7)
t—00 1=
Proof Given (%,%%) € X x X* and 7 < £ "™ (%, %*) we note that (%,%%,7) ¢

bdsw—Timinf, . (epi 7)™, so for any K > max{|7|, |(F, )]} = 0 we can find a
cofinal subset /; of R, a norm ball U > X, a weak* neighbourhood W > x* and p > 0 for
which

[[U x W] x [7 + (—p, I Nepi f,, N B (0)
= ([[U x W) "Bk (O] x [ +[—p, plI N [—K, K1]) Nepi f;,
=0
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for each ¢, € I,. After adjusting p > 0 accordingly we may claim

[1(8) x WABC©" )1 x 17 + [=p. o1l | Nepi £,
C (U x W) x [7 +[—p. pI]) Nepi f,, N By (0) = 4.

The Hahn-Banach separation theorem holds (for the separation of the (s x w*)-closed convex

set epi f;, and the (s x w*)-compact convex set {x} x W N By (0)W ) within a locally convex
linear topological space [34, Theorem 1.1.3] and X x X* is made so by endowing (as usual)
X with the strong topology and X* with the weak* topology. Hence we have (y;‘ s Yas —Aa) €
X* x X x R of unit norm (the A, > 0 implied by the epigraphical recession direction in
epi f,) for which

(2 Vo) s (2. 5%)) = Ay < {2 ¥a), (2.27)) — Agr forall (x,x*,y) €epif,
and (z,z*,r) € [({X} x WN Bk (0))] x [y + (—p, p)].
Using the fact this holds for all » € 7 + (—p, p) we have
(Ve va) (6. x)) = Aoy < (Vi ya) - (B, 5%)) =2 (7 — )
forall (x,x*,y) €epi f,. (28)

Now let I, be cofinal in /; and take a bounded {(x}, x(,,)}fael2 be such that f* (x}, x,)

is bounded above i.e. f* (x%,x,) <b and |[(x, x,)| < H (some H). Then for each #, € I
we have

((x;,xo,) , (x,x*)) —y <b forall ((x,x*) , y) eepi f,. (29)

Taking (28) along I, € I; we may multiply (28) by ¢ > 0 and add to (29) to get

(2. %) +q (35 ya)» (x.5)) = (1 + 2aq) ¥
< (0 x) +q (05 va) « (B F)) = (52, xa) o (£, 5*)) + b — hag? — hagp
< (x2 xa) +q (37 va) - (£, 57))
— (U 2a@) 7+ 7 + x| 5] + |2 UED +5 = hago
< (0 x) +q (05 ve) s (B 7)) = (L + Aaq) 7
+[7+ (X + 1%) H +b — ragp]. (30)

Now choose g > 0 sufficiently large so that [y + [||x*|| + X1 H +b —gp] <0 for all

q > q.Indeed we may take
1
a= (p+IF ]+ 15 H o).

Let g = 2g and set (2}, zo) := (1 +24aq) ™" [(xZ, x4) 4+ 24 (¥}, yo)]; on division of (30) by
(1 4+ 2Xx,g) we obtain

(2 2a)s (x. %)) —y <(2k,20) , (£, %%)) — 7 forall ((x,x%),y) €epif, .
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Thus £ (25.20) < Ve = (g} 20) . (£, 5%) — 7 for t, € L. As {(x}, x)} and

to€l

{(vz, ya)}t cr, 1 bounded, as g =27 we have {(z%, za, Va)}r ;, bounded for all & (in
norm by, say, K = (||(x,x*)|| 4+ ¥) (H 4+ 2g)) and so may extract a w*-convergent (in
X* x X* = (X x X*)*) subnet {(ZwZ“)}tue@gZ with

(2hr2a) == (1 20@) " [(x5. xa) +4 (35 ya) ] =200, (V7. 9™) € Bz (0).
Also as v, — ((y*, y**), (X, %*)) — 7 (< K) we have

O,y (5, y*) , (7, 5%)) — 7) € w*-limsup (epi /; N Bx (0))

—>+00

- U w*-limsup (eplf, N Bx (0))
K=0 t—>—+00

That is, (bw*-e-limian+O<> f ) *, ¥y < (", y*), (x,x*)) — ¥ , which implies

(bdw -e- hmmff,> (x,x%),

t—+00

and so fYdeW (x, x*) < (bw*-e-liminf,_, 4o j‘?): (X, X*). As we have this inequality for

arbitrary (x,x*) we get (26). Using (24), it follows that on X x X*, have f by

—s xbdw*

(bdw*-e-umian+oc o ) - (bd-e-nminf,w f,**) . To get (27), using (16) we

*f
have f > (bd-e-liminfHOO f,*T) with the latter (s x w*)-closed and hence also for
s x bdw*. Taking a s x bdw*-closure we have the reverse inequality, giving the results. [J

Again we may utilise the symmetry that is present in the pairing of oy« w+ (X X X*) with
Owrxs (X* % X).

Corollary 26 Assume that {f},cgr, is a family of (s x w*)-closed, proper, convex functions
for which (inf, f;) (x,x*) > —oo for all (x,x*), and that for any cofinal subset I, of R,
there is a cofinal I, C I, and a bounded net {(xa, X )} such that {f,a (xa, X, )} is

ta€ly ta€lr
bounded above. Then we have

bd-e-Timsup /" = (bd—e—liminf f,)* : 31)
1—>00

1—00

Proof We apply (27) to the family of convex functions { f,*f} that are well defined on

>0
X x X*. We then we need to assume that for any cofinal subset I, of I; there is a bounded
net {(xa, x;)}, ., such that {(f )" (e x x3)},,c;, is bounded above. As (f2)" = f, this
corresponds to our stated assumption. The result now follows. ]

5 Some Tools from Monotone Operator Theory

When & € PC (X x X*) may not be representative (i.e. & need not majorise the duality
product on X x X*), we form M,f ={(x,x*) € X x X*| h(x, x*) < {(x,x*)}, and note that
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when, instead, & > (-, -) (i.e. h is representative) it is well known that we have M hs =M,,
a monotone set. Denote R(T) :={he PC(X x X*) |h>{(-,-yand T C M},}. When Fy =
(-,) —inf(, yyer (- — y,- — y*) is not representative we may study the set 7" = MET. One
always has TH#** = T#" and if T is monotone then 7 € T*.In[18] T + T* is shown to be a
polarity and as a consequence A C B implies A* D B*, T C T"* and (AU B)* = A*N B*
(for any sets A, B € X x X*). From definitions it is clear that 7" always has w*-closed
convex images. If 7' is monotone but not maximal, the Fitzpatrick function F7 may not be
representative. On the other hand the Penot/Svaiter function Pr := F;T > (-, -), does indeed
represent T in that T € Mp,. Following [18] we say T is representable when there exists
h e R(T) with T = Mj,.

Recall bR(T) :={h€ PC(X x X*) | Pr = h* > h > (-,-)} are the bigger—conjugate
representative functions with 7 € M), € T*. It is known, [18, 30] that when h € R (T)
isclosed orif 2 € bR(T), then h € [Fr, Pr] where [Fr, Pr]={g€ PC(X,X*) | Fr <g <
Pr}, in the pointwise partial order [12, Lemma 2.1]. Note that if 4 € bR(T') then we have
T C My and h € bR(M,,) (see [13, Lemma 3]). When h € bR(T) then h > F, , a detailed
proof of which may be found in [12, Lemma 2.6B] or [13, Lemma 3].

Proposition 27 ([13, Theorem 8]) (Monotonic Closure Theorem) Let h € bR (T). Then M),
is monotonically closed, i.e. M} = Mj,.

Moreover this set is unique in the following sense.

Lemma 28 [12, Lemma 2.11], [30] Let T : X = X* be a monotone operator, let k,h €
bR (T) for which h <k. Then My =M, 2> T.

We note that in [31, Theorem 11.2] are examples of representable operators that are not
monotonically closed and so the use of bigger—conjugate representative functions plays an
important role.

Remark 29 As noted in [13] if Fy, > (-, ), then 7" e bR (T) which indicates that we
only really need to consider (s x w*)—closed representative functions when seeking to char-
acterise maximality but this not mandatory and may be difficult to enforce in some construc-

—sxw*

tions. Of course when h € bR(T) and h > h € bR (T) then MFXW* =M,.

We will summarise some results we require that appear in [13]. First note that in [7] it is
shown that not every maximal monotone operator has a (s x w*)-closed graph (even for the
case of a subdifferential of a convex function). As we do not a priori assume any closure
property for elements of R (T') or bR (T) we study an appropriate closure.

Lemma 30 ([13, Lemma 5]) Suppose T is monotone, and {(xa, x;)}a C T is a bounded net

converging in the (s X w*)—topology to (x, x*). Then (x,x*) e T" i.e. T C TSXMW C THE,

In particular when T is monotonically closed (as is the case when h € bR (T) and T = M},)
—sxbdw*

we have T(=T")=T

Proof Let (y,y*) € T*. Then as {(xa,x;)}a C T is bounded, there is K > 0 such that
| x| < K for all « so that

0<(y—xq ¥y —x)
=(y—x, Y —x)) + (x —xg, ¥y — X))

< (v —x, v =)+ [y + K] e =l (32)
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As x, — x in the norm topology and x; — x* in the weak™ topology we have, on taking the
limit,

0<(y—ux,y*—x*) forall (y,y*)eT"

s xbdw*

Hence (x,x*) e T** andso T C T C THe, O

This closure is particularly well suited to the study of representative functions. Denote

by 7™ the convex function with epigraph epi A
Lemma31 Lethe R(T).
—s xbdw* ——sxbdw* —s xbdw*
1. Then h € R(T) and Mﬁsxhtlw* oM, DM, DT, and so when h =h
we have M), = EMWW*
2. When h € bR (T) then B"™""" € bR(T) and M yawe = My """ = (My)"* = M, 2

T.

Proof Part 1) First we note that Ewdw* majorises the duality product. Indeed, as & > (-, -)
we have, from (32) (with (y, y*) = (x, x*)), that there is (xa, xj) —s s xbdw* (x, x*) for which

E‘YXWW* (x,x*) =limh (xa, x;) > lim(x,, x3) = (x, x¥),

giving the inequality for the closure.

. ——sxbdw* . 5 .
On the other hand, if (x, x*) € MhsX v , and (xa, xgj) —$xbdWT (¢ x*) with (xa,x;‘) €
M, we have

(x, x*) = liénh (Xa,x}) = B (20, x*) = (x, x*)

and 50 (x, x*) € My cxpawe . It follows that M;, € m’whdw* S Mooviwr.

Part 2) When i € bR (T) then h < h*', so from the first part, (-, ) < WWW* <h<
et < (F‘X”"W*)*T and so "™ € bR (T). This implies, using [30], that M e = M,
=m,""". O

‘We make note of the following for later use. Recall Definition 1 for the recession operator
rec M.

Proposition 32 ([13, Proposition 5]) Suppose T : X = X* is a monotone operator. If x, y €
dom T then for any A € [0, 1] we have (0.x + (1 — A1) v, 0) € (rec T)** and so

codomT C Py [(rec T)""]. (33)
Moreover when rec T is monotonically closed then dom T is convex.

Remark 33 When X is reflexive it is well known that for maximal monotone T the strong
closure of the domain dom 7 is convex. When X is reflexive and 7 is maximal monotone,
then it is shown in [13] that (rec T) (x) = Nesgomr (x) for all x € domT. Consequently
that rec T = Ngggomr on dom T and hence (rec T)"* = (Neggom7 )™ = Negdom7 being max-
imally monotone.
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6 A Bigger-Conjugate Representative Function for rec T

The objective of the section is to construct a concrete representative 4 € bR (rec T') using a
variational limit. In doing so we further connect to this operator, the normal cone operator
associated with the convex closure of the domain of 7. The construction we use is the
following.

Definition 34 Let X be an arbitrary Banach space. Suppose 7 : X =% X* is maximal mono-
tone and denote its Fitzpatrick function by Fr. Then we form
Fr0f =bdeTimintFrp """
t—40
where (¢T) (x) :=tT (x).
We begin by taking (z, z*) € T and translating this point to (0, 0) noting that as
Frgo (x,x*)=Fr(x+z,x"+2") — (x + 2, x5+ 2°) — (x,x%), (34)

any analysis based on s x w* convergent bounded nets will be unaffected by such a trans-
lation, which is the case for the arguments to follow. Thus without loss of generality we
assume (0, 0) € T, so that Fr, Fr0T >0on X x X*.

We will build up the properties of this function in a series of Lemmas and Propositions.

Lemma 35 Let X be an arbitrary real Banach space. Suppose T : X == X* is monotone,
with Fitzpatrick function Fr. Suppose also that (0,0) € T. Then:

1. On X x X*,
Fr0f >0.

Moreover, denoting g, (x,x*) := Fir (x,x*) =tFr (x, ?) then for all (y,y*) € X x
X*,

*

*
gt (v, y)=tPr (y, y7> =Pr (y.y*) = Fr (v,y") =tFr <y, y7> =g (y.y").

2. We have

Pry dom Fr0 C Prydom Fr, and, when T maximal, 35
(35)
Prx dom Fy03 CcodomT.

Furthermore when T is maximal, then FTO;r > (-,-) on X x X*, with also (FTOE’)(x,
x*)=(x,x*) forall (x,x*)erecT, so FTOEr € R(recT) (i.e.recT C MFTO;).
3. We have (FTO;)*Jr > FTO;, and so if FTOEr is convex and T maximal, then FTOEr €

bR (recT). Furthermore, if Fr0f = bd-e-Tim,— o Fir " (i.e. exists as an epi-limit)

then also FTOQr is convex with FT0; > Freer and so
(FrecT)*]L = FrecT = (FTO;)*T on X X X*.
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Proof Part 1: As (0,0) € T it is immediate that for all (x, x*) we have Fr (x, x*) > (x,0) +
(x*,0) — (0,0) =0, so clearly Fr05 > 0. Next note that

x* . x* x* .
tFr (x, 7) = (x,x*) iff Fr (x, T) = (x, 7) iff x*erT (x).
Indeed

Fr (x,x*) = up ((x, 1) 4+ (v, x*) — t(y, ¥*))
(y,ty*)etT

x* x*
=t sup ((x,y*> + (v, =) — (y,y*>> =1Fr (x, 7) =g (x,x%).

(y.y*)eT t

Hence g/ t— F,*TT = P,r. Furthermore, we have (as t > 0) and Pr := F;‘Jr that

& (y.y*) = sup {((x,x*),(y,y*)) —tFr (x, %)}

(ox,x*)

= {{(+5) () ()]
=1 sup {<(x,x*), <y, y7*>> — Fr (x,x*)}
(,x%)
e <y, y7> > 1 F (y, y7> =5 (r.y"). (36)

Part 2: Clearly we always have Prydom Fr 02+ C Prydom F; while codomT =
Pry dom Fr, when T is maximal [6, Theorem 3.6] which gives (35). Now assume 7T is
maximal monotone. Take (x, x*) e recT so there exist nets t, — 0 and x} € £, T (xo), with
{(xa, x;)} bounded and (xa, x;) —5%* (x, x*). That xy €1t T (x4), implies (for all o ) that

FT (-xaa %) = (xcn %) or tO(FT (xou %) = (xaa X;). Thus

*

liminft, Fr (xa, ’;—“> = lim{xy, x*) = (x, x*). (37)

o

Furthermore for arbitrary (x,x*) € X x X*, and any net (wa, wf;) — (x,x*) with {w:;}
bounded and 7, — 0, we have

liminfz, Fy (wa, 'f—) > liminfz, (wy, %) = lim(wa, w’) = (x, x*).
Hence
bdw*-limsup (epig, ) Cepi(-,-) or bd-e-limir&fg, > (), giving (38)
t—40 I—~>4

Fr07 >bdeTiminfg, "™ > (.}, onX x X*,

t—40

@ Springer



4 Page240f45 A. Eberhard, R. Wenczel

the last inequality following from the (s x bdw*)-continuity of the duality product. Moreover
by (37) and Lemma 12 we have

FTOSr ( ) bd-e- hmlnfg, xbdw (x,x*) Slin}(ian,aT (xa,x;‘)

t—40

o X,
=liminft, Fr (x(,, —"‘) = {x, x*),
o ta
for any (x, x*) erec T. Thus F102+ ={(,-)onrecT.

Part 3: We now show that s := FT0; satisfies 7 < h*'. In order to apply Proposition
25 to g, = F,r we need to supply a bounded family {(xf,x;‘)}wo with { gT/TT (xf,x;‘)}
bounded (then given a cofinal subnet /; we have same holding on I, = I;). To this
end, note that as (0,0) € T then Pr(0,0) = (0,0) = 0 where Pr is strongly—closed
convex on X x X*. Let (x;,x}) € B, (0,0) N dom Py be such that lim,_,¢ Pr (x,,x) =
liminf(, )0 Pr (y, y*) = 0. Then for 7 € (0, 1], we have { (x;, 1x; )}16(0 . abounded net,
for which g' (xi1x7)=1Pr (x,, @) =1 Pr (x,,x}") =0 0. Using the convention 7 = %
we have provided the desired bounded family {(xr, ?)}, _, with {g1]; (xc. x7)} bounded.

We note that the family { g T.= Py } . consists of positive functions. Thus, Proposition 25
>
yields

*
Dd-e-Tmsupgr, " = (bd -e-liminf g; /,> , (39)

T—>+00 T—>+00
and by (36) we have g/, < g’f/TT. Using these facts we obtain

* _ w* +t
h = Fr0f =bd-e- litrilir(}fF,T”de <bd-e-Timsupg,, " = <bd-e- lim inf gTL)

T—>+00
*t bt *f
< (bd-e-liminfgl/,> :(bd-e-hminfg,” W) =n*t.
T—>+00 t—>4 0

Thus if FT02+ is convex, then it is bigger—conjugate convex. In particular this holds when
FTO§r exists as an epi-limit. Assume now this epi—limit condition on FTO; Consider the
Fitzpatrick function for rec T i.e.

Freer (%, X*) = ((, 1) + rec)* (%, x7)
= () + Bawe- s or7 ) (67)
:< d-e- hginf( )+8,T)>*(x,x*)
(bd -e- hlngolfcoW* (-, )+ 3,T)>* (2, x¥)
= bd-e-Timsup ((- )+ 80 " (x,x%) = (FrO}) (x, %),

t—40
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where the third equality follows easily from definitions, the inequality from the order
reversal of conjugation and the following equality from an application of Proposition
25. For Proposition 25 to be applicable we observed that from the above g =Py =
o ((-, ) + 8;7) = 0 has already been shown to satisfy the necessary boundedness pre-
conditions for the application of Proposition 25.

Finally we note that we have already shown that when 7' is maximal, (FT02+ ) (x,x*) =

Freer (x, x*) = (x, x*) for (x,x*) erec T always i.e. MFTO; DrecT. O
We recall the following results from [28] and [11, Corollary 23].

Remark 36 If C C X x X* is closed convex, then the usual concept of recession corresponds
to the “asymptotic cone” 0T C defined by: (y, y*) € 0T C iff for some ¢ € C (and hence for
anyc € C)c+R, (y,y*) S CorC+1(y,y*) CC forall t > 0. When C is not closed, 07 C
may itself not be closed. When C is not closed, 0T C can be defined by a limiting process.

In [28] we have 07 C = limsup, |, AC :=(,_, I:U0<A<a AC] (where the limit supremum is
taken with respect to an appropriate topology associated with the duality pairing).

Lemma 37 ([11, Lemma 22]) Let f € I' (X x X*). The polar of the convex cone generated
by dom f* i.e.

(conedom f*)* :={(x, x*) | 83y, s (x*, x) <0}
is the same as the asymptotic cone 07 [ f < o] for any a > inf f.

The transpose operator can take a polar set (which resides in the dual X* x X) back into
the primal space X x X*. This permits statements which otherwise would not be possible in
general Banach space theory.

Corollary 38 ([11, Corollary 23]) Suppose C C X x X* is a s x w*-closed convex set. Then
(doméé)o = {(w, w*) | (Szom(Sé (w*, w) < 0] =0"C.

Thus for h € bR (T) we have

§ X

dom”™ 52, = (0"coM,)° and  dom’ s 0*dom Fyy, ™) . (40)

* —
dom F; My, -

Recall that the asymptotic function fO of a proper, (s x w*)-closed, convex function f
defined on X x X* is given by

(F09) (x. ") 1= lim = [ ((.y") + 7 (x.x) = £ (3.3")]

T—>00 T

—sup = (£ ((53") +7 (1 X)) = £ (7.37)).

>0

for any (or all) (v, y*) € dom f, noting that the above expression is independent of the
choice of (y, y*) € dom f.

Remark 39 Recall from [28, Theorem 3B] that (f0%) (x, x*) < u equivalent to the follow-
ing:

@ Springer



4 Page260f45 A. Eberhard, R. Wenczel

L f((y,y)+t(x,x*) < f(y,y") + i for some (and equivalently for all) (y, y*) €
dom f and t > 0.

2. fF( )+ (x,x%) = f(y,y") < pforall (y, y*) € dom f.
3. There exists a net (x;, x}') and #; > 0 such that lim; #; = 0 and lim; (x;, x}') = (x, x*) with

. 1
lim¢z; f <t_ (x,»,xl-*)) < u.
4. ((x,x*), (w, w*)) < u forall (w,w*) € dom f*F.

Remark 40 We note that 0*dom F,, 7™ s closed while 0+ dom F, ,;, may not be.

Proposition 41 ([11, Proposition 26]) Suppose h € bR (T'). Then

+ _ gt
Fy, 0" = SWXW* ", 41
Furthermore, for any a > inf Fy, ,
+ *f +
0 [FM,, <a]C domSWXW* , C 0" dom FM,, . 42)

We have seen that the problem of constructing a member of bR (rec T') for any monotone
operator 7, has been reduced to the problem of showing the existence of a particular epi-
limit. We will now consider the recession function associated with the Fitzpatrick function.

Proposition 42 Let X be an arbitrary real Banach space. Suppose T : X = X* is monotone
and (0,0) € T. Denote its Fitzpatrick function by Fr. For (x,x*), (v, y*) € X x X*, define:

LIF L y* T(x,x*) — Fr(y, y* i ,v") edom F;
Fellony). (e o= 1T QOD AT A S0 Bl Sdom
(43)
Then t +— f; is monotonically nondecreasing as t — 0o, and convex in (x,x*). Also the
pointwise limit of the family T — f.((y, y*), (-, -))) is independent of the choice of (y, y*) €
dom Fr, and exists as a convex function coinciding with Fr0% on X x X*, with dom F;0" C

————sxbdw*
dom Fr. Moreover for any (x, x*) € dom FTO§r C dom FTS " we have

s X bdw* (

(FTOJ) (x, x*) =bd-e- rEr-ll—loc fr ((x,x%), ) 0, x*) with the epi-limit existing,

. % —————bdw* «
with also, (FTO;) (x,x ) = (Fr0%(0, -)) (x ) + Sprydomry (X)
for all (x,x*) eX x X"
Furthermore, when T is maximal

(FTOI) (x, x*) — (FT0+(0, —.))bdw* (

x*) + 8ssdomr (X)  for all (x,x*) e X x X*. (44
(In particular, when T maximal, then FTOEr is convex.)

Proof Due to the convexity of Fr, [29, Theorems 23.1 or 8.5] we have t — f; (point-
wise) monotonically nondecreasing (on dom Fr) as T — 0o, and infinite when (y, y*) ¢
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dom Fr. So, T — f; is pointwise monotonically nondecreasing as T — oco. Moreover,
sup,.o fz (v, ¥, (x, x*)) < u is equivalent to

((y, y*) , Fr (y, y*)) +7T ((x, x*) , u) eepi Fr forallt >0

or ((x,x*), 1) € 0" epi Fr,

using the fact that epi Fr is (s x w*)-closed. This means the bound of w holds for
all choices of (y, y*) € dom Fr (including (0,0) € dom F7, and (y, y*) = (x, x*), when
(x,x*) € dom Fr). Note that there exists u < 400 with ((x,x*),u) € 0% epi Fr iff
(Fr0%) (x, x*) < +o0 iff (x,x*) € dom F70". As (0,0) € dom Fy and Fr (0,0) =0 we
have ((x,x*), u) € 0" epi Fr with u < +oo iff 7 ((x,x*), 1) € epi Fr for all T > 0 and
hence (x, x*) € dom Fr follows (take T = 1). Thus

dom F;0" C dom Fry. (45)

Moreover it then follows that ((x, x*), u) € 0% epi Fr iff ((x, x*), Fr (x, x*)) + 7((x, x*),
w) € epi Fr for all T > 0 iff f, ((x,x*), (x,x*)) < u for all T > 0 iff (F;07) (x,x*) =
sup, fr ((x,x¥), (x,x%)) < p.

Define i : X x X* — R, as follows:

h(x,x*) :==sup f; ((x,y*), (0,x*)) = (Fr0%) (0, x*), (46)

for any y* such that (x, y*) € dom Fr, if such y* exists; with & (x,x*) := 400 other-
wise. Such a y* exists iff x € Pry dom Fr. Utilising these observations we note 4 (x, x*) =
sup, fr ((x, x*), (0, x*)) is clearly finite if (x, x*) € dom F70" € dom Fr. In summary:

pox) = (T S
Note that (47) implies & > 0, and & (x, 0) =0 for x € Pry dom Fr, together with
dom (F707 (0, -)) N (Pry dom Fr x X*) (48)
CdomhnN (PrX dom Fr x X*) =dombh.
By definitions, on X x X*,
h (x,x*) > (FTO+) (0, x*) .
Thus dom#/A € dom (FTO+ O, ~)) and utilising (48)
dom (F70" (0, -)) N (Pry dom Fr x X*) =dom /. (49)
sxbdw*

Denote by  the function with the epigraph epi hSdeW* and similarly for (F70%(0, -)) =

(Fr0*(0, ~))hdw*. Using the identity (47) and inclusion (49), on taking lower closures we
have

xbdw* (

h (x7 x*) = (Fr0%(0,-)) + (SPrX dom Fr x X* ()‘ X, x*)

= (Fy07(0, .))bdw* (x*) + ShrydomFy (X) - (50)
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Now we address the relationship of these quantities to Fr03. By Proposition 18, part
3, and the (s x bdw*)-closedness of f;((y, y*), (-,-))) (for any fixed (y, y*) € dom Fr) we
have bd-e-lim,_, ;o f; ((y, ¥*),-) = Fr0™ on X x X* existing as an epi-limit, and is also a
(s x bdw*)-closed convex function. Consequently the epi-limit is independent of the choice
of (v, y*) edom Fr.

Taking (y, y*) = (0, 0) € dom Fr then f; ((0,0), ) = %FT (t-) and for all (x,x*) € X x
X*

(Fr0%) (x,x*) =sup f; ((0,0), (x, x*))

= <bd—e-[1_i)1110tFT <(;))> (x,x*).

Let (x,x*) € X x X*. For any € > 0, suppose the net (xo,, x;‘) — sxbawt (X, x*) is chosen

so that lim,, 7, Fr (xa, %) < (bd—e—lim inf,_, o F,T) (x, x*) 4+ € whenever the latter is finite.

Then (fyXa, X}) = 1,0 (0, x*) so that

1
(Fr0™) (O,x*) =sup £, ((0,0), (0, x*)) < liminft, Fr (t_ (taxa,x;‘)>
>0 o

o

= liminft, Fr (xc,, j—"‘) < (bd-e-liminf F,T> (x,x*) +e.

o t—40
As € > 0 is arbitrary we conclude, for all (x, x*) € X x X*,

(FrO%) (O,X*) =sup f;((0,0), (0, x%)) < (bd—e—limil&fF,T)(x,x*), (51)
>0 =>4

and so
(Fr070, )™ (x*) < bd-e-Timinf Fr "™ (

t—40

x,x*) = (Fr03) (x,x*). (52
On the other hand, F7 (0,0) =0 so

1
(Fr0™) (0, x*) =sup — [ Fr ((0,0) + 7 (0, x*)) — Fr (0, 0)] = sup f; ((0,0), (0, x*))

>0 >0

=sup lFT (‘c (0, x*)) = lim F,;r (0, x*)

07T =40
= inf liminf F, 7 ((xq, x*
[(Xa,x;)e“X/’dW* (O,x*)} o taT (( o a))
{te—>+o00}

= (bd—e—h[rili%fF,T> (07)(*) > (FTO;) (0,)(*) .
Combining this with (51) we have

(Fr0%) (0, x*) = sup f2((0, 0), (0, x*)) = (bd-e- limi%fF,T)(o, x*) (53)
>0 =>4

and, combining instead with (52), gives (Fr0* (0, ~))hdw* x*) = (FTO;) (0, x*), for all x* €
X*.
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— —sxbdw* .
Recall that & denotes the closure & . Then for each (x,x*) € X x X* there exists a
bounded net (xa, xgj) —s s xbdw* (x, x*) such that

E(x,x*) =limh (xa,x:).

Suppose h (x, x*) < +00 (noting that we have i > 0). Let (x,, x3) —***"" (x, x*) be any
fixed bounded net with lim, & (xa, x*) =% (x, x*). Then, for (xa, y;‘) € dom Fr, as —00 <
2 (Xa, x2) = fr ((%as ¥2) » (0,x2)) < h (x4, x), we have for any & > 0, and 7, — +o00 that
eventually,

ﬁa (xa,x;‘) —¢ §E(x,x*) .
Due to (43), with t = %, in the expression for ﬁ (w, w*) := fr (w, y*), 0, w*)) (we

Pry dom Fr) we have, recalling (for any y* for which (w, y*) € dom Fr),

g (w, w*) = %FT (w, v+ rw*) , that
g (w, w*) = ﬁ (w, w*) +tFr (w, y*) . (54)

As we have chosen a fixed bounded net (xa, ) —xw (x,x*) soforanyt, | 0% and associ-
ated 7, — oo we will have —oo < limsup, f, (o, x2) <limsup, h (x4, x%) < h (x, x*) <
+o00. Thus we eventually have x, € Pry dom F7 and for any (xo,, ya) € dom Fr with i —0

sxbdw*

Sk
(which we achieve via our selection of 7z,) we have a bounded net (xo,, xy+ i—“) -3
o

(x, x*) with

(Fr03) (x,x ) < l1m1nfg,u (xa,x ) _l1m1nfiFT (xa, Ty <x2 + y—”)) ,

Ta o
noting that by Lemma 35, Pry dom F705 C Pry dom Fy. Then from
8t (Yo X5) = oo (%an X3) = ta Fr (. ¥])  we get
liminf g, (. x )—hmsupfr (¥o. ) < liminf[gy, (v x]) = fo, (¥ x5)]
= lim inf, Fr (o ¥2)
andso  (Fr07) (x.x") <liminfg,, (xa, x;)

< limsup ﬁa (xa, x;) + liminfzt, Fr (xa, y;)

<limsuph (xa, x;) + liminfz, Fr (xa, y;)

<h(x,x%) +liminf 1, Fr (Xas ¥2) s (55)

where the fourth inequality follows from the fact that f,, < h. Note that Fy (x,, ) is finite
for all «. Since this inequality holds for all , — 0, (with #,y} = yé — 0) we select 1, :=

H } where €, — 0 so that 7, — 0. Then 0 < 11m1nf to Fr (xa, ya)

IA

min § ———%¢—~——
{lFT(X[X yE)+1° ‘ya
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€, — 0 and % =t,y: — 0. Thus
(FTO;) (x, x*) < (bd-e- limilafF,T)(x, x*) <liminf g, (x4, X))
[—)+ o
<limsup f, (Xa, x3), (0,x2)) < h (x, x*).

In particular we have established

(bd—e-limir&fF,T)(x, x*) <h(x,x*) <h(x,x*) forall (x,x*)eX x X*, (56)
—>4

and so F70§r < hon X x X*. For the reverse inequality, we note, for (x, x*) € dom FTOQ’,
that from (35), have x € Pry dom Fr so that using (50) and (52), it follows that

B (x, ") = Fr07 0, D™ (¢") + Soryaom s () < (Fr09) (x, x*), (57)

forcing equality on X x X* and verifying the result.
Note that when maximal, the relation (44) obtains from use of [6, Thm 3.6]. O

Corollary 43 Let X be an arbitrary real Banach space. Suppose T : X = X* is maximal
monotone and (0,0) € T. Denote its Fitzpatrick function by Fr. Then there exists a convex
function h on X x X* for which: (i)

h =bd-e-limi1(}fF,T on PrydomFr x X*; (58)
-4
Giy "™ = Fr0%; (iii) dom h = Pry dom Fr x dom F0* (0, -) where dom Fr07 (0, -) is a

convex cone in X*. Furthermore for any x € Prx dom Fy we have the epi-limit (58) attained
in that there exists y* such that (x, y*) € dom Fr and

h(x,x*) = lim £z (x, x* 41y,

Proof We have already defined a convex function via (46) which we will show satisfies
the assertions of this Corollary. First we note that from (56) it follows that h(x,x*) >
(bd-e-liminf,_, o Fi7)(x, x*). Then, from the representation (54) of g,, the fact that when
x € Pry dom F7 there exists y* € X* such that (x, y*) € dom Fr and Fy > 0 we have: (re-
calling the functions ffrom the preceding proof)

(bd-e-liminf F;7)(x, x*) = (bd-e-liminf g,) (x, x*)
t‘>+0 t~>+0
= bd-e-litxili%f(f% (x, x*) +tFr (x,y%)

zbd—e—fgrlloofr (x,x*) =h(x, x*)

where we have used Proposition 18 part 3 and the pointwise monotonicity of t f,(-) to
obtain that last equality. This implies, for x € Pry dom F that we have equality:

h(x,x*) = (bd-e- liminf F7) (x, x*) =sup fr ((x,y"), (0, x*)) = (Fr07) (0, x*), (59
=+ >0

@ Springer



Representative Functions, Variational Convergence and Almost Convexity Page310f45 4

where we have used (53) and the independence of the recession function on the choice of
base-point (x, y*) € dom Fr.

As sup,_g fe((x, y), (0,x%)) = lim,_o(t Fy (x, =225) — tFy(x, y*)) = lim, o Fir (x,
x* 4 ty*) (on placing t = }) it is evident that the associated epi-limit is actually attained
when x € Prydom Fr ie. (bd-e-liminf,_, o Fi7)(x, x*) = lim,_. Fi7 (x, x* + ty*). From
(49) and (50) it is evident that domh = Pry dom Fy x dom Fy0% (0, -). Finally we note
that positive homogeneity implies dom Fr0* (0, -) is a cone in X* and the convexity of
x* = Fr(0,x*) implies that this (fixed) cone is convex i.e. the domain of % is rectangu-

lar. O

The next result augments that of [25, Lemma 2] which deals with a parallel characterisa-
tion of the representative function of the range recession operator in a reflexive space.
Corollary 44 Let g € bR (T) and assume (0,0) € M,. Then we have the following.

1. When M, is maximal, then (FMgO;) (x,x*) = Sj—odomMg (x*) + Swdomm, (x) for all
(x,x*)e X x X*.
2. When codom M, = Prx dom Fy, (which is true when M, is maximal, [6]) we have

MFMg02+ = NEdomMgv

which is maximal.
3. When a monotone operator T > (0, 0) is maximal, then M Frob = Nzsdomt IS also maxi-

mal and FTO; = B%dom]‘ + 85domT = (-, ).
Proof We use Proposition 41 and 42 to note that
(Fi, 00)(0,) = 820y, (0, %%) = 855 gomur, ()

which is w*-lower—semicontinuous. Moreover, codom M, C Px dom Py, € Px dom Fy,
with codom M, = Prydom Fy, (when M, is maximal) so (Fp,07(0, ~))bdW x*) =
$ (x*) and

*
codom My

(Fu, 0 (x,x7) = B 070, 0™ (v*) + gy ()
= 8%qomm, (¥*) + Svrraom Py (%)

=6

% dom My (x*) + 8csdom M, (¥) when M, is maximal.

Thus whenever codom M, = Pry dom F)y . We have

i (0 X) = g, () + Opammrrg () }

My of = {(X’X*)

= {(x,x*) | x eCodom M, and (y — x, x*) <0 forall y € codom M}
= INcodom My - (60)

When T is maximal, so g := Fr € bR(T), then M, = T is established, so by Part 2,
M, o+ = Negomr Which is maximal. 0
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Recall that we call a monotone operator 7' of type “Brgndsted-Rockafellar” (BR) [4], if,
whenever (x, x*) € X x X* and o, 8 > 0 satisfy

inf (x—y,x*—y")>—ap,
(y.y*)er( y Y =—ap

then there exists (w, w*) € T with ||x — w| <« and ||x* — w*|| < B.

Remark 45 Note that when (x,x*) € dom Fy we have +o0o > Fr (x,x*) = (x,x*) —
inf(y yoer (x —y, x* —y*) so
inf (x —y,x*—y")=(x,x") — Fr (x,x*) >_—bh>—00
(y.y*)eT

and if T is of BR-type then hence for any o, § > 0 such that o = b we have existence
of (w,w*) € T with |x —w| <« and |lx* — w*|| < B. Hence (using the « = 1 and g =
bn) we have existence of w, € domT such that w, — x and hence x € dom T. That is,
Pry dom Fr CdomT (C Pry dom Fr). Hence dom 7' = Pry dom F7 is convex.

The following obtains by a similar argument as given in [13, Proposition 13].

Lemma 46 Suppose T : X = X* is a monotone operator of type (BR) where X is an ar-
bitrary real Banach space. Then for all x € domT (=codom7T from remark 45) we have
Ngmr (x) = (@ecT) (x) =rec (T#) (x). Thus rec T = N5y and hence rec T is maximal.

Proof See appendix for proof. ]

7 Conditions for the Almost-Convexity Property

It is conjectured that the domain of a maximal monotone operator T has the almost convex
property.

Definition 47 We say that the almost convex property (ACP) holds for a monotone operator
T iff we have dom T convex.

This property has been studied by a number of authors and good summary of the best
results to date may be found in [6]. Also see [32] for some recent insights. Note that
by definition dom (rec T) € dom T—indeed, in [13] equality is shown by demonstrating
that x € dom T implies (x, 0) € rec T. Thus maximality of rec T immediately delivers the
almost—convexity property. We note that the maximality of rec T has already been shown to
be true in reflexive spaces in [11], providing another proof of the almost convexity property
in reflexive spaces. In non-reflexive spaces we know that all monotone operators that are
subdifferentials and those with non-empty interiors in their domains also possess the almost
convexity property.

Proposition 48 Let X be an arbitrary real Banach space and T : X = X* be monotone.
Suppose g € bR(T) is such that c0dom M, = Prx dom Fy, (which is true when M, is max-
imal [6]). Then rec M, is a “pre-maximal monotone operator”, in the sense that
(recMy) =Mz =M, o =Ns iff dom (rec M,)" < Pry dom F,
g FMg 02 codom My g = X Mg -

Frchg

Thus when T and rec T are maximal, we have rec T = Ns5domT -
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Proof First we note that by [13, Lemma 11], dom (rec M,) = dom M, so we have 0 €
rec M, (x) for all x € dom M, and

Freem, (x,x*) = sup  (x,y") + (y,x") — (y, y")

(v,y*)erec Mg

> sup (x,00+ (3, x%) = (3, 0) = 8 gomr, (x7)

yedom M

and by Lemma 35 part 3, Frecy, < Fu, 0;“ and so we have from Corollary 44 part 2 that

My o = Nesaomu, € (ree M) = ME < {(v,4%) [ Siggom, (+*) = (6", )]

So, we have dom (rec Mg)” C Pry dom Fy, = codom M, iff
M =< * * * * —
(rec M) =M c [(x,x ) 185 omm, (%) = (x*,x), x € codomMg} = Neo dom g -

FrecMg -

This implies (rec Mg)ﬂ is maximal (confirming pre-maximality). Furthermore when

(rec My)" = Negdomm, We have dom (rec My)" =codom M, = Prx dom Fy, .
When T and recT are maximal we may choose g = Fr and get dom (rec M,)" =
dom (rec T*)* = domrec T C Pry dom Fy, and so (rec Mg)u =recT = NedomT- O

We now focus on studying when Fy,0; is a bigger—conjugate representative function for
rec T with the domain dom7 . In the following the condition (61) has a striking similarity to
that used in [30] and related works [6].

Proposition 49 Let X be an arbitrary Banach space. Suppose T : X = X* is maximal mono-
tone with Fitzpatrick function Fr. Denote g := Fr0f . Suppose also that

sup (x —y,y*)=+oco forallx ¢domT. (61)
(y.y*)eT

ThenrecT € M, and dom (rec T)"* € dom M, C dom 7.

Proof Via the maximality of T the Fitzpatrick function Fr represents T in that 7 = Mp,.
We note that by Lemma 35, g € bR (recT) and My = Ngsdgomr fOr g = FT02+. We will make
use of the following inequality: for any (x, x*) € X x X* and (y, y*) € T and T > O we have
from the convexity of F; € bR (T) that

Fr (v, (4 0)x%) + — FT(%)’*)ZFT<;X+;%X*+;)’*>
T+1 1+7 T+1 1+7 1+7
T * T *
Z(T+1x+1+1y,x +1—|—‘cy)

and when (y, y*) € T we have Fr (y, y*) = (y, y*) and there follows:

T+1

* 1 : * * *
T+1Fr(x,(1+r)x) Z(—) oy A+ D"+ 1) = ()

2
= () = s =y =) <1+T> (x —y,x%)
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:(x,x*)—l—u(x—y,x*)-i- ‘
(t+1)? (t+1)?

(x =y, y". (62)

We next show that dom M, C dom T. We assume x ¢ dom 7'. Thus there exists § > 0 such
that Bs (x) Ndom T = ¥J. We may also assume that x € codom 7', otherwise by (44) we have
(Fr03) (x,x*) =400 > (x, x*) and x ¢ M, is deduced immediately.

Taking the supremum over all (y, y*) € T in (62) we obtain

81 (xx*) = 1Fr(x,(1+r)x*)
PRA Gl ( R — ( o =+
> (x,x ——— sup {(x—y,x ———— sup {(x—y,y")=+oo.
T+ 12 yosomt T+ ooy

As this holds also for all Bs (x) x X* we have bd-e-liminf,_. (g, > +00 on B; (x) x X*
for some § > 0. Hence

(FTOX) (x, x*) = (bd—e—litrili%fg,xxww*) (x1x*) =400 > {x,x*) forall x* € X*.

Hence (x x*) ¢ dom My, o+ and so dom M, o+ © domT. As dom M, € domT it immedi-
ately follows, since (rec7) € M, by Lemma 35, that we have (rec T)"* C (Mg)““ =M,
(due to Proposition 27) so dom (rec T)"* € dom M, € domT'. O

We will link the almost—convexity to the recession operator and also generalise the recent
result of [32].

Theorem 50 Let X be an arbitrary Banach space. Suppose T : X = X* is maximal mono-
tone with Fitzpatrick function Fr and denote g := Fr03 . When dom M, C dom T (as is the
case under the assumptions of Proposition 49) then it follows that T is almost-convex. More-
over the condition (61) of Proposition 49 is necessary and sufficient for almost-convexity of
T.

Proof By Proposition 42, g is convex, so Lemma 35 gives g € bR(rec T) withrecT € M,.
Since M, = (M,)** (thanks to Proposition 27), then Proposition 32 yields

codomT C Py [(rec T)"*] = dom (rec T)"* € dom M, CdomT ,

whence dom 7' = codom T, implying convexity of the closure of the domain. Thus (61) of
Proposition 49 is sufficient for almost-convexity of 7.

For the converse, suppose dom T has convex closure. Then by Corollary 44 (part 3) we
have (FTO+) (x,x*) = S:Tmr (x*) 4 Sgomr (x) and so x ¢ dom T iff (FT0+) (x,x*) = 4o00.
For any 15 — 07, (xg, x5) =" (x,x*) with x} € (domT)" we have from the identity

85 = Figr, the definition of the Fitzpatrick function Fyr, (and direct calculation) that

hmmfg,ﬁ (xp.x5) = Im}gmf sup 15(xg — v, y*) = (Fr03) (x, x*) = +o0.
(v, y*)eT

Hence sup(, «cr{xg — ¥, ¥*) = 400 eventually. In particular we have sup, y«cr{x
v, y*) =400 forx ¢ domT. |
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We have g = F, Mg02+ € bR (recT) but do not yet know in general that M‘YXWW* =

(M)

Lemma 51 Suppose X be an arbitrary real Banach space and T : X = X* is a maximal
monotone operator. Then FT02+ € bR (rec T) with

— sxbdw* - s x bdw*
recT = bdsw*-limsup (¢t T)" c MFT02+ = NesdomT -

t—+0

Proof The first equality holds since maximality of T implies (tT)* =¢T, so we may apply
(8) to obtain rec T = bdsw*-limsup,_, ,, (tT)". We next investigate

recT = deW*-litInilép ¢TH* = {(x,x*) ‘EI (Xa, x5, 10) —y s xbdw? (x,x*,0)
with (o, x}) € Mp, , = (tT)"}
={ (5 0) |3 (a0 1) >0 (3,57, 0) with Fyr (5, 7) = (s 20) )
_ {(x,x*) 13 (Yoo X5 g ) =P (2,670, B)
with (xe, x), Ba) € epi Fi,7r and By < (xq, x)}

- {(x, x*) ‘EI,B : (x,x*, ,3) € bdsw*-lirgsypepi F,r with 8 < (x, x*)} .

Absorbing the extra dimension into the closure of the epi-graph, applying Lemma 31 part 2
(since FTOEr € bR (recT), by Proposition 42)

r—ec Tsxbdw* c {(x’x*)

i
{(r,
{

38+ (x,x*, B) € bdswrTimsupepi i’ " with B < (x,x*)}

t—0

s X bdw*

: (x,x*, B) € epi (bd-e-limir(}fF,T > and B < (x,x*)}
—+

x*) 3B (x,x*, B) € epi Fr0; and B < (x, x*)}

(6, %) | (Fr03) (x,x%) < (x,x")} = Mp o+ = Nesgomr- O

Definition 52 Suppose X be an arbitrary real Banach space and 7 : X = X* is a maximal
monotone operator. We define the e-maximal enlargement of T as

THE .= {(x,x*) | Fr (x,x*) < (x,x*) —i—s}
E{(x,x*) | (x —y,x* — y*) > —¢ for all (y,y*)eT}.

Note that this set is clearly (s x bdw*)-closed (but not necessarily (s x w*)-closed). Note
thatas 1T = {(x, tx*) | (x, x*) € T} then if follows that 7 (T*¥) = (+T)*"*).

Proposition 53 Suppose X be an arbitrary real Banach space and T : X = X* is a maximal

monotone operator. Then for rec (T"0) := bdsw*-lim suijLo (tT)"! we have
e—T10

——————sxbdw* ————sxbdw*
rec (THo) = MFTO+ = Nzsdom: 2recT
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Proof Consider ¢ > 0 and

=
sxbdw*

= {(x,x*) lﬂ(yy,yj,ty,ﬂy) =PI (i x2,0, By) and (X, X5, Bu) — (¥, X%, B)

38+ (v.x*, B) € bdsw*-Timsupepi Fyr ", with f < (x,x*)}

t—0

&, =10, with (y,, R By) €epiFyr and B, — &, < (y,, yj)}
= {(x,x*) ‘ 3 (yy, y;, t,, sy) s sxbaw* (xa, x:,0, 0)

with o7 (3, 35) = (s ) 20 (v 30) > (3,47))
= {(x,x*) ’ A(yy. y5.1y) — b (¢ x2,0), 8, =T 0,

with (v, 37) € (6,7)" s (5 2) >0 (v, x7)]

s xbdw*
— bdswlimsup ¢ Ty

et

Hence
_ {(x,x*) ‘ (Fr08) (x. x") = (W’”’) (6, x") < (x, 2") }
={(x. x*) | (Fr03) (x,x*) = (x,x*)} = Myt = Nedom - O

Again the condition (63) is known to hold in reflexive space [9, Corollary 3.8].

Theorem 54 Suppose X is an arbitrary real Banach space and T : X = X* is a maximal
monotone operator. Then domrec (TH0) C dom T is a sufficient condition for the domain of
T to be almost convex.

Proof We have this condition implying

w

domrec (TMO)Sde =domrecT, (63)

which is a sufficient condition for the domain of 7' to be almost convex since by Proposition
———sxbdw* — .
53 we have domrec T 2 dom Ngsgomr = codom 7. Lemma 51 provides the reverse

=domT7 sodom7T =codomT. O

w*

. . . ———sxbd
inclusion. Tt is clear that domrec T

Once again we note that it has already been shown in [8, Corollary 5.3.16] that in a
reflexive Banach space one has d (T*¢,T) < +/2¢ and dom T C dom T for any maximal
monotone operator. Consequently condition (63) may be verified in a reflexive space as
t (THe) = (tT)"** where tT is maximal when T is maximal.
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8 Almost Convexity

We will need to utilise the duality mapping which can be viewed as the subdifferential of
convex functions:

1 1
Tx (x) =9 (5 ||~||2> () S X* and Jx: (x*) =39 (5 ||~||i) (x*) € x*.

When X is reflexive we may assume x* % [|x* ||i is Fréchet differential and then
Jx+ (x*) € X. In the context of non-reflexive spaces it is unclear whether either Jy (resp.
Jx+) are onto X* (resp. X). We will need to consider the (approximate) minimisers for the
problem for a maximal monotone operator T': given (z, z*) € T*#/2! solve for the minimum
(for A > 0) of:

1
G (y,y"):=Fr(y.y") — (0. y") + > Iz 2%) = ()| (64)

Note that § > Fr (z,27") — (z,2") = G.(z, %) > infx, x+ G,. Note also that any point sat-
isfying £ > G, (y, y*) = 0 satisfies (y, y*) € T*¥/2l. When X is reflexive we may seek a
solution of inf(, y+yexxx* Gy (¥, ¥*) by considering the optimality condition for the problem

(note that in the Fréchet sense D, ) (u, u*) (-) = ((u*, u), -)):

1
0,00€dFr (y,y*)— (v y) + T (=T ((z.2%) = (y.7%))-

To ensure a solution we need the onto property, so in absence of this we will focus on
approximate minimisers and variational principles. This is partly motivated by the following
observation.

Proposition 55 Suppose X is an arbitrary real Banach space and T : X = X* is a monotone

operator. Then {(x, x*) | (x*, x) € 8, Fy (x, x*)} € THe/2,
When M is maximal we have TH&/2 = {(x, x*) | (x*, x) € 3, Fr (x, x*)}, and hence

1
0,00 € 0. Fr (2.27) = (2" 2) + 7 (= Tx) ((2:27) = (2, 27))
for any (z, 7%) € THe/?),
Proof See the Appendix. a

Let us return to the problem (64). The following is a consequence of the Ekeland varia-
tional principle.

Proposition 56 Suppose X is an arbitrary real Banach space, T : X = X* a maximal mono-
tone operator. Then for any (z,7*) € X x X*, there exists a constant A = A(z, 7*) > 0 such
that for all 0 < . < A:

A

Fr(z,2%) = (z,2%) > A ((z.27). 7)1 (65)
Moreover for any (z, 7*) we have:
(Fr0$)(z. 2% — (2.2%) = %[d (z. dom T) P2, (66)
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Proof 1f (z,z*) € T or (z,z*) ¢ dom Fr, we may take A(z, z*) = 1, as a trivial case. Here-
after, consider (z, z*) € (dom Fr)\T. Place ¢ := Fr (z,7*) — (z,2%),s0 ¢ > 0.

As (z,7*) ¢ T there exist (x,x*) € T and § > 0 such that (x — z,x* — ") = -2 <0
(with also 5 > G, (z, z*) = 28 > 0 for all A > 0). Because T is maximal we have TYXS* =T
and so we may assume ||(z,z*) — (x,x*)|| = max{|lx —z||, |x* — z*||} = N§ > 0 where
5, N > 0 are chosen so that By (z,z*)NT =@and (x —u,x*—u*) < =6 <Oforall (u,u*) €
B;(z,z*). Note that since (x,x*) € T we have (x*,x) € 0Fr (x,x*) so for all (u,u*)
X x X*,

1 * *
t 32— )

1
=—(x—u,x*—u")+ oh [ (z.2") — (uu*)”2 =:g (u,u*).

Then g; (z,7*) = —(x — z,x* — z*) = 2§ for all A > 0. Now for (u,u*) € B;(z,z*) we
have g, (u,u*) > 8 + i Iz, 2%) = (@, u®)|)* > 8 > 26 — £ > 8&.(z,7") — ¢ for any A > 0.
Moreover, for all (1, u*) € X x X*, we have

& (w,u*) = —llx — zl| | = 2| = max {llx — zll, |x* = 2*[| } [llz = ull + [|z* — u*|]

—lle—ull e —u |+ o e =l + o 2" —u I?

_ 1
ie. g () +llx =zl " =] = =NEla + Bl —af + - [o + B]

=—N§[a+ B+ (i— 1) [ + B*] + (@ — B)?

2. 2
- 1
z —Néla+pl+ - (1-2) [ + %] (67)
where N§ = max {||x — z|, |x* — z*||} and « := ||z — ]|, B := ||z* — u*||. Next, note for all

(u,u*) ¢ B;(z, z*) that max{x, B} > 5. Asthe right hand side of (67) tends to infinity as A —
0, we have the existence of A; > 0 for which 0 < A < A, implies for all (u, u*) ¢ Bj (z, z¥)
that g; (u, u*) > 28, and so g; (u, u*) > 28 =g, (z,z*) > g3 (z,z*) —e for 0 < A < Ay. Thus
for 0 < A <Ay we have g, (u,u*) > g, (z,z") — ¢ forall (u,u*) € X x X*.

As U, u* )~ g (U, u*)=—(x —u,x* —u*) + ﬁ Iz, 2*) = (u, u™)|? is jointly lower—
semicontinuous with respect to the strong (norm) topologies, and bounded below, we are
able to apply the Ekeland variational principle for any fixed 0 < A < ;. Thus for any n > 0
there exists a point (y, y*) such that i) g (v, y*) + 2 |(y,y") — (z, 2| < g1 (z,2%); ii)
Iy ¥*) = 2 2 < £ i) gx (e, ™) + 211y, y%) = @, u®) | > g (v, y*) for all (u, u*) #
(v, ¥*) i.e. (y, y*) is a strict minimiser. Suppose (v, y*) ¢ Bj (z, z*) then g; (y, y*) > 25 and
so i) implies 28 + %S <& YD+ 3.y — (2,29 < g (z,2%) =28, a contradiction.
Thus (y, y*) € B5(z,z") and —(x — y, x* — y*) > § > 0 and hence i) implies (for any fixed
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0 <A < A; and any given n > 0)
Fr(z,2") = (2,29 =G (2, 2") 28 (z.2") = & (v. ")
—r -y, X" =y + % Iz 2) = ()

12
_MHZZ = ()

Now we consider the necessary optimality condition at (y, y*) for (u, u*) — g, (u,u*) +
3G, u*) — (v, y9)l e

1
(1) ot =5 )+ o [ () = () P )~ (507

Applying the Clarke subdifferential and its calculus, noting that D, .= (u,u*) () =
((u*,u),-) in the Fréchet sense and that both % [I-1I> and ||-|| are finite, convex and hence
also regular, we obtain

1
.00 € (x*.2) = (".3) + 7 (D (2:2) = (3237)) + 3 B1 O)
1 _
and so (z,2) = (v, x%) € (2.27) = (3, 3") + 7 (D (2.2 = (7 37)) + gB ).

That is

2.1 =16 2) = )l = (145) 162 = )|+ 5.

Hence for a given 0 < A < A; and any given n > 0

As 1 is arbitrary we have Fr (z,z2*) — (z,2%) > 2 IH)2d2 ((z,z*),T)aslongas 0 < X <Ay
and so we may take A = X, and we have (65) foﬁowmg

Proof of (66): As done earlier (without loss of generality) we will translate the graph of T
so that we may assume (0, 0) € T. By Corollary 43 we have a convex function 4 for which
Frof =77 with dom/ = Pry dom Fy x dom Fy0% (0, -) and that for (z,z*) € dom
there exists a net attaining the epi-limit defining % i.e. there exists y* such that h(z, z*) =
lim;_, o Frr (z,z" + ty*). From the positive homogeneity of 2 we have additionally that
for any A" > 0:

* 1 ! _% : 1 I _% *
h(x,x ) = yh(z,)\. z ) =tl_1)1110nyT(Z,)\. Z +ty )
. )J 1
= lim Fr(z,y" + )= hm TFr(z,y" +—Z D)
t—4+0 k
and so we may take a convergent sequence t, — 0 and place t, (A’) =M1, and get

1
h(x, x*) = lim ;F,M)T(Z, N 41, (M) y9).
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Note that when 0 < A < A’ we have t,(A) < 1,()/). Now for each n, there exists a
A, — 0 such that (65) holds for the maximal monotone operator #,(A')T and the point
(z, V*+1,(M*) for 0 < A < A,,. In the following we will use the fact that for each n we have
supg_,s () = infor, () > infy_;/_ 5, (+) irrespective of the relative sizes of A, and I''.

n>I"
Indeed suppose I > A, then sup,_, _(-) > SUpg_yr<a, (-) = info_sr <4, (-). On the other
hand when I’ < A,, we have sup,_,, v (-) > info_y () > info_r <4, (-) again.
Then as Fr(0,0) = 0 implies A(z,0) = 0 for all z, we have, for any z € codom 7" (using
the fact that a limit can be written as a limit supremum) that:

(h(z, )« (05 2%)

1 1
= inf —(h(z,04+ A1) —h(z,0)) = lim — (h(z,0+ A™) — h(z,0))
V=0 A V=0 N

1
—)\l}m llm}L F, onr(z, Mz2% + 1, (A)y*)

=inf sup sup mf Font(z, N2 + 1, ( )y*)
I o<a/<r’ T

mfsup sup 1nf F,”(A/)T(Z N4, (M) yh)
I 0<)<IVZ

1
>sup inf inf —F,n(y)r(z N4, (M) v
r O0<i<A,n=l
n>I"

1 / / /
> s?p;gﬁ o0t = Fonr (s Nt 41, ())y") (andast, (M) =1A't,)

> liminf inf ((Z,Z*-i-l'ny)‘i' (

2 32 /% / * /
d*((z, Mz" 4+ 1, (2 LT
n 0<A' <A, 2 ]+)\/) ((Z T+ n( )y) n( ) ))

1 1
* . . - 2 : 2 /% / *
Z (e, ") +liminf o (-==)7 inf d*((, M2+t (M) ¥*), 1()aT)

S o Lo
> (2,2") + 5 liminfd®(z, Pry U BOT) ) 2 (2,2 + 5d*(z, domT),  (68)

O0<A<A,

where we have used the fact that for all # > 0 we have Prx (¢T) C domT.
As the A — %(h(z, 0+ Az*) — h(z,0)) non-decreasing we have (as h(z,0) =0)

h(z,2") =h(z,0+2") = h(z,0) > (h(z, )\ (0; 2)

from which (66) follows from (68) when z € codomT = Pry domFry, since Fr0f =
s x bdw*

n . When z ¢ codom T then by Proposition 42, the left hand side of (66) is +00. [

‘We may now provide a proof of the conjectured almost—convexity for general monotone
operators.

Theorem 57 Suppose X is an arbitrary real Banach space and T : X = X* is a maximal
monotone operator. Then T is almost—convex, in that dom T =codom T, which is convex.

@ Springer



Representative Functions, Variational Convergence and Almost Convexity Page410f45 4

Proof Suppose z € codomT. Using (66) we find that these exists (z,z*) € MFTO; =
Nzssdomr and we have

0= (Fr05)(z,z") — {(z,2") > %[d(z, domT)]*.

Hence codomT CdomT. |

Appendix

Proof of Proposition 13 (Proof of (10)): When (x, x*) € bdsw*-limsup,_, . A, then there
exists I = {t,} cofinal in R, and (x,a,x;Z) — (x,x*) as t, = +00 with (x,a,x;Z) €A,
and ||x;f¥ || < K (for some fixed bound K > 0). Let n € R, and U a norm—open ball
around x and W a weak* neighbourhood of x*. There exists 7, € I with f, > n so that
[[U x W] OB_K(O)] N A, # 0 and so [[U x W] ﬂB_K(O)] N A; # @ for some ¢ > 7. Thus

XW

(x,x%) e [(Utzn A,a> N Bx (O)] from which the inclusion

s X W

bdsw*-limsup A, C U ﬂ |:<U At> OE(O)]

#=>+00 K>0y>0 L \r>n

follows. For the inverse inclusion, suppose (x, x*) ¢ bdsw*-limsup,_, ., A,. We claim that
(for each K > 0) there exists U a norm—open ball around x and W a weak™ neighbourhood
of x* such that {r e R, | [[U x W] N Bk (0)] N A, # @ } fails to be cofinal:

(To prove this claim, presume otherwise. Then for some K > 0 and any neighbourhood
U x W, we have {t eR,y | [[U x W] ﬂB_K(O)] NA, #0 } cofinal. Then

W x W), = J{lu xwinBc©]nA}#0,
el
since [ is cofinal. Then we note that 7y := {(U x W), # @ | U x W nbhd of (x, x*),n > 0}
is a filterbase in that for any pair (U x W), € F fori = 1,2 we have for all n > max {n;, 2}
that

W1 x Wi),, 0 (Us x Wa),, 2 J{[LWi N0 x (Wi N W2) 1N Bx ()] N A}

t=n
teT

= (U NU2) x (W NWy)), .

Aswehave U x W2 (U x W), € Fy it follows that 7; — (x, x*). As we may construct a
net from a filter basis (via selection (x,a, x;; ) €U x W), ,forty el wherea=U x W e
N (x, x*) partially ordered via set-inclusion). Indeed for any U x W > (x,x*) and n > 0
there exists o, € I, 1, > 1 such that (x,,, x; ) € [[U x W 1N Bg (0)]N A,,. Thus there exists
a net (x,u , x;;) €A, N By (0), with 1, € I (t, — 00), converges to (x, x*). Hence (x, x*) €
bdsw*-limsup,_, ., A;, counter to assumption. This establishes the claim.)

Hence the complement

{teRLI[IUxWINBx O] NA =0}
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contains a residual set, implying (x, x*) ¢ [(Urzﬂ Af) NBx (O)] , for some n > 0, irre-
spective of the size of K > 0.

(Proof of (11)): Consider (x, x*) € bdsw*-liminf,_, ; A, first. Let I € R, be a cofinal
setandlet V e N (x,x*). Then VNU,cr A, NBg (0) 2V N Ay, N Bk (0) # ¥ for some ty >

*

—— 8§ XW
ty with ¢}, € I. Then (x, x*) € J,cr A: N Bk (0) . As I was arbitrary, (x, x*) € (\rcr,

cofinal

[(UzeT A,) N Bx (0)] - with the existence of K > 0 providing the union.

Conversely, suppose (x,x*) ¢ bdsw*-liminf;_, ., A;. Then we claim that for each
K > 0 there exists U x W € NV (x, x*) such that {r e Ry [ [[U x WIN B (0)]NA, #6 }
is not residual. (Indeed, if this claim is false, then 3K > 0: VU x W € N (x, x¥%),
{t eRy | [[U x W]N Bk (0)] NA, #0 } is residual so there exists 7y, with [[U x W] N
By (0)] N A, # ¢ for all ¢ > ty which means that (x, x*) € bdsw*-liminf,_, |~ A, counter
to assumption.) Hence [ := {t eR,y | [[U x W]N Bk (0)] NA, =0 } is cofinal, so

(x, x* |:(UA>HBK(O)i| >N [(UA,)mBK(O)]
tel ICR4 tel
cofinal

s

XW

As K > 0 was arbitrary we have (x,x*) ¢ Ug_oNice, [(U,e; Aw) N Bx (0] . This
cofinal

establishes (11). . o
When (s x w*)-limsup,_, | (A, N Bk (O)) = A N Bk (0) for all K > 0 sufficiently
large, then taking the union across K > 0 in the last identity

X W

A= J[AnBxO]=JN [U A, ﬂB_K(O):| = bdsw*-limsup A,.

K>0 K>09>0 Lr>n 1= +00

A similar argument covers the other case.

Finally assume all {A,},., are convex. Let (x, x*), (v, y*) € bdsw*-liminf,_, , ., A, and
W e ./\/(O 0) such that W + W' C V € N'(0,0). Then there exist K, K” > 0 such that
for t > ZW there exists (x,, ) € A; N By (0) N [(x,x*)+ W] and for ¢ > tW we have
(yi.¥F) € A, N Bgr (0) N [(y,y*) + W] so for & € [0,1], t > ty := max {t},,15,} and
K :=max{K’, K"}

* )+ (=2 (v 37)

€A NBx O)N[A[(x.x*) + W]+ A =2 [(v.y") + W]]
[2(
[2(

=ANBg O)N[A(x,x*)+ A =21) (v, y*) +AW + (1 = 1) W]
CANBg O N[A(x,x*)+A=2) (y.y*)+ V]

and so A, N Bg (0) N [A(x,x*) + (1 —1)(y,y)+V]#@ for t > ty. So A(x,x*) +
(1 —=2) (v, y*) € bdsw*-liminf,_, . o, A;. O

Proof of Lemma 46 We show that Nggomr (Xx) C (recT) (x) = rec (T*) (x) for any x €

dom 7T and as a consequence of the inclusion (rec 7#) (x) € Ngsdomr (x) of [13, Propo-
sition 13] gives the desired equality. Take arbitrary (x,x*) € rec(T*), (y,y*) € T and
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7* € Ngsdomt (x). Then there exists 7, | 0 and x) € T* (x,) with x, — x and a bounded
net 1, x; — x*. Consider

1 1
(y—xa,y*—<x;+—z*>)=(y—xa,y*—x$>——(y—xmz*)
t ly
= —(x— 5,7 = —(x — x4, 2°) = —— x — x|l |2*] := —&a-
ty to ty

As (v, y*) € T was arbitrary we have

1
<xa,x;‘ + t—z*) € {(w, w) [ (w—y, w* —y*) > -6,V (y,y") € T} .

o

We may now apply the (BR) property to assert that for any 1 > 0 there exists (wa, w*) eT

o

such that |jw, — x| < £ and Hw* — (x* + LZ*)
n o 3 o

‘ < 7. Consequently we have

lwe — x|l < llwg — Xe |l + llx — Xl

1 . (bl
S—lx = xall 2] + llx = xall = llx = xell +1
Ny ult

o

and ”to,w: — (tax;‘ + z*) ” < nt,. (69)

1
Using the freedom we have on the choice of n for each given o, we take n = 5, := w >
0; then we find that w =|lx —xa||% — 0 and nt, = ||x —xall% — 0. As we have

a bounded net 7,x} —"" x* it follows for (69) that {r,w}} is bounded with f,w} —""
x* 4 z* and as (w,, w}) € T with w, — x we have x* + z* € (recT) (x). As x* =0 €
rec (T*) (x) it follows z* € (rec T) (x) and so that Neggom7 (x) S (rec T) (x). Moreover as
7" =0 € Ngdomr (x) we also have rec (T#) (x) C (rec T) (x), forcing equality. As dom T is
convex we have Ngo 7 (x) = (recT) (x) for all x € domT = codom T and hence Nigm7 =
recT. =

Proof of Proposition 55 When (x, x*) € 9, Fr (x, x*) then Fr (y, y*) — Fr (x, x*) > ((x, x*),
(y,y") — (x,x*)) —¢e forall (y, y*) so

(e x7) s (0, x7)) = Fr (x,x7) = sup [(Gex7) . (0 9")) = Fr (v, 57)]
V¥

=F (x,x%) —¢
=Pr(y.y")—e>=Fr(x,x*)—¢
and hence 2(x,x*) = 2Fr (x,x*) = —¢ or =+ (x,x*) = Fr (x,x%).
Thus (x, x*) € T#¥/2). On the other hand when T is maximal Fy (y, y*) > (y, y*) for all
(y, y*) and we have (x, x*) € T*/21 implying

&

<xax*) _<(~xsX*)s(yvy*)>+(y’y*):<x_y’x*_y*> Z_E

so  Fr(y.y*) = Fr (x.x*) = (y,y*) = Fr (x,x")
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= ((w.x%) (0 3")) = (rx) = 5 = Fy (x.x")
> ((x.x%), (v, ¥) = 2{x, x*) — ¢
using Fr (x,x*) < (x,x*) + § (as (x, x*) € T"¢/?]) in the last inequality. This implies
Fr(y,y*) = Fr (x, x*) = ((x,x*), (v, y) = (x,x*)) —e forall (y,y*)
so (x,x*) € 0. Fr (x, x™). O
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