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Abstract

This paper studies duality of optimization problems in a vector space without topologi-
cal structure. A strong duality relation is established by means of algebraic subdifferential
and algebraic conjugate functions. Topological duality relations are obtained by the alge-
braic approach without lower semicontinuity or quasicontinuity hypothesis on perturbation
functions. Applications are given for the sum of two convex functions, monotropic prob-
lems, infinite convex or linear problems. Attention is also made on the algebraic constraint
qualification for problems with countably infinitely many inequality constraints.
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1 Preliminaries

Let X be a linear space over the reals and & : X — R := RU {400} an extended real valued
function. Recall that % is convex if its epigraph epik := {(x,7) € X x R : h(x) < r}is
a convex subset of the product vector space X x R, or equivalently, for any x, y € X and
t € (0, 1), one has

h(tx + (1 —=1)y) <th(x) + (1 —)h() (1
in which we adopt the convention (4-00) + (—00) = (—00) + (4-00) = +o00. The effective

domain of % is denoted domh := {x € X : h(x) < +oo}. The function # is proper if & does
not take the value —oo and domh # @.
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The algebraic relative interior, or intrinsic core, of a convex subset A of X is given by
icr(A) :={a€ A:Vx € A,3x > 0 such that a — A(x —a) € A}.
For each b € X one has icr{b} = {b} and
b eicr(A) <= cone(A —b) :=R;(A —Db) is a linear subspace of X.

The following lemma shows that if the domain of an extended real valued function has a
nonempty intrinsic core, then so does its epigraph (see also [8]).

Lemma 1 Let h : X — R be convex and let a € X be such that h(a) # —oo and
a € icr(domh). Then h is proper and (a, h(a) + 0) € icr(epih) for every 8 > 0.

Proof Let us first prove that % is proper. Suppose to the contrary that there is some x € X
such that 4(x) = —oo. Then x € domh. Since a € icr(dom#h) there exists y € domh such
that a € (x, y), thatis,a = tx + (1 — )y for some ¢ € (0, 1). Because h(y) < +oco and
h(x) = —o0, in view of (1), one would have /& (a) = —o0, a contradiction. Thus, # is proper.
Now let (x, r) € epik and 6 > 0. We wish to find A > 0 such that

(a, h(a) +6) — A((x,r) — (a, h(a) + 0)) € epih. 2)

Consider the restriction /|y of & on the straight line L := {a 4+ t(a — x) : t € R}. Then
h|L is a proper convex function on L and a is an interior point of its domain with respect
to the usual topology on a straight line. In view of Lemma 7.3 [17], (a, h(a) + 0) is an
interior point of epik|; in L x R. Hence, for (x, r) € epih|; we can find A > 0 such that
(a,h|p(a) +0) — A((x,r) — (a, h|L(a) + 0)) € epih|L, which evidently gives (2). O

Let X’ denote the algebraic dual space of X. We consider the algebraic conjugate and
biconjugate of & defined by

h*(p)
W (x) -

sup,ex{@(x) — h(x)} for ¢ € X/,

sup {p(x) — h* ()} for x € X.
peX’

The algebraic subdifferential of / at a point a € X is given by

{{go € X' h(x) > h(a) + o(x —a),¥x € X} if h(a) €R
Ih(a) =

if h(a) ¢ R

One says that % is algebraically subdifferentiable at a if 9/ (a) # ¥J. Moreover, if h(a) € R,
then one has

¢ € 0h(a) < h(a)+ h* () = ¢(a). 3)

Let us consider the case when X is a topological vector space and X™ is its topological
dual. The usual Fenchel conjugate 7* of & (see [4, 16, 18, 21]) is nothing, but the restriction
of h* on X*. Namely,

R*(x*) == sup, ey ((x*, x) — h(x)), x* e X*.
Its biconjugate is defined on X by

R**(x) = sup ey ((x*, x) — A*(x¥)), x € X.
It is clear that

() = (h* + 5x0)F (x) < i (x) < h(x) for x € X.
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Similarly, the usual subdifferential of 4 at a with h(a) € R, denoted by 3*h(a), is given by
0*h(a) = dh(a) N X*.

Note that when X is finite dimensional, the two dual spaces X’ and X* coincide. There-
fore, the algebraic concepts of conjugate function and subdifferential are the same as the
usual ones. This, however, is not true in infinite dimension.

Example 1 Let X be an infinite dimensional separated locally convex space and ¢ € X’
be a discontinuous linear function. Then d¢(0x) = {¢}, while 3*¢(0x) = @. Consider &
defined by h(x) = |p(x)|, x € X with ¢ as above. We have for every ¥ € X’ that
R W) = sup(¥ (x) = lp()])
xeX

= sup(¥(x) — sup tg(x))

xeX —1<t<l1

= sup inf (Y(x)—te(x))
xex —l=r=l

= inf sup(¥(x) — te(x))
—1=r=l,ex

)0 if y =tp for some ¢ e[—1,1]
Tl 4o else

in which the fourth equality is obtained by the minimax theorem ([21], Theorem 2.10.2). It
follows that #* is the indicator function 8(o,.) of the set {Ox«} and A**(x) = O for every
x € X, while #** = h.

Remark I Note that equality h*™ = I is not always true for & proper convex. For instance,
the function 2 : R — R given by

0 for x >0
h(x) = { +o00 for <O,
has #*#(0) = 0 < h(0). A criterion for equality #** = h can be established by equipping
X with a weak topology associated with X’. Namely, let 7 be a locally convex topology
such that the topological dual of X coincides with X’. Such topologies exist, for instance
the topology generated by the family of seminorms of type |¢|, ¢ € X', or the topology
generated by the family of all seminorms on X. These topologies are all locally convex. In
view of Proposition 5.3 [16] equality 4* = h holds for a proper convex function 4 on X if
and only if 7 is lower semicontinuous with respect to 7.

Two subsets A, B of the linear space X are said to be properly separated if there exists a
nonzero linear functional £ € X" and (a, b) € A x B such that

p(a) < @(b) for (a,b) e Ax B, and ¢(a) < <p(5).

The next separation criterion for convex sets in a linear space is crucial for our analysis (see
[1,6,8,9, 13]).

Lemma 2 Two convex subsets A, B of a vector space such that icr(A) # @ and icr(B) # 0
are properly separated if and only if

icr(A) Nicr(B) = 0.
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664 D.T. Luc, M. Volle

The following criterion for algebraic subdifferentiability is a slight improvement of the
subdifferentiability theorem of [13] (page 27) (see also [9], page 23), stating that a real val-
ued convex function on a convex subset of a linear space is algebraically subdifferentiable at
each point of its intrinsic core. This improvement is quite easy to prove by a standard argu-
ment, but is useful in applications because the value functions associated with perturbation
functions we are going to study often take the values 400 and —oo.

Lemma3 Leth : X — R be convex, a € X such that h(a) # —oo and R (domh — a) is
a linear subspace of X. Then h is algebraically subdifferentiable at a.

Proof By Lemma 1 we have icr(epih) # (. Moreover, h(a) € R and (a, h(a)) ¢ icr(epih)
because otherwise (a, h(a) — €) € epih for some ¢ > 0, which is impossible. We apply
Lemma 2 to properly separate the convex sets {(a, h(a))} and epik in the linear product
space X x R. Thus, there exists (¢, s) € X’ x R, (¢, s) # (0x, 0) such that

p(a) + sh(a) < o(x)+sr for all (x,r) € epih (@)

and strict inequality holds for some (X, r) € epih. It follows that s > 0. By dividing both
sides of (4) by s and setting 9o = —¢/s, r = h(x) for x edom#h, we obtain

—@o(x) + h(x) > —go(a) + h(a) Vx € domh.

This relation is true for all x € X because i(x) = +oo for x ¢ domh. Hence ¢g € dh(a)
and the proof is complete. (]

In the present paper we aim at establishing strong duality for abstract optimization prob-
lems in a vector space without topological structure (Section 2). Applications are made to
obtain a formula of the algebraic conjugate of the sum of two convex functions (Section 3),
strong duality for problems with inequality constraints and strong duality for infinite convex
problems in Sections 4 and 5 respectively, in which particular attention is given to clarify
the algebraic constraint qualification. The results of Sections 4 and 5 concerning problems
in topological spaces show that in certain circumstances algebraic duality approach is useful
to establish topological duality without lower semicontinuity or quasicontinuity hypothesis
on the perturbation functions.

2 Algebraic Duality in Optimization

We consider an abstract optimization problem

inf f(x)

subject to x € S,

(P)

where S is a nonempty set and f is a function on S with values in R U {+00}. We wish
to construct a dual of (P) and establish duality relations between (P) and its dual without
any topological structure on S. To this purpose, we consider a perturbation function F :

§ x Y — R, where Y is a linear space, such that F(x,0y) = f(x) for all x € S. The
associated algebraic Lagrangian function L : S x Y’ — R, is defined by

Lx,v¥):= Virglg{F(x, =y} for yeY.

The algebraic Lagrangian dual problem of (P) is given as
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Algebraic Approach to Duality... 665

sup infyes L(x, ¥)
(AD) subject to ¢ € Y.

The optimal values of (P) and (A D) are respectively denoted by inf(P) and sup(AD). We
write min and max instead of inf and sup if those values are attained. It is clear that

sup(AD) < infyes supyey L(x, ¥) < inf(P),

which is known as weak duality relation. We have strong duality if max(AD) = inf(P),
and zero duality gap if sup(AD) = inf(P).
We define the value function v : ¥ — R associated with F by

v(y) :=infyecsF(x,y) for yeY.
It follows from the definitions that v¥ (/) = —infyes L(x, ¥) for ¥ € ¥’ and

v(0y) = inf(P)
v™#(0y) = sup(AD).

Weak duality relation between (P) and (A D) is nothing, but inequalities —oo < v#(0y) <
v(0y) < +o00. Note that the strict epigraphs and the domains of v and F are linked by

epi;v = Projy «gepis F
domv = projydomF.

Moreover, since a function is convex if and only if its strict epigraph is convex, in the case
S is a vector space, the value function v is convex if and only if projy , gepi, F is convex. In
particular, v is convex if projy gepiF is convex, which is verified when F is convex. The
following condition, a kind of algebraic constraint qualification, will be used throughout:

(CQ) The set Ry (projydomF) is a linear subspace of Y .

Theorem 1 Assume that v is convex and (CQ) holds. Then we have
—o00 < inf(P) = max(AD) < +o0.
In other words, there exists ¥ € Y' such that

inf(P) = infcsL(x, ¥) € [—00, +00). 5)

Proof If inf(P) = —oo0, then the conclusion of the theorem is evident and (5) holds for any
¥ € Y. Letinf(P) > —oo. We have v(0y) > —oo and by the hypothesis, Oy € icr(domv).
In view of Lemma 3, v is algebraically subdifferentiable at Oy, that is, there exists ¥ € ¥’
such that v¥(y) € R and (3) holds. Hence

inf(P) = v(0y) = —v*(¥) = infrex L(x, ¥) < sup(AD) < inf(P),
and (5) follows. O
Observe that the dual construction by the Lagrangian function allows us to obtain strong
duality (Theorem 1) in rather general setting in which the constraint set S is an arbitrary set.

We shall, however, focus on the case where S is a subset of a vector space X. By defining
f(x) = 4oo for x ¢ S we may assume S = X. In this case, the algebraic conjugate of
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666 D.T. Luc, M. Volle

f is defined on X’ and the algebraic conjugate of F is defined on X’ x Y’. It is clear that
inf(P) = — f#(0x+). Moreover, since

inf L(x, %) = inf inf (F(x,y) = ¥(y) = —F*(0x, ¥),
xeX xeX yeY

the dual (AD) takes the form

sup —F*(0x/, ¥)
subject to ¢ € Y/,

which is known as the algebraic conjugate dual of (P).
Corollary 1 Assume F is convex and (CQ) holds. Then for each ¢ € X' one has

—o0 < fHe) = nin, F* (g, ) < +o0, ©)

and, in particular,

— 00 < inf(P) = maxycy — F*(0x/, ¥) < +o0. 0

Proof Let ¢ € X'. Consider (P) with the objective function f — ¢ instead of f. Then F — ¢
is a convex perturbation function of f — ¢ with projydom(F — ¢) = projydomF. We apply
Theorem 1 to obtain

—00 < —(f —@)*O0x) = may —(F —)*(0x/, ¥) < 400,

which gives (6) because (f — ¢)*(0x) = f*(p) and (F — 9)*(Ox, ¥) = F(p, ¥).
Relation (7) is obtained from (6) by setting ¢ = Ox. O

If in addition X and Y are topological vector spaces, then the topological conjugate dual
of (P) is nothing, but the restriction of (AD) on Y*, that is,

sup —F*(0x+, y*)

(TD) subject to y* € Y™,

We have
—oo < sup(T D) = v**(0y) < v*(0y) = sup(AD) < inf(P) < 4o0.
If domv* C Y*, then v**(y) = v (y) forall y € Y, and, consequently,
sup(T D) = sup(AD).

This property will be exploited in the sequel when we use algebraic constraint qualification
to derive topological duality relations. The next diagram summarizes some relationships
between the algebraic and the topological conjugate dualities.

F is convex, R projy(domF) is a linear subspace
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U
—00 < fHg) = gli? F¥(p,¥) < 400 Vg € X’
E !

X, Yare topological vector space
projy, (domF#) c v*

—00 < fH(x*) = milr} F*(x*, y*) < 400 Vx* € X*
y*e *
U X, Yare topological vector space

projy« g (epiF*) is w* —closed and domf # 0.

The first implication is due to Corollary 1. The second implication holds because the func-
tion f* coincides with f* on X*, F* coincides with F* on X* x Y*, and under the
hypothesis projy, (domF#) C Y*, one has

min F*(p, ¥) = min F*(, ¥).
yey’ yer*

The third implication comes from the fact that projy«, g (epiF*) = epif*. When X and ¥
are separated locally convex spaces and f** = F**(., Oy) the converse of the third impli-
cation is also true (Corollary 2.2 [15]; see also Theorem 9.1 [4] when F is proper convex
and lower semicontinuous).

Remark 2 If X and Y are vector spaces, then, as it was already discussed before, one may
equip them with a locally convex topology such that X’ = X* and Y’ = Y*. Assume that F
is proper convex, lower semicontinuous with respect to the product topology on X x Y. In
view of Corollary 1, (6) holds, which, in its turn, by Theorem 9.1 [4], yields a closedness-
type condition that projy g (epiF’ #) is closed with respect to the weak* topology on X’ x
R.

3 Algebraic Duality for the Sum of Convex Functions

Let W be a linear space and let p, ¢ : W — R be functions on W. The infimal convolution
of p and q is defined by

plg(w) := (p(2) +gqw —2)) for weW.

inf
zeW
It is exact at w if the infimum is attained at some point z € W, thatis p(z) + g(w — 2) <
p(2) + q(w — z) for all z € W. We wish to apply Corollary 1 to establish a formula for the

algebraic conjugate of the sum f + g in terms of infimal convolution of their conjugates,
which is known as a generalized version of Fenchel’s duality (see Remark 3).

Proposition 1 Assume that f and g are proper convex and that Ry (dom f — domg) is a
linear subspace of X. Then, for each ¢ € X', one has

—o0 < (f +9)*(p) = "0g%(p) < +o0,

in which the infimal convolution is exact.
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668 D.T. Luc, M. Volle

Proof Consider (P) with the objective function f + g. Define a perturbation function F by
Fx,y)= f(x+y)+gkx) for (x,y) e X x X.

Then F is a proper convex function and (CQ) holds because projydomF = dom f — domg.
Moreover, since f and g are proper, f* and g* do not take the value —oo, and one has

Fro.n) = +g'@—v). Y.v)eX xX.
It remains to apply Corollary 1 (6) to complete the proof. O

Remark 3 When X is finite dimensional, the hypothesis of Proposition 1 reads 0 €
ri(dom f — domg) or, equivalently, ri(dom /) N ri(domg) # ¥, where “ri” denotes the rel-
ative interior of a set. Proposition 1 then gives Fenchel’s duality Theorem 31.1 [17], which
states that for proper convex functions f and g on R” satisfying the above intersection con-
dition, one has infycrn (f(x) + g(x)) = maxyxcrn —(f*(x*) + g*(—x™)). Note further
that the latter equality remains true without f and g being lower semicontinuous even in a
locally convex separated space provided that f is finite and continuous at a point of domg
(see Theorem 2.8.7 (iii) [21]).

In the remaining part of this section we apply Proposition 1 to obtain a formula for the
topological conjugate (f + g)*.

Lemma 4 Let f, g : X — R be two proper convex functions on a topological vector space
X. Assume that R (dom f — domg) is a linear subspace of X and that either dom f* < X*
or domg# C X*. Then, for each x* € X* one has

— 00 < (f+g)"") = min (f*(") +¢ (" —2") = +oo. ®)

Proof Let x* € X*. By Proposition 1 there exists ¢ € X’ such that

—00 < (f +9) (") = (f + 9" ") = fH (@) + 8" ¥ — ) =< +oo.
If (f +g)*(x*) = 400, then f*(z*) + g*(x* —z*) = 400 forany z* € X* and (8) holds. If
(f+8)*(x*) # 400, then ¢ € dom f#N (x* —domg®). It is immediate from the hypothesis
that ¢ € X*. Hence
(f+) (") = fF @)+ (" =7 > infrrex+(f* (") + g" (" = 2%) = (f + )" (x7),
which implies (8). O

The hypothesis that dom f# € X*, can be ensured when X is partially ordered by a
convex cone and all positive linear functionals with respect to that cone are continuous. Let
us assume that X is a topological vector space equipped with a partial order generated by
a convex cone C C X. The algebraic dual cone and the topological dual cone of C are
respectively denoted by C°, C* and given by

C°:={pyeX :¢p(x)=>0VxeC},
CTi={x*eX*: (x*,x)>0Vx eC)) =C°NX*.

A function f : X — R is said to be monotone if it is either increasing in the sense that
X1 X x2 = f(x1) < f(xp) for all x1,xp € Y or it is decreasing in the sense that
x1 Xx3 = f(x1) > f(xp) forall x1, x; € X.

Lemma 5 Let f : X — R be monotone with domf # @. Then dom f* c C° U (—=C°).
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Proof Let ¢ € domf#. Choose b € domf. If h is increasing, then for every x € C, we have

+00 > fH@) = pb —x) — f(b—x) > o(b) — p(x) — f(b).

If ¢ (x0) < O for some xg € C, then for ¢t > 0, we would have txy € C and

+o00 > (@) > p(b) —te(x) — f(b),

which leads to a contradiction when ¢ tends to 4+o0o. Therefore, ¢(x) > 0 forall x € C,
which means that ¢ € C°. If & is decreasing, then for every x € C, we have

+00 > @) = pb+x) — f(b+x) > o) + ox) — f(b).

By a similar argument as above, we deduce ¢(x) < Oforall x € C, by which¢p € —C°. O

We shall need the following hypothesis:
(Q)  All positive linear functionals on X are continuous, that is, C° = C™.

When this property is true, we also say that X has the property (Q). Here are some
examples of spaces having the property (Q).

a) Every finite dimensional space has property (Q). This, however, is not true in infinite
dimension. To see this, it suffices to consider a Banach space and a cone corresponding
to the positive part of a discontinuous linear functional. The topological dual of this
cone contains only the zero element while its algebraic dual contains the functional
defining it.

b) Let X be a Banach space and C C X a convex cone such that C — C is a closed linear
subspace of finite codimension, then Y has the property (Q) (see [20]). In particular,
the space Co(T') of continuous real valued functions vanishing at infinity on a locally
compact topological space T equipped with the norm ||x||oc = sup,c7 |x(¢)| and the
partially ordering cone C = {x € Co(T) : x(t) > 0 Vt € T} has property (Q) (see
[14]).

¢) Let X = RN equipped with the product topology, and let C = RB\IF. Then RN has the
property (Q) (Lemma 2.1 [2]).

Remark 4 If X is a topological vector space such that C° = C™ for every convex cone C,
then its convergence is almost of finite dimension in the sense that from a certain term, all
elements of a convergent net belong to a finite dimensional subspace. Indeed, let (xq)yes be
a convergent net, where / is a directed index set. Without loss of generality we may assume
that it converges to Oy. By contradiction we suppose that the net has a subnet (xg)geys
of linearly independent vectors, where J is a directed index subset of /. Let X be the
linear subspace generated by xg, 8 € J, and X> its algebraic complement. Define a linear
functional &£ on X by §(xg) = 1 for B € J, and §(x) = O for x € X;. Consider the cone
C ={x € X :&(x) = 0}. Itis clear that C is a convex cone, & € C° but it is not continuous.

Here is a formula for the conjugate of the sum of two functions one of which is monotone.
Corollary 2 Let f,g : X — R be two proper convex functions on a topological vec-

tor space X partially ordered by a convex cone C C X with property (Q). Assume that
Ry (dom f — domg) is a linear subspace of X and that either f or g is monotone. Then, for
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670 D.T. Luc, M. Volle

each x* € X* one has

—oo < (f+8'Cx") = Z{)réi)r(l*(f*(z*) +g*(x* — 7)) < 4o0. 9)

Proof By Lemma 5 and by condition (Q), we have either dom f #C X* ordomg® € X*. It
remains to apply Lemma 4 to complete the proof. O

Remark 5 In finite dimensional spaces the monotonicity condition is unnecessary (see
Remark 3). This, however, is not true in the infinite dimensional case as shown by the next
example.

Example 2 Let X = RN, € = R§ and let f be a discontinuous linear functional on X. Set
g = — f. Then X satisfies (Q) and Ry (domf — domg) = X. It is clear that (9) does not
hold because (f +g)* = 8{0,.) while f*(x*) = g*(x*) = 400 forall x* € X*. Notice that
f and g are not monotone with respect to C because otherwise, being positive or negative
on C, in view of Lemma 2.1 [2], they should be continuous.

We now apply Corollary 2 to an extended monotropic problem. Let (¢,),>1 be a sequence
from the set R U {4-o00}. If some of its terms is equal to +00, then we agree that the infinite
sum ), . I is equal to 400, and it is equal to « € R if the unconditional limit of the finite
sums ) ;. 4, where J is a non-empty finite subset of N, exists and is equal to a.

Let (f1)n>1 be a sequence of proper convex functions from R to R such that

F(Gnn) =Y fulxn) exists for each (x,), € R
neN

It is clear that f is a convex function on RY. We assume that it is proper and consider the
constrained problem, known as an extended monotropic problem (see [3, 5,7, 15, 19]):

inf S(x)n)

(P) subject to (x,), € K,

where K C RY is a convex cone. This problem can be written in the form

inf F(x)n) + 8k ((xn)n)
subject to (x,), € RN,

The space RN equipped with the product topology is a locally convex space. Its topological
dual is the space RIN! of real sequences with finite support. The standard bilinear coupling
between them is given by

(s Oondnd = Y dnn for (¥)n € RY, (), € R,
neN

Fenchel’s algebraic dual of (P) is given by

sup —(f*) + 6% (—9)
subject to ¢ € (RV.

According to Proposition 1 [15],

—00 < [*((dn) = Y ff Gn) < +00 Y(p)y € RN,

neN
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This and the fact that 8% (—¢) = 0 for ¢ € K+ and 8% (—¢) = +oo for ¢ ¢ K™ yield the
topological dual of (P):

Sup - ZneN f*(()“n)n)
subject to (Ay), € K.

(D)
Corollary 3 Assume that Ry (domf — K) is a linear subspace of RN and one of the
following conditions holds:

i) K°=KT.
ii)  f is monotone with respect to RE.
iii)  Either RY € K or R} € —K.

Then —oo < inf(P) = max(D) < +o0.

Proof Under i) we equip RY with a partial order generated by K. It clearly satisfies (Q).
Moreover, the indicator function §x is monotone with respect to this order, and doméx =
K. By applying Corollary 2 we obtain

—o0 < (f +8x)*((An)n) = min (Z fn*(,ufn) S (adn € Wpn + K+> < 400,

neN

Setting A,, = 0 for all n, we deduce —oo < inf(P) = max(D) < +oo.

Under ii) or iii) we equip RY with a partial order generated by RE. It is plain that under
iii) the function §x is monotone. Hence, in both cases, we may apply Corollary 2 to achieve
the proof. O

Remark 6 As an application of Proposition 1 we can also obtain a version of Theorem 23.8
[17] on the algebraic subdifferential of the sum of two convex functions. Namely, assume
that f and g are proper convex and that R (dom f — domg) is a linear subspace of X. Then
for each x € X, one has

I(f + &) (x) =0f (x) + 098 (x). 10)

Using the perturbation function F defined in the proof of Proposition 1, we also have
projy gepiF* = epif* + epig”. The closedness-type condition mentioned in Remark 2
implies the formula of Proposition 1, and hence equality (10) as well. Furthermore, under
the hypothesis of Corollary 2, (10) gives a formula for the topological subdifferential of the
sum of two functions : 3*(f + g)(x) = 90* f(x) + 0*g(x), because we have then either
df (x) or dg(x) a subset of the topological dual space X*.

4 Problems with Inequality Constraints

Assume that the vector space Y is equipped with a partial order generated by a convex cone
CCVY:iyp <y < yy—y €C.Let f:X — R be a proper convex function, where
X is a linear space. Let G : X — Y U {+ooy}, where +ooy is a symbol with y < ooy for
all y € Y. Consider the following problem with inequality constraint

inf fx)

(CP) subject to G(x) < Oy.
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The domain of G is given by domG := {x € X : G(x) # ooy} and its epigraph is given
by epiG :={(x,y) e X x Y : G(x) < y}.

Let us denote the feasible set of (CP) by E, thatis, £ := {x € X : G(x) < Oy} and
A :=dom f Ndom G. For each vy € Y’ we consider

G(x)) if x € domG
W o)) = {‘”( )
+ else.
A perturbation function F can be given by
x) ifGx)=x-—
Flx,y) = [f ) G =y (11)
+o0 else.

The algebraic dual cone of the cone C is denoted by C°, that is,
Co:={yeY ¥y =>0VyeCl

Lemma 6 Assume A # @. For each (¢, ) € X' X Y’ we have

# S+ oG ) ifyece
e = {-I—OO else.

Proof We compute F*(p, ¥) by definition
Flo.9) = sup () +¥(=y) = f(x))

xXeA, G(x)x—y

sup  (p(x) = f(x) =¥ (G(x) +u))

xeA,ueC
= sup (px)— f(x)— @ oG)x)) —¥w)
xeA,ueC
_|u+veote itvece
+00 else.
The proof is complete. O

Remark 7 When A = ( and C° # Y, the conclusion of Lemma 6 is not true. In this case,
we have F*(p, ) = —co forall (¢, ) € X' x Y.

In view of Lemma 6 we obtain the associated algebraic dual of (CP) in the form:

sup —(f + ¥ 0 G)*(0x)

(ACD) subject to ¥ € C°.

Proposition 2 Assume f is proper convex, epiG is convex and the following condition
holds:

(CQI) R4(G(A)+ C) is a linear subspace of Y .
Then for each ¢ € X' one has
—00 < (f +88)*(9) = minyeco(f + ¥ 0 G)*(9) < +o0,

@ Springer



Algebraic Approach to Duality... 673

where S denotes the indicator function of E. In particular,

—o0 < inf(CP) = max(AC D) < 4o00.

Proof Wehaveepi F ={(x,y,r) e X xY xR:(x,r) eepifiN{(x,y,r) e XxY xR:
(x, —y) € epiG}. It follows that epiF is convex because epi f and epiG are both convex, by
which F is convex. Moreover, (CQ) holds due to (CQ1) and the fact that

projydomF ={y €Y : —y € G(x) 4+ C for some x € A} = —(G(A)+ ().

It remains to apply Corollary 1 and Lemma 6 to complete the proof. O

Remark 8 When Y = R™ and C = R}, problem (CP) has m inequality constraints. The
constraint qualification (CQ1) is clearly equivalent to the well known Slater condition. In a
general case we have the following characterization of (CQ1).

Proposition 3 [f(CQI) holds, then C —C C R (G(A)+ C). Moreover, if G(A) € C —C,
then
(CQ1) & C—-C=R:(G(A)+C).

Proof Observe that under (CQ1), the subspace R4 (G(A) + C) contains the sets G(A) +C,
—G(A) — C and their sum as well. By picking an element p € G(A), we have

C—C=p+C—p—-CCSG(A)+C—(G(A)+C) SR (G(A) +C). (12)
Now, if G(A) € C — C, then
Ri(G(A)+C) SR ((C-C)+C)=C—C.

This and (12) prove implication “ = ”. The implication “ <= " is clear because C — C is a
linear subspace. (]

Remark 9 In applications, as we will see later, it is often the case that C — C = Y. In such
cases, it follows from Proposition 3 that (CQ1) is equivalent to equality R4 (G(A)+C) =Y,
which is, in particular, satisfied if —G(A) meets the algebraic interior coreC of C. Note
also that if there exists b € Y such that G(A) € b + C with —b & coreC, then (CQ1) does
not hold.

We now consider a particular case of problem (CP). Let A : X — Y be a linear map,
l € X', and b € Y, where X is a linear space and Y is another linear space equipped with a
partial order generated by a convex cone C C Y. We consider the following linear problem

inf 1(x)
subject to A(x) > b.

We denote the adjoint of A by A’, thatis, A’ : ¥/ — X’ givenby A’ (/) = yoAfory € Y'.
Problem (LP) is a particular case of (CP) in which f(x) = /(x) and G(x) = b — A(x) for
x € X. Moreover, epiG is convex and A = X. By using the perturbation function (11) and
Lemma 6 we obtain the following algebraic dual of (L P) :

(LP)

sup —F*(0x/, ¥)

(ALD) subject to ¥ € Y/,
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in which
Py — :—w(b) if e Cand A/(Y) =1 — ¢
+00 else

because for ¥ € C° one has

(+vob—Aa) @) = sup (p(x) —1(x) — Y (b) — ¥ 0 A(x))

= =y (®b) — sug (p—1—-AW)x)
=y if A)=1—-9¢
T | 400 else.

It is clear that for [ ¢ A’(C®), the dual objective function — F*(0y, .) is identically equal
to —oo and sup(ALD) = max(ALD) = —oo. Forl € A’(C®), problem (ALD) is feasible
and written as

sup V(D)

(ALD) subject to A'(Y) =1, ¢ € C°.

Proposition 4 Assume that R (A(X) — C — b) is a linear subspace of Y. For each | € X’
one has either

inf(LP) = —oo and (AL D)’ unfeasible,
or
inf(LP) # —oo and inf(LP) = max(ALD)’ € R.

Proof Observe that for G(x) =b — A(x) and A = X, onehas Ry (G(A)+C) =R (C +
b — A(X)). It remains to apply Proposition 2 to complete the proof. O

5 Infinite Convex Problems

We consider the following infinite constrained problem

inf f(x)

(ICP) subject to g;(x) <0,teT,

where T is an infinite index set, f : X — Rand g, : X — R,¢ € T are proper convex
functions on a vector space X. Set Y = R”, C = RI_ consisting of all families (A;); C R
with A; > O forall r € T, and define G : X — Y U {ocoy} by

(gr(x)), ifxe ﬂteT domg;,
ooy else.

G(x) = {

With this G, problem (ICP) takes the form of (CP) studied in Section 4. Its algebraic dual
is given by

sup —(f + ¥ 0 G)*(Ox)

(ICD) subject to Y € (]Ri)".

We have the following duality result.
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Corollary 4 Assume that f and g;,t € T are proper convex and that
RJF(UxEdomfﬂ(ﬁ,grdomg,) gr(x) + Ri) is a linear subspace of RT . Then

—00 < inf(ICP) = max(ICD) < +o0.

Proof Observe that the set A is given by A = dom f N (N;erdomg;). It remains to apply
Proposition 2 to achieve the proof. O

We are now interested in two particular problems corresponding to 7 = N and T being
a locally compact Hausdorff topological space. Since the topological dual space of R is
well known for these 7', we focus our study on the topological dual of (ICD) and specify
the condition (CQ1) for these problems. By so doing we show that in some cases usual
topological conditions for strong duality are not applied, but the algebraic ones are.

5.1 Countably Infinite Convex Problem

We consider (ICP) with T = N, that is,

inf f(x)

(CICP) subject to g,(x) <0,n € N,

where f : X — Rand g, : X — R, n e N are proper convex functions on a vector space
X (see [10-12]). By using (ICD) we obtain the associated topological dual of (CICP):

sup infeea (f() + X e Angn(x))

CICD
( ) subject to (Ay)n € RT],

where A = dom f () ((Npen domgy,).
Let us first analyze condition (CQ1). The next result is a kind of Slater’s constraint
qualification in infinite dimension the proof of which requires some effort.

Lemma 7 The following conditions are equivalent:

(i) Ryp(Uren [Tnenlgn @), +oo)) is a linear subspace;

(i) Ri(Uyen [Thenlgn ). +00)) = RY;
(iii) AT :={xe A:gy(x) <0 for all n € N} # 0 and there is some k > 1 such that

RN k=1) U l_[[gn(x),oo), (13)

xeA~ n>k

Proof The equivalence between (i) and (ii) follows from Proposition 3 and from the fact
that RYY — RY = RN. We prove implication (iii) = (ii). Let a = (a,), € RY. By (13), for
the element (—|ay|),, there is some x € A~ such that

— lan| = gn(¥) for n = k. (14)

Choose € > 0 such that g,(x) < —e forn = 1, ..., k — 1. Such € exists because x € A™.
Sett = max,=1,. k-1 |an|/€. Then —(t + 1)e < —l|ay|,n =1, ..., k — 1. It follows that

(t + Dgn(®) < —(t + e < —lan| <apfor n=1,...k— 1.
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Moreover, as g, (x) < 0, we deduce from (14) that
t+Dgu(x) < gn(x) < —lay| < ap for n > k.

Consequently, (a,), € (t + 1)((gx(¥))n + RY). This proves (ii).

Conversely, assume (ii). For (a,), with a, = —1,n € N, there exist some ¢ > 0 and
x € A such that a, > tg,(x) for all n € N. In particular, g,(x) < 0,n € N, which
shows that x € A™ and A~ is nonempty. Further, suppose to the contrary that (13) does not
hold. For each k > 1 there exists an element a¥ = (a,’f )n>k that does not belong to the set

Usea- [Taslgn(x), 00). Let bk = (bf)n=k with b,’; = —|a5| — 1. Since bllj < ak, we have
bh ¢ | [ten). 00) for all k> 1,
xeA— n=k

that is, for every x € A~ there is some index n(k, x) > k such that
bi(k,x) < &n(k,x)(X). (15)
Let (cy)n>1 € RN be defined by ¢, := min{b}, ..., b"}, n > 1.1tis clear that
cn <b < —1 for all i<n. (16)

Now consider the element (n1¢,), € RY. By hypothesis, there are some ¢t > 0 and x € A
such that

nc, >tgy,(x) for alln € N. 17

In particular, X € A~ because ¢,, n € N are all negative. In view of (15) and (16) we have
Cntk.t) < Dy < 8nik,o)(X) for all k> 1.
This implies that ¢, 5)/8gnk, %) (X) > 1, which together with (17) yields
Cn(k,%)

t>nk,x)
&n(k,7)(X)

>n(k,x) >k for all k=>1.
We arrive at a contradiction when k& > ¢. The proof is complete. O
We are now in position to give conditions for strong duality

Proposition 5 Assume that there is some x € A such that g,(x) < 0 for all n € Nand
there is some k > 1 such that

RNLok=1} _ U ]_[[gn(X)a 0). (15
XE€An>k

Then
—o0 < inf(ICP) = max(ICD) < +oo.

Proof Observe that G(A) + C = U, ep [Lhenlgn(x), +00)). It is clear that (18) is equiva-
lent to (13). In view of Lemma 7, (CQ1) holds. Applying Proposition 2 and Lemma 2.1 [2]
we find some (A,,), € RN such that

—00 < (f +8p)*(0x) = inf (fx)+ n%x,,g,,(x)) < 4o0.

This yields —oo < inf(IC P) = max({C D) < 400 as requested. O
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A simple class of problems that satisfy the hypothesis of Proposition 5 consists of convex
problems in which X = RY and the constraints are separated in the sense that g, ((x,),) =
h, (x,) for (x,), € RN with h, : R —> R,n > 1 being proper convex. We have A =
dom f N[, domh, and denote Py (dom f) := {xx € R: (x,), € dom f}.

Corollary 5 Assume that f is proper convex and there are some (x,), € A such that
hy(xp) <0 for all n e Nandk > 1suchthatinfyep, gom ) hn(x) = —00 foralln > k.
Then

inf = inf Anh Q.
A S (AT o (X;)r:%{f«xn)nH%ZN nha ()} < +

Proof Observe that (18) is satisfied because by the hypothesis, we have

U H{hn (tp)} = RNk =1

(Xp)n€A n>k

It remains to apply Proposition 5 to complete the proof. O

Remark 10 We notice that the hypothesis requested in Proposition 5 is sufficient, but not
necessary for strong duality inf(/C P) = max(/CD). For instance with g,(x) = 0 for
all x € domf and n € N, the above mentioned equality holds trivially. However, the
set R+( UxeA ]_[neN[g,, (x), +oo)) = ]R§ is not a linear subspace. Moreover, as we have
already noticed in Remark 8 that for problems with finite number of inequality constraints
gi(x) <0,i =1, ..., m, the constraint qualification is equivalent to the Slater condition:
there exists some x € dom f such that g;(x) < 0,i = 1, ..., m. This, however, is not true
for (ICP).

Example 3 Let the constraints of (ICP) be defined by g,(x) = —n for all » € N and let
A # . It is clear that the Slater condition holds. Consider an element (a,), € RN given
by ay = —n?,n € N. We claim that (@,), & Ry (U ea [Inenlgn(x), +00)). Indeed, by
supposing the contrary, we may find some ¢ > 0 and x € A such that a, > tg,(x) for all
n € N. It follows that —n? > t(—n), or equivalently, # > n for all n € N, a contradiction.
Hence, the constraint qualification does not hold.

Remark 11 When X is a locally convex space and the functions f, g,,n € N are proper
convex, lower semicontinuous, and inf(ICP) # +o0, a necessary and sufficient condition
for strong duality has been established in Theorem 1 [12], which demands that the set
U(An)neﬂ@” epi(f +38domG + ey An&n)™ is w¥-closed regarding {Ox+} x R in the sense that

its intersection with {Ox+} x R coincides with the intersection of its closure with {Ox+} x R.

Finally we apply Proposition 5 to infinite linear problems. Consider the following alge-
braic infinite linear problem

inf 1(x)

(AILP) subject to I,(x) > b,,n € N,

where [, I, € X' and b, € R, n € N. By setting A(x) = (I,(x)), and C = R§ We can see

that (AILP) is exactly (LP) studied in Section 3.3. The algebraic dual (ALD)’ yields the
following associated topological dual
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sup ZneN )‘”b”

TILD
( ) subject to (Ay), € ]REFN], D oneN Anln =1

Corollary 6 Assume that there is some x € X such that b, < l,(x) for all n € N and
there is some k > 1 such that

RILA1 = | [Tt ), 00). (19)
xeX n>k
Then, either inf(AILP) = —oo and (TILD) is unfeasible, or inf(ALI P) # —oo and

inf(ALIP) = max(TILD) € R.

Proof Since inf(AILP) > sup(T1LD), we obtain that (TILP) has no feasible solution if
inf(AILP) = —oo. For the case inf(AILP) > —oo, we consider g,(x) = b, — [,,(x),
A = X and show that (18) and (19) are equivalent. Indeed, if (19) holds, then for every
(@nn>k € RNML-k=1} " gpe finds some x € X such that I,(x) + s, = a, — b, with
sp > 0,n > k. Setting y = —x, one obtains g, (y)+s, = b, —1L,(y)+5, = bpy+1,(x)+s, =
an,n > k, which establishes (18). Conversely, let (18) hold. Let (a,),>x € RN\ML-k=1},
For (a, + by)n>k, there are some x € X and s, > O such that g,,(x) +s, = a, + by, n > k.
This implies /,,(—x) + s, = a,, n > k, which shows that (19) is satisfied. Now it remains
to apply Proposition 5 to complete the proof. O

Remark 12 Condition (19) cannot be satisfied if X is finite dimensional. In fact, let ', i =
1, ..., k be abasis of X and y! = I, (e’). Choose (z,), € RN with z, = —n Zle(lyfll +1).
We claim that (z,)n & U,ex nnzk[ln (x), 00). Suppose to the contrary that there is some
x € X,say x = Zf:] t;e' with f; € R such that [,(x) < z,,n € N. Then Zle tivh <
—n Zf:l (Iyi1 4+ 1) for n > 1. It follows that

k k i
> il = 7,;“:‘”" >
i1 i Uyil+ 1)

which is impossible when # is sufficiently large.
In infinite dimension, (19) holds for instance when the linear operator from X to
RNMLk=1} defined by x > (I, (x))n=4 for x € X is surjective.

5.2 Continuous Convex Problems

We consider the following infinite constrained problem

inf f(x)

(CCP) subject to g;(x) <0,teT,

where the index set T is a locally compact Hausdorff topological space, f : X — R
and g, : X — R,t € T are proper convex functions on a vector space X. To sim-
plify the writing, we use g(¢, x) instead of g;(x) and assume throughout that for every
x € M := Nyerdomg(t, .), the function t — g(¢, x) belongs to the space Co(T') of contin-
uous functions vanishing at infinity equipped with the sup norm and partially ordered by the
positive cone C := {y € Co(T) : y(t) > 0 for all t € T}. The algebraic dual of (CCP)
gives its associated topological dual in the form
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sup infren (f () + (y*, g(, x)))

(CCD) subject to y* e C™T,

where A := M Ndomf and C™ is the topological dual cone of C in the space of regular
Borel measures on 7.

Proposition 6 Assume that Ry ( Uxen {g(., x)} + C) = Co(T). Then one has
—o00 < inf(CCP) = max(CCD) < +o0.

Proof We wish to apply Proposition 2 with ¥ = Co(T') and

_Jetx) if xeM
Glx) = { ooy else.

It is clear that epi(G) is convex. By the hypothesis,
Ry (G(A) +C) =Ry (Urea {g(, 0} + C) = Co(T),
which implies (CQ1). In view of Proposition 2,
—oo <inf(CCP) = inf . .
0o < inf(CCP) ]ineeg;gA(f(x)le/fog( x)) < 400

According to Remark 3 b), C° =C *. We deduce

—00 < inf(CCP) = max(CCD) < +o0
as requested. O

When T is compact, the space Co(T) coincides with C(T), the space of continuous
functions on 7. The cone C° of positive functionals on C is known to be the set R (T') of
positive Radon measures (regular Borel measures) on 7. Thus, for each y* € C™, there is
some 1 € RT(T) such that (y*, g(.,x)) = [ g(t, x)du(r).

Lemma 8 Assume T is compact. Then R+(UxeA {g(, x)} —I—C) = C(T) if and only if there
is some X € A suchthat g(t,x) <Oforallt €T.

Proof The “only if” part is clear. We prove the “if” part. Let y € C(T') be given. By the
definition of the sup norm, —||y|| < y(¢) forallt € T. Since t — g(¢, x) is continuous and
T is compact, there is some € > 0 such that g(¢, x) < —e forallr € T. Choose s > || y||/€.
We obtain sg(t, x) < (||yll/e)g(t,x) < —|lyl| < y()for all ¢t € T. This shows that
y € Ry(Uyrea {g(.. x)} + C). The proof is complete. O

Corollary 7 Assume that T is compact and there is some X € A such that g(t,x) < 0 for
allt € T. Then one has

—o0 <inf(CCP) = max inf (f(x) +/g(t,x)du(t)) < +o00.
WERT(T) x€A

Proof By Lemma 8, R+( Uren {g(,x)} + C) = C(T). The corollary is obtained by
Proposition 6. O

Remark 13 The necessary and sufficient condition for the constraint qualification in Lemma
8 is not true when 7T is not compact as it is shown in the next example.
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Example 4 Let us consider T = [0, 00) and g(¢,x) = —1/(1 +¢) forallt € T and x € A.
We have g(., x) € Co(T). We claim that R+( Uxea {gC,0)} + C) # Co(T). To see this,
choose y(t) = —1/+/1+t. Suppose to the contrary that there is some o > 0 such that
y(t) > ag(t,x),t € T. We obtain that o« > y(¢)/g(t,x) = /1 +tforallt € T, whichis a
contradiction when ¢ tends to infinity.

6 Conclusion

Throughout this work we have used condition (CQ) in one form or another to obtain strong
duality results. When X and Y are locally convex separated spaces the topological strong
duality

inf F(x,0y) = max (—F* ( Oxx, y*)

xeX y*er*

is classically established under a constraint qualification and some lower semicontinuity or
quasicontinuity hypothesis on F (Theorem 7 [18], Theorem 2.7.1 [21]). The main merit of
the algebraic duality approach we have developed in this work is that, in favorable circum-
stances, condition (CQ) is sufficient to ensure the topological strong duality without further
hypothesis on F'.
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