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Abstract

A controlled sweeping process with prox-regular set, W!-2-controls, and separable endpoints
constraints is considered in this paper. Existence of optimal solutions is established and local
optimality conditions are derived via strong converging continuous approximations, whose
state entirely resides in the interior of the prox-regular set. Consequently, subdifferentials
smaller than the standard ones are now employed in the optimality results.
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1 Introduction

This paper addresses the following fixed time Mayer-type optimal control problem involving
W2_controlled sweeping systems
(P): Minimize g(x(0), x(1))
over (x,u) € AC([0, 1]; R™) x W such that
(D) x(t) € f(x(), u(r)) —0px(r)), ae.re€l0,1],
x(0) € Cyp C dom g,
x(1) € Cy,
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where, g: R" xR" — RU{oo}, f: R"xR" — R",¢: R" — RU{o0}, d stands for the
Clarke subdifferential, C := dom ¢ is the zero-sublevel set of a function ¥ : R” — R, that
is, C={xeR":¢¥(x) <0}, Coc C,C; CR" and, for U: [0, 1] = R” a multifunction
and U := J,¢(o.1) U (1), the set of control functions W is defined by

W= Wh2([0,11; U) = {u € W20, I, R™) tu@) € U(r), Y e[0,11}. (1)

Note that if (x, u) solves (D), it necessarily follows that x(¢) € C, Vt € [0, 1].

A pair (x, u) is admissible for (P) if x: [0, 1] — R" is absolutely continuous, u € W,
and (x, u) satisfies the perturbed and controlled sweeping process (D), called the dynamic
of (P).

An admissible pair (x, &) for (P) is said to be a W2 local minimizer (also known as
intermediate local minimizer of rank 2) if there exists § > 0 such that

8(x(0), x(1)) = g(x(0), x(1)), (@)

for all (x, u) admissible for (P) with ||x — X|jec < 8, [|X — )?||% <4, lu—illoo <6and
|l — i ||% < §. Note that if (2) is satisfied for any admissible pairs (x, u), then (x, i) is called
a global minimizer (or an optimal solution) for (P).

J.J. Moreau introduced in [29-31] the model of sweeping processes for problems ema-
nating from friction and plasticity theory. Since then, this model and its modified forms have
surfaced in many applications not only in physics, but also in engineering, social sciences
including economics, etc. (see, e.g., [1] and the references listed therein). This model is dis-
tinguished by having in its dynamic the subdifferential of the indicator function of C, that is,
the normal cone to the set C which is discontinuous and unbounded, and hence, rendering
the subject of sweeping processes disjoint from that of the standard differential inclusions.
Therefore, new approaches are needed to tackle optimal control problems over sweeping
processes.

In [3, 17, 18, 20, 34, 39], necessary optimality conditions in the form of a maximum
principle for optimal control problems involving measurably-controlled sweeping processes
are derived using continuous-time approximations. The continuous approximation employed
in[17,20, 34, 39] is based on replacing the normal cone in (D) by an exponential penalization
term leading to the following standard control system

(Dy) () = f(x(@), u(®) — VO (x(1)) — e’V OV (x (1)), ae. t €0, 1],

where @ is a smooth extension to R" of ¢, and y; > 0 with 4 —> o0 as k —> o0. In these
papers, the authors showed that any solution x of the system (D) can be approximated by
solutions of (D,, ) whose velocities converge weakly in L? to x. This weak approximation of
(D) by (Dy,) is used in [19, 33] to construct numerical algorithms that solve certain forms
of (P), and in [17, 20, 34, 39] to derive necessary optimality conditions via approximating
weakly the optimal solution of (P) by a sequence of optimal solutions for standard optimal
control problems over (D, ).

Strong convergence of velocities is well-known to be an essential property for numerical
purposes, as it accelerates the convergence of the numerical algorithm, see e.g., [7, 8, 14,
17]. In other words, it is important that the solutions of (P) be strongly approximated (in
the W' 2-norm) by the solutions of approximating problems that are computable via exist-
ing numerical algorithms. This question of strong convergence of velocities was previously
addressed using discrete-time approximations, see for instance, [5-8, 13, 14, 16], where the
authors considered optimal control problems involving various forms of controlled sweeping
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processes including the W!2-controls. In [6-8], this approach also served to derive neces-
sary optimality conditions phrased in terms of the weak-Pontryagin-type maximum principle
when the control space is W1-2([0, 1]; R™). Therein, these optimality criteria are applied to
real-life models, whose optimal controls turn out to be W1-2.!

The main goal of the paper is motivated by the importance of approximating a solution
x of the sweeping process (D) by solutions of (D,, ) whose velocities strongly converges to
the velocity X as described above. We establish the validity of this result when the controls
in (D,,) are chosen to be uniformly bounded in W12, As a consequence, we approximate
a given optimal solution (X, it) by a sequence (x,,, Uy, ) of optimal solutions for standard
optimal control problems over (D, ) with initial conditions and objective functions carefully
formulated to guarantee that (i) the optimal states x,, remains entirely in the interior of
C, see Remark 4.5, and (ii) the optimal controls u,, are uniformly bounded in w2 and
hence, the solution velocities X, strongly converges to . To our knowledge, this is a first-of-
its-kind result that uses continuous approximations, as opposed to discrete approximations,
to obtain strong convergence of velocities. Furthermore, necessary optimality conditions
are established for W!2-local minimizers of (P) upon taking the limit of the optimality
conditions for the corresponding approximating optimal control problems. This latter task
requires meticulous analysis.

One may expect that the necessary optimality conditions for (P) could be obtained via
a reformulation of the dynamic by considering the state as the pair (x, u) satisfying the
sweeping process, and the control to be v := i, where v(#) € R™ a.e., and u(t) € U(¢)
for all ¢, is an explicit state constraint. However, to our knowledge, there is no optimality
conditions in the literature for this type of problems.

In the next section, we provide notations and definitions from nonsmooth analysis. A list of
assumptions and their analysis are provided in Section 3. In addition, we present some needed
results from [34, Sections 4 & 5] including the connection between (D,,) and (D) under
measurable controls. Section 4 is devoted to (i) showing that (D,, ) strongly approximates
(D) when W'-2-bounded controls are utilized, (ii) establishing an existence theorem for an
optimal solution of (P), (iii) constructing for (P) a continuous approximating sequence of
standard optimal control problems (P,, ), and (iv) deriving necessary optimality conditions
in the form of weak-Pontryagin-type maximum principle for W!-?-local minimizers of (P)
whose utility is illustrated by an example. To maintain an easy flow of the main results, we
postpone the proofs of Theorems 4.1 and 4.7 to Section 5.

2 Preliminaries
2.1 Basic Notations

We denote by | - ||, (-, -), the Euclidean norm and the usual inner product, respectively. For
¢ € R" and r > 0, we define the open (resp. closed) ball centered at ¢ with radius r by
B,(c) := ¢+ rB (resp. B.(¢) := ¢ + rB), where B and B denotes the open and the closed
unit ball, respectively. For S C R”, the boundary, the interior, the closure, the convex hull,
the complement, and the polar of S are denoted by bdry S, int S, clS, conv S, S¢, and S°,
respectively. For x € R” and S C R", d(x, S) denotes the distance from x to S. The effective

1 In [22], a new exact penalization technique is introduced to derive Pontryagin-type maximum principle for
problem (P), where the control is measurable, ¢ is the indicator of C, Cy = {xo} and C; = R", and C is the
intersection of moving zero sublevel sets of smooth functions. As stated in [22, Remark 2.13], these results
have atypical nontriviality condition that requires further study.
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domain and the epigraph of an extended-real-valued function 2 : R* — RU{oo} are denoted
by dom % and epi &, respectively. For amultifunction F: R* = R™, Gr F C R" xR"™ denotes
the graph of F. The space L?([a, b]; R") designates the Lebesgue space of p-integrable
functions h: [a, b] —> R". We denote by || - ||, and || - || the norms of L?([a, b]; R")
and L*°([a, b]; R™) (or C([a, b]; R™)), respectively. The set of all m x n-matrix functions
on [a, b] is denoted by M,,x,([a, b]). For the set of all absolutely continuous functions
from [a, b] to R", we use AC([a, b]; R"). A function h: [a, b)] —> R” is said to be a
BV -function, if 4 has a bounded variation, that is, Va” (h) < 00, where V;’ (h) is the total
variation of A. The set of all such functions is denoted by BV ([a, b]; R"). We denote by
NBV]a, b] the normalized space of BV -functions on [a, b] that consists of those BV -
functions & such that 4(a) = 0 and £ is right continuous on (a, b) (see e.g., [27, p.115]). The
space C*([a, b]; R) denotes the dual of C([a, b]; R) equipped with the supremum norm. The
induced normon C*([a, b]; R) is denoted by || - ||1.v.. As a consequence of Riesz representation
theorem, we can interpret the elements of C*([a, b]; R) as being in Mi([a, b]), the set of
finite signed Radon measures on [a, b] equipped with the weak™ topology. Thereby, to each
element of C*([a, b]; R) it corresponds a unique element in N BV [a, b] related through the
Stieltjes integral and both elements have the same total variation. The set C® (a, b) designates
the subset of C*([a, b]; R) taking nonnegative values on nonnegative-valued functions in
C([a, b]; R). For A c R? compact, the set of continuous functions from A to R” is denoted
by C(A; R"). By WE-P([a, b]; R"), k € Nand p € [0, +00], we denote the classical Sobolev
space. Note that in this paper, the Sobolev space W1-2([a, b]; R") will be considered with the
norm [x(-)[ly12 := [[x(-)loo + [IX(-)|l2. Hence, the convergence of a sequence x,, strongly
in the norm topology of the space W'-2([a, b]; R") is equivalent to the uniform convergence
of x,, on [a, b] and the strong convergence in L? of its derivative x,.

2.2 Notions in Nonsmooth Analysis

We begin by listing standard notions for normal cones and subdifferentials, and nonstandard
notions for subdifferentials. We refer the reader to [9, 11, 28, 37], for the standard notions, and
to [34, 39], for the nonstandard notions. Let S C R” be closed, and let #: R” — R U {oo}
and H: R" — R" be two functions such that % is lower semicontinuous.

e For s € S, we denote by N;’ (s), NSL (s), and Ng(s), the proximal, the Mordukhovich (or
limiting), and the Clarke normal cones to S at s, respectively.

e Forx € dom &, we denote by P h(x),dLh(x), and dh(x) the proximal, the Mordukhovich
(or limiting), and the Clarke subdifferential of h at x, respectively. Note that if % is
Lipschitz near x, then the Clarke generalized gradient of h at x is also denoted by A (x).

e If 1 is C"! near x, then the Clarke generalized Hessian of h at x is denoted by 8%h(x).
On the other hand, if H is Lipschitz near x € R”, then the Clarke generalized Jacobian
of H at x is denoted by 9 H (x).

e For A C dom#£ closed with int A # #, and x € cl(int A), we denote by BZLh(x) the
limiting subdifferential of h relative to int A at the point x (see [34, Equation (8)]).

e If dom £ is closed with int (dom ) # ¢ and / is locally Lipschitz on int (dom /), then
for x € cl (int (dom /)), we denote by d¢h(x) the extended Clarke generalized gradient
of h at x (see [34, Equation (9)]).

e IfhisC"! onint (dom ) and x € cl (int (dom %)), then we denote by 374 (x) the extended
Clarke generalized Hessian of h at x (see [34, Equation (10)]).
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e For A C R" closed with int A # ¢, if h is C''! on an open set containing A, then for
x € A, we denote by 8£2h(x) the Clarke generalized Hessian of h relative to int S at x
(see [34, Equation (11)]).

e For A C R” closed with int A # ¢, if H is locally Lipschitz on int A, then for x €
cl (int A), we denote by d; H (x) the extended Clarke generalized Jacobian of H at x (see
[34, Equation (12)]).

We proceed to introduce three geometric properties, namely, prox-regular, epi-Lipschitz,
and quasiconvex, that will be used in different places of the paper. For more information
about these properties, see [12, 15,21, 32, 35] for prox-regularity, [9, 11, 37] for epi-Lipschitz
property, and [4] for quasiconvexity.

Definition 2.1 Let S C R” be a nonempty and closed set.

e Letr > 0. We say that S is r-prox-regular if for all s € S and for all ¢ unit in NSP (s),
we have

1
(¢, x—s) < —lx —s|*, Vxes.
2r

Note that, in this case, we have Nf (s) = N§‘ (s) = Ng(s) forall s € S.

o We say that S is epi-Lipschitz at s € S if the Clarke normal cone to S at s is pointed,
that is, Ns(s) N —Ng(s) = {0}. The set S is said to be epi-Lipschitz if it is epi-Lipschitz
at s for all s € S. Note that a convex set is epi-Lipschitz if and only if it has a nonempty
interior.

e The set S is said to be quasiconvex if there exists ¢ > 0 such for any sy, s» € S, one can
find a polygonal line y in § joining s; to s, and satisfying

I(y) < clls1 — s2|l, where [(y) is the length of y.

Note that the quasiconvexity of C is an essential property for constructing a special
smooth extension to R” of the function ¢, see Lemma 3.2.

3 Assumptions, Consequences, and known Results

In this section, we introduce assumptions on the data of (P) and we present some of their
useful consequences. We also display some needed results from [34, Sections 4 & 5], where
the connection between (D, ) and (D) under measurable controls is studied. We note that
for each result of this paper, we may use a different combination of these assumptions. On
the other hand, a local version of (A1), namely, condition (), is used in Subsections 4.3 and
4.4.

Al: There exist M > 0 and p > 0 such that f is M-Lipschitz on C x (U + /B) with
If(x,w)] < M forall (x,u) € C x (U+ pB).
A2: The set C :=domg is givenby C = {x € R" : ¥(x) < 0}, where ¢ : R — R.

A2.1: There exists p > 0 such that i is ¢“'on C + pB.
A2.2: There is a constant > 0 such that ||V (x)|| > 2n forall x : ¥ (x) = 0.
A2.3: The function v is coercive, that is, limy|—s o0 ¥ (x) = +00.2

2 This assumption is only needed to get the compactness of C, and then, it can be replaced by the boundedness
of C.
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A2.4: The set C has a connected interior.

A3: The function ¢ is globally Lipschitz on C and C' on int C. Moreover, the function V¢
is globally Lipschitz on int C.
A4: For the sets Cy, C1, and U (-) we have:

A4.1: The set Cyp C C is nonempty and closed.

A4.2: The graph of U(-) is a £ x B measurable set, and, for ¢ € [0, 1], U(z) is closed, and
bounded uniformly in .

A4.3: The set C; C R” is nonempty and closed.

A4.4: The multifunction U (-) is lower semicontinuous.

Remark 3.1 For C C R" defined as the sub-level set of a function v/, one can show that:

(i) Whenever C is nonempty and compact, ¥ is merely C Lon C + pB, and (A2.2) holds,
then there exists € > 0 such that

x€Cand VY (X)|l <n = ¢¥(x) < —¢. 3)
(ii) When v is merely ClonC+ p B and satisfies (A2.2)-(A2.3), by [34, Lemma 3.3],

(a) bdryC # ¢ and bdry C = {x € R" : ¥ (x) = 0},
(b) intC #¢¥ and intC = {x € R" : {(x) < 0}.

The following important properties of the compact set C were obtained in [39, Proposition
3.1], where v is assumed to be C'! on all of R". However, a slight modification in the proof
of that proposition is performed in [34] to conclude that these properties are actually valid
under our assumption (A2.1).

Here and throughout the paper, I\;I,p denotes an upper bound of ||V (-)|| on the compact

set C, and 2My, is a Lipschitz constant of Vi (-) over the compact set C + §B chosen large
4n

enough so that My, > 7

Lemma 3.2 [34, Lemma 3.4] Under (A2.1)-(A2.3), we have the following:

(i) The nonempty set C is compact, amenable (in the sense of [37]), epi-Lipschitzian,
C =cl(intC), and C is /V?w -prox-regular.
(ii) Forall x € bdry C we have Nc(x) = NE (x) = NE(x) = {AVY(x) : A > O}
(iii) If also (A2.4) holds, then int C is quasiconvex. Furthermore, if in addition (A3) is
satisfied, then there exists a function ® € C'(R") such that:

e @ is bounded on R", and ®(x) = ¢(x) forall x € C.
e & and V& are globally Lipschitz on R".
e Forall x € C we have
dp(x) = {V@(x)} + Nc(x). “4)

Remark 3.3 Lemma 3.2(iii) yields the existence of K > 0 and a C'-extension @ of ¢ to R”
such that (4) is satisfied and

[P(@)] <K, [V ()| < K,and |[VP () — V@ (B)| < K|l — BIl, Va, B €R".

3 Assumption (A2.4) is only needed in Lemma 3.2(ii7) to guarantee the quasiconvexity of C used to construct
the extension @ of ¢. Hence, when such an extension is trivially accessible, condition (A2.4) would be omitted.
This is the case when ¢ is the indicator function of C.
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Employing (4), (D) is equivalently phrased in terms of the normal cone to C and the extension
@ of ¢, as follows

(D) |:)'c(t) € fo(x(),u()) — Nc(x(t)), ae.tel0,1],
x(0)eCyCC,

where fgp: R" x R™ — R” is defined by
fo(x,u) = f(x,u) — V& (x), V(x,u)eR" xR", )

Therefore, throughout this paper we will indistinguishably employ the given form of (D)
expressed in terms of dg and f, or its equivalent form displayed in Remark 3.3 in terms of
Nc(-) and the function fg. Note that assumptions (A1)-(A3) imply that, for M:=M+K,
fo satisfies the following properties:

(Al)g: The function fp is M_—Lipschitz on C x (U4 pB) with | fo(x, u)|| < M for all
(x,u) € C x (U+ pB).

We define U to be
U :={u:[0,1] — R™ : u is measurable and u(t) € U(¢), t € [0, 1] a.e.}.

Remark 3.4 Using [39, Lemma 4.3], it is easy to see that the assumptions (A1)-(A3) and
the boundedness of C by some M¢ > 0 yield that any solution x of (D) corresponding to
(x0, u) € Co x U satisfies

x(t) € C, Vi €l0,1]; xllooc < Mc; and |i]loc < 2M. (6)

For given x(-): [0, 1] — R", we use the following notations throughout this paper:
19(x) := {r € [0, 1] : x(¢) € bdry C} and I (x) := [0, 1]\ I°(x).

The next result characterizes the solutions of (D) in terms of the solutions of a standard
control system containing an extra control £ that satisfies the mixed control-state degenerate
constraint, £(¢)¥ (x(¢)) = 0. The sufficiency part is straightforward and was used in [39],
while the necessary part follows from applying Filippov selection theorem ([38, Theorem
2.3.13]).

Lemma 3.5 [34, 39] Assume that (A1)-(A3) hold. Let u € U and x € AC([0, 1]; R") with
x(0) € Coand x(t) € C forallt € [0, 1]. Then, x is a solution for (D) corresponding to the
control u if and only if there exists a nonnegative measurable function & supported on I1°(x)
such that (x, u, &) satisfies

x(t) = fo(x(0),u(r)) —E@OVY(x@), 1€[0,1]ae. )

In this case, the nonnegative function & supported in 1°(x) with (x, u, &) satisfying (7), is
unique, belongs to L*°([0, 1]; R"), and

£(n)=0 for t € I™(x),
§(0) = el ¢ [0, 4] for 1€ 1°0) ae., ®)
I§lloo < 2£.

Throughout the paper we shall employ the following notations, where 7 and M are the
constants given in (A2.2) and (A1), respectively.
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e (vi)k 1s a sequence satisfying
2M
yr > — forall k e N, and yy — o0. )
n k—> 00

e The sequence (o) is defined by

(10)
By (9) and (10), we have that

—k Yk — 27M i —
yke , o >0, o N\ and khm o = 0. (11

n —> 00

Q,

e The sequence ()i is defined by py 1= 7" for all k € N. By (11) we have that py > 0
forall k € N, p; N\ and klim pr = 0.
—> 00

e For k € N, we define the set
Ck)={xeC:y¥x) < —o). (12)
The system (D, ) is defined as

(D) [FO) = Fola @) u®) = eV COVY (1)) ae. 1 €10.11.
Y7 x(0) € C.

An important property shown in [34] is the invariance of C for the dynamic (D,, ), see [34,
Lemma 4.1]. This fact is behind disposing of the state constraint in (D,, ), which represents
a good approximation for (D) (see Theorem 3.9 and Corollary 3.12).

Lemma 3.6 ([34], Invariance of C and uniform convergence) Let (A1)-(A3) be satisfied.
Then, for each k, the system (D, ) with given x(0) = ¢y, € C and u,, € U, has a unique
solution x,, € lez([O, 1]; R?) such that x,, (t) € C forallt € [0, 1], and, for ag > 0 a
bound of (cy, )i we have

1
Iy, lloo < @0 + VM2 42 and / %y, (D2 dt < M* +2. (13)
0

Hence, being equicontinuous and uniformly bounded, (x,, )y admits a subsequence that con-
verges uniformly to some x € Wl’z([O, 11; R™) whose values are in C and whose derivative
Xy, converges weakly in L% 10 %.

The properties of the sets C (k) and the role of the sequence (px )y are established in [34,
Theorem 3.1 and Remark 3.6]. We enlist here the items that deem important for this paper
when constructing the initial constraint set for the approximating problems (Py, ).

Theorem 3.7 ([34], Properties of (C(k))r) Under (A2.1)-(A2.3), the following assertions
hold:

(i) Forall k, the set C(k) C intC and is compact, and, for k sufficiently large,

e bdryC(k) ={x e R" : ¥(x) = —a¢} and intC = {x e R" : Y (x) < —o};
e (C(k))k is a nondecreasing sequence whose Painlevé-Kuratowski limit is C.
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(ii) There existr, > 0 and k € N such that

VY ()
IV @l

(iii) Forc € int C, there exist IQC € Nand 7, > 0 satisfying

[CNB )] —p CintC(k), Vk>k and VcebdryC.  (14)

B (c) CintC(ke) C intC(k), Vk > k. (15)

Remark 3.8 From Theorem 3.7, it follows that for any ¢ € C, there exists a sequence (ck )
such that, for k large enough, ¢ € intC(k) and ¢y —> c. Indeed, for ¢ € bdry C, take
Ck=cC— pk% for all k, and for ¢ € int C, take ¢, = ¢ for all k.

The following theorem will be used repeatedly in this paper. It is a special case of [34,
Theorem 4.1 & Lemma 4.2]. It provides a sufficient condition for the uniform limit x of
the solution x,, of (D,,) to be a solution of (D), and it connects the multiplier function
& corresponding to x, via Lemma 3.5, to the positive continuous penalty multiplier &,
associated with x,, and defined by

£y () 1= pie? VO, (16)

Theorem 3.9 ([34], (D), )i & &, approximate (D) & &) Assume that (A1)-(A4.1) hold.
Let xy, be the solution of (D,,) corresponding to (cy,, iy, ), as in Lemma 3.6, and x €
wL2([0, 1]; R") be its uniform limit. Then, the following statements are valid :

(i) The sequence (&,,)x admits a subsequence, we do not relabel, that converges weakly
in L? to a nonnegative function € € L* supported on 1°(x).

(ii) If for some u € U, the sequence u,, (t) el u(t), then x is the unique solution of
(D) corresponding to (xo, u), and (x, u, &) satisfies equations (7)-(8). In particular,
£ € L°([0, 11; RT) and is supported on I°(x).

Remark 3.10 Note that when establishing Theorem 3.9(ii) in [34], the arguments used to
prove that (x, u, §) satisfies (7) are independent of having &, defined through (16), and
hence, this proof is valid for &, being any sequence of L?-functions converging weakly in
L? to €. Therefore, we have that (x, u, &) satisfies (7) whenever (x;, u;, £;); is a sequence
solving (7) with x; converging uniformly to x, u;(¢) converging pointwise a.e. to u(t), and
&; converging weakly in L?to €.

The following result is extracted from [34, Theorem 5.1], in which more properties are
derived. It reveals the significance of initiating in Theorem 3.9 the solutions x,, of (D,,)
from the subset C(k), defined in (12).

Theorem 3.11 ([34], x,, € C(k), X, & &, bounded) Assume (A1)-(A4.1) hold. Let (cy, )k
be a sequence such that c,, € C(k), for k sufficiently large. Then there exists k, € N such
that for all sequences (u, ) in U and for all k > k,, the solution x,, of (D, ) corresponding
1o (Cy» Uy,) satisfies:

(i) xy, (1) € C(k) CintC forallt € [0, 1].

(ii) 0<&,() <2 forallt €0, 1]

Gil) iyl < M+ 22X forae.r € [0, 1]

The next result is a simplified version of [34, Corollary 5.1]. It is the converse of Theorem
3.9, as it confirms that any given solution of (D) is approximated by a solution of (D,, ) that
remains in the interior of C and enjoys all the properties displayed in Theorem 3.11.
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Corollary 3.12 ([34], Solutions of (D) are approximated by sequences in C (k)) Assume that
(A1)-(A4.1) are satisfied. Let x be the solution of (D) corresponding to (x(0),u) € Co X
U. Consider (cy, )i the sequence in Remark 3.8 that converges to ¢ := x(0), and Xy, the
solution of (D, ) corresponding to (Cy,, ut). Then, there exists 120 € N such that x,, and its
associated é)’k via (16) satisfy the conclusions (i)-(iii) of Theorem 3.11 for all k > 120, and
the following holds true: The sequence Xy, admits a subsequence, we do not relabel, that
converges uniformly to X, the corresponding subsequence for éyk converges weakly in L? to
some &€ € L, and (x, i, £) satisfies (1)-(8). That is, € is the unique function corresponding
to (x, u) via Lemma 3.5.

4 Main Results

This section consists of the main results of this paper, namely, the strong approximation of
(D) by (D, ) whenever the controls are W-2_bounded (Theorem 4.1 and Corollary 4.2), an
existence theorem for an optimal solution of (P) (Theorem 4.4), a strong converging contin-
uous approximation for (P) (Theorem 4.7), and nonsmooth necessary optimality conditions
in the form of weak-Pontryagin-type maximum principle (Theorem 4.10).

4.1 (Dy,) Strongly Approximates (D) with W'-2-Controls

The following theorem constitutes the backbone of this paper. It shows that, when the under-
lying control space is W (defined in (1)) and (|, ||2)« is bounded, the velocities X, and the
functions &), corresponding to the approximating sequence x,, in Theorem 3.11, converge
strongly in L? to, respectively, £ and &, the functions obtained in Theorem 3.9. The proof of
this theorem is postponed to Section 5.

Theorem 4.1 (Strong convergence of the velocity sequence x,, ) Let the assumptions (Al)-
(A4.2) be satisfied. Consider a sequence x,,, solving (D) for some (¢, , uy, ), wherecy, € C,
¢y, — x0 € Co, uy, € W, and (|lity, |12k is bounded. Denote by (x, £) the pair in wh2xp?
obtained via Lemma 3.6 and Theorem 3.9(i) such that a subsequence (not relabeled) of
(Xy,» &y, ) has x,, converging uniformly in the set C to x and (xy,, &, ) converging weakly in
L? to (x, £). Then, the following hold:

(i) There exist a subsequence (not relabeled) of u,,, and u € W such that (xy,, u,,)
converges uniformly to (x, u), and (xy, , ity , &, ) converges weakly in L%to (x,11, §).
The function x is the unique solution to (D) corresponding to (xo, u), and (x,u, &)
satisfies (7)-(8). In particular, ¢ € L*° and is supported on 1°(x).

(ii) Assume that c,, € C(k), for k large. Then, in addition to the conclusions in The-
orem 3.11, the following holds: The sequence (xy,,&,y,) is in w20, 11; R?) x
WZ2([0, 11; R1), has uniform bounded variations, and admits a subsequence, not
relabeled, that converges pointwise, and hence, strongly in L? to (x,&), with x €
BV([0,1]; R") and € € BV ([0, 1]; R™"). In this case, (7)-(8) hold for all t € [0, 1],
and x,,, — x strongly in the norm topology of wl2([0, 11; R").

Applying Theorem 4.1(i7) to ¢y, , uy, = u, xy,, and éyk , the function associated to X,

via (16), we obtain the following corollary that shows how the results in Corollary 3.12 are
improved when W!-2-controls are utilized.
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Corollary 4.2 ((D,, )« strongly approximates (D)) If, in addition to the assumptions of Corol-
lary 3.12, we have that x solves (D) for i € W (not only in W), then é),k, therein, converges
pointwise to § e BV ([0, 1]; RT) with § satisfying (53), and X,,, therein, converges to X
strongly in the norm topology 0fW1’2([0, 11; R™). Moreover, (x, u, 5) satisfies (7)-(8) for all
t €10, 1], and x € BV ([0, 1]; R™).

An important consequence of Corollary 4.2 is the following compactness result for the
solutions of (D), where the controls are restricted to be in W and x (1) € C. We note that this
compactness result will be used in the next subsection to prove the existence of an optimal
solution for the problem (P).

Proposition 4.3 (Compact trajectories and controls for (D)) Assume that (A1)-(A4.3) hold.
Let (xj,uj); be a sequence in Whoo x W satisfying (D) with xj(1) € Cy, forall j €N,
and (||itj|2); be bounded. Consider (§;); the corresponding sequence in L ([0, 1]; R
obtained via Lemma 3.5, that is, (xj,uj,&;) satisfies (7)-(8), for all j. Then there exist a
subsequence of (xj, uj, &), we do not relabel, and (x,u,§) € whe o, 11; R") x W x
L>®([0, 11; RT) such that (xj,uj)j converges uniformly to (x, u), (X;,&;); now converges
pointwise to (x, £) € BV ([0, 1]; R") x BV ([0, 1]; R™), 1 j converge weakly in L% to i1, and
(x, u, &) satisfies (7)-(8) with x (1) € Cy. In particular, (x, u) is admissible for (P) and (x) j
converges to x strongly in the norm topology of W-2([0, 1]; R").

Proof Using (6) in Remark 3.4 for the sequence (x;);, the boundedness of (||it;||2);, that
u;(t)) € U(t)forallz € [0, 1], and that the sets U () are compact and uniformly bounded, by
(A4.2), then Arzela-Ascoli’s theorem produces a subsequence, we do not relabel, of (x;, u ;) ;,
that converges uniformly to an absolutely continuous pair (x, u) with (x(¢), u(t)) € C xU(¢)
for all ¢ € [0, 1], and (%}, t;); converging weakly in L? to (x, ). Since, for all j € N,
xj(0) € Cp and x;(1) € Cy, then (A4.1) and (A4.3) yield that x(0) € Cp and x(1) € Cj.
Using Corollary 4.2, we obtain || [l oo < %,sj € BV([0, 11; RT), and V) (§;) < M», where

A7I2 depends on the uniform bound of (||z;|2) ;. By Helly’s first theorem, (§;); convergence
pointwise to & € BV ([0, 1]; RT). On the other hand, Corollary 4.2 also gives that (7) holds
for all t € [0, 1], that is,

Xj(1) = fo(xj(0),uj(®) —§;OVY(x;@), Viel0,1]. a7

Thus, upon taking the pointwise limit as j — oo in (17), it follows that (xX;); converges
pointwise to its weak L2-limit x, and hence, x € BV ([0, 1]; R"). As (xj,uj) solves (D), (6)
yields that (|| [|o0) j is uniformly bounded, and hence, (x;); converges to x strongly in L%

We now show that £(¢) is supported in 19(x). Let ¢ € I (x) be fixed, that is, x(¢) € intC.
Since (x;); converges uniformly to x, then we can find §, > 0 and j, € N such that, for
alls € (t —4,t+6) N[0, 1] and for all j > j,, we have x;(s) € intC, and hence, as §;
satisfies (8), &;(s) = 0. Thus, &;(s) —> Ofors € (t — 8,,t + 8,) N [0, 1], and whence,
£(1) = 0, proving that & is supported in °(x). Therefore, applying Lemma 3.5 to (x, u, &),
we conclude that (x, u) solves (D) and (x, u, &) satisfies (8). ]

4.2 Existence of Optimal Solution for (P)
Parallel to [6, 8, Theorems 4.1], where a discretization technique is used, the following

existence theorem of an optimal solution for the problem (P) is established based on
Corollary 4.2.
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Theorem 4.4 (Existence of solution for ( P)) Assume hypotheses (A1)-(A4.3), g : R"xR" —
R U {00} is lower semicontinuous, and that a minimizing sequence (xj, uj) for (P) exists
such that (||t j||2); is bounded. Suppose that (P) has at least one admissible pair (y,, v,)
with (¥,(0), y,(1)) € dom g, then the problem (P) admits a global optimal solution (x, it)
such that, along a subsequence, we have

strongly _ uniformly  _ . weakly B
Xj ———— X, uj ————> i, and i;
W12([0,1:R) T cqo.em L2([0. ;")

Proof Given that (P) has an admissible pair (y,, v,) with (y,(0), y,(1)) € dom g, then
inf(, 4)(P) < 00. As g is lower semicontinuous and all admissible solutions of (P) satisfy
(x(0),x(1)) € Cp x (Cy N C), which is compact, we deduce that inf, ,)(P) is finite.
On the other hand, being admissible for (P), the minimizing sequence (x;, u;); satisfies
(D) with x;(1) € Cj. Hence, using that the sequence (||z]]2); is bounded, Proposition
4.3 implies the existence of (¥,#) € WHo°([0, 1]; R") x W satisfying (D) and x(l) €
Cy, with (x;, u;) converges uniformly to (x, i), (& J) j converges strongly in L?tox €
BV ([0, 1];R"), and 1; converges weakly in L? to u. Thus, (%, i) is admissible for (P).
Owed to the lower semicontinuity of g and to (x, i) being the uniform limit of the minimizing
sequence (x;, u;);, the optimality of the pair (x, «) for the problem (P) follows readily. O

4.3 Continuous Approximation for (P)

On the journey of seeking for an optimal process (x, i) of (P) a continuous approximations
consisting of optimal solutions for properly-designed standard control problems, it is impor-
tant that the convergence to (x, u) be strong in the norm topology of the considered space,
namely, the space w20, 1]; R") x W. Corollary 4.2 already answered this question for
the W' 2-strong approximation of a solution (x, it) of (D) by solutions of (Dy,), in which
the same control i is used. However, u may not necessarily be optimal for approximating
optimal control problems over (D, ).

In this subsection, we approximate the problem (P) by a certain sequence of optimal
control problems over (D, ) with special initial and final state endpoints constraints (Co (k) C
C (k) and C;(k) in a band around C7), and with an objective function particularly crafted
so that an optimal control, u,,, exists and has (||ity, [l2)x uniformly bounded, and hence,
the strong convergence of the optimal state velocities shall be deduced from Theorem 4.1.
The necessary optimality conditions for (P) are then established by taking the limit of the
optimality conditions for the corresponding approximating problem.

For given § > 0 and z € C([0, 1]; R*), we define the projection on R* of the closed §-tube

around z by Bs(z) :== |J Bs(z(1)).
t[0,1]

Let (¥, @) € W12([0, 1]; R") x W be a W!-2-local minimizer for (P) with associated 8.
We fix §, > 0 such that

min{#5 (), 8} if ¥(0) € int C,
min{r,, 8} if £(0) € bdry C,

where 7, > 0 is the constant in Theorem 3.7(ii), and 7z) > 0 with 12;(0) € N are the
constants in Theorem 3.7(iii) corresponding to ¢ := x(0).

@ Springer



A Control Space Ensuring the Strong... Page130f33 23

In the remaining part below, we will assume that f satisfies the following local version
of (Al):

35 > O such that f is Lipschitz on [C N Bs(X)] x [(U + 5B) N Bs()]. (%)

Note that under the assumption (x), the function f can be extended to a globally Lipschitz
function f: R" x R” —> R by applying [23, Theorem 1] to each component of f. Since
in the rest of this section we only consider local optimality notions, then, without loss of
generality, we shall use the function f instead of f . Hence, when in this section f is assumed
to satisfy (), it is implied that f also satisfies assumption (A1).

We proceed to suitably-formulate a sequence of approximating problems (P, ) and show
that its optimal solutions strongly converges in W12([0, 1]; R") x W to the W!2-local
minimizer (x, u) of (P). This naturally requires the domain of the approximating problem
(Py,) tobein wL2([0, 1]; R") x W. The initial state constraint is taken to be x (0) € Co(k),
where Co (k) is the sequence of sets defined by

ol Co N Bs,(¥(0)), Vk € N, if ¥(0) € int C, )
0 = = 7 o
[Co N Bs,(5(0))] — pr rrinny» Ve €N, if £(0) € bdry C.

and the final state constraint is x(1) € C;(k), where
Ci(k) == [(C1 N By(x(1))) — X(1) + %, (D]NC, k€N,

in which x,, is the solution of (D, ) corresponding to (cy, , i), where ¢,, in Co(k) Nint C(k),
for k large, and is defined via Remark 3.8 for ¢ := x(0), that is,

. {2(0), Vk € N, if X(0) € intC,
Ck = = X o =
F(0) — prormanye Yk €N, if £(0) € bdry C.

Note that Co(k) and C (k) are closed, for k € N. On the other hand, as p,, —> 0, we have
¢y, —> X(0), Corollary 3.12 yields that the sequence X,, converges in C uniformly to X,
and hence, X, (1) — x(1). Add to this that in Co(k), px — 0, then, for the p in (x), we
have that, for k sufficiently large,

Ci(k) C [(Ci N Bs(x(i))) + pB]NC, for i =0,1, (19)

Ci(9)

and klim Co(k) = Co N Bs(%(0)) & klim Ci(k) = C N Cy N Bs(X(1)). (20)
— 00 — 00

Remark 4.5 Notice that we can show that, for k large enough, we have Cy(k) C C(k), and
hence, by Theorem 3.11, any solution of (D, ) corresponding to (cy,, iy, ) with ¢,,, € Co(k)
and u,, € U, satisfies the conditions (i)-(ii7) of this theorem. Indeed:

e For x(0) € int C, use that §, < 7z and (15) we get
B, ,,(¥(0)) CintC(k) C C(k), Vk > kz().
This gives that

Co(k) := Co N By, (X(0)) C B;., (X(0)) € C(k), Vk > k().

%(0)
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e For x(0) € bdry C, use that §, < r, and Cy(k) is the nonempty set defined by the second
equation of (18), to get via (14) that

Co(k) CintC(k) C C(k), Vk > k.

Remark 4.6 Using the local property of the normal cones, see [11, Proposition 1.1.5(b)], the
1Solrlles Néo(k)(c) and Nél ) (d) can be evaluated in terms of Néo and Nél , respectively, as
ollows

Ngo(c), if (0) € intC, and
c € Bs,(x(0)),
Néw@© =1, Vo 1)
YEO) -
NE, (c + o m) if £(0) evbdr_yOC, and
(" + px ||V5g503;u> € By, (x(0)).
N& o (d) = NE (d + E(1) — %, (1)), Vd € (intC) N By, (F(1)). 22)

We introduce the following sequence of approximating problems:

(Py,): Minimize
J(x,y.zou) = g(x(0), x(1) + 3 (Ilu(0) — @(0)|* + z(1) + [|x(0) — £(0)|1?)
over (x, y,z,u) € WH2([0, 11; R?) x AC([0, 11; R) x AC([0, 1]; R) x W
such that

X(0) = fo (), u@t)) — eV OVy(x(1), tel0,1]ae.,

V@) = 1k = x0]%, 1 €0, 1] ae.,

2(r) = |lu(r) — i), t €0, 1]ae.,

(x(0), ¥(0), 2(0)) € Co(k) x {0} x {0},

x(t) € Bs(x(t)) and u(t) € U(t) N Bs(ii(t)), Vt € [0, 1],

(1), y(1), 2(1)) € Cr(k) x [=8, 81 x [—8, 8],

(Dy,)

Note that Lemma 3.6 and the constraints on u«(-) confirm that (P, ), is actually equivalent
to having therein (x, u) € AC([0, 1]; R*) x AC([0, 1]; R™).

Now we are ready to state our continuous approximation result, which is parallel to the
corresponding result in [6—8, 14], where discrete approximations are used. The proof of this
approximation result is presented in Section 5.

Theorem 4.7 ((P,,) approximates (P)) Let (x, u) be a W L2 local minimizer (P) with asso-
ciated € € L™ via Lemma 3.5. Assume that (A2)-(A4.3) hold, and for some p > 0, f is
Lipschitz on [C NBs(%)] x [(U + pB) NBs(i1)] and g is continuous on Co(8) x C(8). Then
for k sufficiently large, the problem (P,,) has an optimal solution (xy,, Yy, Zy, Uy, ) Such
that, for &, defined in (16), we have, along a subsequence, we do not relabel, that

strongly _ strongly strongly =
(Kyps hy) ————> (X, i), Yy 2p) —————> (0,0), § ————
v Uy p Yk Lk %
W2xw WLI([0,1; Rt xR+) L2([0,1;RT)

all the conclusions of Theorem 3.11 hold, including that x,, (t) € intC for all t € [0, 1],
and for all k sufficiently large,

Xy (i) € [ (Ci N By, (X(i))) + #B] N (int C) C int C;(8), for i =0, 1.
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Moreover, X € BV ([0, 1]; R"), € € BV ([0, 1]; RT), and (7)-(8) are valid at (%, it, £) for all
1 €0, 11.

We proceed to rewrite the problems (P, ) as an optimal control problem with state con-
straints. Given (%, i) € W'2([0, 1]; R") x W a W'2-local minimizer for (P), for o := i,
(Py,) is reformulated in the following way:

(Py,): Minimize

g(x(0), x(1) + 3 (1u(0) — &(O) 2 + 2(1) + [1x(0) — ¥(0)|1*) over
(x,y,z,u) € AC([0, 1]; R")x AC([0, 1]; R)x AC([0, 1]; R)yxAC([O0, 1]; R™)
and measurable functions v: [0, 1] —> R such that

i(1) = fo(x(0), u®) =y COVY (x(@), 1 €[0,1] ae.,

u(t) =v(t), t<|[0,1]ae.,

V() = || fo (x(0), u®) = e’V COVY (x(0)) = x @I, 1 € [0, 1]ae.,

i0) =) =90, 1 €0, 1] ae.,

x(t) € Bs(X(t)) and u(t) € U(t) N Bs(i()), Vt € [0, 1],
(x(0), u(0), y(0), 2(0)) € Co(k) x R™ x {0} x {0},
(x(1), u(1), y(1), z(1)) € C1(k) x R™ x [—8, 8] x [4, ]

In the following proposition we apply to the above sequence of reformulated problems
(Py,), the nonsmooth Pontryagin maximum principle for optimal control problems with mu!l-
tiple state constraints (see e.g., [38, page 331] and [38, p.332]). For this purpose, (x, y, z, u)
is the state function in (P),) and v is the control. Thus, (xy,, Yy, 2y, Uy,) is the optimal
state, where (xy,, u,,) is obtained from Theorem 4.7, y,, (¢) := fot [y, (s) — )?(s)ll2 ds,
2y (1) = fot llity, (s) — LLt(S)Hz ds, and v, = 1, is the optimal control. Hence, the function
f (-, ) isrequired to be Lipschitz near (xy, , u,, ), which follows from (), since x,, (t) € int C
and (xy,, u,,) converges uniformly to (x, i) (see Theorem 4.7). Furthermore, as the objec-
tive function g must be Lipschitz near (x,, (0), xy, (1)), we introduce the following local
assumption on g in which 60(8) and Cy (8) are defined in (19):

35 > 0 such that g is Lipschitz on 6’0(6) x C1(8).

On the other hand, the following constraint qualification property (CQ) is required. For a given
multifunction F: [0, 1] = R, with nonempty and closed values, and for & € C([0, 1]; F),
thatis, 2 € C([0, 1]; R™) and satisfies h(t) € F(t) forallz € [0, 1], we say that F (-) satisfies
the constraint qualification at h if

(CQ) conv(NEL (t)(h(t))) is pointed for all ¢ € [0, 1].

Here, N ﬁ(t)(y) stands for the graphical closure at (¢, y) of the multifunction (¢,y)
F(t)(y) that is, the graph of N Fe )( ) is the closure of the graph of NF( )( ).

It is worth noting that in [6-8], where also W !-2-controls are employed, the control sets
U (t) are assumed to be R, for all r € [0, 1], and hence, in this case, F(-) := U(-) = R"
trivially satisfies (CQ) at any /. For the general case where F(-) # R™, the following remark
provides important information about (CQ).
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Remark 4.8

(i) Let F:[0,1] = R™ be a lower semicontinuous multifunction with closed and
nonempty values. For dr (¢, x) := d(x, F(t)), we have from [26, Proposition 2.3] that
fort € [0, 1] and x € F(t), conv (]\71%(:) (x)) is pointed if and only if 0 ¢ 3 dF(t, x).
The notion of 9. g(¢, x) is introduced for a general function g(t, x) by Clarke in [9,
p-121]. For g(¢, x) := dFp(t, x), it is shown in [26, Corollary 2.2] that

07dp (1, x) =

. GrF
conv {c te= lim & liGl =1 & € NEg,) () and (@, x1) = (r,x)},

where (t;, x;) ﬂ) (t, x) signifies that (#;, x;) —> (¢, x) with x; € F(t;) for all i.
Therefore, for h € C([0, 1]; F), we have that F satisfies the constraint qualification
(CQ)athifandonlyifO ¢ 07 dr(¢, h(t)) forall € [0, 1]. Note that the multifunction
(t,x) — 0. dFr(t, x) is uniformly bounded with compact and convex values, and has
a closed graph.

(ii) Using the proximal normal inequality, see [11, Proposition 1.1.5(a)], one can easily
extend the arguments in the proof of [26, Proposition 2.3(d)], to show that if the lower
semicontinuous multifunction F has closed and r-prox-regular values, for some r > 0,
(as opposed to convex), then conv (]\_/ﬁ(t)(')) = N;’(t)(-) = Nﬁ(t)(-) = Nr((+), and
this cone is pointed at x € F(¢) if and only if F(¢) is epi-lipschitz at x, see [9,
Theorem 7.3.1] and [37, Exercise 9.42]. Hence, a lower semicontinuous multifunction
F: [0, 1] = R™ with values that are closed and r-prox-regular, satisfies the constraint
qualification (CQ) at & € C([0, 1]; F) if and only if F(¢) is epi-Lipschitz at i(¢), for
allr € [0, 1].

(iii) If F(t) = F for all t € [0, 1], where F is closed, then conv (Nf(t)(-)) = Npg(-), and
this cone is pointed at x € F if and only if F is epi-Lipschitz at x. Hence, a constant
multifunction F satisfies the constraint qualification (CQ) at & € C([0, 1]; F) if and
only if F is epi-Lipschitz at i (¢) for all ¢ € [0, 1].

Proposition 4.9 (Maximum Principle for approximating problems (Py,)) Let (X, i) be a
W2 local minimizer for (P). Assume that (A2)-(A4) hold, and for some p > 0, f is
Lipschitz on [C N Bs(x)] x [(U 4+ pB) N Bs(a)] and g is Lipschitz on Co(8) x C1(8).
Consider the optimal sequence (xy,, Yy, , 2y, Uy, Vy,) for (Py,) obtained via Theorem 4.7.
If for k sufficiently large, U(-) satisfies the constraint qualification (CQ) at u,,, then for
k large enough, there exist ., > 0, p,, € AC([0, 1]; R"), ¢, € AC([0, 1]; R™), Q,, €
NBV ([0, 1]; R™), pf;,k e CO([0,1]; R™), and a u;k-integrablefunction By [0, 1] — R™
such that 2, (t) = f[O.tJ By (s),u?/k (ds), forallt € (0, 1], and:

(i) (The nontriviality condition) For all k € N, we have

12y DI+ llgylloo + 115, vy, + Ay = 1
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(ii) (The adjoint equation) For a.e. t € [0, 1],

) !
( . ) e = (0 fo 1,3 (0, 1, (1)) Py (®
q}/k(t)

(23)
0

) (ygeww DY (e (O VY (o (1), Py (z)>> _

N (ykem” G520 (x,, (1)) Py, (r))

0

(iii) (The transversality equation)
(P (0), —py, (1) €

Doy 0 8 (0 (0), e (1)) 4 [ (A Gy (0) = E(0)) + NG ) (e (0)) X NE, g Gy (1]

and ¢y, (0) = Ay, (uy, (0) —u(0)),  —gqy, (1) =y, (1);

(iv) (The maximization condition) For a.e. t € [0, 1],
52]% {(ka () + 2y, (1), v) — %Ilv — ﬁ(t)llz} is attained at i, (1);
(v) (The measure properties)
supp {1, } C {t € [0, 11 (¢, uy, (1)) € bdry Gr [U (1) N Bs(a(1))]} , and
By, (1) € 8, d(uy, (1), U(t) N Bs(id(t))) W, ae., with

87 d(uy, (). U(1) N By((1))) C [conv NE o @ ) 0 (B {0})] .

4.4 Necessary Optimality Conditions for (P)

The main result of this subsection is the following theorem which provides necessary opti-
mality conditions for the W12 local minimizer, (x,n), of (P).
The following notations are used in the statement of the theorem:

e Jyp and 3 ¢ are the extended Clarke generalized gradient and the extended Clarke
generalzzed Hessian of ¢ defined on C, respectively. Note that if dy¢(x) is a singleton,
then we use the notation V} instead of d,.
Béx’”)f(-, -) is the extended Clarke generalized Jacobian of f(-,-) defined on
[C N Bs@e))] x [+ 5B) N Bs@(1))].

° 8%1// is the Clarke generalized Hessian relative to int C of .

° BKLg is the limiting subdifferential of g relative to int (60(8) X C'l (8)).

Theorem 4.10 (Necessary optimality conditions for (P)) Let (x, it) be a W2 local mini-
mizer for (P). Let & € L*([0, 1]; RT) be the function supported on 19(%) and associated to
(x, u) viaLemma 3.5. Assume that (A2)-(A4) hold, U (-) satisfies the constraint qualification
(CQ) at u, andfor some ,0 >0, fis Llpschltz on [C NBs(%)] x [(U+ pB) NBs(it)] and g
is Lipschitz on Co(8) X C1(8) Then x € BV([0, 11; R") and &€ € BV ([0, 11; RT), and there
exist A > 0, an adjoint vector p € BV ([0, 1]; R"), a finite signed Radon measure v on [0, 1]
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supported on I1°(%), L®-functions £ (-), 0(-) and 9 (-) in My, ([0, 11), an L*®-function é(-)
in My sm ([0, 1), such that for t € [0, 1] a.e.,

(€@, &), 6(t), 9 (1)) € 3(g(x’u)f(f(f), (1)) x 7p(x(1)) x Y (X (1)),
and the following hold:

(i) (The admissible equation)

(@) X(t) = fE@), @) = VipE©0) —EOVY(EQ@), Vi el0,1],
(b) ¥(x (1) =0, Vtel0,1];

(ii) (The nontriviality condition)
P +21=1;
(iii) (The adjoint equation) For any h € C([0, 1]; R"), we have

1 — -
| worapon = [ (. (50 - 07) poo)ar
[0,1] 0

1
+ /0 E@) (), 9 (1) p()) dt + ](h(t), Vy (x(1)))dv;

[0,1
(iv) (The complementary slackness conditions)

(@) £(t) =0, Viel(®),
(b) EO(VY(x(1), p)) =0, Vi €[0,1]ae;

(v) (The transversality equation)
((0), (1) € 2L g(E(0), T(1)) + [N&, F(0) x NE G()];

(vi) (The weak maximization condition)

L

a(1) p(t) € conv N} PN (1)

t€]0,1] ae.

Ifin addition there exist &, > 0 andr > 0 such that U (t) N Bgo (u(t)) is r-prox-regular
forallt € [0, 1], then we have

- - D, T 5 -
max | (&) p(0), u) — BOLDN | — (o) u e U}

is attained at u(t) fort € [0, 1] a.e.

Furthermore, if C1 = R", then . # 0 and is taken to be 1, and the nontriviality condition
(i) is eliminated.

Remark 4.11 Condition (vi) of Theorem 4.10 admits simplified forms when U (-) possesses
extra properties:

o If U(?) is r-prox-regular for all t € [0, 1], then taking &, —> 00, the maximization
condition (v) reduces to

max | (@) 5(0), u) = 12PN — (o) u e U}

is attained at u(z) forz € [0, 1] a.e.
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e IfU()N Bgo (u(1)) is convex for all t € [0, 1], then taking r —> o0, the maximization
condition (v) reduces to

max { (@07 p(0),u) — POy — (o)) s u e UG}

is attained at u(z) forz € [0, 1] a.e.
e If U(t) is convex for all t € [0, 1], then taking both ¢, —> oo and r —> o0, the
maximization condition (v) reduces to

max {(@(r)Tﬁ(z), u> ‘ue U(t)] is attained at @(t) for f € [0, 1]ae.  (24)

Proof of Theorem 4.10. Theorem 4.7 produces a subsequence of (v )k, we do not relabel, and
a corresponding sequence (xy, , Yy, Zy» Uy )k, With associated (&, ) defined via (16), such
that

e For each k, the quadruplet (xy,, Yy, 2y, Uy, ) is optimal for (P, ).

strongly  _ _ strongly strongly =
o (xy,tty) ———— (X, 1), Wy, 2yp) —————————>(0,0), &,
WiZxW WLI[0,1;R+ xR ) L2([0,11;RF)

e X € BV([0,1]; R"), € € BV([0, 1]; R"), and (7)-(8) are valid at (X, i, £) for all t €
[0, 1].

o All the conclusions of Theorem 3.11 hold, including (x,, ) is uniformly Lipschitz and
Xy, (1) € int C forall r € [0, 1].

e For all k£, we have

Xy (D) € [ (Ci N By, (X(i))) + pB] N (int C) C int C;(8), for i =0, 1.

In order to apply Proposition 4.9, we shall show that the constraint qualification (CQ) that
holds for U (:) at u, also holds true at u,,, for k large enough. Indeed, if this is false, then,
by Remark 4.8(7), there exist an increasing sequence (k,), in N and a sequence #, € [0, 1]
such that t, — ¢, € [0, 1] and

0 € 8. dy (tn, y,, (1)), Vn € N. (25)

The continuity of i and the uniform convergence of u,, to u yield that the sequence
(uy,, (tn))n converges to u(f,). Hence, using that the multifunction (¢, x) d, dy(t, x)
has closed values and a closed graph, we conclude from (25) that 0 € 9, dy (t,, i(t,)). This
contradicts that the constraint qualification is satisfied by U (-) at u. Thus, for k sufficiently
large, U (-) satisfies the constraint qualification (CQ) at u, .

Hence, by Proposition 4.9, there exist a subsequence of (yx)x, we do not relabel, and
corresponding sequences py,, gy, My, and A, satisfying conditions (7)-(v) therein.

Using (23), (5), and that for all ¢ € [0, 1] we have

(xy (1), 1y (1)) € it (C N Bs(%(1))) x (U (1) +5B) N Bs(ia(1)))],

we obtain sequences &y, , 0, and 1, in M, ([0, 1]) and @), in M, %, ([0, 1]) such that,
fora.e.t € [0, 1],

Gy (1), @y (1)) € D™ (o (1), 1y (1)),
(B (1), 0y (1)) € B} (xy, (1)) X D (x,, (1)),

Pr(t) = Oy (1) — & (D) Py (0) + ye?V Dy, (1) py, (1) (26)
+ 2"V VY (x, (1)) (VI (xy, (1)), Py, (1)), and
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Gy (1) = —(@y, (D) Py, (). 27)
Note that for each k, the functions py,, Py, @y Gyi» Xyi» Uy, and u are measurable on [0, 1],
and the multifunctions 85()6’") fG,9, 8€2<p(-), and 8[21,h(~) are measurable and have closed
graphs with nonempty, compact, and convex values. Using (A1), (A2.1), and (A3), the Filip-
pov measurable selection theorem (see [38, Theorem 2.3.13]) yields that we can assume the
measurability of the functions ¢y, (-), 6, (-), ¥, (-) and w, (-). Moreover, these sequences
are uniformly bounded in L, as || (&y,, @y )lloc < M, 16y, o < K and ||, [l < 2My,.

Step 1. Construction of &, the admissible equation.

From Theorem 4.7, we have that the triplet (x, y, é ) satisfies (7) for all ¢ € [0, 1]. Hence, for
all t € [0, 1] we have

X(t) = fo (@), (1) —EOVYED) = fE@), i) — VOED) — E@) VY (EQ)).
Since V@ (x) = dpp(x) = V,p(x) for all x € C, we obtain that

X(t) = fGE@), @) — @) —EOVY(E®), Vielo,1].
On the other hand, since x takes values in C, we have ¥ (x(¢)) <0, Vt € [0, 1].

Step 2. Construction of p, ¢, 8, #, &, v, and the adjoint equation.

For the construction of j, 8, 9 and v, see Steps 2-4 in the proof of [39, Theorem 5.1]. Note that
the uniform boundedness of p,, (1) established and used in Step 2 of the proof of [39, Theorem
5.1], is easily deduced here from the nontriviality condition of Proposition 4.9. We also note
that, similarly to Step 2 of the proof of [39, Theorem 5.1], p,, has a uniformly bounded
variation, and hence, Helly first theorem implies that p,, admits a pointwise convergent
subsequence whose limit p is also of bounded variation and satisfies, for some M; > 0, the
following

1Plle < MilIp(D. (28)
Using Helly second theorem we obtain that for all 2 € C([0, 1]; R"),
iim [ {ho) o) dr = [ . dp. 29)
k=00 J0,1] [0,1]

Identically to Steps 2-4 in the proof of [39, Theorem 5.1], we also have

1 1
/()(h(t),eyk(t)pyk(t)>dt—>/0 (n(),0() p())dt, (30)

1 1
[0 £ () (1), Oy (1) pyy () di —> fo E0) (). 5@ p@) di. BD)

1
im /0 (). V(o () Y () (V9 Gy (). Py (1)
= f (h(D), VY (D)) do(0). (32)
[0.1]

We proceed to construct the two functions ¢ and @&. Note that the construction of ¢ done
in Step 2 of the proof of [39, Theorem 5.1] cannot be used here, since the closed graph
hypothesis on the multifunction (x, u) — 9% f(x, u) is required there, but it is not assumed
here. As the sequence ({y,, wy, )k is uniformly bounded in L°°, it has a subsequence, we
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do not relabel, that converges weakly in L! to some (Z, @). Using that the multifunction
(x,u) — 8e(x’") f(x, u) has closed graph with nonempty, compact and convex values, [10,
Theorem 6.39] implies that, for ¢ € [0, 1] a.e.,

0. a0) € 3" fE@), d(1).
Since (py, )i is uniformly bounded in L*° and converges pointwise to p, we conclude that

weakly

-T _ weakl T
&) Py — {'p and ), py, —Zl—y» @ p. (33)
Hence, for all h € C([0, 1]; R™),
1 1
/o (h(), &y () Py (1)) dt —> /o (n(), c)p@))dt. (34)

Thus, from (26) and (29)-(34), we conclude that the adjoint equation of Theorem 4.10 holds,
and it coincides with the adjoint equation of [39, Theorem 5.1].
Step 3. The complementary slackness conditions.
The part (a) follows from the equation (8). The part (b) follows from the uniform boundedness
of |y, () (V¥ (xy, (D). Py, ())||, established in [39, Equation (97)]. More details can be
found in Step 6 of [34, Proof of Theorem 6.1].
Step 4. Construction of A and the transversality equation.
Form the transversality condition of Proposition 4.9, there exist v, € N(I;O ) (x5, (0)), xyy €
Nél(k)(xyk(l)) and (ay,, by,) € 3% g(x,, (0), xy, (1)) such that

Py (0) = Ayay + hy (0 (0) =X (0)) + vy =Py (1) = Ayby + Xpes (35)
and the following properties hold:

e |(ay,by)ll < Lg, where L, is the Lipschitz constant of g over (:‘0(8) x Ci (8), and
Ayl < 1 for all k. The latter inequality gives a subsequence, we do not relabel, such
that 1, — X € [0, 1].

e Due to Theorem 4.7, we have, for k large enough,

(x,,(0), xy, (1)) € int (Co(8) x C1(8)), and (xy, (0), xy, (1)) —> (£(0), ¥(1)).

e We have p,, (0) — p(0) and p,, (1) — p(1).

e Owing to (22), in which d := x,, (1) € [Cl(k) N (intC) N Bs, ()E(l))] for k sufficiently
large, we have x,, € Nél (k)(x),k(l)) = Nél (xyk(l) + x(1) — )Z),k(l)),forklarge,where,
we recall that x, (1) — x(1).

e Owing to (21), in which ¢ := x,, (0) € Co(k) N Bs,(x(0)) for k large enough, it follows
that:

(i) If x(0) € int C, then for k sufficiently large
Uy € NE oy (i (0)) = NE, (xy, (0)).
(ii) If X(0) € bdry C, using that x,, (0) —> X(0) and oy —> 0, then for k sufficiently

large, (xyk ©0) + ox %) € B;,(x(0)), and hence,

70
vy, € Néo(k)(x),k 0) = Né‘o (xyk ©) + px %) for k large.
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Therefore, along a subsequence of (i), we do not relabel, we have
Ay (ay,, by) — Ma, b) € kaeLg()E(O),)E(l)) and Ay, (x,,(0)—x(0)) — 0.

Thus, taking the limit as kK — oo in (35), and using (p,, (0), p,, (1)) —> (p(0), p(1)), we
obtain that (vy, , x,, ) mustconverge to some (v, x ), as all the other terms in (35) converge. The
last two bullets, stated above, yield that v € Néo (x(0)) and x € N, CL] (x(1)). Consequently,
the limit of (35) is equivalent to

(p(0), —p(1)) € A} g(X(0), ¥(1)) + [N& (£(0)) x NE (F(1)]:
This terminates the proof of the transversality equation.

Step 5. The weak maximization condition.
By (27), (33)(b), and the transversality equations of Proposition 4.9, we have that

Gy = — (@) Py %“% —(@"p and gy, (0) = hy, (uy, (0) — @(0)).  (36)

The uniform boundedness in L* of the sequences (py,)r and (w,, )k give that (g, )i is
uniformly bounded in L°°, asserting the equicontinuity of (g,, )x. Moreover, the nontriviality
condition of Proposition 4.9 gives the uniform boundedness of the sequence (g,, )x. Hence,
by Arzela-Ascoli theorem, the sequence (g,, )« admits a subsequence, we do not relabel, that
converges uniformly to an absolutely continuous function ¢ satisfying ¢ (0) = 0 (by (36)(b),
where A,, —> A and u,, (0) — u(0) as k — 00). Moreover, up to a subsequence, we

also obtain that
weakly

" —;—) qg. (37)

Hence, (36)(a) and the uniqueness of the L'-weak limit yield that
G(t) = —(@@) p(1), tel0,1]ae. (38)

We proceed to study the convergence of the sequence of N BV -functions, (£2,, ), obtained
in Proposition 4.9. The maximization condition (iv), therein, implies that, for ¢ € [0, 1] a.e.,

Qy, (1) = —qy, (1) + Ay (thy, (1) — it(2)) . (39)
[ ——
Ly (1)

Without loss of generality, we can assume that (39) is satisfied for all # € [0, 1]. In fact, if
Ay, = 0, using the transversality conditions of Proposition 4.9 and that 2, € NBV[0, 1],
we get that Q,, (0) = —¢,,(0) = Oand Q,, (1) = —q,, (1), and hence, by the right continuity
of 2, and the continuity of g,,, (39) is equivalent to 2,, = —gq,,. If, however, A, > 0,
then by modifying the values of (it,, — i) on the set of Lebesgue measure zero, we have
(39) satisfied for all ¢ € [0, 1], and hence, £,, € BV[0, 1] is right continuous on (0, 1), and
satisfies £, (0) = Iy (0) and ¢,, (1) = 0. Furthermore, since A,, —> A and u,, strongly
converges in L~ to u, the sequence (£, )i strongly converges in L?to ¢ =0.

We claim that (€2, )k, considered as a sequence of continuous linear functionals on
C([0, 1]; R™), admits a subsequence, we do not relabel, that converges weakly* to —q.
Since €2, satisfies (39), where the sequence of absolutely continuous functions (g,, )x con-
verges uniformly to ¢ € AC([0, 1]; R™) and, by (37), (g, )x converges weakly in L' to q,
then it is equivalent to show that the BV-sequence (¢, ), converges in C*([0, 1]; R™) to
0. The uniform boundedness of the sequence (£,, ), shall follow once we show the uniform
boundedness of (€2, )x. For this latter, the nontriviality condition of Proposition 4.9, implies
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that the sequence (9, )i is uniformly bounded, and hence, it has a subsequence, we do not
relabel, that converges weakly* to a u® € C®([0, 1]; R™). Moreover, by condition (v) of
Proposition 4.9 and Remark 4.8(i), || 8,, (t)|| < 1, except on a set of /L‘;k -measure zero. Thus,
using that

Q, (1) = /[0 ]ﬂyk(s)u‘;k(ds), Vi € (0,11, and Q,,(0) =0, (40)
N3

we obtain that the sequence (£2,,)x is uniformly bounded, and so is the sequence (£, )x.
Hence, to get that the bounded BV -sequence (£,, )x converges weakly* to 0, by the Banach-
Steinhaus theorem in [25, p.482], it is sufficient to show that
1
lim | (h(t),dt, (1)) =0, YheC'([0, 1];R™).
k—00 Jg
Fix h € C'([0, 1]; R™). Using an integration by parts and that Q,, € NBV, we get

1

1
/0 (h(1), dty (1)) = (h(1), £, (1)) = (h(0), £y, (0)) —fo (h), £y, (1)) dt

1
= [—<h(0),61yk(0)) —/0 <ﬁ(t),ﬁyk(t)>dt] — 0,

since (£, )i strongly converges in L?t0 0, and qy,(0) —> ¢(0) = 0. This terminates the

proof of the claim, that is,
weakly*

Q, ———— —q. 41
oo, @b
By [25, p. 484, #8], we also have that Q,, (1) — —q(t), ¥Vt € [0, 1].
Now define the signed measure ji,, (dt) := B, (1) ,u’)’,k (dt). From (40) we have
Qy (1) = 11, [0, 1], V1 € (0, 1]. (42)

kly*
Using that /L(])/k \]:/ea_y) w1?, and that Proposition 4.9(v) holds true, then, by applying [38,
—> 00

Proposition 9.2.1] to the following data:

o Ay (1) =, d(uy, (1), U(t) N Bs((1))) for all 1 € [0, 1],
o A(t) :=09;7d(u(r), U(t) N Bs(ia(1))) forall € [0, 1],
® Yy = ﬂyk’ Ky = Ml))/k and no 1= MO,

we obtain a Borel measurable function 8: [0, 1] — R™ and u € C*([0, 1]; R™) such that

weakly*

o M pldn = B)u’(dr) and B(1) € 37 d(@(®), Ut) N Bs (1) u ae.

Hoyx

Since uy, converges uniformly to i, and supp {u7, } satisfies Proposition 4.9(v), we deduce
that
supp {1’} C A= {t €[0,1]: (t, (1)) € bdry Gr [U(t) N Bs(u(1))]}.  (43)

Adjust B(-) on the set of u’-measure zero to arrange
te A = B@t)ed, di(t), U(t)N Bs(i(1))),

and hence, using [38, Formula (9.17)], we have

B(1) € [conv NE o GO N (B {0})] C Vie A (44)
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Thus, by (41) and (42), we obtain that —dq () = u(dt) = B(t)u’(dt). Using (38), we arrive
to
—dq() = (@) p(t)dt = )’ (). (45)

Next, we decompose u’(dt) = m(t)dt + ps(dt) for some nonnegative L!'-function m(-)
and some nonnegative Borel measure 14 totally singular with respect to Lebesgue measure.
Clearly m(t) = 0, for all r € A€, and hence, (44) implies that

B(t)m(t) € conv Né(t)ﬁég(ﬁ(t))(lz(t))’ vt € [0, 1].
Using (45) we get that @) p()dt = BOm()dt + B(t)us(dt). This gives that
(@) p(t) = B()m (), for ¢ € [0, 1] a.e. Therefore,

a(1)' p(t) € conv N; By @), V[0, 1] ae. (46)

In order to show the validity of the “In addition" part of the weak maximization condition,
we shall employ the following technical lemma whose proof follows from the local property
of the normal cones, the proximal normal inequality ([11, Proposition 1.1.5(a)]), and the fact
that the proximal, Mordukhovich, and Clarke normal cones coincide in our setting.

Lemma4.12 Let F: [0, 1] = R™ be a lower semicontinuous multifunction with closed
and nonempty values and let h € C([0, 1]; F). If there exist ¢, > 0 and r > 0 such that
F(t) N Bg, (h(1)) is r-prox-regular for all t € [0, 1], then for any § > 0 we have

conv (]\_/ L

_ NP
FOnByh(ry AO)) = NF(,)QBQ](h(,))(h(I)), vt € [0, 1].

Moreover, for all t € [0, 1] and for all { € conv (Né(t)ﬂga(h(t)) (h(t))), we have

(€, v—h®) < —EL_jlv — h(@)||2, Yve F(@).

— min{e,,2r}

Now, for the proof of the “In addition" part, consider &, > 0 and r > 0 therein such that
U(t) N Bg, ((t)) is r-prox-regular for all ¢ € [0, 1]. From (46) and Lemma 4.12, we obtain
that for all r € [0, 1] a.e.

(@) p(e), u — () < L2D2OLy, — )2, forall u e U ().

— min{e,,2r}

Therefore, for a.e. t € [0, 1],

(@) p(t), u) = LBOLOL 1)) < (o) ), a(r)), forallu € Ur).

min{e,,2r}
This terminates the proof of the weak maximization condition.

Step 6. The nontriviality condition.
It is sufficient to prove its equivalent condition: || p(1)|| + X # 0. Taking the limitas k —> oo
in the nontriviality condition of Proposition 4.9, and using the convergence of p,, (1) to p(1),
the uniform convergence of g, to ¢, the weak* convergence of 119, to u”, and the convergence
of Ay, to A, we get that

L= p(I + lIglloo + 11 llv + A. (47)

We argue by contradiction. If p(1) = 0 and A = 0, by (28) we obtain that p = 0. Hence (38)
yields that g () = 0 for a.e. ¢ € [0, 1]. This gives that

t

B (dt) = —dq(t) =0 and q(r) = q(0) +/ G(t)dt =0, Yre[0,1]. (48)
0
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Since, by (43) and (45), supp {1’} C A and B(¢) # O for all t € A, the first equation of (48)
yields that 4® = 0. Therefore, ||p(D)| + l1¢llcc + |14 ]lzv. + 2 = 0 which contradicts (47).
This terminates the proof of the nontriviality condition, and then, the proof of the conditions
(i)-(vi) of Theorem 4.10 is completed.

For the “Furthermore” part of the theorem, assume that C; = R"”. We need to prove that
A # 0.If not, then from the transversality condition (v), we get that p(1) € Nél (x(1)) = {0}
This contradicts the nontriviality condition (7). ]

The following is an example of a problem (P) on which we apply the necessary optimality
conditions of Theorem 4.10 to find its optimal solution.

Example 4.13 We consider the following data for (P):
e The perturbation mapping f: R?> x R — R? is defined by
J((xr,x2), u) = (=x1 — X2 —u, X1 — X2+ u).

e The function  : R? —> Ris defined by ¥ (x1, x3) 1= ()cl2 —|—x22 — 1)()612 +x22 —4),and
hence, the set C is the nonconvex and compact set

Ci={(x1,%2) : (7 +x3 — )(x} +x3 —4) <0}
e The objective function g: R* — R U {00} is defined by

Ja34+xF—1)  (x3.x4) €C,
g(x1, x2, X3, x4) := .
00 Otherwise.

The function ¢ is the indicator function of C.
The control multifunction is U(t) := [0, 1] for all t € [0, %], Co := {(1,0)}, and
C1:={(0,x2) : xo > 0}.

One can easily prove that the assumptions (A2)-(A4) are satisfied. Furthermore, as f is
globally Lipschitz on R? x R, g is globally Lipschitz on R? x C, and U is convex with
nonempty interior, we conclude that all the assumptions of Theorem 4.10 are satisfied. Since
that g vanishes on the unit circle and is strictly positive elsewhere in C, we may seek for (P)
an optimal solution (x, i), if it exists, such that x := (X1, x») belongs to the unit circle, and
hence we have

iff(r) +33(t) = 1Vt € [0, Z]; and X1 (1)x1 (1) + X2 ()x2(1) = 0 aee., @)

(0" =(1,0) and ¥(%)" = (0, 1).
Applying Theorem 4.10 to this optimal solution (x, i) and using (24), we get the existence
of an adjoint vector p := (p1, p2) € BV ([0, %]; R2), a finite signed Radon measure v on

[O, %], é e L*°([0, %]; R™), and A > 0 such that, when incorporating equations (49) into
(i)- (vi), these latter simplify to the following

@ IpGl+r=1
(b) The admissibility equation holds, that is, for ¢ € [0, %] a.e.,

X1(t) = —%1(t) — %o (1) — it + 631 (DE(1),
X (1) = X1 (1) — %2(t) + it + 652 (1E(1).

@ Springer



23 Page 26 of 33 C.Nourand V. Zeidan

(c) The adjoint equation is satisfied, that is, for # € [0, %],

— _ $2(1) — % T
dpt) = (i 11> pyd +£(1) <§;11((tt))iz(t6) 38?%(8;2_(2) plydi

x1(O\ -
-6 <)E2(t)) dv.

(d) The complementary slackness condition is valid, that is,

EOGiOF0) + pr(0320) =0, 1€[0, %] ae.
(e) The transversality condition holds: —ﬁ(%) e MO, D)} + {(@,0) e R? : ¢ e R}.A
() max{u(py(t) — p1(¢)) : u € [0, 1]} is attained at u(¢) for ¢t € [0, %] a.e.
Combining (49) and (b), we deduce that

L+u@)(x1(2) — x2(2))
6
On the other hand, employing (d) and (49)(a) in (c), yields that, for ¢ € [0, %],

dp1 = (p1(t) — pa(1) — 65(1) p1 (1))dt — 631 (1)dv,

Et) = , Vi €0, 5]. (50)

_ _ _ oo _ . (S
dp> = (p1(t) + p2(t) — 6§ (1) p2(1))dt — 6x2(t)dV.
To benefit from (f), we temporarily assume that
pa(t) < pi(t) fort € [0, ] ae. (52)

Then i = 0, which gives using (50) that £(r) = 1 for all r € [0, %]. Solving the two
differential equations of (b) and using (49), we conclude that

(O = (cost,sint), Vt€[0,%].

Using (a), (d), (e), and (51), a simple calculation gives that

h=3 and 5(3) = (4, -,

PO = %(sint, —cost)on [0, F) and dv = %8{1} on [0, 31,

2
where §,) denotes the unit measure concentrated on the point a. Note that for all ¢ € [0, %],
we have p>(t) < p1(t), and hence, the temporary assumption (52) is satisfied.
Therefore, the above analysis, realized via Theorem 4.10, produces an admissible pair

(x, ), where
(O = (cost,sint) and i(t) =0, Ve l0, %],

which is optimal for (P).

5 Proofs of Theorems 4.1 and 4.7

Proof of Theorem 4.1. (i): Having a uniform bounded derivative in L2([0, 1]; R™), the W 1.2-
sequence uy, is equicontinuous. Since, by (A4.2), the compact sets U(¢) are uniformly

4 The use of 3£‘g, instead of the usual 9© g, in our transversality condition yields better information. Indeed,

if we use aLg, then we obtain in the transversality condition the set A{(0, 1 — B) : B > 0} instead of the
strictly smaller set A{(0, 1)}.
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bounded, then u,, is uniformly bounded in C ([0, 1]; R™), and hence, Arzela-Ascoli theorem
asserts that u,, admits a subsequence, we do not relabel, that converges uniformly to an
absolutely continuous function u with u(t) € U(¢) for all t € [0, 1]. As iy, is uniformly
bounded in LZ([0, 1]; R™), then, up to a subsequence, it is weakly convergent in L?. The
boundedness of (u,, (0))x then yields that the L2-weak limit of iy, is i, and whence, u € W.
The fact that x is the unique solution to (D) corresponding to (xo, ), and the proceeding
statements of this part, follow immediately from Theorem 3.9(ii).

(ii): Now, assume that ¢, € C(k) for k > k,, where k,, is the rank in Theorem 3.11.

Let us first show that (&, )x has uniform bounded variations. Since v and Vv are Lip-
schitz on C and x,, is Lipschitz for k > k,, we deduce that, for k > k,, the function
&, ()VY (xy, (-)), where &, is defined in (16), is Lipschitz continuous on [0, 1]. Similarly,
the Lipschitz property on C x (U + pAB) of f(-,-) (and then of fa(-,-)) and the fact that
(Xy» ty,) isin W0 x W2 yield that fo (xy, (), uy, () is in W2([0, 1]; R"). Hence,

d
S () 1= - fo (o (1), 1y (1)),

exists foralmostall r € [0, 1]. By writing fp = (fdls, cee fg)T,and using that x,, (t) € int C
(for all t € [0, 1]), and u,, (1) € U(t) C U (for ¢ € [0, 1] a.e.), it follows from the proof of
[40, Theorem 2.1], that

£l (1) €40 i Oy (1), 1y, (1), Gy (1), 1y, (1)), £ €00, 1 ae., Vi=1,---,n.

Since (|[tty, [I2)x is assumed to be bounded, and, by Theorem 3.11, (]|X}, [loo)k is bounded,
then the sequence (||&y,|l2)« is bounded by some M; > O that depends on M, 1\711/], n, and
the bound of (|t [|2)-

As fo(xy, (), uy () € wh2([0, 11; RY), the right hand side of (D), ) yields that x,,
is in W12([0, 11; R"), and so is the function [(V¥(xy, (-)), %y, (-)}|. This also implies that
£, € W22([0, 1]; R*), due to

£y (1) = y2eVn DNV (x), (1)), Ty, (1))

Next, calculating X,, through (D,,) in terms of ¢,, and x,,, and using the fact that for
h e AC(]0, 1]; R) we have

d _ i . 5
E'h(m = <dth(t)> sign(h(t)) ae.t € (0, 1),

it follows that there exist measurable functions z?lfk and ﬁ]%k whose values at ¢ are in
821//(ka (1)), for almost all ¢ € [0, 1], such that, for ¢ € [0, 1] a.e., we have

d .
77 (V¥ O (), 2 ()] o

= [{2}, 80 00, £, ) + (79 (0 0, £ 1)) (V9 (1 (D), 5 O

= ({2}, 80 0, £ 0) + (VW (0 0), 6, (0) = £, (DO D, )] )
~ (e (DT (D), 5 (0) VY (0, (0), Vi Gy () ()

0]

X

5 The function sign: R — R is defined by: sign(x) = 6l for x # 0, and O for x = 0.
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B3] = (9}, (05, (1), 30, 0) + (V8 (e (1), 6, () = &, ODF O (1)) | at)

— i€y (1) (VY 0y (1)), e O)] IV Oy ()11

Integrating both sides on [0, 1] and using the boundedness of (||xy, [loo)x and ([[£, lloo)x (by
Theorem 3.11), and assumption (A2.1), we get the existence of a constant M; depending on
M, My, My, n, and M such that

1
/0 |y DIV Gy ()| dE < M.
Using (3) and assumption (A2.2), it follows that
1 1
[ noiar = [ yem om0y 0. 5 0l

= / Y2V O (T (xy, (1)), dy, (1)) |dE
{£:1IVr (xyy ()1 <1}

IV (xy (1)1 J
—————dt
IV (xy, ()12

- 2MM M - 2MM M -
Sn(M—i— nw>y,36_7k8+’721577<M+ nw>+n;=:M2,

+ / Y2V OV (xy, (1)), %y (1))
{£:1V (xy (D) 1>}

for k sufficiently large, where M, depends on the given constants, M, MW, My, n, and

on the bound of (||it, [l2)x. Therefore, the sequence &,, satisfies, for k sufficiently large,
Vi () < Ma. )
On the other hand, by Theorem 3.11, [|&}, oo < % for all k > k,. Hence, by Helly first

theorem, &, admits a pointwise convergent subsequence, we do not relabel, whose limit is
some function § e BV([0, 1]; R") with ||§||Oo < ZTM and VO1 (é) < M. Being pointwise

convergent to £ and uniformly bounded in L*, &, strongly converges in L2 to £. However,
by part(i) of this theorem, &,, converges weakly in L% to &, hence, & = &. Thus, &,, converges
pointwise and strongly in L? to £,and £ € BV ([0, 1]; R*) with

Vo (§) < Ma. (53)

As f is M-Lipschitzon C x (U+ gB),u € W, Vi is Lipschitz, and & € BV, then equation
(7), which is satisfied by (x, u, &), now holds for all # € [0, 1]. This yields that (8) is also
valid for all ¢ € [0, 1], and that x € BV ([0, 1]; R™).

It remains to show that x,, has uniform bounded variations and converges pointwise and
strongly in L?to % € BV ([0, 1]; R"). Since &, ()Vr(xy, () is Lipschitz, u,, € W, and f
is M-Lipschitz on C x (U + ,53), then (D), ) holds for all t € [0, 1], that is,

Xy (1) = foo (X3 (1), 1 (1) = & (DVY (xy (1)), V1 €0, 1].

Hence, using part(i) of this theorem, the continuity of fp(:,-), that the sequence
(Xyy» Uy, &) has uniform bounded variations and converges pointwise to (x, u, ), and
that (x, u, &) satisfies (7) for all + € [0, 1], we obtain that the sequence X,, is of bounded
variations and converges pointwise to X € BV ([0, 1]; R"). Since (||, [loo)« is bounded, we
conclude that the sequence X, also converges strongly in L? to %. Therefore, Xy, converges
strongly in the norm topology of W12 to x. O
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Proof of Theorem 4.7. We consider k large enough so that Co (k) C C‘o (8)and C; (k) C Ci ),
see (19). By Corollary 4.2, X,, — x strongly in W12, and hence, for k sufficiently large,
Xy, (t) € Bs(x(t)) forall ¢ € [0, 1], and y,, (1) € [-8, 8], where

t
B (1) = / 13, () — £(s)[2ds.

Thus, the triplet state (X, Yy 2y = 0) solves (D,,) for ((ck,0,0), u), with x,, (¢) €
Bs(X(t)) and ii(t) € U(r) N Bs(ii(t)), for all ¢ € [0, 1], and Xy (1), ¥y, (1), 290,(1) = 0) €
C1(k) x [—8, 8] x [—8, §]. Therefore, for k sufficiently large (xyk, Yy 0, i) is an admissible
quadruplet for (Py,). Using the continuity of g on Co(8) x C1(8) and the definition of
J(x,u,z,u),we obtaln that J (x, u, z, u) is bounded from below. Hence, for k large enough,
inf (P, ) is finite.

Fix k sufficiently large so that inf(P,) is finite. Let (x),k, yyk, Zn’ ”yk)" €
wL2([0, 1]; R") x AC([0, 1]; R) x AC([0, 1]; R) x W be a minimizing sequence for (P, ),
that is, the sequence is admissible for (P, ) and

llm J(x" inf (Py,). 54)

Y ka’ Z)’k’ Jrik) =
Since for each n, xyk solves (D,,) for (x (0), u ,)> and (x (0)), € Co(k) C C, then,
by (13), we have that the sequence (x k)" 1s unlformly bounded in C([0, 1]; R") and the
sequence ()'c;}k)n is uniformly bounded in L?. On the other hand, from (A4.2), we have that
sets U (¢) are compact and uniformly bounded, then, the sequence (u’;k),,, which is in 'W,
is uniformly bounded in C ([0, 1]; R™). Moreover, its derivative sequence, (L't;’,k)n, must be
uniformly bounded in L?. Indeed, if this is not true, then there exists a subsequence of i Wy,
we do not relabel, such that nlﬂ)n ||u l2 = oco. Using that g is bounded on Co(8) x C1(5),

it follows that

1
J&D vy, 20 ul ) > min glcr, )+ =20 (1)
Yk Yk Yk Yk (Cl,L'Q)EC()(S)Xél (5) 2 Yk

. 1
= min - gler, e2) + Sl — i3
(e1.02)€Co(3)x C1(8)

and hence, hm J (x = 00, contradicting (54). Thus, also (L't’;k),, is uni-

Yi? y Yk’ Z}’L’
formly bounded in L2. Therefore, by Arzela-Ascoli theorem, along a subsequence (we
do not relabel), the sequence (xyk, “yk)" converges uniformly to a pair (x,,, u,,) and the
sequence (xyk, “yk)” converges weakly in L? to the pair (Xy,, iy, ). Hence, (xy,,u,,) €

W20, 1]; R") x ‘W. Moreover, the following two inequalities hold
1y, = X113 < liminf [li}, —x|3 and [y, — ull7 < liminf i, —@l3. (55

Since Co(k), C;(k), Bs(X(r)) and U(¢) N Bs(ia(t)) are closed for all 7 € [0, 1], and from
the uniform convergence, as n —> 00, of the sequence (x}’}k, u’;k) to_(xyk, uy, ), we get that
the inclu_sions Xy, (0) € Co(k) and x,, (1) € Cy(k), and x,, (t) € Bs(x(t)), and u,, (t) €
U(t) N Bs(u(t)), for all ¢ € [0, 1]. To prove that x,, is the solution of (D,,) corresponding
to (xy, (0), uy,), we first use that x is the solution of (D,,) for (x , (0), u D> that is, for
t €0, 1],

t
X, (6) = x3,(0) + /0 [ oG 00, 1 (90) = eV D Ve ) | ds
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Using that (x;k (1), u)’ﬁk (1)) € [C N Bs(X(1))] x [U(t) N Bs(ii(t))], fo is Lipschitz on [C N
Iﬁ%g )] x [(U+ ,5[3) N ]1_3%5 ()], and (xyk, Vk) converges uniformly to (x,,, uy, ), then, upon
taking the limit, as n — 00, in the last equation we conclude that (x,,, u,,) satisfies the
same equation, that is,

Sy () = foo (ry (1), (1)) — eV OV (xy, (1)), 1 €10,1] ae.

We define for all ¢ € [0, 1],

t 1
Yy (1) ::/0 %y, (v) — (D) [*dt and zy, (1) ::/0 llity, (v) — ii()||*d.

Clearly we have:
e vy € AC([0, 11 R), 3y, (1) = |4y, (1) — X%, ¢ €[0, 1]ae., and y,, (0) = 0.
e 2y, € AC([0, 1], R), 2, (t) = llity, (1) — ()|, ¢ €[0,1]ae.and z,,(0) = 0.

" (1) € [-8, 8], the two

Moreover, since ||}, —)E||2 = yy, (1) € [=4, 8] and ||uy, — IZII2 =2y,

inequalities of (55) yield that
Yy (D) € [=6, 8] and z,, (1) € [-6, 8] (56)

Hence, (Xy,, Yy;» 2y » Uy, ) 1s admissible for (P, ). Now using (54) and the second inequality
of (55), it follows that

1nf(P),k)_ hm J(xyk,yyk,zyk, )/k)

= lim_ (g(xyk(t)) X, (D) + 3 (||uyk(0>—u(0)|| +22 (1) + X2 (0) — O] ))
1 .
=80 (0, (1) + 5 1y, (0) — ﬁ<0>||2+E lim inf |, — it|[3 + Enxn ) - O

1 _ 1 . - 1 _
> g0y, (0), xy, (1)) + 3y, (0) = #(0)]* + Sl = i3 + 5 lhen @) — (0
=J Xy Yy Tys Uy )-

Therefore, for each k, large enough, (xy,, Yy, 2, Uy, ) is optimal for (P, ).

As Remark 4.5 asserts that, for k large, Co(k) C C(k) C C,then, Lemma 3.6 and Theorem
3.9(i) yield that the sequence (x,,, &y, )k, where &,, is given via (16), admits a subsequence,
not relabeled, having (x,, )¢ converging uniformly to some x € wh2([0, 1]; R") with images
in C, (Xy,, &, )k converging weakly in L?to (x,&) and & supported on / 0(x).

Now, consider the sequence (i, )k, which is in W. It has a uniformly bounded derivative
in L2. In fact, the admissibility of (X, , yy,, 0, i), and the optimality of (xy,, Yy, 2y, Uy)
for (P),), imply that

1
I Xy Yy 2y ) = 8Ky (0), Xy, (1) + Elliyk 0) — 20>, (57)

This, together with the continuity of g on Co (8) x Ci (8), the uniform boundedness of the
sequences (xy, ) and (X, )k, and the boundedness of U (0), imply that for some M > 0 we
have that

iy, — itl3 < 2 (8(Fy, (0), Fy (1)) = gy (0), xy (1)) + ||y, (0) — F(O)]|
— Ny, (0) — @(O) > = ||xy, (0) — X(O) > < M.
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Therefore, (1, )« has uniformly bounded derivative in L?. Now since in addition we have that
Xy, (0) € Co(k) C C(k), we are in a position to apply Theorem 4.1. We obtain a subsequence
(not relabeled) of u,,, and u € ‘W such that (x,,, u,,) converges uniformly to (x, u), ity,
converges weakly in L2 to iz, all the conclusions of Theorem 3.11 hold including that Xy (1) €
intC for all t € [0, 1], (X, &,) converges strongly in L?to (x,&), x € BV([0, 1]; RY),
£ € BV ([0, 1]; R™), and, for all ¢ € [0, 1], (x, u, £) satisfies (7)-(8) and x uniquely solves
(D) for u, that is,

x(t) = fo(x(0), u(®)) —EOVY(x(@) € f(x(@),u®)) —0¢p(x(), Viel0,1],
x(0) € Co N B, (¥(0)).

Moreover, we have
. ) . . =2
llie — ull5 < liminf ||, — ull5. (58)
k—> 00

We shall show that (x, u) is admissible for (P). Since X,, converges strongly in L?to x, and
using (56) and (58), we have:

. oio .= (56)
o IE =513 = lim [y, 513 = lim y, (1) € [-6.5]

N 1) A . =0 . (56
o |lu—ull5 < liminf ||l&,, — ul|5 =liminf z,, (1) € [-4,§].
k—> 00 k—> 00

Hence, ||x — )Lc||% < § and |u — lft||% < 4. Since xy, (1) € Cy(k), (20)(b) implies that
x(1) e Ci N Bgo (x(0)). Furthermore, the two inclusions x,, (t) € Bs(X(1)) and Uy (1) €
U(t) N Bs(ii(1)), for all ¢ € [0, 1], together with the uniform convergence of (x,,, uy,) to
(x, u), give that x(t) € Bs(¥(r)) and u(r) € U(r) N Bs(ii(r)), for all € [0, 1]. Therefore,
(x, u) is admissible for (P). Hence, the optimality of (x, i) for (P) yields that

8(x(0), x(1)) = g(x(0), x(1)). (59)

Now, the uniform convergence of x,, to x, (57), (59), the continuity of g, and the convergence
of xy, (0) to x(0), imply that

u(0) = i(0) and lkim inf ( [lity, —itll3) =0, and (60)
—>00

x(0) = x(0) and g(x(0), x(1)) = g(x(0), x(1)). (61)

The equality (60) gives the existence of a subsequence of u,,, we do not relabel, such that
1iy, converges strongly in L? to i. It results that uy, converges uniformly to i, and hence,
u = u. Consequently, u,, converges strongly in W to iz. Moreover, as u = u, the functions x
and x solve the dynamic (D) with the same control # and initial condition, see (61), hence,
by the uniqueness of the solution of (D) we have x = x. Using Lemma 3.5, we obtain that

also & = &. Therefore,

uniformly strongly

———— x and (Xy,,&,)
C([0,11;R") nen L2([0,1]; R xR+)

Xy (x,§).

This yields that (yy,, z,) —> (0, 0) in the strong topology of W!1([0, 1]; RT x R™).
Since xy, (1) € [(C1 N B, (X(1))) — (1) 4 Xy, (1)] N (int C) and X,, (1) converges to

(1), it follows that x,, (1) € [ (C1 N Bs,(X(1))) + #B] N (int C), for k sufficiently large.

On the other hand, the definition of Cq(k) and the convergence of p; to 0 yield that, for k

large enough, x,, (0) € [ (Co N By, (x(0))) + pB] N (int C). This terminates the proof of

Theorem 4.7. ]
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