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Abstract

In this paper, we study the mathematical program with equilibrium constraints formulated
as a mathematical program with a parametric generalized equation involving the regular
normal cone. We derive a new necessary optimality condition which is sharper than the usual
M-stationary condition and is applicable even when no constraint qualifications hold for the
corresponding mathematical program with complementarity constraints reformulation.
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1 Introduction

In this paper we consider the mathematical program with equilibrium constraints (MPEC)
of the form
(MPEC) min  F(x, y) (@)
x.y
st. 0€p(x,y)+ Nr(y),
G(x,y) =<0,

where I' := {y | g(y) < 0} and ﬁr (y) denotes the so-called regular normal cone to the set
I at y (see Definition 1). Here we assume that F : R” x R — R, ¢ : R" x R" — R™,
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G : R"xR™ — RP? are continuously differentiable and g : R™ — R is twice continuously
differentiable. R

In the case where I" is convex, Nr(y) = Nr(y) is the normal cone in the sense of convex
analysis and (MPEC) is equivalent to the mathematical program with variational inequality
constraints (MPVIC) which arised in many applications from engineering and economics;
see e.g. [19, 21] and the references within.

Up to now a common approach for handling (MPEC) is its reformulation as a mathe-
matical program with complementarity constraints (MPCC). If at a point y € T" a certain
constraint qualification is fulfilled, then by the Karush-Kuhn-Tucker (KKT) condition,

0€¢(x, ) +Nr(y) <= In:0=¢x ) +VeW ' 0= —g() Lr=0.
This observation yields the program
(MPCC) min  F(x,y)
X,y,A

st. 0=¢(x,y)+ Ve a,
0<—g(y) Lr>0,
G(x,y) <0,

which has been considered extensively in the literature during the last three decades. How-
ever, since in (MPCC) the minimization is over the original variable x, y as well as the
multiplier A, it is not equivalent to the original problem (MPEC) in general, cf. [4]. More-
over as discussed in [2, 17], there are many difficulties involved in using reformulation
(MPCC) and therefore it is favorable to consider (MPEC) instead of (MPCC).

In Ye and Ye [26], the calmness/pseudo upper-Lipschitz continuity of the perturbed fea-
sible mapping of (MPEC) has been proposed and proven to be a constraint qualification for
the Mordukhovich (M-) stationarity to hold at a minimizer. The calmness of the perturbed
feasible mapping of (MPEC) is known to be equivalent to the subregularity of the set-valued
map R

MmpEC(x,y) 1= (db(x, N+ Nrg”) ,
’ G(x,y) —RZ
which we refer to be the metric subregularity constraint qualification (MSCQ). In [17, The-
orem 5] (Theorem 4 in this paper), a concrete sufficient condition in terms of the problem
data is provided for MSCQ. Continuing the work in [17], in this paper we aim at developing
a new sharp necessary optimality condition for problem (MPEC).

Recently [12] (see Theorem 2 in this paper) derived a new necessary optimality condition
for an optimization problem with a set-constraint in the form of P(z) € D where P is
continuously differentiable and D is a closed set. The new optimality condition is derived in
terms of the so-called linearized Mordukhovich (M-) stationary condition which is stronger
than the usual M-stationarity condition.

It is easy to see that the constraint of (MPEC) can be rewritten in the form

P(x,y):= <(y’G(chxy’)y))> € D :=gph Nr x R?
and hence (MPEC) can be treated as an optimization problem with the above set-constraint.
In [12, Theorem 5], under some constraint qualifications on the lower level constraint
g(y) < 0, which can be guaranteed to hold under the constant rank constraint qualifica-
tion (CRCQ), the linearized M-stationary condition for (MPEC) is derived. In this paper,
we drop this constraint qualification and we derive the linearized M-necessary optimality
condition under the so-called 2-nondegeneracy condition on g(y) < 0.
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We organize our paper as follows. Section 2 contains the preliminaries from variational
geometry and variational analysis. In Section 3, we recall the linearized M- optimality
conditions for the optimization problem with a set-constraint. In Section 4, we discuss
constraint qualifications for (MPEC). In Section 5, under the 2-nondegeneracy condition,
we derive formula for regular normal cones to tangent directions that will be used in
applying the necessary optimality condition from Section 3. Finally in Section 6, we refor-
mulate (MPEC) in the form of an optimization problem with a set-constraint and apply the
necessary optimality condition from Section 3.

The following notation will be used throughout the paper. We denote by Bre the closed
unit ball in R? while when no confusion arises we denote it by B. By B(z; r) we denote
the closed ball centered at Z with radius r. For a matrix A, we denote by A7 its transpose.
The inner product of two vectors x, y is denoted by x”y or (x, y) and by x L y we mean
(x,y) = 0. For Q C R? and z € RY, we denote by d(z, 2) the distance from z to .
The polar cone of a set 2 is Q° := {x|xTv < 0 Vv € Q} and Q1 denotes the orthogonal
complement to €2. For a set €2, we denote by conv €2 and cl €2 the convex hull and the closure
of €, respectively. For a function f : RY — R, we denote by V f(Z) the gradient vector
of f at z and V2 f(Z) the Hessian matrix of f at zZ. For a mapping P : R? — R* with
s > 1, we denote by V P(z) the Jacobian matrix of P at z and for any given w, v € R4,
wT V P(Z)v is the vector in R with the ith component equal to wIvip, D, i=1,...,s.
Let M : RY = R’ be an arbitrary set-valued mapping. We denote its graph by gphM :=
{(z, w)lw € M(2)}. o : Ry — R denotes a function with the property that o(A)/A — 0
when A | 0.

2 Preliminaries from Variational Geometry and Variational Analysis

In this section, we gather some preliminaries and preliminary results in variational analysis
that will be needed in the paper. The reader may find more details in the monographs [3, 20,
24] and in the papers we refer to.

Definition 1 (Tangent cone and normal cone) Given a set Q2 C R9 and a point z € €2, the
(Bouligand-Severi) tangent/contingent cone to <2 at Z is a closed cone defined by

To(?) = limsup —= — {u eRd‘ 34 10, up — u with 7 + g € QV k).

110

The (Fréchet) regular normal cone and the (Mordukhovich) limiting/basic normal cone to
Q at z € Q2 are closed cones defined by

No(@) = (Ta(2)°

and Ngq(7) := {z* E 2 zand z§ — z* such that zj € No(zx) Vk} ,
respectively.

When the set €2 is convex, the tangent/contingent cone and the regular/limiting normal
cone reduce to the classical tangent cone and normal cone of convex analysis, respectively.

Definition 2 (Metric regularity and subregularity) Let M : RY = RS be a set-valued
mapping and let (z, w) € gph M.
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(i) We say that M is metrically subregular at (Z, w) if there exist a neighborhood Z of
and a positive number « > 0 such that

d(z, M~ ') < kd(w, M(2)) Vz € Z.

(i) We say that M is metrically regular around (Z, w) if there exist neighborhoods Z of
Z, W of w and a positive number « > 0 such that

d(z, M~ (w)) < kd(w, M(2)) Y(w,z) € W x Z.

It is well-known that metric subregularity of M at (Z, w) is equivalent with the property
of calmness of the inverse mapping M ! at (w, ), cf. [6], whereas metric regularity of M
around (Z, w) is equivalent with the Aubin property of the inverse mapping M~! around
(w, 7). It follows immediately from the definition that metric regularity of M around (zZ, w)
implies metric subregularity. Further, metric subregularity of M at (z, w) is equivalent with
metric subregularity of the mapping z — (z, w) — gph M at (z, (0, 0)), cf. [17, Proposition
3].

Metric regularity can be verified via the so-called Mordukhovich-criterion. We give here
only reference to a special case which is used in the sequel.

Theorem 1 (Mordukhovich criterion) (cf. [24, Example 9.44]) Let P : RY — RS be
continuously differentiable, let D C R’ be closed and let P(z) € D. Then the mapping
7 = P(2) — D is metrically regular around (zZ, 0) if and only if

VPE w* =0, w* € Np(P(@) = w*=0. )

For verifying the property of metric subregularity there are some sufficient conditions
known, see e.g. [§-11, 13].

Defin/i!ion 3 (Critical cone) For a closed set 2 € RY, a point z € 2 and a regular normal
7" € Nq(z) we denote by

Kal(z, z%) := Ta(z2) N [T+

the critical cone to Q at (z, 7*)
In this paper polyhedrality will play an important role.

Definition 4 (Polyhedrality) 1. LetC C R4,

(a) We say that C is convex polyhedral, if it can be written as the intersection of finitely
many halfspaces, i.e. there are elements (a;, ;) € RIxRi=1,..., p such that
C={zl|{aj,z2) <aj,i=1,...,p}

(b) Cissaidto be polyhedral, if it is the union of finitely many convex polyhedral sets.

(c) Given a point ¢ € C, we say that C is locally polyhedral near c if there is a
neighborhood W of ¢ and a polyhedral set C suchthat CN'W = C N W.

2. A mapping M : R =3 R* is called polyhedral, if its graph gph M is a polyhedral set.

Lemma 1 Ler Q € R? be locally polyhedral near some point 7 € Q. Then

No@ = |J N

weTq(2)
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Proof Follows from [11, Lemma 2.2]. O

We recall some properties of closed cones.
Proposition 1 Let K be a closed cone in R4, Then Tk (0) = K.

A consequence of the above property is that for any y € D,
N1y (0) = (T1, (0 (©)° = (Tn(3))° = Np(). 3)

The following rules for calculating polar cones will be useful.

Proposition 2 [23, Corollary 16.4.2] Let A, B be nonempty convex cones in RY. Then (A +
B)° = A° N B°. Ifboth A and B are closed then (A N B)° = cl (A° + B°).

In this paper we use Proposition 2 solely in situations, when the closure operation in the
last formula can be omitted, namely, when either A° + B° is a subspace or when both A and
B are convex polyhedral cones, cf. [23, Corollaries 19.2.2, 19.3.2].

In the following proposition we collect some important facts about the normal cone
mapping to a convex polyhedral set C, which can be extracted from [5].

Proposition 3 (Normal cone to a convex polyhedral set) Ler C C R? be a polyhedral
convex set and (z, 7*) € gph N¢. Then for all z € C sufficiently close to 7 we have

Tc(z) 2 Tc(z), Nc(2) € Ne(2). “
Further, there exists a neighborhood W of (2, Z*) such that
gphNe NW = ((Z,Z") + gph Nicz.z) N W.
In particular we have
TgthC (z.7%) = gph Nk )
Further, N
NephNe (2, 7%) = (Ke(Z,2))° x Kc(Z,7°) (6)
and the limiting normal cone Ngpp N (2, 2*) is the union of all sets of the form
(F1 — F2)° x (F1 — F2)

where F, C Fy are faces of K¢ (zZ, 7%).

Definition 5 (Recession Cone) ([23, page 61]) Let C < R? be a closed convex set. The
recession cone of C is a closed convex cone defined as 07 C := {y e RY|x+Ay € C Vi >
0,x € C}.

Definition 6 (Generalized lineality space) Given an arbitrary set C C RY, we call a sub-
space L the generalized lineality space of C and denote it by £(C) provided that it is the
largest subspace L R4 such that C + L C C.

Note that £(C) is well defined because for two subspaces L1, L, fulfilling C + L; € C,
i=1,2wehaveC+ L+ L, =(C+L1)+ L, € C+ Ly € C and hence we can always
find a largest subspace satisfying C + L C C since the dimension R? is finite. Note that
since 0 is in every subspace we have C 4+ L 2 C and thus C 4+ £(C) = C. In the case where
C is a convex set, the generalized lineality space reduces to the lineality space as defined
in [23, page 65] and can be calculated as £(C) = (—=07C) N 07 C. In the case where C is
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a convex cone, the lineality space of C is the largest subspace contained in C and can be
calculated as L(C) = (-=C)NC.
By definition of the generalized lineality space and the tangent cone, it is easy to verify
that for every z € C we have
L(C) € L(Tc@). )

For a closed convex set C and (z, z*) € gph N¢ we have /.:(Tc (Z)) C [z*]* and thus
£(ICC(Z, Z*)) = (TC(Z) N [Z*]l) N ( —Tc@)N [2*]L) =Tc(@)N (—TC(Z)) Nz (8)
= L(Tc(2))

Definition 7 (Affine Hull) For a closed convex set C we denote by
C™T :=span(C — C)
the unique subspace parallel to the affine hull of C.
If K is a closed convex cone then we always have K+ = K — K.
Let C be a closed convex set. Then the tangent cone ¢ (Z) is a closed convex cone for

any z € C. Since C C z+ T¢(2) and T¢(2) = limsup, ((C — 2)/t € span(C — C) = ct
for any z € C, we have

C* =span(C — C) S span (Tc(2) — Tc (@) =Tc(@) —Te(R) S CH —CT =C™*.
It follows that for a closed convex set C and every z € C we have
Ct=Tc@@—-Tc@) =Tc@" )
and for every (Z, z*) € gph N¢
Ke@ 29" =Tc@NZ 1 = Te@ N1 € Te@* Nz

For every closed convex set C and every z € C we have by virtue of Proposition 2 that
L - —\\\©0 - - _
L(Tc@)" = (Tc(@ N (=Tc())" =cl(Nc@) — Ne(@) = Ne@™, (10)
and hence
- R
L(Tc(@) = (Ne@7)™. (11)
Further, by virtue of Proposition 2 we have
L(INc(@) = (Tc@)° N (= Tc@)° = (Tc@) — Te@)° = Te@H T = (CH*
implying
L(gph N¢) = L(C) x (CT)™. (12)
If C is convex polyhedral, then for every (z, z*) € gph Nc we obtain by virtue of (5),
(12), (8) and (11)

L(Tgnne G 7)) = L{gph Niezm) = L(Ke G 29) x (Ke@. 297 (13)
= L(Tc @) x (KeG 79T = (Ne@ )" x (KeG, 797)™
Further, for every (6z, §z*) € gph Nz z+), by (7) we have
L(Tgph N o) (87, 627)) 2 L(gph N .2) = L(Ke (2, 79) x (Ke G, 79H)T (14
= L(Tc@) x (KcG. 297)" = L(Tghne . 79).

where the equalities follow from (13).
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In the following proposition we recall some basic properties of convex polyhedral cones.

Proposition 4 Consider two finite index sets Iy, I, vectors a; € R", i € I} U I, and let

=0iel
. T B
K':{U|aiv{<0ielz }

Then
Lmq:huﬁv=aienubyK*gLuJU=Qieh}

and for every v € K we have

. r |=0iel _ . .
TK(U)_{u|alu{§Ol€I(v)\Il ’ NK(U)— IZ()M!“!'MZZOsleI(v)\Il
1el (v

where [(v) :={i e [ UI| aiTv = 0}. Further, for every z* € Nk (v) there is an index set
I with Iy € Z C I(v) such that

=0ieZ ]

ICK(U,Z*)Z[“|“iT”{<0i€1(U)\I

and vice versa. The faces of K are given by the sets

f:{u|airu{zgzii\z}, where L satisfies 1) CZ C I} U I,.

For all v € K, the following face of K defined by

3 r [=0iel)
}‘v._{u|ai”{50i612\l(v)}

is the unique face satisfying v € ri F,. Consequently, for all v € K and all faces F1, F» of
K such that v € ri > C F| there is some index set L, Iy C L C I (v) such that

]:1—.7:2:{u|aiTu{=0i€I ],

<0ielw\T

which is the same as saying that there is some z* € Ng (v) with F| — F» = Kg (v, z%).
The following lemma will be useful for our analysis:

Lemma?2 Let P = (P}, Py) : RY — RS x ]Rj be confinuously differentiable, let C C R* be
a polyhedral convex set and let 7 € R? with P(z) € D := gph Nc be given. Further assume
that we are given two subspaces L1 2 (NC(P1 (Z)))+ and Ly 2 (ICC(Pl (2), PZ(Z)))+ such
that

ker VP(Z)" N (L1 x Ly) = {(0, 0)}. (15)
Then the mapping z = P(z) — D is metrically regular around (Z, 0),
T byen)@ = {w|VP@w e Tﬁ(ﬁ(z))} (16)
and
Ny pen @ = VPO N(P@)
= VAT (Kc(P1(@), P,@))° + V(D Kc(Pi(2), P(2)). (17)
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Proof In order to prove metric regularity of the mapping P(-) — D we invoke the
Mordukhovich criterion (2), which reads in our case as

VPO w* + VP Tw =0, (w* w) € Nghne(P() = (w*,w)=0. (18)

Consider (w*, w) € Ngpn NC(Is(Z)). By Proposition 3 there are faces Fp, F> of the convex
polyhedral cone K := K¢ (P (Z), P»(2)) such that (w*, w) € (Fj — F»)° x (F| — F»). Since
the lineality space of a convex polyhedral cone is always contained in any of its faces, we
have E(k) CFH—-FcC I%*’, from which we obtain

(w*, w) e LK) x KT =LK x KT =(Ne(P1(2) x(Kc(Pi(2), P»@)) " € LixLo,

where the second equality follows by using (8) and (10). Thus (18) follows from (15) and
the claimed property of metric regularity is established. Metric regularity in turn implies
MSCQ for the system P (z) € D at 7 and (16) follows from [18, Proposition 1]. In order to
show (17) we will invoke [16, Theorem 4]. From (13) we deduce

L(T5(P @) = (Ne(Py (z>)*)L x (Ke(Pi@), 152@)*)L S Lt x Lt
and together with (15) we obtain
R* x R® = (kervﬁ(z)T N(L; x LQ))L =Range VP (Z) + (LE x L)
C Range VP(Z) + L(T5(P(2)) SR x R,

where the second equality follows from Proposition 2. Hence the assumption of [16, The-
orem 4] is fulfilled and the first equation in (17) follows, whereas the second equation is a
consequence of (6). O

3 Optimality Conditions for a Set-Constrained Optimization Problem

In this section we consider an optimization problem of the form

min  f(z) 19)
s.t. P(z) € D,
where f : R? - Rand P : R? — R® are continuously differentiable and D C RS is
closed.
Let 7 be a local minimizer and Q2 := {z| P(z) € D} the feasible region for the problem

(19). Then V f @Tu > 0 VYu € Tq(®) and so the following basic/geometric optimality
condition holds:

0eVfE + Na@®. (20)

To express the basic optimality condition in terms of the problem data P(-) and D, one
needs to estimate the regular normal cone Ng(z). Given z € 2 we denote the linearized
tangent cone to 2 at 7 by

T () = {u € RY | VP@)u € Tp(P(2)}.
It is well known that the inclusions
Ta(2) € TE"(2), Na(@) 2 (TH(2)°, 1)
(TE", ()" 2 VP Np(P®)) (22)
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are always vaEd, cf. [24, Theorergs 6.31, 6.14]. Hence, if both inclusions hold with equality,
the formula Nq(z) = VPN D(P(E)) is at our disposal and the optimality condition
(20) reads as

0e VFFE + VPR Np(PQ),

which is also known as strong (S-) stationarity condition, cf. [7]. In order to ensure equality
in (21) one has to impose some constraint qualification.

Definition 8 Let P(z) € D.

(1) (cf. [7]) We say that the generalized Abadie constraint qualification (GACQ) holds at
zif
Ta(@) = Tp" (2).
(ii) (cf. [7]) We say that the generalized Guignard constraint qualification (GGCQ) holds
at z if
No®@) = (Ti",@)°. (23)
(iii) (cf. [14]) We say that the metric subregularity constraint qualification (MSCQ) holds

at z for the system P(z) € D if the set-valued map M (z) := P(z) — D is metrically
subregular at (z, 0).

There hold the following implications:
MSCQ = GACQ = GGCQ.

Indeed, the first implication follows from [18, Proposition 1] whereas the second one is an
immediate consequence of the definition of the regular normal cone. GGCQ is the weakest
of the three constraint qualifications ensuring Na (Z)=(T},if‘D (Z))O, but it is very difficult to
verify it in general. On the other hand, MSCQ is stronger than GGCQ but there are effective
tools for verifying it.

Now let us consider inclusion (22). By [23, Corollary 16.3.2] we have
l (vp(z)TﬁD(P(z))) = {w|VP@w e cleonv Tp (P(3)}°

showing that we can expect equality in (22) only under some restrictive assumption when-
ever TD(P(Z)) is not convex. Such an assumption is e.g. provided by [16, Theorem 4].
If it does not hold, but MSCQ holds at z, then it is well-known that I/\}Q (z) € Nq(z) C
vVPERINp (P(Z) and hence the M-stationary condition

0eVf@ + VPR Np(PQ2)

holds at any local optimal solution z. For the case where the set D is simple, e.g.,
D = {(a,b)|0 < a L b > 0}, the complementarity cone, the limiting normal cone
can be calculated using the variational analysis (cf. [20]) and one obtains the classical
M-stationary condition for MPCC. However, for more complicated set D, e.g., D :=
gph Nr x R, usually very strong assumptions are required for using these calculus rules
limiting considerably their applicability; see e.g. Gfrerer and Outrata [15, Theorem 4] .
Recently an alternative approach is taken by Gfrerer in [12]. Under GGCQ, by (23) for
every regular normal z* € Ng(Z) the point u = 0 is a global minimizer for the problem

min—z*"u  subjectto VP (Z)u € Tp(P(2)).
u
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Provided that the mapping u = VP (Z)u — TD(P(Z)) is metrically subregular at (0, 0) we
can apply the M-stationarity conditions to this linearized problem which read as

*e vp(z)TNTD(P(Z)) (0).

Thus we obtain the inclusion ]Vg (z) C VP(Z)TNTD( )(0). This results in a necessary

P(@)
optimality condition

0eVfQ@) + VP(Z)TNTD( (0), (24)

P@)

which is sharper than the M-stationarity condition since N, To ( P (Z)) 0) € Np (P (z)), cf. [24,

Proposition 6.27(a)]. Although (24) is a sharper condition than the M-stationary condition, it
still involves the limiting normal cone and so may be hard to calculate. In [12, Propositions
1,2], Gfrerer derived the following linearized M-necessary optimality condition which can
be considered as a refinement of the necessary optimality condition (24). The condition is
easier to calculate since it involves only the regular normal cone. In fact by virtue of Lemma
1, in the case where TD(P(Z)) is locally polyhedral at 0, condition (25) coincides with
condition (24).

Theorem 2 Let 7 be a local optimal solution for problem (19). Assume that GGCQ holds
at 7 and the mapping u = V P(2)u — Tp(P(2)) is metrically subregular at (0, 0). Then one
of the following two conditions is fulfilled:

(i) Thereis w € Tp(P(2)) such that

0e ViR + VPR Nrypiy (). (25)
(i) There isii € T, (Z) such that
VP@u ¢ L(Tp(P(2))), (26)
VioTa=0, (27)
0€ V@ + Ny (-, (@) (28)

and Tp(P(2)) is not locally polyhedral near V P (Z)u.

If in addition Tp(P(2)) is the graph of a set-valued mapping M = M. + M,, where
M., M, : R" = R are set-valued mappings whose graphs are closed cones, M, is
polyhedral and there is some real C such that

Izl < Cllvll V(v, t) € gph M, (29)
then there is some v # 0 such that

VP)u € {v} x M(v). (30)

Remark 1 (i) Note that the assumptions of Theorem 2 are fulfilled if MSCQ holds at Z.
Indeed, MSCQ implies GGCQ and metric subregularity of u = VP(Z)u — Tp(P(2))
at (0, 0) follows from [12, Lemma 4].

(i) Note that when Tp(P(Z2)) is locally polyhedral near V P (Z)u, then condition (i) holds.
Otherwise, if Tp (P (z)) is not locally polyhedral near V P (z)u, then condition (ii) can
hold. In this case, (27) implies together with GGCQ and the basic optimality condition
(20) that u is a global solution of the problem

min Vf(Z)Tu subject to VP (Z)u € Tp(P(z2))-
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Now since the graph of the mapping u = VP(Z)u — Tp(P(2)) is a closed cone, by
virtue of [12, Lemma 3], the metric subregularity of u = VP (Z2)u—Tp(P(2)) at (0, 0)
implies the metric subregularity of the same mapping at (u, 0). Hence we can apply
Theorem 2 once more to the above problem. If T7,,(p(z))(V P(2)it) is polyhedral, then
Theorem 2(i) applies and we obtain the existence of w € T, (p(z))(V P(Z)u) such that

0eVf@+ VP(Z)TﬁTTD(p(g))(VP(Z)IZ)(w)- (€1))

In this case (31) would be the necessary optimality condition which is sharper than
condition (25). In this paper we aim at finding some sufficient conditions, i.e., the
2-nondegeneracy condition introduced in Section 5.1 below, under which the tangent
cone Tr,(pz)) (VP (2)u) is polyhedral and hence the above optimality condition holds
for (MPEC). However, in general T7,,(p(z))(V P(z)u) is not polyhedral, and the pro-
cess could continue. The interested reader is referred to [12] for the discussion for
what might have happened after applying Theorem 2 repeatedly.

4 Constraint Qualifications for the New Optimality Conditions

Note that (MPEC) can be written in the form (19) via

min  F(x,y) 32)
X,y

subjectto P(x,y) := <(y,(;(<§();,)y))> eD:= gphﬁr x R,

where I' := {y | g(y) < 0}. To apply Theorem 2, we will need the following assumptions at
a local solution (x, y) to problem (32).

Assumption 1 (i) MSCQ holds for the lower level constraint g(y) € R at y.
(i1)) GGCQ holds at (x, y) and the mapping

(u,v) = VP(X,y)(u,v) — Tp((§, "), G(x, )
(U’ _V(p(-iv _}_1))(11,1)) N - —x -
B ( VG(X, §)(u, v) ) = Topnrxrr (5.5, GE. 3))
is metrically subregular at ((0, 0), 0), where y* := —¢(x, y).

It is well-known that if either g is affine or the Mangasarian-Fromovitz constraint qual-
ification (MFCQ) holds at z then Assumption 1(i) holds. By Remark 1, Assumption 1(ii)
is fulfilled if MSCQ holds for the system P(x,y) € D at (x,y). A point-based suffi-
cient condition for the validity of MSCQ for this system is given by [17, Theorem 5]. We
now describe this condition. When MSCQ holds at j for the system g(y) € RZ, we have
Tr(y) = {v| Vg(»)v € Tra (g(¥))} and thus the critical cone Kr (¥, y*) amounts to

Kr :=Kr (3,5 = {v| Vg(F)v € Tpe (N} N [F*1H, (33)

which is convex polyhedral. Further we define the multiplier set for y as the polyhedral
convex set defined by

A=A@G, 7)) = {1 e Npa (D) Vg 1 =7} (34)
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For a multiplier A, the corresponding collection of strict complementarity indexes is denoted
by

1Y) :={ie{l,....q} 2 >0} for A=(1,..., %) €RE.

Denote by £(y, y*) the collection of all the extreme points of the closed and convex set
of multipliers A (¥, y*) and recall that A € A(¥y, y*) belongs to £(3, y*) if and only the
family of gradients {Vg;(¥)|i € IT(1)} is linearly independent. Moreover for every v €
Kr(y, y*), we define the directional multiplier set as

A@) := A(F, *; v) ;= argmax {vTVZ(kTg)(y)v |1 € 1_\} ,

which is also a polyhedral convex set. By [14, Proposition 4.3(iii)] we have AW) # 0
Vv € Kr under Assumption 1. Note that since A is a closed convex set and the objective of
the above problem is linear, by the optimality condition,

reA@w) e vTVg(F)v e Nx(L). (35)
Theorem 3 (cf. [17, Theorem 4]) Lety € I :={y | g(y) < 0} and y* = —¢p (X, y). Assume

that MSCQ holds at ¥ for the system g(y) € RZ. Then the tangent cone to the graph of Nr
at (y, ¥*) can be calculated by

T ACE! (36)
= {(.v*) e R* I € A) with v* € V(AT 9)(F)v + Ng.(v)}
= {(.v*) e R*|3Ix € Aw) N«k||§*[|Bre with v* € V2T 9)(G)v + Ng (v},
where k > 0 is certain constant. Or equivalently
Ty 5 (3> 5°) (37)
= {0, VAW (v +7%) € R | (¥, v V2g(h)v) € Ng i (0, W)}
= {. VW ) (v + 2% e R | (2%, 0" V() € Ng_ 5 (v 1), Al < «l5*[1}-

Note that the equivalence of (36) and (37) is s due to (35).
We now in a position to review a sufficent condition for Assumption 1 to hold.

Theorem 4 [17, Theorem 5] Let (x, ¥) be a feasible solution of the system P(x,y) € D.
Assume that MSCQ holds both for the lower level problem constraints g(y) < 0 at y and
for the upper level constraints G(x,y) < 0at (X, y). Further assume that

V.GE ) =0, neNg (G 3) = V,G@E 35 n=0,

and assume that there do not exist (u,v) # 0, » € Ay, —¢p(x,¥); v) N EG, —p (X, y)),
ne Rﬂi and w # 0 satisfying

VG()Ev 5))(”7 U) € TR'Z (G()Ev )_;))7
(W, =Vip(x, Y)u = Vyp (X, y)v) € T, 5. (v, = (X, y)),
Vi@ 9w+ ViGE ) 0 =0, n € Ngr (G, 5)), 1 VG, )u,v) =0,

Veiw=0.i €10, w’ (V6 5) + V26" g() w —n'V,GE Hu < 0.

Then MSCQ for the system P(x,y) € D holds at (x, y).

@ Springer



New Sharp Necessary Optimality Conditions for Mathematical Programs... 407

5 Computing Regular Normals to Tangent Directions and Tangents
of Tangents

In this section, we apply Theorem 2 to obtain a necessary optimality condition for program
(32) which is equivalent to the MPEC (1 ),.\In order to apply Theorem 2, for any (v, v*, a) :=
w € Tp(P(x,y)), we need to compute Nr,,(p(z,5)) (w). Using [17, Proposition 1] together
with [24, Proposition 6.41], we obtain

Nrp(pE, ) (W) = .59 (@, %) x N wr (GE) (@)

gph Nr

Hence the aim of this section is to compute the regular tangent cone to the tangent directions
Nt on iy (5279 (v, v*). Similarly by virtue of (31) we also need to compute the regular tangent

- G (8,5%) (B, V7).
LG

As discussggi in the introduction, under a certain constraint qualification such as CRCQ,
formulas for N7, (p(z,5)(w) and the resulting optimality condition for (1) are derived in

[12, Proposition 3, Theorem 5]. In this paper we use a different approach. Given (v, v*) €

Tgph N (3, %), by the formula for the tangent cone (36), there is some A € A(D) and z* €

N &r (v) such that v* € v2(ng)(y)ﬁ + z*. Suppose that such representation is unique, i.e.,
there is a unique A € A (D) and z* € N _(v) such that 0* = V*(A7 )(5)v + Z*. Then

cone to the tangents of tangents IVTT
gph

,v")eT 3,7 = v* = V2 9 (5o + 7%

gph Nr

The uniqueness allows the efficient calculation of the regular normal cone to tangent
directions. To guarantee this uniqueness we perform our analysis under the assumption of
2-nondegeneracy on g as introduced in the next subsection.

5.1 2-Nondegeneracy

Definition 9 Let 7 € K. We say that g is 2-nondegenerate in direction v at (y, y*) if
V2(uT ) (5)1 € (Ng, )", ne (A@)" = n=0.

In the case where the directional multiplier set A(D) is a singleton, (1_\(17))+ = {0} and
hence g is 2-nondegenerate in this direction v. In particular, if A is a singleton then g is
2-nondegenerate in any direction v. We now provide a formulation of 2-nondegeneracy in
terms of index sets. To this end let us define

I={ief{l,....q} & () =0}, I :={iel|Vg(H v=0Lvek
Tty :=f{iel|rn>0LreA, JH(E) =[] () forany € C [\

rEE

By the definition of the critical cone in (33), we have
Rr={vIVa@®Tv =0 iel|niF-
Since by the definition of the multiplier set (34),
he A= e N (83). §*=Ve(»)A
we have

ve [t &= 0=7"Tv= (Vg 1, v) =T Vg
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Hence it is obvious that for every A € A we have
s o7 [=0iedT() ]
Kr = [”'Vg’(y) ”{50 iel\Jt()
yielding
. _ =0ieJt(A) 7 [=0ieltA®)
Kr {U| 8i(y) v{fOiEI\JJr(A) v|Vgi(y) v <0iel\JT(A®D)
Thus
Ng @) ={ Y Ve mi =0,i e I®)\ T (A®)))
iel(D)
Now choose J with JT(A®D)) C J c 1(D) large enqugh such that for every j € I(D)\ J
the gradient Vg;(y) linearly depend on Vg;(y),i € J. It follows that

(Nge @) =Y niVei® Ini €R.i € I@)} ={Y 0 V&) |m eR.i e}
lEI(U) ief

Next we claim that
(A) =L:={peR! Ve n=0 2"V V=0, =0,i¢J A@D)}
Indeed, for every pair A1, A2 € A(v), we have y* = Vg(3)TA! = Vg(3)TA? and
V2oL ()i =0T V0] 9) (),
which implies that
Ve@ o =2 =0, TVHQ =T =04 =27 =0, i ¢ JT(A®))

showing ([_\(17)) C L. To show the reverse inclusion, take any 1 € L and any A € A (D).
Then A + ape > 0 for all @ > 0 sufficiently small. It is easy to see that A + au € A(v)

implying L € (A(v)) . Thus our claim holds true and we obtain that g is 2-nondegenerate
in direction v at (y, y*) if and only if

doniVamM+ Y wiViea®Hi=0, Y V) =0 = =0 iecJA®D).
iel ieJt (A®)) ieJ+(A@)
(38)

We now want to compare 2-nondegeneracy with the notion of 2-regularity which was ini-
tiated (and named) by Tret’yakov [25] in the case of zero Jacobian and then was strongly
developed by Avakov [1]. A twice continuously differentiable mapping /# : R” — R! is
called 2-regular at a point y € R™ in direction v € R™ if for all « € R’ the system

VhGu + v VZhG)w = o, VAF)w =0

has a solution (u, w). We claim that 2-regularity of (g;),_; implies 2-nondegeneracy of g in
direction v. Indeed, by the Farkas lemma 2-regularity of (g,) 7 in direction v is equivalent
to the statement
Y Ve + wiViea®) =0, Y wiVe(H) =0 = u; =0, i€ J.
ief ief
and it is easy to see that this condition implies (38).
The following lemma states some important consequences of 2-nondgeneracy.
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Lemma 3 Assume that g is 2-nondegenerate in the critical direction v € Kr at (¥, ¥*) and
define the subspace

H@) = (V2T 9ol n e (AD) ) + Nz, ).
Then the linear mapping Ay : (1_\(17))+ X (ngr(ﬁ))Jr — H(v) given by
As(n, 2% = V(' ()i + 2

is a bijection. In particular, for every v* with (v, v*) € Topn i s ¥*) there are unique
elements & € A(v) and Z* € Ng_(0)

v =V o) (3o + 7" (39)

Proof By the definition, the mapping Aj is surjective and therefore we only have to show
injectivity. Consider elements (11, z*) € ([\(ﬁ))+ X (Ng. ()" satisfying Az (i, 2%) = 0.
Then Vz(uTg)(i)ﬁ = -7* € (ngr(ﬁ))Jr and by the assumed 2-nondegeneracy of g in
direction ¥ we obtain u = 0 and consequently z* = 0. Thus .4j is injective.

In order to show the second statement consider v* with (v, v*) € Tgph Nr (¥, %). The

existence of (A, 7*) € A(D) x N Zr (v) fulfilling (39) follows from Theorem 3. In order to

prove uniqueness of the representation (39), consider (A1, z]*), (A, z}‘) € 1_\(17) x N kr(ﬁ)
such that

=V i+ =12
implying
A = 1,25 = 7)) = V(02 =) 90 + 2 — 2 = 0.
Then Ay — A1 € (1_\(17))+ and z; — z] € (Ng,. ())* and by the injectivity of .A; we obtain
A2=A1andz§=zf. O

5.2 Regular Normals to Tangent Directions

Throughout this subsection let (v, v*) € Tgph NG ¥*) be given. The main purpose of this
section is to compute the regular normal cone of the tangent directions ﬁTgph A 55 (v, V).

Proposition 5 Assume that g is 2-nondegenerate in the critical direction v € K at (3, *).
Then for every v* with (v, v*) € Topn i O, y*) we have

o w* = VAT ) Gu + Viu 9o+ ¢*
- *) = * * ’
Tr 5, 559 (3. 0) {W’ NS e 25T V2 (o) € gph Ny gy ]
) ) . (40)
where (1, Z%) € A(0) x N (V) is the unique element fulfilling v* = V2T ) (7)0+2* and

K@, %) = Kg ;1 (0, %, 2%, 87 Ve (7)D).
Further,
X7 (= =%
NTgphﬁr (.54 (U, V%)

In s.t. (w*+ VA O @Hw -2V (" ©) ()7, 0T Vig(Pw, w,

_ L )
- {(w )| e (K@, )" x K(®, 1) }'(41)
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Proof Let v* with (v, v*) € Tgph 5O ¥*) be fixed and let R denote the set on the right
hand side of Eq. 40.

Step 1 In this step we will show that TTgphﬁr G5, v*) € R. Let (u,u*) e
TTgph G 54 (v, v*). Then by definition of the tangent cone, there exists sequences # | 0,
(g, uy) — (u, u*) with (U +trug, v* +tup) € Tgph 5O ¥*). By (36) there are sequences

A€ A+ trug) N K ||y*|| Brs and € Nkr (v + trug) such that
U 4 gt = V2O ) 3@ + foug) + 2

Moreover, since by Lemma 3 there are unique elements L € A@) and ¥ € N Rr (v)
satisfying v* = V21T g)(3)¥ + 7*, it follows that

V2(Ou = W)+ 25 — 7 = te(uf — V2L 9 Ghu). (42)
For all k sufficiently large we have N,;r (v+truy) C Nkr (v) by (4) and A(ﬁ—l—tkuk) C A(D)

by [16, Lemma 3]. Hence we have Ay — A € ([_\(17))+ and z; — 2" in (ngr ())*. Thus from
(42), we have

As O — 2, 25 = 7% 1= V2 — DT + 2f — 2° = ti(uf — V2] ) Ghuy).

By the boundedness of A we conclude  (u} — V*(A] ¢)(3)ux) — 0. Hence, by Lemma 3
we have (Ay — A, 7z —2") — (0,0) and

(€% 1= lim (i, ) = lim AF = V2O{ ) (Pue) = A7 " = V2GT ) (G,

Y * __ ok
where uy = ’\"t;’\ and ¢ = % Thus

W =V 9 u+ A, ) = VA ) (u+ V9o +¢* (43)
Since 7} € ngr (0 + txuy) and Ay € AU + frug) which is equivalent to saying that (v +
teur) T V2g(3) (0 + tyug)) € Nj (Ag) by virtue of (35), we have
(B + ttur, Mes 7 (0 + )" V(3@ + ) € gph N, 7
It follows that from definition of tangent cone and the above that
(u, p, 0%, 20T Vg ()u) € Taph N, @, 2, 7%, 57 V2g(3)0) = gph Ng .54

where the equation follows from (5). Thus combining the above inclusion and (43), we have
that (u, u*) € R and the inclusion TTgphﬁr G.54 (0, v*) € R is shown.

Step 2 Now we show the reverse inclusion TTgph Fes 54 (0, v*) 2 R in (40). Let (u, u*) €
‘R. Then there exist ., £* such that

u* = VAT )G+ VT ()b + ¢*,
(, 11, £*, 207 Vg () € gph N (5 ooy = Toph v+ (0, A, 2%, 8T V2g(3)D),
(v,v%) KpxA

where the second equation follows from (5).
First by applying Lemma 2 , we wish to show that

O = T a0 pur.ed) @ A 2
= {(u, 1, I [ VP@, %, T (u, p, £*) € T(P(D, %, 7))
= (G, 1 C) |, 64,207 V(D) € Tgpnng 5 (0,2, 25, 87 V(D)) (44)
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where P (v, &, z%) == (v,A), Pa(v, A, z%) == (2%, v V2g(H)v), D = gph Ng - Let
Z = (1, 4,7%). Define L := (Ng.()" x R? 2 (Ng, i (P1(2))" and Ly = R" x
(A(®))". Note that

Ki0, 0T V2e(3)0) = T M) N[0T V2e(3)olt = T g ), (45)

where tpe second _equality follows from the fact that u € T3 ™) N [aTv2g(y)a]l if and
only if A + ap € A(v) for all @ > O sufficiently small. It follows together with (9) that

RN 5 =\ B o)t
Ly :=R" x (A®))" 2 (Kg. i (P12), P2(2))) "
Next consider (w*, A*, z, u) € Ly x Ly satisfying
VPR w3z, = " +2V2 (" ()9, 4%, 2) = (0,0, 0).
Then V2(u"g)(7)v = —w*/2 € (Ng,. (17))+ and by the assumed 2-nondegeneracy we
obtain u = 0 and consequently w* = 0. Because we also have A* = 0 and z = 0, (15) is
verified and by (16) we obtain (44).

It follows from (44) that (u, /L,_;“*) € 0. Consequently by the definition of the tan-
gent cone T{(v,m*) | ﬁ(v,x,z*)eb}(ﬁ’ A, z"), there exist sequences # | 0 and (uk, pg, &) —
(u, i, £*) such that

P (0 + teuge, A+ ek, 75+ t187)
= (U4 frttge, &+ tepins 2+ 0 (04 )T V() (0 + ieur)) € gph N 5.

By (37) it follows that (5+txuk, V*((h4txu)” €) (3) (0+tu) +2* 1) € Ty 5 (5 5%
implying (u, u™) € TTgphﬁr 3,59 (0, v*). Hence (40) is shown.

Step 3 To show (41), note that

NTgphﬁr (5&*)(57 l_)*)

= (Tr,5.G.59 (0, 07)°

= ({w,u*) :u* = VAT )G+ VU G0+ ¢*, (u, 1, ¢*) € O))°

= {(*, w) [(w*,u) + (w, V2A ) Gu + V2 (Mo +¢*) <0 YV, p, ¢*) € ©}

= {((w*, w) | w* + VAT o) (Gw, 3T Vig(F)w, w) € ©°}, (46)
where the second equality follows from (40). By (17) together with (6) we have

0° = (T{(U,A,z*) | P(U,A,Z*)ED}({)’ 5" z*))o

= N{(v,k,z*) | ﬁ(v,k,z*)e[)}(l_)’ )_" Z*))
VP(@, 2 79T (K(@,1%)° x K(@, )
= {(W* +2V (" ) (). £, v) | (W*, &, v, ) € (K(¥, 59))° x K (3, 1%))
and (41) follows from (46). O

Unless A is a singleton, g can not be 2-nondegenerate in direction & = 0. Hence, Propo-
sition 5 might not be useful in case when ¥ = 0 and A contains more than one element. We
now want to cover this situation. We denote for every v € Kr, v* € Ng.(0) by (v, v*) a
nonempty subset of the extreme points of A (D) such that for every directionu € IC & (v, v%)
we have

(0, ") N A + Bu) # ¢ for all B > 0 sufficiently small.
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We can always choose X (v, v*) as the collection of all extreme points of A(D), because by
[22, Lemma 3.5] we have A (v) € A(v) for every v sufficiently close to v and the set A)
is a face of A(v) whose extreme points are also extreme points of A (7). However, it might
be advantageous to choose X (v, v*) smaller to get a sharper inclusion in the following
proposition.

Proposition 6 Let v* € K ¢ Then

N7 506790, 7) @

8pi

- ﬂ {(w*, w) |3 € com T(0, %) : (w* + V2T @) (Mw, w) € (Kg, (0, 5)° x Kg (0, a*)}.

9eL(Kr)

Moreover, for every v € L(Kr) such that g is 2-nondegenerate at (¥, y*) in direction v we
have

N 559000 € () Nryq 659 @ VAT 9)(G)0 + 9. 48)
reA(D)
Proof Let (w*,w) € Nr_ o (5,5(0, 3) and let € L(Kr) = Kr N (—Kr) be arbitrarily
fixed. We first show that w € IC,;F (0, v*). For every z* € T,glg(ﬁ*) we have v* +az* €
151‘3 = Ng,. (0) for @ > 0 small enough. But by (36) with v = 0, we have (0, v* + az*) €
Tgphﬁf (3, ) and th_us (w*, 0) + (w, v* + az* — v*) < 0 implying w € (TlgF (ﬁ*))O =
Nkp(v*) :IC,EF(O, v*). )
Next we show that there exists A € conv X (v, v*) such that
w* + V2T ) (w e (Kg.(0,5)°. (49)
Note that —7 € K, A(D) = A(—D), and since Kr is a convex polyhedral cone,
" € Kp =T .(0)° = Ng () = Ng.(—D).
Moreover by (35),
re A@) & 1T V2g(3)0 e Ny ().
Therefore by (37), (£av, :I:aVz(ATg)()_J)f) + %) € Tgph Nr (¥, ¥%), Ya > 0 sufficiently
small, VA € A(D). By the definition of the regular normal cone we conclude
(w*, £ad) + (w, £ V(AT g)(3)D + 0* — %)

lim sup = £((w*, ) + (w, V2 9)(5)1)) <0
a\0 o

and therefore

(w*, ) + (w, V2T g)()o) =0 VA € A(D). (50)
Consider u € ICKF (9, v*) and choose 8 > 0 sufficiently small such X (0, 0*)NA (04 Bu) #
. Then u € Tg (v) and ul % = 0. It follows that © + fu € K for 8 > 0 small and
hence (v*, v + Bu) = 0 due to the fact that v* € Ng_ (V). Hence v* € Ng (v + Bu). Let
A€ (@, 0)NAW+ Bu) and @ > 0. Since » € A(x(v + Bu)) and v* € Ng. (v + Bu),
by (36) we have

(@@ + Bu), aV> (LT @) () (B + Bu) + 0%) € Ty 5. (5, 7).
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It follows by definition for the regular normal cone ﬁrgph 7 5259 (0, v*) that

(w*, @(@ + pu) + (w, a V> (AT ) () (0 + pu) + v* — %)

lim sup
al0 o
= B((w*, u) + (w, VAT ) (Gu)) <0

where the equality follows from (50). Hence
(w*, u) + (w, VZ(ATg)(y)u) <0 Vuce ICK[, (v, ), A € Z(v, 0%)

and by taking into account that conv X (v, v*) is compact as the convex hull of a finite set,
we obtain

0> max min_ (w*,u) + (w, VZAT g)(F)u)

- uek g (9,0%)NBgm Aeconv (1,5%)

= ccoin max w*, u) + (w, VAT g)(u).
heconv E(0,0%) ueK g (9,0% )ﬂBRm< )+ A" g (Yu)
Hence there is A € conv (9, o) such that maXyex; @ (W, u) + (w, V2G0T ) () <

0. Since v € L(Kr), we have T¢_(0) = Kr and K (9, 0*) = K, (0, 0*). Therefore (49)
holds. Putting all together, (47) follows.

Let € L(Kr). We now show (48) under the assumption that g is 2-
nondegenerate in direction v at (¥, y*). Let (w*, w) € NTth 3,59 (0, v¥). Fixing
L € A(), we wish to prove that (w*, w) € nghN G5 @0,V (ATg)(y)v +
%) = (T Tth G5 (@, VZT )P + ©%)°. So consider (i, u*) €

TTgth G5 @,V (ATg)(y)v + v™). By Proposition 5 there are elements p, ¢* such that

*= V2T o Gu+ VT (G)o + ¢,

(u, 1, £*, 207 V2g(Mu) € 8P N 5 w27 ) 5yig ) =Teph Ng,z (B 2 0%, 07 V2(3)D).
By taking into account (44), there are sequences #; | 0, (ug, pi, ;,j‘) — (u, u, £*) such that
for each k, v* + ngf € Ni (0 + trug), (0 + ieu)T V(D) (@ + teur) € Nj (A + trjur).
Note that by (35), (0 + txur)" V2g(3) (0 + txux) € Nx (A + trpa) if and only if A + 5z €
A (v + truy), and so

At € A0+ teug), 0+ 0l € N (0 + ).

The set N i (D + teuy) is a face of K ¢ and since the polyhedral convex cone Kr only has
finitely many faces, after passing to a subsequence we can assume that Ng (v + txux) = F

Vk for some face F of 1519. Since F is closed, we obtain v* € F and thus v* + af ] €
F = NI?r (v + trux) Yk, Vo € [0, 1]. Hence, for every k and every o € [0, 1] we have

(01(17 + teuk), a V(A + i) T 8) () (@ + trug) + v + Olf;fé“;f) € Typn 5 (¥, ¥) by (36),
implying
(W a @+ ) + (w, a VA + i) T 8) D) (@ + txug) + 0 + atk g — %)
0 > lim
al0 o
= (w*, (0 + tup)) + (w, V(G + o)’ 8) )@ + treur) + 08
= i ((w*, ug) + (w, V2 + o) 8) G + V(i ©) ()0 + ¢8))
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for all k. Dividing by #; and passing to the limit we obtain
0= (w* u) + (w, V2R )P + V(" ) ()0 +¢%) = (w*, u) + (w, u*).

Thus (w*, w) € (T7, 5. 5.5 (@, V(AT g)(7)0 + v*))° and the inclusion (48) follows. O
5.3 Regular Normals to Tangents of Tangent Cones

Throughout this subsection let (v, v*) € Toph Nr (3, ") and (80, 80*) € TTgphﬁr G54 ([, V%)

be given and we assume that g is 2-nondegenerate in direction v at (y, y*). Further
*

let (A,7%) € A®®) x Ng (V) denote the unique element fulfilling (39), i.e., v* =
V2 (AT g)(3) + z*, and let according to (40) (ft, £*) denote some element with

8% = V2T g)(3)80 + V(T g) ()b + ¢*, S1))
(30, 1, £*, 207 V2g(3)80) € gph N 5 5y = Teph g (0. 4 2% 07 V2g(5)D). (52)

where the equality in (52) follows from (5). Note that by definition,
K@, 5% = Kg, (0. 1,250 V2g(3)D)

and hence it follows that i € K3 (A, ETVQg()_z)ﬁ) = T[\(u) () where the equality follows
from (45), £* € Nicy 5.29(69) € (Kg (5, 2)°C (Ng, (). By (51, Ag(i, &) =
sv* — Vz()_LTg)(y)(Sz_) and from Lemma 3 we conclude that (j, *) are unique.

Proposition 7 Under the assumption stated in the beginning of this subsection, we have

T
TTgph

- (83, 55%)

fp 03 @0

Lur = VAT Pu+ VAT ) ()T +85)

: ~ _ 53
<u,8u,8;*,2vTV2g<y)u>egth,g@,,;*,B,-,,B,-,*)] (53)

= {(u,u*)lflw,&*

and

o~

N1y (o (0,59 (80, 807)
e

gph N
(w*+ V20T ) (Dw =2V (" 9) ()7, 87 VZg(H)w, w, n)

_ * . i
_{(w W (R (5,57, 85, 80M)° x R (D, 0%, 86, 85%) }’(54)

where K (0, 0*, 80, 80%) = K .50 80, i1, c*, 20T V2g(5)80).

Proof We use similar arguments as in the proof of Proposition 5. Let R denote the set on

the right hand side of (53) and consider (u, u*) € Tr, oyt }_Y*)(l-,,,;*)(zﬁﬁ, 3v*) together with
gph Np -

sequences #x | O0and (ug, uf) — (u, u™) with (Sv+tug, Sv*+nuy) € TTgphﬁr G,55 @, v%).
By Proposition 5 there are elements /i, ¢;° such that
8 + naip = VA 9) ()80 + traur) + V(i §)(3)
GO0+t i & 20" V2 ()80 + tiauk) € gph N 5

= Typnn, (0,4, 2% 07 V2g(3)D),
erA
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where the equality in the second inclusion follows from (5). By taking into account (51) we
obtain after rearranging

T _
uf — V2T 9) G = vz(% Y5)7 + Ck &

Similarly as shown in the paragraph before Proposition 7, we can show that both & and 1k
belong to K5 (&, 57 V2g(5)0) = T, (4). Hence we obtain px — i € (A(7))". Further,
p - -\ + - —\F

£* € Nicg (5.29(00) S (Ng.(0) " and ¢ € Nicg @280 + fuge) S (Ng.(9)) " imply-

ing & — t* e (N,gr(l')))Jr. Thus, by Lemma 3 the sequences % and C"tf converge to

some elements 8y and 8¢*, respectively, with u* — V2T g)()u = VZ(@Sul g) () + 8¢*
and

(u, 8, 8¢*, 207 V2g(u) € Tph Ng g pe, (80 /1 £, 20" V?g(5)80) = gph Ng ;5 5555

verifying (u, u™) € R.
Now we prove the reverse inclusion of (53). Let (u, u™) € R. Then there exist §u and
8¢* such that

' = VA ) (P + VA" 9)(G)0 + 8™, (55)

(u, 80, 85%, 20" V2g(3)u) € gph N g o 55 50)
= Toph Ng 0, O0s 1 £, 207 V2 (7)30), (56)
where the equality in the second inclusion follows from (5) and the nota-
tion K(3,0%,80,80%) = Kgg g 60, i, %, 207 V2g(7)80). Since K(@,0%) =
KFXA(U %, 7%, 9T V2g(7)v) is a convex polyhedral set, gph N @.5%) is polyhedral, it

follows by (56) that
(80 + tu, i+ t8j, T* + 180*, 207 V2g(3) (80 + tu)) € gph Ng ; 50,
for all # > O sufficiently small. By (40) and taking into account (51) and (55), it follows that
(6v + tu, 8% + tu*) [S TTgphﬁr (}1’?*)(1_), 17*)

from which we can conclude (u, u*) € Tr, (@.5%) (80, 80™). Thus (53) is proven.
gp!

E\ﬁr 3,5%)
In order to show (54) note that by (53), N, oyt 5,*)(5,,;*)(86, 8v*) is the collection of
gph Np -

all (w*, w) fulfilling
0 = (w* u)+ (w, V2AT g)(u + V2Su' g) ()1 + 8*)
= (w* + V2AT ) Dw, u) + wT V2’ ) (7)o + w’ 6¢*
for all
(u, 810, 8¢%) € © := {(u, 8, 8C*) | (u, 8, 8¢*, 207 V2 g(§)u) € gPh Ng 5 5+ s5.55%) )

which is the same as (w* + VZ(LT g) (5w, wTVZg(y)v w) € O°. In order to compute B°
we use Lemma 2 with the linear mappmgs P1 (u,8u,8c*) == (u,8u), Pz(u S, 8¢*) =
(8¢*, 207 V2g(3)u) and C = K@®,v*) and 7 = (57, i, £*). Indeed, for the subspaces
L1, L defined in the proof of Proposition 5 we have shown ker VP(z) N (L1 x Ly) = {0},
where we have to take into account that V P coincides with the derivative of the mapping
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P used in the proof of Proposition 5 at (v, X, 7). Further, from (13) together with (14) and
the definition of K (v, v*) we obtain

Li x Ly S L(Tghng, ;@2 28 Vi()D)
S LlTani, o srvrgn 00 A L7 207 V25(3)5D))
= L(Tepn g, ) (60, 1. %, 20" V2g(5)50).

Applying (13) once more we obtain

Ly 2 Ngon @0 ), L2 2 K 50) 60, 1, £%, 20" V22(7)80).

Hence we can apply Lemma 2 to obtain

N{z \ f’(z)ef)}(z)

= (w|VP@w € TH(PE))* = (w| VA@w € gph Ny ;. 11 51.509)° = ©°

={* +2V2 (" ) ()1, & v) | V', &, v, n) € K (¥, 0%, 80, 85%)° x K (1, 0%, 83, 8™)},
where the second equality follows from (5), and hence (54) follows. O

6 New Optimality Condition for (MPEC)

To establish the main optimality condition in Theorem 5, we first apply Theorem 2 to
problem (1) to obtain the following lemma.

Lemma 4 Assume that (x, y) is a local minimizer for problem (1) fulfilling Assumption 1.
Further assume that g is 2-nondegenerate in every nonzero critical direction 0 #= v € Kr
at (¥, y*) with y* := —¢ (X, y). Then there are a direction (§x, 8y) and elements

(8v,80%) € It 5. G.59 8y, —Vo (X, 7)(6x, 8y)), da € TTRT(G()E&))(VG()E: $)(8x,8y)).

together with multipliers

(W w) € N1y 5,500y, = V9@ 5)0x.09) B0 807, & € NIy, 655, (VG (&.5)8x 3y (54)

such that
VF (@&, )T (8x,8y) =0, (57a)
ViF(%,5) — V¢ (& ) Tw+ V,GE, 7)o =0, (57b)
VyF(&,5) +w* = Vyo &, 1w+ VG, 3o =0, (57¢)
5y=0 = éx=0, (57d)

Sy#0=> Tgph 7 O y*) is not locally polyhedral near (8y, —Vo(x,y)(dx, 8y))(57e)

Further, if L(Kr) # {0} then (8y,80) # (0,0). Otherwise, if L(Kr) = {0} and
(8y, 8v) = (0, 0) then there is some A € X(0, §v*) such that

w* + VAT 9w, w) € (K:(0,80%)° x Kg (0, 50%). (58)
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Proof Let z := (x,y).Z = (%, 3), P(x,y) := (y’g(‘i(xy’)y)) ,D := gph N x R”.

Assumption 1 ensures that Theorem 2 is applicable and so one of Theorem 2(i) and Theorem
2(ii) holds.

If Theorem 2(i) is fulfilled, then there exists a direction w = (§v, §v*, §a) € Tp(P(2)) =
Tgph N (¥, ¥*) x Tpmn (G (x, y)) and a multiplier

¥ = (w*, w,o) € NTD(P(E))(w) = NTgphﬁr(y&*)(Sl_), 31_)*) X NTRT(G(X&))(Sa)

such that 0 = VF (%, ) + VP (%, y)T w*. By virtue of (3), we see that the conditions (57a)—
(57c) are fulfilled with §x = 0, 6y = 0. Otherwise Theorem 2(ii) is fulfilled, i.e., there is a
direction u = (§x, §y) with

VP @) = (8y, =Vo (X, )(8x, 8y), VG(X, 7)(8x, 8y)) (59)

€ Tp(P(@) = Ty, 5. (5. 7°) % Tgr (G, 3))
fulfilling (26), VF(x, y)(6x,8y) = O which is (57a) and (28) such that Tp(P(2))
is not locally polyhedral near VP (z)u, which is equivalent to the requirement that
Tgph Nr (¥, ¥*) is not locally polyhedral near (8y, —V¢(x, ¥)(8x, 8y)) due to the polyhe-
drality of Ty (G (X, 7)). From (37) we see that T, 5. g (3, 7), G(X, ¥)) is the graph
of a set-valued mapping M = M. + M, where M,(v) = Nkr (v) x Tgr (G(x,Y)) is
polyhedral and
M (v) == {V*ATg)(y)v | x € Aw) Nk || 5[ Bra} x {0}

fulfills (29). Further, the graphs of M, and M, are closed cones and from (30) we conclude

that 8y # 0 by taking account of (59). Next we utilize (25), which says VE@Ta = 0.
Since by the assumed GGCQ we have

VF@)Tu>0Vust. VP@u € Tp(P(3)),
u is a global minimizer of problem

min VF (Z) u subject to VP (2)u € Tp(P(2)).

Similarly as in Remark 1(ii), we can apply Theorem 2 once more to the above prob-
lem, because metric subregularity of u = VP(Z)u — Tp(P(z)) at (0,0) implies metric
subregularity at (u#,0) by [12, Lemma 3] and therefore also GGCQ for the system
VP(Z)u € Tp(P(z)) at u. This means that the set @ = {z| P(z) € D} is replaced by
the set {u| VP(Qu € Tp(P(2))}, whose linearized tangent cone at i is {u | VP(Du €
TTD(p(Z))(VP(Z)L_l)}. Since

Trypany(VP@u) = Tr,, o G54 8y, =V (x, ¥)(8x, 8y))
X TTym (G(3.5)) (VG(x, y)(8x, 8y))

and g is 2-nondegenerate in direction 8y # 0, by (40) the set T7,(pz))(V P(2)u) is poly-
hedral and therefore only the first alternative of Theorem 2 is possible. Hence there is a
direction w = (80, 60%, 8a) € Tr,(pz)) (VP (2)it) and a multiplier

o* = (W' w,o0) € 1/\7T»,~D(,,(5>>(VP(Z),2>(0))

-~

= N1y 65009 =9 @ 9059 BV, 807 X N1y, 6625 (VG 9)ox.09) (B0)

with 0 € VF(Z) + VP (Z)T w* which results in (57b) and (57¢).
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Now consider the case when dy = 0. In this case we must have x = 0. Then by
Proposition 1,

(w*, 'LU) S NTTap *)(0,())(51_1, 51_)*) = NTgphl\Alp ()”)’,*)(51_), 81_)*)

n N 5
If §9 = 0 and L(KT) # {0}, then by (48) we also have
w*, w) € ﬁTgphﬁr G590, V2T ) ()0 + 65%)

for every 0 # v € L(Kr) # {0} and every A € A(v) and therefore we can assume 80 % 0.
Otherwise, if v = 0 and L(KT) = {0} then (58) follows from (47) by taking v = 0. O

Now we are ready to state and prove our main optimality condition for problem (1). The
main task is to interpret the formulas for the tangent cones and the regular normal cones in
Propositions 5-7 appearing in Lemma 4 in terms of problem data.

Theorem S Assume that (X, y) is a local minimizer for problem (1) fulfilling Assumption 1.
Further assume that g is 2-nondegenerate in every nonzero critical direction 0 # v € Kr
at (¥, y*), where y* := —¢(x, y). Then there are v € Kr, 7* € Ng.(0), A € A(v), two
faces F{, F} oflCIgr (v, %) with 77 C FY, v € ri F}, two faces .7:])‘, ]-'é of T ) (X) with
.7'2‘ gf{\, weF —Fn 6]:1)‘ —fz)‘ando E]Rf_suchthat

ViF(x, ) — Vo &, WTw+ V.G, )T To =0, (60a)

VyF(x,5) — Vyp (&, ) Tw+ VG, 7)o (60b)
-V20 T ) w + 2V (" g)(3)v € —(F) — F)°,

'V2g(Hw e (F} — F)°, (60c)

0T V2g(3)v € T 5)(V)°, F = Ty (M) N[0T Vg (3)sv]t, (60d)

0iGi(X,y)=0,i=1,...,p. (60e)

Furthermore, if F{ — Fy = Kg (v,7) and .7-'1)‘ — .7-‘;‘ = T/-\(a)(i) then one of the
]following two cases must occur: case (a) v # 0; case (b) v = 0 and L(Kr) = {0} and
A e X(0,z%). B
Otherwise, if F{ — F; # /CKF (v, Z%) or .771)‘ — .7-";‘ # T ) (M) then v # 0 and there is
some 8x € R" such that

VFE, )T 6x,v) =0, (61a)
V(x, 5)(x, 0) + V2T ) (30 + 2% =0, (61b)
VG (%, 9T 6x,0) <0, o;VG; (&, )T (6x,0) =0, Vi : Gi(x,7) =0, (61¢)

and Tgph 8O ¥*) is not locally polyhedral near (v, —V¢ (x, y)(8x, v)).

Proof Consider §x, 8y, §v, 8v*, w*, w, da and o as in Lemma 4. Then (60a) holds and
(60e) follows from the observation that

o€ NTTR,,,(G@)—.))(VG(;,_V)(AX,ay))(54) € Nipw (6.5 (VG (X, ¥)(8x, 8y)) S Nrm (G (X, ¥)).

Casel: 8y = 0 Then we also have §x = 0 by (57d) and thus

(69,65%) € Tr, o (5.5(0,0) = Ty 5, 5 7, (™, w) € N o 5,50)(57, 60%).
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Subcase la: v # 0 Set v = §v and by Lemma 3 there are unique elements X € A(v) and
7t e Ng,.(v) such that 89* = VZ(AT ¢)(5)D + 7*. Since

K@,80%) = Kg 1 (0. . 2%, 87 V2g(3)D) = Kg, (5, 7%) x Kz (4, 37 VZg(3)D)
and K5 (1, 07 V2g(3)0) = T 3 (), by (41) there is some n € T (%) such that

w* + V2T ) (Pw — 2V (" 9)(3)D € K (8,29, (62a)
w e Kg (0,79, (62b)
VI V2Ig(Mw € Tz RH)°. (62c)

Set dv = 0, Fj = {0}, F{ = Kg.(0,2%), F3 = {0}, F| = Tz (1) implying w €
Fp = F) = K (0,7%) and n € F} — F} = Tj 3 (). Then (60c) follows from (62c),
(604d) is fulfilled and (60b) follows from (57¢) and (62a).

Subcase Ib: v = 0 By Lemma 4 the case §v = 0 is only possible when £(Kr) = {0} and
in this case there is some A € (0, §v*) such that (58) holds. It follows that the conditions
of the theorem are fulfilled with v = 0, z* = §v*, n = 0, 6v = 0, Fj = (0}, F} =
Kg.(@,7%), f;‘ = {0}, ]:1)‘ = T[-\(l-))()_\).

Case Il: 8y # O In this case set v := 8y, v := §v. Then (v, —Ve(X, y)(6x,v)) €

Tgph Nr (7, 7*) and by Lemma 3 there are unique A € A(?) and 2* € N & (V) such that

—Vé (&, 5)(6x, 0) = VAT g)(3)d + 7",
In view of (51) and (52), there are unique /2 € T ;) (%) and {* € Nicg, (0.2 (8v) such that
5% = V2T 9)(dv + V(i o) () + ¢,
- = _T 2 -
(v, 1, £*, 20" V7g(y)8v) € gph N]Z(ﬁ,_vqp(;,y)(gx,a))-
Further, by (54) there is some 7 such that
(w*+ V2T o) (Mw —2V2 (" 9)(M)v, 87 Ve (3w, w, n)
€ K8y, —Vo (&, y)(6x, D), v, 80%)° x K (¥, V¢ (&, 7)(8x, D), Sv, §7%).
By taking into account
K@, =V, 5)(6x,0),60,80") =Ky, .20y, 10OV, i1 €, 207 V2g(3)00)
= K)CK (v, 7+ (8v, { ) x ’C (A)(,LL,ZU V2 g(y)dv),
we obtain §v € Kg, (9,2, {* € Nig 5.2 (8v),
W+ VA ) Gw =2V (" ) (1), w) € Ky @290, £9)° x Ky @290, &),
@' V2g@w.m) € Ky, ) (. 20V78(1)80)° x Kr, ) (1. 207 V2g(5)dv).
By defining F} = K¢ (9,2%) N [c*1+, .7:1)‘ = T[\(ﬁ)(k) N [UTV2g(y)8v]J- and choos-
ing /7 C F} and .7:% C .7:’\ as those faces fulfilling év € riFy, i € ri .7-'2A we obtain
Krg, @296V, ¢*) = F) — FY and Kp. (A)(M,ZUTVZg(y)Sv) = F} — f;. Hence (5)
follows. Since we have v # 0, the clalmed propertles follow when 7y — F) = Kg (v, 2%)

and]—' ]-"% = Ti@) (1). Otherwise, it FY — F) # K¢ (v, 7) and .77)‘ .7-" # Tig) (A)
the clalmed properties follow as well.
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In the following remark we summarize some comments on the optimality conditions of
Theorem 5.

Remark 2 1. If A(v) = {A} is a singleton then we have A(v) = A(v) for all v € Ky
sufficiently close to v. Indeed, by [16, Lemma 3] we have A(v) C A(v) for every
v € Kr sufficiently close to v and A(v) # @ for any v € Kr by [14, Proposition
4.3(iii)]. As a consequence it follows from [12, Proposition 3] that T oh N 3y, %) is
locally polyhedral near (v, v*) for every v* satisfying (v, v*) € Topn Ny O ). Thus
by Theorem 5 we must have F} — F} = Kr (v, z*) and .7:1* — }"2 = TA(U)()_») = {0}.
Hence we have F' = K¢ (v, 2%), F5 = L(Kg (v, 7)), .7:{\ = fé\ = {0}, n =0 and
hence $v € L(Kg. (v, 2%)).

2. IfKrisa subspace then for every v € Kr,7* e N, (v) there holds ’Ckr(l_), 7*) = Kr.

3. If Kg. (v, 2%) is a subspace then the only face of Kg (v, 7%) is Kg. (v, %) itself and
therefore F{' = Fy = F{ — F} = K, (0, 2%). Similarly, if 4 € ri A(9) then T ;) (1)
is a subspace and .7:’\ ]-3‘ = ]:)‘ }2‘ = Txw) ).

Example 1 (cf. [17, Examples 1,2]) Consider the MPEC

2 2
sit. 0ep(x,y)+Nr(y),
Gi(x,y) =Gi1(x) == —x1 —2x2 <0,
Ga(x,y) = G2(x) := —2x1 —x2 < 0,

. 3 3
min F(x,y):=x1—-y1+x2—Zy2—y3

where
yi—x1 3 1 ) 1 )
ox,y):=| y2—x2 |, F:={y€R Igl(y):=y3+§y1§0, gz(y):=y3+5y2 50}.
-1

As it was demonstrated in [17], x = (0,0) and y = (0, 0, 0) is the unique global solution
and Assumption 1 is fulfilled. Straightforward calculations yield

={reR2 A + 22 =1}, Kr =R* x {0}.
For every v € R3, A € R2 we have vTVZ(ATg)(y)v = lez + szg yielding
) {(1, 0} if [v] > |2l
A)=1{ A if [vy| = |v2l,
{(0, D} if [v1] < |vz]-

We now show that the mapping g is 2-nondegenerate in every direction 0 # v € Kr, i.e.
we have to verify

111 B
pavy | € (Ngu @)™ = (10} x{0}xR) " = {0} x {0} xR, p € (A@)" = = (0,0)
0

@)
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for every 0 # v € Kr = R? x {0}. If A(v) is a singleton this holds obviously true because
then ([\(v))Jr = {0}. But the only case when A(v) is not a singleton is when |vi| = |v2],
which together with v % 0 implies |vi| = |vz| > 0 and we see that (4) holds in this case
as well. We claim that the optimality conditions of Theorem 5 hold with v = (1, 1,0),
¥ =(0,0,0), % = (3, 3).n = (0,0), v = (0,0,0), F{ = Fy = Kr, w = —(1,1,0),
Fi =F) = Tipy®) = {(n.m) Im +n2 = 0} and o = (0, 0). Indeed, we obviously
have v € Kr, 7* € ngr (v) and, since Kt is a subspace and A € ri A(v), by Remark 2,
KKF(E,Z*) = Kr, FU, F; are faces of IC,;F (@, 7%), Fh ]:é\ are faces of TA(I—))(X) and
SveriF) = Kr,we F=F = Kr, n e ff\ - .7:5‘ = T;\(l—))()_n) and o > 0. Conditions
(60a), (60b), (60c) amount to

(1) ()= (5522) = (5)

% wi M) nmu _
S+ we |+ lowa | =2 mia | e (F) = F)°=Kr ={0} x {0} xR
1 0 0 0
vjwy A R 1
(2 e - st =ty =2 (1)

and it is easy to see that they are fulfilled. Further, (60d) holds because of v = 0 and
J3 is a subspace, and (60e) is fulfilled as well. Finally, we have F} — F} = K r (0,79,
F 1)‘ — .7-'2’\ =Tx@) (1) and v # 0. Thus the optimality conditions of Theorem 5 are fulfilled.

At the end of this section we want to formulate the necessary optimality conditions in
’l:heorem 5 in terms of index sets instead of faces. Recall the definitions of 1, I (v), J*T(X),
JT(E) given in Section 5.1.

Theorem 6 Assume that (x, y) is a local minimizer for problem (1) fulfilling Assumption 1.
Further assume that g is 2-nondegenerate in every nonzero critical direction 0 # v € Kr
at (3, %), where y* := —¢ (%, ¥). Then there are a critical direction v € Kr, a multiplier
* € A@), indexsets T+, T, IT, and Twith JT (W) € JT < J C JH(A®) C JT(A) C
It CZ CI(D)and elementsw e R™, 1, e R and o € Rﬁ such that

0=V F&, 79 — V& ) w+ VG, 9o, (64a)

0= VyF(%3) — Vyop&E 1w+ VG, 5 o — VAT 9w
+Ve(3) e + 2V (" 9)(5), (64b)
& =0ifi ¢7, (64c)
£ >0,V 'w=<0ifi eI\ T, (64d)
Vegi)Tw = 0ifi e I, (64e)
Ve®'n =0 n=0igJ, n>0ieI\JT", (641)
0 =0;Gi(x,y),i=1,...,p. (64g)
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Moreover, there are v € R™, 55y, 53y € R™ and 1 € R? such that
Vei(M v =0, i e JT(A), Vgi(3) sv

<0,iel®\JT(A), (64h)
I =1{iel®]|Vg® sv=0} (64i)
V(3 550+ 07 V2gi(3)dv = 0,i € TT(R), Vgi(F)ssy + 0 V2gi(7) v
<0,ieJTA@)\JITR) (64)
J =1{i e T"(A®) | Vgi (D) 550
+07 Vg (3)8v = 0} (64Kk)
Ve i =0, i =0i¢J. jii =0,i e T\JT D) (64D
Jt=JtMulieI\JTQ) | >0} (64m)
V(M sw+ 0" Vig(Hw = 0,i € Tt, Vgi(3) su
+0'V2igi(GHw=<0,ie T\JT. (64n)

Furthermore, if T = 1(v), I+ = Jt(X) and J = JT(A(V)) then one of the following two
cases must occur: case (a) v # 0; case (b) v =0, L(Kr) = {0} and % € (0, Z*) for some
=3 Vai(May witha; > 0,i € I\ JH(A).

Otherwise, if either T # 1) or Jt # JtQ) or T # JT(A®)) then v # 0 and
there are some 8x € R" and some 7% = ) ;. Vgi(y)a; witha; > 0,1 € It \ Jt(A)
such that conditions (61a)—(61c) hold and T, aph Ni- (3, ¥%) is not locally polyhedral near
(U, =V (X, y)(éx, D).

Proof Let ©,A,8v, 1, w,o, FUF, }'f‘, .7:5‘ as in Theorem 5. The index sets
I,Z%, 7, JT were chosen such that

FP—F={s|Vgi(»'s=0,i eI, Vgi(»)'s <0,i eT\T"},

Fl —F ={u|Veg® ' nu=0 i=0,i ¢J, u;i 20,i e I\ J*}.
Then (F} — F3)° = (Ve)Te|g =0,i ¢ I, & > 0,i € T\ I} and conditions
(64a)—(64g) follow immediately. (64h) states that év € Tkr (v) whereas (641) results from
the requirement $v € ri F; together with Proposition 4. The index set ZV is related with
7" e N £ (V). Since we do not have any further condition on Z*, the same applies to Z™.
(64;)) states that o!'v2 g(y)sv € T[\(ﬁ) (»)° and condition (64k) results from the second part
of (60d). The point i« denotes any point in ri F2A yielding the condition (64m) by Proposition
4. Finally, condition (64n) is equivalent to (60c). O

The optimality conditions of Theorem 6 dramatically simplify under the assumption that
A = {1} is a singleton. In this case the condition that g is 2-nondegenerate in every nonzero
critical direction 0 # v € Kt at (¥, ¥*) holds automatically. Further, by the formula for the
tangent cone in Theorem 3, it is easy to see that in this case the tangent cone Toon - (V- )
is polyhedral and therefore by Theorem 6, we must have

JFo) =J " =J=J"M) I cI=1®).

Letw e R",§ e R?ando € R’) be those found in Theorem 6 and take, as already pointed
out in Remark 2, n = 0. Moreover we can take dv = 0, ssy = O and it = 0 in order to
fulfill conditions (64h)—(64m). Fmally, the assumption that A={}isa singleton implies
that the gradients Vg;(¥), i € JT(X) are linearly independent and therefore there always
exists an element sy, fulfilling (64n). Therefore we have the following corollary.
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Corollary 1 Assume that (x, y) is a local minimizer for problem (1) fulfilling Assumption
1. Further assume that the multiplier set A = {)} is a singleton. Then there are a critical
direction o € Kr, index set T+ with Jt(X) € I C I(¥) and elements w € R™, £ € RY
ando € Ri such that

0=V F(&,3) —Vip&E W w4+ VGE, o, (65a)

0=V,F(x. 3 — V@& HTw+ V,G&E, )7 o — VAT ) (F)w + Vg(3)T£,(65b)
& =0ifi ¢ 1(0), (65¢)

£ >0,Vgi(MTw=<0ifi e I®)\IT, (65d)

Vg w=0ifi eI, (65¢)

0=0;G;(%, %), i=1,...,p. (65¢)

We now want to compare our optimality conditions for (MPEC) with the known M-
stationarity conditions for (MPCC) defined as follows.

Definition 10 (M-stationary condition_ for (MPCC)) Let (%, 7, 1) be a feasible solution for
problem (MPCC). We say that (x, y, A) satisfies the M-stationary condition for (MPCC) if
there exist w € R™, £ e R?,0 € Ri such that

0=V, F@& 3 —Vap(x, )'w+ VG, o, (66a)

0=V,F@& 5 — Vo N'w+V,Gix, )To — V2T g)()w + Ve(7)TE, (66b)
£ =0if gi() <0, =0, (66¢)

Ve w=0if g (3) =0,4 >0, (66d)

either & > 0, Vg;(3)Tw < 0or & Vg (3)Tw =0if g;(5) = »; =0, (66e)
0=0;Gi(x,y),i=1,...,p. (66f)

It is well know that problem (MPCC) may not be equivalent to problem (MPEC) in the
case when the lower level problem does not have unique multiplier. Moreover, in this case it
is also possible that at a locally optimal solution (%, ¥, 1) even the weakest known constraint
qualification, the MPCC-GCQ (Guignard constraint qualification), ensuring M-stationarity
is not fulfilled. E.g., it was shown in [17] that for Example 1 MPCC-GCQ does not hold at
(x,y,)) forany X € A.

For the case when the multiplier set A = {1} is a singleton, we now compare our nec-
essary optimality conditions of Corollary 1 with M-stationarity condition for (MPCC). By
[2, Proposition 2], the assumption of MSCQ for (MPEC) is weaker than the corresponding
one for (MPCC). Suppose that (X, y, 1) satisfies the optimality condition in Corollary 1 and
letweR", &£ eR?ando € ]Rﬁ be those found in Corollary 1. Then (66a)—(66b) and (66f)
hold. Since

. either g;(3) =0, Vgi(3)Tv < 0,1, =0

PRI S () < 0,3 =0
and JT(X) = {i|gi(§) = 0,%; > 0}, (65c) and (65¢) implies that & = 0 if 1; = 0 and
Vei(3)Tw = 0if A; > 0. It follows that (66¢)—(66e) hold. Therefore (¥, ¥, A) must satisfy
the M-stationary condition for (MPCC) as well.

It is not difficult to show that the M-stationarity conditions of Definition 10 imply
the necessary optimality conditions of Corollary 1 provided the linear independence con-
straint qualification (LICQ) holds for the lower level problem at y. Indeed, under LICQ the
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multiplier set A={)A}isa singleton. Given w, £ and o fulfilling (10), define
It =Jt0)Uliel|& <0}, T:=ZTU{iel|Vg()Tw=<0& >0}
and then find v fulfilling
Vei()'v=0i€eZ Ve o=~1liecl\I
which exists due to the imposed LICQ. It follows that v € Kr, I = I() and that the
conditions (1) are fulfilled. Hence, under LICQ the optimality conditions of Corollary 1
are equivalent to the M-stationarity conditions of Definition 10. However, the following

example demonstrates that the optimality conditions of Corollary 1 are sharper, when A is
a singleton but LICQ fails.

Example 2 Consider the problem

min x+y1+»m
xeR,yeR?

X+ 2y
X+ y2

atx =0,y = (0, 0). Straightforward calculations yield that A ={(0,0,0)} and that (¥, 7)
is not a local minimizer. However, the M-stationary conditions of Definition 10 amount to

subjectto 0 € ( ) + Nr(y) where I := {y € R? | y; <0, —y» <0, y; +y2 <0}

0=1—(w+wy),

(5)=(1)-C) (&%)
0 1 wy & +& )’
(w1 <0, & >0) Vv (wi& =0),
(—w2 <0, & >0)V(—wé& =0),
(wi+ w2 <0, & > 0) Vv ((w +wp)é3 =0),

where (X) Vv (Y) denotes either X or Y holds, and are uniquely fulfilled with w = (0, 1)
and £ = (—1,0,0). Now let us show that the optimality condition in Corollary 1 with
w = (0,1),and & = (—1, 0, 0) does not hold.

By applying Theorem 4 we deduce that MSCQ and consequently Assumption 1 are ful-
filled. Since the only multiplier is = (0,0, 0), we have JT(X) = ¥ and Kr = I'. Since
w; = 0and Vg (¥y)w = wy, (65¢) holds if and only if {1} € Z*. Since {1} € ZT C I(v),
one must have Vg1 (¥)7T o = v; = 0. But then (65¢) means & = 0if 3 ¢ I (D), which in turn
means that Vg3 (ﬁ)Tﬁ = v1] 4+ vy < 0. This is impossible since we cannot find v € Kr=T
satisfying vy = 0 and v; 4+ v < 0. This shows that the M-stationarity conditions do not
correctly describe the faces of the critical cone.

Finally we want to compare our results with the ones of Gfrerer and Outrata [15], where
the limiting normal cone of the normal cone mapping was computed and thus could be used
to compute the conventional M-stationarity conditions for problem (MPEC). The assump-
tion 2-LICQ used in [15] cannot be characterized by first-order and second-order derivatives
of the constraint mapping g, however the sufficient condition for 2-LICQ as stated in
[15, Proposition 3] is stronger than the 2-nondegeneracy assumption we use. The sufficient
condition for 2-LICQ in direction v € Kr used in [15, Proposition 3] now states that for
every index set J with J* (A (D)) € J C I () satisfying

=0ielJ

- m
<0iel@\J for some s € R

Ve () s + 07 Vg ()b {
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the mapping (gi)ies is 2-regular in direction v. Such an index set J always exists, e.g. by
duality theory of linear programming J = J T(A(D)) is a possible choice. Now choose
J large enough such that for every j € I(v) \ J the gradient Vg;(y) linearly depend on

Vgi(y), i € J.so that J meets the requirements on the index set J used in Section 5.1 and
we see that the assumption of 2-regularity of (g;);es in direction v implies 2-nondegeneracy
of g in direction v.

Further one can show that the necessary conditions of Theorem 6 are stronger than the
M-stationary conditions which one could obtain with the M-stationary conditions of [15,
Theorem 4] insofar as an additional condition on 8x is included in Theorem 6.
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