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Abstract

In this paper we select two tools of investigation of the classical metric regularity of set-
valued mappings, namely the Ioffe criterion and the Ekeland Variational Principle, which we
adapt to the study of the directional setting. In this way, we obtain in a unitary manner new
necessary and/or sufficient conditions for directional metric regularity. As an application,
we establish stability of this property at composition and sum of set-valued mappings. In
this process, we introduce directional tangent cones and the associated generalized primal
differentiation objects and concepts. Moreover, we underline several links between our main
assertions by providing alternative proofs for several results.
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1 Introduction

In this paper we continue the study of the directional regularity concepts introduced in [8],
by getting adapted metric regularity criteria of Ioffe-type inspired by [2], which allows to
derive, in a unitary way, several sufficient conditions for the stability of these properties. In
our investigation, the directional character of the regularities is formulated by the use of a
special type of the minimal time function introduced and studied in [7]. In the proof of the
main criterion for the directional metric regularity we use, as a main tool, a directional Eke-
land Variational Principle obtained in [8] by means of this minimal time function. Applying
this criterion, we derive conditions for the directional regularities of a composition and a
sum of set-valued maps. Furthermore, we give sufficient conditions for directional regu-
larities in both cases in terms of directional derivatives of set-valued maps. The novelties
that our work propose can be structured into three categories: firstly, some of the results are
completely new, secondly, many of our results generalize, to the directional setting, known
results from the classical (non-directional) case and, thirdly, we present new and shorter
proofs for several assertions.

As shown in [2, 16], the Ioffe criterion for regularity allows to obtain simpler proofs
for metric regularity conditions in different instances. Indeed, we show that this is the case
as well for the directional regularity we study here, in the sense that, for the sufficient
conditions we develop, the proofs based on this adapted criterion are much shorter than the
direct proofs which can be given by the use of the directional Ekeland Variational Principle.
Also, a more direct, but longer proof, based on iterations, of the loffe criterion is possible.
However, as a general procedure, we prefer to have a unitary presentation, with concise
proofs, and we leave the alternative proofs for the last section of the paper.

The paper is organized as follows. Firstly, we present the directional regularity properties
we deal with, the links between them and we compare our concepts with other directional
metric regularity constructions met in the literature. Next, we derive a loffe criterion for
directional regularity of single-valued mappings, and then a criterion of the same type for
set-valued maps. On this basis, we consider the stability of directional openness of set-
valued compositions and, as a particular case, that of the sum of multifunctions. Moreover,
we present sufficient conditions for the directional regularity of a set-valued map in terms
of a special type of the directional Bouligand-Severi tangent cone with implications in the
cases of composition and sum. At the end we collect, in Appendix, in two separate sub-
sections, the direct and constructive proofs of some results which were not fitted for the
unity of the presentation in the previous sections. A comparison between the proofs given
in the main part of the paper and the corresponding ones from the Appendix emphasizes the
usefulness of the Ioffe criterion.

2 Directional Regularity: Preliminaries and Comparison with Other
Concepts

Throughout the paper, we use the convention that inf # = 400 and, as we work with non-
negative quantities, that sup@¥ = 0. B(x, r) and Bl[x, r] are the open and the closed ball
in a metric space X with a center x € X and a radius r € [0, +-00], respectively, with the
convention that

{x}, ifr =0,

Blx.rl=Blx.r) = { X, ifr = +oo.
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We denote by By := B(0, 1), Bx := BJ[0, 1], and Sx := B[O, 1]\ B(0, 1) the open unit
ball, the closed unit ball, and the unit sphere in X, respectively. For a set A C X, we denote
by int A, and cl A its topological interior, and closure, respectively. The distance from a
point x to a set A in the metric space (X, ¢) is d(x, A) := inf{o(x,a) |a € A}. If X isa
normed vector space, the cone generated by A is designated by cone A. For x,y € X, we
denote by (x, y) and [x, y] the open and the closed line segment joining the points x and y,
respectively.

Let F : X = Y be a multifunction. The domain and the graph of F are denoted respec-
tively by DomF ;= {x € X | F(x) #0}and GrF = {(x,y) € X xY | y € F(x)}. If
A C X, then F(A) := U F(x). The inverse of F, which always exists, is the set-valued

xeA
mapping F~! : ¥ = X givenby F'(y) = {x e X |y e F(x)},y € Y.

In literature, there are several concepts dealing with regularity of mappings in various
directional settings. We mention here the following works: [5, 12—14]. In this paper we are
concerned with the approach proposed in [8].

Let?d #Q C X and @ # L C Sx. Then the function

Xo2xr—>Tr(x,Q):=inf{t >0 | e L:x+1tlL e} 2.1)

is called the directional minimal time function with respect to L. Many properties of this
function were systematically analyzed in [7]. Remark that

Tr(x, Q) < 4ooifand only if x € Q — cone L

and
dx,2) <Tp(x,2) forallx € X.

Moreover, if L = Sy, then T (-, Q) = d(-, 2). If Q = {u} for a point # € X, we denote in
what follows Ty (-, {u}) by Ty (-, u). Clearly, for each x, u € X, if Ty (x, u) < 400 (which
is equivalent to u — x € cone L), then

T_p(u,x)=Tr(x,u) = |lu—x|.

Moreover, if cone L is convex, then

(i) Tr(x,u)=0ifandonlyifx = u;
(1) Tr(x,u) <Tr(x,v)+ Tr(v,u),forall x,u,v € X.

We recall next the directional regularity notions introduced and studied in [8], as well as
the link between them, which mimic the classical case of around-point regularities.

For two sets A, B C X, we consider the directional excess from A to B with respect to
L as

er(A, B) :=sup T (x, B).

xeA

Of course, er (A, B) = +o0 if A ¢ B — cone L. Obviously, if L = Sy, then e; (A, B)
becomes the usual excess from A to B defined by

e(A, B) :=supd(x, B).

xeA
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212 R. Cibulka et al.

Definition 1 Let F : X == Y be a set-valued mapping between normed spaces (X, || - ||)
and (Y, || - ||) with (x,y) € Gr F and sets L C Sx and M C Sy be nonempty.

(i) One says that F is directionally metrically regular around (x,y) with respect to L
and M with a constant ¢ > 0 if there are ¢ > 0 and neighborhoods U of X and V of
v such that, for every (x, y) € U x V such that Ty (y, F(x)) < ¢,

To(x, F(y) < ¢ Tu(y, F(x)). (2.2)

The modulus of directional regularity of F around (Xx,7y) with respect to L and M,
denoted by dirreg; , 5, F (X, ), is the infimum of ¢ > 0 such that F is directionally
metrically regular around (x, y) with respect to L and M with the constant c.

(i) One says that F is directionally linearly open around (X, y) with respect to L and M
with a constant ¢ > 0 if there are ¢ > 0 and neighborhoods U of X and V of y such
that, for every r € (0, ¢) and every (x,y) € (U x V)NGrF,

B(y,cr)N(y —cone M) C F(B(x,r)N (x + cone L)). 2.3)

The modulus of directional openness of F around (x,7y) with respect to L and M,
denoted by dirsury x s F (X, Y), is the supremum of ¢ > 0 such that F is directionally
linearly open around (X, y) with respect to L and M with the constant c.

(iii) One says that F has the directional Aubin property around (x,y) with respect to L
and M with a constant ¢ > ( if there are neighborhoods U of X and V of y such that,
for every x,u € U,

em(Fx)NV,Fu)) <c-Tr(u,x). 2.4)

The modulus of the directional Aubin property of F around (x,y) with respect to L
and M, denoted by dirlip; , 5, F (X, ), is the infimum of ¢ > 0 such that F has the
directional Aubin property around (x, y) with respect to L and M with the constant c.

Of course, when L := Sy and M := Sy, the previous concepts reduce to the usual metric
regularity, linear openness, and Aubin property around the reference point (see, e.g., [4]
for more details). Moreover, directional metric regularity and Aubin property correspond
to the cases where the regularity moduli are finite, respectively, while the directional linear
openness holds if and only if the modulus of directional openness is strictly positive.

Remark 2 Note that a similar concept of directional openness can be defined if one
considers, instead of (2.3), that
Bly,cr]N(y —cone M) C F(B[x,r] N (x + cone L)) 2.5)
holds. Indeed, if according to the definition, (2.3) holds, then for arbitrary ¢’ < c,
Bly,c'r]N (y —cone M) C B(y,cr) N (y — cone M)
C F(B(x,r)N(x +conel)) C F(B[x,r] N (x 4+ cone L))

for every corresponding (x, y) and r € (0, €), hence the inclusion holds for closed balls
instead of open ones and for any ¢’ < c¢. Also, if (2.5) holds for some ¢ > 0, then for any
d <e,
B(y,c'r) N (y —cone M) = B(y, c(¢'¢”'r)) N (y — cone M)
C Bly,c(c'c”'r)N (y = cone M) C F(B[x,c'¢™'r1N (x + cone L))
C F(B(x,r)N(x 4+ cone L)).
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On the Stability of the Directional Regularity 213

Hence, the two notions are equivalent. Moreover, observe that the value of
dirsurz x 7 F(X,y) remains unchanged if one defines it as the supremum of positive
constants ¢ involved in (2.3) or in (2.5).

The next result contains the announced link between the notions given before (see [8,
Proposition 2.3]). The convention 1/0 = 400 applies here.

Proposition 3 Let F : X = Y be a set-valued mapping between normed spaces (X, || - ||)
and (Y, || - ||) with (x,y) € Gr Fand sets L C Sx and M C Sy be nonempty. Then

dirreg; . yy F(X,5) = (dirsurp xp F(%,5)~! = dirlipy;,;, F~1(3, %).

For a set-valued mapping F : X x Y = Z, one may speak about the directional regulari-
ties with respect to one variable, uniformly for the other. More precisely, in this case, we use
the notation F), := F(-, y), we consider nonempty sets L C Sx, M C Sz, and we say that
F is directionally metrically regular relative to x uniformly in y around (¥,y,z) € Gr F
with respect to L and M with a constant ¢ > 0 if there are ¢ > 0 and neighborhoods U of
X, V of y, and W of 7 such that, for every y € V, and every (x,z) € U x W such that
Tm(z, Fy(x)) <e¢,

To(x, Fy'(2) < ¢ Tu(z, Fy(x). (2.6)
The modulus of directional regularity of F relative to x uniformly in y around (x, y, z) with
respect to L and M, denoted by Er@ix uF(x,7,7), is defined as the infimum of ¢ > 0
such that the above property holds.

Analogously, one may define the other two regularity properties relative to one vari-
able, uniformly for the other, and the corresponding regularity moduli are denoted by
dirsur, .y, F (¥, v, 7) and dirlip,  ,, F (%, 7. 7).

In what follows, we compare the concepts from Definition 1 with other directional regu-
larity notions met in literature. Firstly, recall the notion of the directional metric regularity
in a given direction from [14].

Definition 4 A set-valued mapping F : X = Y from a metric space (X, ¢) to a normed
space (Y, || - ||) is said to be directionally metrically regular at (x,y) € Gr F in a direction
w € Y with a constant k > 0 if there exist ¢ > 0 and § > 0 such that, for every (x, y) €
B[x, €] x B[y, ¢] satisfying d(y, F(x)) < e and y € F(x) + cone B(w, §),

d(x, F7'(y) <k d(y, F(x)).

Proposition 5 Let (X, ||-||) and (Y, ||-||) be two normed spaces, F : X = Y be a set-valued
mapping, and (x,y) € Gr F. If F is directionally metrically regular at (X, y) in a direction
w € Y with a constant k > 0, then there is a nonempty closed M C Sy with cone M being
convex such that F is directionally metrically regular around (x,y) with respect to Sx and
M with the constant k.

Proof Find ¢ > 0 and § > O such that for all (x,y) € B[x,¢e] x B[y, €] satisfying
d(y,F(x)) < eand y € F(x) 4+ cone B(w, §) we have d(x, F_l(y)) < kd(y, F(x)).
Denote M := —[Sy Ncone B(w, §)]. Fix any (x,y) € BI[x,¢e] x B[y, €] satisfying
Tvu(y, F(x)) < e. Then d(y, F(x)) < Ty(y, F(x)) < &, hence there is m € M and
g’ € (0, &) such that y + ¢'m € F(x). So

ye F(x)—é&m C F(x)+ &[Sy Ncone B(w, §)] C F(x) + cone B(w, §).
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214 R. Cibulka et al.

Consequently, Ts, (x, F~'(y)) = d(x, F~1(y)) < kd(y, F(x)) < kTu(y, F(x)). O

The converse of the previous result does not hold in general, as the next example shows.

Example 6 Consider X :=Y :=R, M := {1}, F : X =2 Y given by

Fx) = R, forx <Qorx >1
T (—o0, 22 U [V, +00) , forx € (0, 1),

and (x,y) := (0,0). Let us prove first that F is directionally metrically regular around
(x,y) with respect to Sy and M with the constant ¢ = 1. For this, take ¢ > 0 such that
Je+e <1,and x,y € (—¢, &) such that Ty (y, F(x)) < &.If y < 0, then F’l(y) =R,
hence the inequality

d(x, F7'(y) < Tu(y, F(x)) 2.7)

trivially holds. Suppose now that y € (0, ¢). Then F_l(y) = (—oo, y2] U [ﬁ, +oo). If
x <0, then d(x, F~! (y)) = 0, hence (2.7) holds again. Consider next that x € (0, ¢). If
y < x?, then \/y < x, sod(x, F1(y)) = Tu(y, F(x)) = 0.If y > /x, then y* > x,
and again d(x, F7'(y) = Tu(y, F(x)) = 0. Finally, consider the case that x? < y < J/x.
Then Ty (y, F(x)) = /x — y, and d(x, F_l(y)) = min {x — y2, JY = x}. But we have
that

dx, F7' o) < x =y = (Vx —y) (VX +) = Vx —y = Tu(y, F(x)).

We conclude that the claim is proved. Let us show next that for any direction w € R, F
is not directionally metrically regular at (X, y) in the direction w. Take arbitrary ¢ € (0, 1)
and pick x,y € (0, &) such that x* < y < 4/x and d(y, F(x)) < &. Observe that it is
enough to consider that w € {—1,0, 1}. In any of these cases, and for any § > 0, y €
F(x) + cone B(w, §) means that y € R. Moreover, if y | x2, then /Y 1 x, hence in this
situation d(y, F(x)) =y — x2, and

d(x,F_l(y))=min{x—y2,ﬁ—xl =.y—x.

So, in order to have that F is directionally metrically regular at (X, y) in the direction w, we
should find ¥ > 0 such that for any small x, and for y > x? arbitrarily close to x2, we have

dx, F' o) = 7 —x i+ (v =) =k - d(y, F(o)).
But this should mean that
I=i (Vi +x)
for any x, y € (0, &) with y > x2 sufficiently close to x2 such that d(y, F(x)) < ¢ and
JY—x <x-— y2, which obviously cannot hold. In conclusion, the claim is proved.

Another related concept is the regularity along a subspace from [5, 13].

Definition 7 A set-valued mapping F : X = Y from a normed space (X, | - ||) to a
metric space (Y, o) is called metrically regular along a (closed) subspace H of X around
(x,y) € Gr F with a constant k > 0 if there exists ¢ > 0 such that, for every (x, y) €
B[x, ] x B[y, ],

inf{||k]| : he€e Handx + h € F_l(y)} <kd(y, F(x)). (2.8)
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On the Stability of the Directional Regularity 215

Lemma 8 Let H be a (closed) subspace of a normed space (X, | - ||). Then, for every
Q C X and every x € X,

dy(x, Q) :=inf{||h| : h € Handx +h € Q) = T, (x, Q).

Proof Let A > dy(x, 2) be arbitrary (if there is any). Find 4 € H such that A > ||| and
x+h e QIfh =0thenx € Q and thus Ts, (x, 2) = 0 (< A). If not, then h/||k| € Sy
and x + ||2]|(h/||h]]) € 2. Hence Ts, (x, 2) < ||h|| < A.Letting A | dy(x, Q) we get
dy(x, Q) > Ts,, (x, ). On the other hand, let A > T, (x, £2) be arbitrary (if there is any).
Find h € Sy and ¢ € [0, 1) such that x + th € Q. Sody(x, ) < ||th|| <t < A. Letting
A Tsy(x, Q) we getdy(x, Q) < Ts,, (x, ). O

Corollary 9 Let F : X =2 Y be a set-valued mapping between normed spaces (X, || -||) and
(Y, || - ) with (x,y) € Gr F, H be a (closed) subspace of X, and k > 0. If F is metrically
regular along H around (x,y) with the constant k, then F is directionally metrically regular
around (X, y) with respect to Sy and Sy with the constant k. Conversely, if F is directionally
metrically regular around (x,y) with respect to Sy and Sy with the constant k, then there
is & > 0 such that for all (x,y) € B[x, e] x B[y, ] with d(y, F(x)) < ¢ inequality (2.8)
holds.

Proof AsTs,(y,I') =d(y,T) forany y € Y andI" C Y, Lemma 8 implies the result. [

3 Criteria for Directional Regularity

In what follows, we provide some criteria for directional regularity in the lines of those
given, e.g., in [2] (see also, [3, 10, 15]). We analyze first the case of single-valued mappings,
which we see as particular instances of set-valued mappings. It is important to emphasize
that the domain of the function g in the sequel must be understood as the set where g is
defined, hence we think g as a multifunction having the cardinality of the set {g(x)} at most
one at every x € X.

For the first proposition, we use the directional Ekeland Variational Principle (EVP, for
short) given in [8, Corollary 3.2].

Theorem 10 Let X be a Banach space and A C X be a closed set. Let M C Sx be a closed
set such that cone M is convex, and f : A — R U {400} be a bounded from below lower
semicontinuous function. Then, for every xo € A with f(xg) < 400, and for every ¢ > 0,
there exists x; € A such that

SFxe) < f(x0) — eTm (xe, x0)
and forany x € A\ {x.},
fxe) < f(x) 4+ eTy(x, xe).

As usual, the application of Ekeland Variational Principle allows to avoid the explicit use
of iterations. Another, more constructive, but longer proof of the next result is given in the
Appendix.

Proposition 11 (general criterion for single-valued maps) Ler (X, || - ||) and (Y, || - ||) be
Banach spaces. Consider a nonempty closed subset L of Sx such that cone L is convex, a
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216 R. Cibulka et al.

nonempty closed subset M of Sy, a point X € X, and a mapping g : X — Y such that there
is a neighborhood U of x such that the set D := U N Dom g is closed and g is continuous
on D. Then dirsury x ps g(X) equals to the supremum of ¢ > 0 for which there is r > 0 such
that for all (x,y) € (B[x,r]NDomg) x B[g(X), r], with 0 < Ty (y, g(x)) < 400, there
is a point x' € Dom g satisfying

cTr(x,x") < Ty(y, g(x)) — Ty (y, g(x)).

Proof Let A := dirsury « s g(x) and s be the supremum from the statement. To show that
s < A, fix an arbitrary ¢ € (0, s) (if there is any). Find § > O such that the set A :=
B[x,25] N Dom g is a subset of D and for all («, y) € (B[x,25] " Dom g) x B[g(x), 241,
with 0 # g(u) — y € cone M, there is a point x’ € Dom g such that

cTp(u,x") < Ty (y. gw) — T (v, g(x"). (3.1

By the continuity of g on A, there is ¢ € (0, min{1/2, 1/c}) such that for every x €
B [x,e] N Dom g, one has that |[g(x) — g(X)|| < 4.
Fix any r € (0, €) and any x € B[x, €] N Dom g. We show that

B(g(x),cr)yN(g(x) —coneM) C g(B(x,r)N(x +coneL) NDomg). 3.2)

Pick an arbitrary y € B(g(x), cr) N (g(x) —cone M). If y = g(x) then (3.2) holds trivially.
Suppose that y # g(x). Let f : A — [0, +00] be defined by f(z) = Tu(y, g(2)),
z € A. Then f is lower semicontinuous on A, since g is continuous on A and T/ (y, -) is
lower semicontinuous. Moreover, as g(x) — y € cone M, we have f(x) = Ty (y, g(x)) =
lg(x) — y|l < cr < 4o0. Since A is closed, applying the directional Ekeland Variational
Principle (Theorem 10), we find u € A such that

Jf@) < f(x) —cT-p(u,x) (3.3)

and
fw) < f(@)+cT-r(z,u), forall ze A. (3.4)
By (3.3), we have c¢Tr (x,u) = cT_p(u,x) < f(x) — f(u) < f(x) < cr < 400, hence
u—x €conelL and cllu — x|| = c¢Tp(x,u) < cr. Consequently, we have u € B(x,r) N

(x+cone L)YNDomg. As 'y € B(g(x), cr)N(g(x) —cone M) is arbitrary, (3.2) will follow
once we show that y = g(u). Suppose on the contrary that y # g(u). Note that

lu—X| <lu—x||+llx—X||<r+e<2e<$
and
Iy =@l <lly—g®Il+1glx) —g@®) <cr+8<ce+d<d+45=24

By (3.3), we have Ty (y, gu)) = f(u) < f(x) < cr < 400, hence 0 # g(u) — y €
cone M. Find x’ € Domg such that (3.1) holds. In particular, we have cTy (u,x’) <
Ty (v, g(u)) < cr < +00, and therefore

| =x| < |&" —ul + llu =%l = Te(u, )+ llu =Xl <r +68 <e+8 <25
Thus x” € A and f(x') is well defined. Combing (3.1) and (3.4) with z := x’, we get
cTo(u,x") < Tu(y, gw) — Tu(y, gx")) = f(u) — f(x') < cT_L(x", u) = cTr(u, x'),

a contradiction. Hence y = g(u).

@ Springer



On the Stability of the Directional Regularity 217

By (3.2), A > ¢, for any ¢ € (0, s). Thus s < A. Assume that s < A. Fix any ¢ € (s, A).
Find ¢ > 0 and ¢’ € (c, A) such that B[x,c] N Domg is a subset of D and for each
x € B[x,e]NDom g and each ¢ € (0, ¢) we have

g(B(x,t) N (x 4+ cone L) NDom g) D B(g(x), c't) N (g(x) — cone M).
By the continuity of g, we find r € (0, €) such that ||g(x) — y|| < ce for each (x,y) €
(B[x,r] N Domg) x B[g(x),r]. Fix any y € B[g(x),r] and any x € B[x,r] N Domg
with 0 # g(x) —y € cone M. Lett := Ty (y, g(x))/c = |lg(x) — y||/c. Then t € (0, &)

and y € B[g(x), ct] C B(g(x), c't). Therefore there is x’ € B(x,t) N Domg such that
y = g(x’) and x” — x € cone L. Noting that x" # x, because ¢ > 0, we get

0<cTp(x,x) =cllx —xll <ct =Tu(y, g(x) = Tu(y, g(x)) — Tu(y, ().

Hence s > ¢ > s, a contradiction. O

As in the case of the classical regularity properties, the directional openness of a set-
valued mapping F : X = Y can be deduced from the directional openness of a simple
single-valued mapping, namely, the restriction of the canonical projection from X x Y onto
Y, that is the assignment Gr F' > (x, y) — y € Y. In order to do this, we give a technical
lemma, which shows the possibility to see the minimal time function on product spaces as
maximum of corresponding minimal time functions defined on coordinate spaces.

Lemma 12 Let (X1, - 1), ..., (Xu, |l - |) be normed spaces and positive constants o,
..., oy be given. Consider nonempty closed subsets L; of Sx, fori =1, ..., n. Define the
equivalent norm ||-|| 3 on X = X x ...XX,,f0~r each (uy, ..., u,) € X Qy Gy, . un)lly =
max{ay|lutll, ..., oy |un ||} Then there exists L C_ S5 such that cone L = cone Ly X ... X
cone L, and, for each (uy, ..., up), (W}, ..., u,) € X,

T (i, ooy tty), (], oy ) = max{o Tp, (uy, u)), oy @ Tp, (un, uy)}. (3.5)

Proof We will proceed inductively. On X; x X5, consider the norm defined, for each
(u,v) € X1 x X2,by [[(u, V)|l x,xx, := max{aqllull, e2|lv]]}. Take

~

Ly := (aflLl X [agl]E%;Q M cone Lg]) U ([ozleX] Ncone L] x oz;ng) .
Clearly, I: C Sx,xx,. We show next that cone I: = cone L x cone L,. Indeed,
cone (aflLl X [a;lIBéxz M cone L2]> C cone (ozflL1> X cone (a{lez M cone Lz)
= cone L X cone L,
and similarly
cone ([al_le, Ncone L] x az_le) C cone (al_]IB%xl N cone L1> X cone(az_le)
= cone L x cone L.

Thus cone a C cone L x cone L.
On the other hand, pick an arbitrary non-zero (#, v) € cone L x cone L;. Then there
are non-negative #; and f,, which are not both zero, such that u € # (ozl_lLl) and v €

n(ey ' Ly). If 11 > 1, then v € 11 (12, ) (3 ' La) C 11(er; "By, Ncone L). Hence (u, v) €
t1Ly C coneL.Ifrp > t1,thenu € tz(tltgl)(aflLl) C tz(oclexl N cone L1). Hence
(u,v) € nL C cone Lj. Thus cone L D cone L; X cone L.
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We want to prove next that
T (u, v), (', v)) =max{on T, (u, u'), a2 Ty, (v, v)},  forall (u, v), (', v') € X1 xX>.
For this, fix any (u, v), (u’, v') € X x X». Since cone fl = cone L1 xcone Ly, we conclude

that 77> ((u, v), (', v")) is finite if and only if both Ty, (u, u") and T, (v, v') are finite. In
this case, we have

max{a1 Tz, (u, u'), 2T, (v, v")} = maxfo |lu’ — ull, a2|v" — v}

= @', v) = @, V)llx,xx, = T; (), @', V),

as claimed.
Next, observe that if one considers on X; x X» x X3 the norm defined, for each
(Lt, v, w) € X] X X2 X X37 by ”(l’ta v, w)||X1><X2><X3 = maX{“(l/l, v)”X]XXQsa3 ”w”} B

and repeats the previous proof for
Z; = (E X [a;lBX3 M cone L3]) U ([BXlxXz M cone a] X 043_1L3> ,

it follows that coneZ; = coneﬂ x cone L3 = cone L x cone Lo x cone L3, and for all
(u,v,w), W,v,w) e X x X x X3,

T ((u, v, w), (v, wh) = max{Tr; ((u, v), @', V), a3Tr, (w, w")}
= max{max{a Tz, (u,u'), a2 Tr, (v, v")}, a3 T, (w, w)}
= maxfo Ty, (u, u'), 0o Ty, (v, V'), a3 T, (w, w)}.

After a finite number of similar steps, the result follows. O

Proposition 13 (general criterion for set-valued maps) Ler (X, || - ||) and (Y, | - ||) be
Banach spaces. Consider nonempty closed subsets L of Sx and M of Sy such that cone L
is convex, a point (x,y) € X x Y, and a set-valued mapping F : X = Y the graph of
which is locally closed near (x,y) € Gr F. Then dirsury, » p F (X, y) equals to the supremum
of all ¢ > 0 for which there are r > 0 and a € (0, 1/c) such that for any (x,v) €
(B[x,r] x B[y, r])NGr F and any y € B[y, r], with0 < Ty (y, v) < 400, there is a pair
(x',v") € Gr F such that

cmax{T,(x,x), allv ="} < Tu(y,v) — Ty (y, V). (3.6)

Proof Let A := dirsury x» F(X,y) and denote by s the supremum from the statement. First,
we show that A > s. Fix an arbitrary ¢ € (0, s) (if there is any). Find o € (0, 1/c) and
r > 0 such that the property involving (3.6) holds. Let X:=XxVYhbe equipped with the
norm |[(u, v)|| 5 := max{flull, «|lv|[}, (u,v) € X. Let L be the cone from the conclusion of
Lemma 12 withn :=2, X1 := X, Xo:=Y, L1 =L, Ly :=Sy,a; :=1,and oy := «.

Let ¢ := pyarr, Where py is the canonical projection from X x Y onto Y. Then there
is a neighborhood U of (x,y) in X such that the set D := U N Gr F is closed and g is
continuous on D. Let 7 € (0,r min{1, «}). Fix any (x,v) € Bz[(x,y),7] N Domg =
(B[x,7] x B[y, 7/a) NGrF C (B[x,r] x B[y,r]) NGrF and any y € B[y, 7] with
0 < Ty (v, v) < +oc. Find a pair (x’, v') € Gr F = Dom g satisfying (3.6). This and (3.5)
imply that

¢ Tp ((x, ), (¥, v) = ¢ max{Tp(x, x"), aTs, (v, v)} < Ty (y, v) = Tu (y, V),

because Ts, (v, v') = |lv — v'||. Proposition 11 says that dirsury, ,, g(x,y) > s (note
that ¢ € (0, s) is arbitrary). Keeping the same c, since dirsury ,, g(x,y) > s > c, by
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the definition of the modulus of directional openness, there is ¢ > 0 such that for each
(x,y) € (B[x, €] x B[y, e/a]) NGr F and each t € (0, &) we have

B(y,cr) N (y —cone M) C g (Bg((x,y),1) N ((x,y) + cone L))
g (Gr F N Bz((x, y),1) N ((x, y) + cone L))
=g(GrFN([B(x,t)N(x +coneL)] x B(y, t/a))),

where we used that cone L = cone L x cone Sy = cone L x Y. Note that B(y, ct) C
B(y, t/a). Pick an arbitrary ¢’ € (0, ¢ min{1, 1/«}). Fix any (x, y) € (B[x, ¢'1x B[y, &'])N
Gr F and any ¢ € (0, &). For any w € B(y, ct) N (y — cone M), thereis u € B(x, t) N[x +
cone L] and w’ € B(y, t/a) N F(u) such that g(u, w’) = w, hence w = w’ € F(u). Thus

B(y,ct)N(y —cone M) C F(B(x,t) N [x + cone L]).
Letting ¢ 1 s, we get A > s as desired. Suppose that A > s. Then there are ¢’ > s and
&’ > 0 such that for all (x, y) € (B[x,&'] x B[y,&']) NGr F and all ¢ € (0, &’) we have
B(y,c't)N (y —cone M) C F(B(x,t) N[x 4+ cone L]).
Let o := 1/¢’. Define )N(, - 1%, Z, and g as before. Then

B(y,c't)N(y —cone M) C g (Gr F N ([B(x,t) N (x +cone L)] x B(y, t/a)))
= ¢ (GrF N Bz((x, y), 1) N ((x, y) +cone L)) .
Pick any ¢ € (s, ¢). Then dirsury, ,, g(X,y) > c. Proposition 11 implies that there is

r’ > 0 such that for any (x, v) € (B[x,r'] x B[y, c’r’) NGr F and any y € B[y, '] with
0 < Ty (v, v) < +oo there is a pair (x’, v') € Dom g = Gr F such that

c Tz((x! U), (x/! U/)) < TM(y’ U) - TM(y! U/)'

As Ts, (v, V) = lv—2'||, using (3.5), we get (3.6). Picking r € (0, min{r’, ¢'r’}) and noting
that = 1/¢’ < 1/c¢, we conclude that s > ¢, a contradiction. O

4 Directional Openness Stability

In what follows, we speak about the local stability at composition of a pair of multifunctions,
which essentially says that a point from the graph of the composed multifunction, close to
the reference one, can be written by the use of points from the graphs of the involved set-
valued maps, which are also close to the corresponding reference ones. For more details on
this notion, as well as for links to the preservation of Aubin-type properties of set-valued
mappings, and also for the involvement in the stability under compositions, see [6, 9]. Given
metric spaces (X, 0), (¥, 0), and (Z, p), a composition of set-valued mappings F : X =2 YV
and G : Y =3 Z is the mapping G o F : X = Z defined by

GoP:= J G, xex
yeF(x)

and a product of set-valued mappings F1 : X =% Y and F, : X == Z is the mapping
(F1, F2) : X = Y x Z defined by

(F1, F)(x) .= F1(x) x Fo(x), x¢€X.

Definition 14 Let (X, 0), (Y, 0), and (Z, o) be metric spaces and (x,y,z) € X X ¥ x Z
be fixed. Consider set-valued mappings F : X = Y and G : Y == Z such that’y € F(X)
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and 7 € G(¥). We say that the pair F, G is composition-stable around (X, y, 7) if for every
¢ > O there exists § > 0 such that, forevery x € B(X, §) and every z € (Go F)(x)NB(Z, ),
there exists y € F(x) N B(y, €) such that z € G(y).

Remark 15 Tt is important to note that the composition stability, coupled with a weaker
directional openness property, implies genuine directional linear openness (cf. [6, Proposi-
tion 3.6]).

To see this, suppose that F and G are as in the previous definition with X, Y, and Z
being normed vector spaces, and L C Sx and M C Sz are nonempty sets for which there
are positive constants ¢, r, and ¢ such that, for every (x, y, z) € B(x,r) X B(y,r) X B(z,r)
with y € F(x) and z € G(y), and for every ¢ € (0, ¢),

B(z,ct) N[z —cone M] C (G o F)(B(x,t) N[x 4 cone L]). 4.1)

Since F, G are composition-stable around (x,y, z), one gets the existence of § € (0, r)
such that, for every x € B(x, ) and every z € (G o F)(x) N B(z, ), there exists y €
F(x) N B(y,r) withz € G(y).

Take arbitrary (x, z) € Gr(G o F) N (B(x,d) x B(z,6)) and ¢t € (0, ). By the compo-
sition stability of F, G, there is y € F(x) N B(y, r) such that z € G(y), hence (4.1) holds.
This means that, indeed, G o F is directionally linearly open with respect to L and M around
*,72).

We present next the main result of this section, which asserts the stability of directional
regularity under composition. Note that, in what follows, we write —A x B for (—A) x B.

Theorem 16 Let (X, | - |), (Y, - 1), (Z, || - II), and (W, || - ||) be Banach spaces and
x,y,z2,w) € X x Y x Z x W be fixed. Consider nonempty closed subsets L of Sx, M
of Sy, N of Sz, and P of Sw such that cone L, cone M, cone N, and cone P are convex,
set-valued mappings F\ : X = Y, F, : X = Z, and G : Y x Z = W such that
F1 has a locally closed graph near (x,y) € Gr Fy, F» has a locally closed graph near
(x,7) € Gr Fy, and G has a locally closed graph near (y, 7, w) € Gr G. Define the mapping
EG.(F.Fy) - X XY X Z =3 Wby

Gy, 2), if(y,2) € (F1, 2)(x),
o,k p) (X, ¥, 2) 1= { @, otherwise.

Then

. - . — - ) —
dirsurp x—mxnxp €,(Fy, F) X, Y, 7, w) > dirsuryxp F1(x,y) - dirsur_,, pG (¥, Z, W)

— ditlip_; .y F2(%. %) - ditlip_y, pG (3.2, W).

4.2)
If, in addition, the pair (Fy, F»), G is composition-stable around (x, (y, z), w), then
dirsur p (G o (Fi, F2)) (x, W) = dirsury xy Fi (X, ) - dirsur_ G (3, 2, W)
— ditlip_, , y F2(¥.%) - dirlip._y, pG(¥. 2. W).
4.3)
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Proof 1f the quantity from the right-hand side of the inequality (4.2) is negative, then there
is nothing to prove. If it is positive, then there are positive constants «, 8, B, ¥, and § such
that

dirsur, s FI(%,5) > o, dirsur. ., pG (3.2, W) > ¥, (4.4)
and .
B> p >ditip_,, y F2(¥.2), &> dirlip y, pG(y.2. W) (4.5)

and alsoc :=ay — 8§ > 0.
Then, thanks to (4.4), there exists ¢ > 0 such that, for each ¢t € (0, ¢), and each (x, y) €
(B[x, €] x B[y, €]) N Gr F1, we have
Bly,at] N (y —cone M) C Fi(B[x,t]N (x 4+ cone L)) 4.6)
and, for each t € (0, €), each z € B[z, €], and each (y, w) € (B[y, €] x Blw, €]) N Gr G,
we have
Blw, yt] N (w — cone P) C G (B[y, t] N (y — cone M)), “.7)
and also, thanks to (4.5), that
en(F2(x) N B[Z, €], F2(x") < B/ T_p(x',x) = B’ Tp(x,x), forall x,x"e B[X, ¢,
4.8)
and, similarly,
ep(Gy(2)NB[w, 2¢], Gy(z')) <8Tn(z,2'), whenever z,z’ € B[z,¢]and y € B[y, ¢].
“4.9)
Observe that, since Gr F, Gr F, and Gr G are closed near the corresponding reference
points, Gr &g (F,.F,) is closed near (x,y,z, w). Let r := min {(20{)’18, (2,8)’18, 2’13}
and A := (axy + ,88)_1 € (0,1/c). Define the norm on X x Y x Z by ||(x,y, 2| =
max {[lx]|, =" [yll, B~ lzll}, (x,y,2) € X x ¥ x Z. Use Lemma 12 to find a cone
L C Sxxyxz such that cone L = cone L x cone(—M) x cone N and, for each (x, y, z),
x,y,7)e XxYxZ,

T (5, 3,9, (¥, 20) = max { T e, ), a7 T (0,3, B T2 D)

Fix an arbitrary (x, y, z, w) € (B[x,r] x B[y, r] x B[z, r] x B[w, r]) NGr&g,(F,,r,) and
u € Blw,r]suchthat) # w — u € cone P.

In order to apply Proposition 13, we must find a point (x’, y', 7/, w) € X x Y x Z x W
such that

emax {Tp((x, y,2), (&, ¥, 20, A|w = w'||} < Tp(u, w) — Tp(u, ).

To do so, take ¢ € (0, min {r, Ol_])/_] lu — w||}) , and define

u—w
h:=ayt- — #0
lu —wl
Then w + h € B[w,ayt] N (w — cone P) and, moreover, ot € (0,¢), z € B[z, €], and
(y, w) € (B[y, €] x B[w, €]) NGr G, which means by (4.7), with az instead of ¢, that there
exists y’ € B[y, at]N(y—cone M) such that w+h € G(y', z). Sincet € (0, ¢), and (x, y) €
(B[x, €] x B[y, €]) N Gr Fy, it follows by (4.6) that there is x’ € B[x, t] N (x + cone L)
such that y’ € F}(x’). Observing that
||x/ —Y” < ||x/ —x|| +lx—Xx|| <t+ 271 <g,
one has by (4.8) that

Tn(z, F2(x))) < en(Fa(x) N B[Z, €], Fa(x")) < B To(x,x") = B’ |x — x| < Bt < Bt,
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hence there exists z/ € F>(x’) N (z + cone N) such that ||Z’ - Z” < Bt. Then
I =z| < |z —z| +llz—2l < pr+27"e <pr+27"e <z,
and
1Y =3I <y =yl+ly =¥l <ar+27"'s <ar+27's <,
and also
lwt+h—w| < [|all+llw—w| < lu—w|+||lw—w| < [lu—w|+2[lw—w| <3r < 2e.
It follows by (4.9), with y’ instead of y, that
Tp(w+h, Gy (2)) < ep(Gy(z) N B[, 26], Gy (2)) <8Ty(z,2) =8 |z — 2| < Bst,

hence there exists w’ € G(y’,z’) N (w + h + cone P) such that ||w +h—-uw ” < PBét.
Moreover, since (Y, z') € (Fi, F2)(x'), we have (x', y', 2/, w') € Gr&g,(r,, Fy)-
Observe that, due to the choice of ¢,

w+h—u= (l—aiyt)(w—u) € cone P.
lu —wll
Then
Tp(u,w) < Tp(u,w+h)+Tp(w+h,w) < |w+h—ul + Bt
= |lu —w| —ayt + Bét =Tp(u, w) — ct. (4.10)
Moreover,
T, x) <t T-m(y,y) <ar, Ty(z2) < B,
hence
Tp((x,y,2), (', y', ) <t

Also,

Jw—w'| < Iall+ |w+h—w| <ayt+ pst =217"1.
But the final relations, combined with (4.10), mean that
emax {Tp((x, y,2), &, Y, 20D, A |w—w'||} < et < Tpu, w) — Tp(u, w).
Proposition 13 shows that
dirsurz x—mxnxp EG,(F, Fy) (X, Y, Z, W) = c.

Therefore letting o 4 dirsurpcpy F1(x,y), y 1 di/r;riMX pGOLZ,w), B
dirlip_, , v F2(¥. ), and also 8 | dirlip_y, pG (3. Z. W), we get (4.2).

For the second part of the conclusion, assume that X x ¥ x Z x W is equipped with the
product (box) topology. Denote

A =dirsurxmxnxp €6,(F,F) (X, Y, 2, W).
If » = 0,we have that the right-hand side of (4.2) is nonpositive, hence (4.3) is trivial.
Suppose that . > 0, and fix any ¢ € (0, 1). Then there exists r > 0 such that, for every

t € (0,r), and every (x, y, z, w) € Gr&g (ry, ;) N (BIX, r1 x B[y, r] x B[z, r] x B[w, r]),
one has

B(w, ct) N[w — cone P] C & (Fy.F,) (B((x,y,2),1) N ((x,y,2) +cone(L x M x N))).

(4.11)

Since (Fi, F»), G is composition-stable around (x, (¥, ), w), there exists p € (0, r)

such that, for every x € B(x, p) and every w € (G o (F1, F2))(x) N B(w, p), there exists
(v, 2) € (F1, F2)(x) N (B(y, r) x B(z,r)) such that w € G(y, 2).

@ Springer



On the Stability of the Directional Regularity 223

Take now arbitrary (x, w) € Gr(G o (Fy, F2)) N (B(x, p) X B(w, p)) and arbitrary ¢ €
(0, r). Then there is (y, z) € (F1, F2)(x) N (B(y,r) x B(z,r)) such that w € G(y, z). By
inclusion (4.11), for every w’ € B(w, ct) N [w — cone P], there is

&', y,7) € B((x,y,2),t) N ((x,y,z) +cone(L x M x N))
C (B(x,t) N (x +cone L)) x (B(y,t) N (y+ cone M))
X(B(z,t) N (z 4+ cone N))

such that (y',7) € (Fi, F)(x") and w' € G(y', 7)), that is, w’ € (G o (Fy, F2))(x)).
Consequently,

B(w, ct) N [w — cone P] C (G o (F1, F2))(B(x,t) N (x 4 cone L)).

As (x,w) € Gr(G o (F1, F»)) N (B(x, p) X B(w, p)) and ¢t € (0, r) were arbitrary, we
conclude that dirsury,« p (G o (Fy, F>)) (X, w) > c. Letting ¢ 1 A, we finish the proof. [

As a consequence of the result above, we obtain a stability of directional openness under
summation, which represents, in fact, a directional Lyusternik-Graves type assertion. As in
the previous case, to get genuine openness, we need to impose some local sum-stability
property. For more details about the origin of this notion and its links to local composition
stability, see [9].

Definition 17 Let (X, o) and (Y, ¢) be metric spaces and (X, y,7) € X x Y x Y be fixed.
Consider set-valued mappings F : X == Y and G : X = Y such that y € F(x) and
z € G(x). We say that the pair F, G is sum-stable around (x, 7y, 7) if for every ¢ > 0 there
exists § > 0 such that, for every x € B(X, ) and every w € (F + G)(x) N B(y + z,6),
there exist y € F(x) N B(y,¢) and z € G(x) N B(z, &) suchthat w =y + z.

Remark 18 Observe that, if one takes in Definition 14 F : X = Y x Y, F := (F}, F»),
where 1 : X 3 Y, F» : X =2 Y are two multifunctions, G := g, where g : ¥ x Y — Y
is given by g(y,z) = y + z, foreach (y,z) € ¥ x Y, and (x,y,2) € X x Y xY
such that (y,7) € F1(x) x F>(x), then the composition-stability of the pair F, G around
(x, (,2), y + 2) is just the sum-stability of Fy, F, around (X, y, 7).

Corollary 19 Let (X, || - ||) and (Y, || - ||) be Banach spaces and (x,y,z7) € X XY x Y
be fixed. Consider nonempty closed subsets L of Sx and M of Sy such that cone L and
cone M are convex, set-valued mappings Fy, F> : X =2 Y such that F has a locally closed
graph near (x,y) € Gr Fy and F, has a locally closed graph near (x,7) € Gr F. Define
the mapping Ep, p, X x Y XY 2 Y by

+z, if(y,2) € (F1, F2) (%),
ERp (.Y, 2) = {g, i‘hirwise. v

Then

dirsury x—mxmxm EF, 7 (X, Y, 2, Y +2) = dirsury xy F1(x,y) — dirlip_; , y F2(X, 2).
4.12)
If, in addition, the pair Fy, F is sum-stable around (X,y, 7), then

dirsurp x p (F1 + F2)(X, Y +2) > dirsurp <y F1(x,y) — ditlip_; .y F2(x,2).  (4.13)

Proof Take in Theorem 16 W = Z =Y, w:=y+7z, P:= N := M, and G := g, where
g:YxY —Yisgivenby g(y,z) :==y+z forall (y,z) e Y x Y.
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Observe that G is directionally linearly open with respect to y uniformly in z around
((3,2), w) € GrG with respect to —M and M with modulus 1, and also that G is direc-
tionally Aubin continuous with respect to z uniformly in y around ((y, 7), w) with respect
to —M and M with modulus 1.

Hence,

dirsur_y;, yG3.Z2. W) =1 and ditlip_y, 4,y G(3.%, W) = 1.

Moreover, £, r, = £G,(F,, F,)- Consequently, we get (4.12).
The second part of the conclusion also follows from Theorem 16 by Remark 18. O

Corollary 20 Let (X, || - ||) and (Y, || - ||) be Banach spaces and (x,y) € X x Y be fixed.
Consider nonempty closed subsets L of Sx and M of Sy such that cone L and cone M
are convex, a set-valued mapping F : X = Y the graph of which is locally closed near
(x,y) € Gr F, and a single-valued mapping f : X — Y which is continuous at x. Then

dirsury xp (f + F)(X, f(xX) +Y) > dirsurpxpy F(X,y) — dirlip_j , 5y ).

Proof Since f : X — Y is continuous at X, it follows that the pair F, f is sum-stable
around (¥, y, f(X)). Since all the assumptions in Corollary 19 are satisfied, the conclusion
follows. O

5 Primal Conditions for Directional Regularity

In this section, we employ a directional version of the Bouligand (graphical) derivative to
obtain sufficient conditions for the directional regularity, the idea coined by J.-P. Aubin in
[1]. Let us start with a directional version of the Bouligand-Severi tangent cone to a set.

Definition 21 Let Q be a nonempty subset of a normed space (X, || - ||), M C Sx be a
nonempty set, and X € Q. The Bouligand-Severi tangent cone to Q at X with respect to M
is the set

T(Q,%, M) = {u € X |lim inf t—lTM(ﬂm,sz):o}. (5.1)
t

Observe that T (2, x, M) is a cone and contains all points # € X such that there are
sequences (u,) in u + cone M converging to u and (¢,) in (0, +-00) converging to 0 such
that, for each n € N, we have X + t,u, € Q. Symbolically,

TR, x,M)={ueX |3, |0, I(u,) Cu+coneM, (u,)—u, ¥n € N, x + tyu, € 2}.

Moreover, note that this notion is naturally obtained by replacing the distance function
in the usual definition of Bouligand-Severi tangent cone (denoted 7' (€2, X)) by the minimal
time function. Clearly, T(2,x, M) C T(2,X), and if M = Sy, the equality holds. How-
ever, if M # Sx, the Bouligand-Severi tangent cone with respect to M does not enjoy the
usual properties of the classical contingent cone, as the next example shows.

Example 22 Take X = R%, Q@ = {(a,b) € R?| (a — 1)? +b? < 1} and ¥ = (0, 0). Now,

for M = [0, +00)2NSx, we have that T(2,x, M) = T(2,Xx) = [0, +00) xR. On the other
hand, for M = (=00, 0]2 N Sx, we have that T(Q2, %, M) = (0, +00) x R C T(2,%) =
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[0, 400) x R. In particular, this shows that 7' (€2, X, M) may not be closed. Furthermore, if
Q2 is convex, it is easy to see that, for any M,

cone(Q—x) C T(R,x, M) Cclcone(2 —x) =T (2, x). 5.2)

The first choice of M from above shows that the first inclusion in (5.2) can be strict, while
the second choice shows that the second inclusion in (5.2) does not hold as equality, in
general.

Similar to the classical case, one can introduce the directional adjacent cone, as follows.

Definition 23 Let Q2 be a nonempty subset of a normed space (X, || - ||), M C Sx be a
nonempty set, and x € Q2. The adjacent cone to Q2 at X with respect to M is the set

T (Q,%, M) = {uexu% 1 Ty (X + tu, Q):O}, (5.3)
t

that is,

T(Q,%, M)={ueX | ¥(ty) | 0,3(u,) Cu + cone M, (un)—u, VneN, ¥ + tyu, € Q).

It is clear that, in general,
T(Q,%, M) C T(Q,%, M).
Definition 24 Let F : X == Y be a set-valued mapping between normed spaces (X, || - ||)
and (Y, || - ||) with (x,y) e Gr F, L C Sx and M C Sy be nonempty sets.

(i) The Bouligand derivative of F at (x,y) with respect to L and M is the set-valued
mapping Dy, F(X,y) from X into Y defined, for each u € X, by

Dy Fx,y)w)={veY|3) |0, I(u,) Cu+conelL, (u,) —> u, I(vy) Cv
+cone M, (v,) > v,Vn €N, y+t,v, € F(X + thuy,)}.

(ii)) The adjacent derivative of F at (x,y) with respect to L and M 1is the set-valued
mapping denoted Di. yF(x,y) from X into Y defined, for each u € X, by
D;’MF(Y, VW) ={veY | V() {0, I(u,) Cu+conel, (uy) - u, (v,) Cv

+cone M, (v,) > v,Vrn e N, y+t,v, € F(X + tyu,)}.

(iii) One says that F is directionally proto-differentiable with respect to L x M at X relative

. — b _
toyit Dp yF(X,y) = DL,MF(x’ y).
Observe that if cone I = cone L x cone M , with an appropriate choice of L C Sxxvy,
then
GrDy yF(X,y) = T(GrF, (%,7), L) and
GrD; yF(%,5) = T"(GrF, %5, L).
The following statement is a directional version of [2, Theorem 3.2].
Theorem 25 Let (X, || - ||) and (Y, | - ||) be Banach spaces. Consider nonempty closed

subsets L of Sx and M of Sy such that cone L and cone M are convex and a mapping
F : X 3 Y the graph of which is locally closed near (x,y) € Gr F. Assume that there are
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positive constants B, o, and r such that for every (x,v) € (B[x,r] x B[y,r]) N Gr F we
have

Dp .y F(x,v)(Bx Ncone L) + B[O, 1N (—cone M) D> —(B + 0) M.
Then dirsury « pr F(X,y) > o.

Proof Fix any c € (0, ). Pick y > 1 suchthatcy < g.Fix any (x, v) € Gr F N (B[x, r] X
B[y,r]) andany y € Y with0 # v — y € cone M. Let

y—uv

ly — vl

By the assumption, there is a pair (h,w) € (Bx N conel) x Y such that w €
Dy mF(x,v)(h) with ||lw — z|| < B and w — z € cone M. Hence |[w| < 28 + o.
The definition of Dy p F(x, v) yields a triple (¢, ', w") € (0,400) x X x Y such that
v+ 1w € F(x +th') with (W' — h, w' — w) € cone L x cone M and satisfying

(B+o)t <ly—vl, lw-wll<o-cy, |w'l<y@2B+o), and [H[ <y. (54)

Let x" := x +th’ and v/ := v + rw’. Then (x’,v") € GrF. As v — y € cone M, the first
inequality in (5.4) implies that we have

z:=(B+0) € (B+0o)(=M).

vt+tz—y=0-=(B+o)/lly—vl) (v —y) €coneM,

which means that Ty (y, v +1z) = ||y —v —tz|| = |ly — v|| — t(B + 0). Since w — z and
w’ —w are in cone M, we have v/ — (v +1tz) = tw' — 1z = t(w' — w) +1(w—2z) € cone M.
So, by the second inequality in (5.4), we get

Ty (v+1z,0) < t(|w —wl| + lw —z|) <t(e —cy + B).
Remembering that v — y € cone M, we conclude that
Tu(y,v) < Tu(y,v+12) + Ty +12,0) < |y vl —t(B+0) +1(e —cy + )
= Tu(y,v) —c(ty).
The last two inequalities in (5.4) reveal that ||v' —v| = t||w’|| < ty 2B8+0) and Ty (x, x') =
lx" — x|| = t||h’|| <ty because x’ — x = th’ = t(h' — h) + th € cone L. Therefore
Tu(y,v') < Tp(y, v) — cmax {Tp(x, x), v —vll/2B + 0)} .

Using Proposition 13 with @ := 1/(28 + o) and then letting ¢ 1 ¢ we conclude the proof.
O

We present now a necessary and sufficient condition for the directional regularity based
on a directional version of the contingent variation, a concept coined by H. Frankowska in

[11].

Definition 26 Let F : X = Y be a set-valued mapping between normed spaces (X, || - ||)
and (Y, || - |) with (x,y) € Gr F, L C Sx and M C Sy be nonempty sets. The contingent
variation of F at (x,y) with respect to L and M is the set F S;VI(Y, y) of all vectorsv € Y
such that there are sequences (#,) in (0, 400) converging to O and (v,) in v + cone M
converging to v such that, for eachn € N,

v+ tyv, € F(B[x, t,] N [x + cone L]). (5.5)

Let us present a directional version of [11, Theorem 6.1 and Corollary 6.2].
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Theorem 27 Let (X, | - ||) and (Y, || - ||) be Banach spaces. Consider nonempty closed
subsets L of Sx and M of Sy such that cone L and cone M are convex and a mapping F :
X =2 Y the graph of which is locally closed near (x,7y) € Gr F. Then dirsury, xpy F(x,7y) is
equal to the supremum of all o > 0 for which there is r > 0 such that

Féljw(x, v) D —oM forevery (x,v) € (B[x,r]x B[y, r)NGrF. (5.6)

Proof Let A := dirsurzxy F(X,y) and denote by s the supremum from the statement.
First, we show that A > s. Fix an arbitrary o € (0, s) (if there is any). Find r > 0 such
that (5.6) holds. Pick any ¢ € (0, 0) and then find y > 1 such that cy < p. Let (x,v) €
(B[x,r] x B[y, r)DNGrFandy € Y with0 # v — y € cone M be arbitrary. Set

y—
z:=0 € o(—M).

ly —vll
By (5.6), FIEI’},I(x, v) 3 z # 0. Hence there is (¢, x’, z’) € (0, +00) x (x +cone L) x (z +
cone M) such that v + 1z’ € F(x’) with
ot <lly—=vll, llz=zll<e—-ve, lZll<ye. and |[x"—x| <t 5.7
Let v/ := v 4+ 7’. Then (x’,v') € GrF. As v — y € cone M, the first inequality in (5.7)
implies that
v+iz—y=(—ot/ly—vl)(v—y) €coneM,

which means that Ty (y, v +1z) = |ly —v —tz|| = ||y — v|| — to. Since v/ — (v +1z) =
t(z' — z) € cone M, the second inequality in (5.7) implies that

Ty +1z,0) = v —v -1z = 1]/ —zll < 1(0 — yo).
We conclude that
Tm(y,v) <Tym(y, v+12) + Ty (v +12,0) <|ly— vl —to+t(@—yc)=Tu(y, v)—c(ty).
As x’ — x € cone L, using the last two inequalities in (5.7), we get that Ty (x, x') = ||x’ —
x| <ty and ||v/ — v|| =t||Z’|| < tye. Thus

Ty (y, v) < Ty (y, v) — emax {To (x, '), o' —vl/e}.

Now, Proposition 13 with o := 1/p says that A > c. Letting ¢ 1 ¢ and then o 1 s, we
conclude that A > s as claimed.

To show that A = s, assume on the contrary that A > s. Pick ¢ € (s, A). Find r > 0 such
that, for each (x, v) € (B[x,r] x B[y,r]) NGr F and each ¢ € (0, r],

Blv, ot]N (v —cone M) C F(B[x,t]N (x + cone L)).

Fix any (x,v) € (B[x,r] x B[y, r]) N Gr F. Pick an arbitrary w € —oM. For each n €
N\ {0}, set #, := r/n and w, := w. Then ¢, | 0 and w, — w as n — +oo. Clearly, for
each n € N\ {0}, we have w, € w + cone M and v + t,w, € B[v, ot,] N (v — cone M).
Hence v + t,w, € F(B[x,t,] N (x + cone L)), that is, w € Flil}w(x, v). We showed that
—oM C F}'),(x,v) for each (x,v) € (BIX,r] x B[y.r]) N GrF. Thus s > @ > s,
a contradiction. O

Note that Theorem 25 with 8 := 0 follows from the above statement, as the next remark
shows.
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Remark 28 Let (X, ||-]|) and (Y, || -||) be Banach spaces. Consider nonempty closed subsets
L of Sy and M of Sy such that cone L and cone M are convex and a mapping F' : X =3 Y
with (x,y) € Gr F. Then

(—cone M) N Dy F(%,5)(Bx Ncone L) C (—cone M) N F}'), (X, ). (5.8)

Indeed, pick an arbitrary v from the set on the left-hand side of (5.8). Find u € Bx Ncone L
such that v € Dy y F(x,y)(u). Find sequences (¢,) in (0, +-00) converging to 0, (u,) in
u + cone L converging to u, and (v,) in v + cone M converging to v such that, for each
n € N,wehavey + t,v, € F(Xx + tyu,). Let Ny :={n € N| |lu,|| < 1} and Ny := N\ Nj.
Suppose that N is infinite. Then, for each n € Ny, we have t,u, = tyu + t,(u, — u) €
cone L + cone L C cone L, that is, x + t,u, € B[x,t,] N [X 4+ cone L] and thus (5.5)
holds. Using the subsequences (v,)nen, and (:)nen,, We conclude that v € F 151,31/1@’ y).
Second, suppose that N, is infinite. Then [lu|| = 1. Let ¢, := t,||unll, u), := u,/||lu,|, and
V) := v, /|luy| for each n € Ny. Thent), | 0, u,, — u,and v, — v as N > n — +00.
For each n € Ny, we have 1,u), = tyu, and t, v}, = t,v,. Similarly to the previous case, we
conclude that, for eachn € N, we have X+, u,, € B[X, t;]N[x+cone L] which means that

Y+1,v, =Y+ thv, € F(B[X, 1,] N [X + cone L]);

moreover
/ 1 llunll — 1
v, — V= (v; —v) + ———(—v) € cone M + cone M C cone M.
llen llotn

Hence v € FL(BW(Y, y), which proves (5.8).

On the other hand, the equality in (5.8) holds provided that X is finite dimensional and
cone L —cone L C cone L, which means that cone L is a linear subspace. Indeed, pick any v
from the set on the right-hand side of (5.8). Find sequences (,) in (0, +-00) converging to 0
and (v,) in v+cone M converging to v such that (5.5) holds for eachn € N. Foreachn € N,
find x, € B[x, t,]N[x+cone L] such that y+1,v, € F(x,), thatis, foru, := (x,—x)/t, we
have y+1t,v, € F(X+t,u,). As (uy) lies in By Ncone L, there is an infinite set N € N such
that u := limys,— o0 U, exists and lies in By N cone L. Since cone L — cone L C cone L,
the sequence (u,,) lies in u 4 cone L, hence v € Dy y F(x,y)(u).

At the end of this section, we formulate results that use Theorem 25 in order to give
primal sufficient conditions for the directional metric regularity of compositions and sums.
Note that the next theorem is new even for the non-directional case. For the next results,
under the notation of Definition 24, we denote by Dr y F(x,y) N By N cone M the
multifunction H : X =2 Y given by

Hu) =D mF(X,y)w)NBy NconeM, uelX.
Theorem 29 Let spaces X, Y, Z, and W, a point (x,y,Z, w), sets L, M, N, and P, and
mappings Fi, F>, G and Eg,(F,,F,) be as in Theorem 16. Assume that there exist positive

constants B, o, and r such that, for every (x,y, z,w) € (B[x,r] x B[y, r] x B[z,r] x
Blw,r]) N Gl‘(c,’(;y(Flsz).'

(i) the next relation holds

Dy.n.pG(y,z, w)((Dr,mFi(x, y) NBy Ncone M,
Dy nFa(x,z) N Bz Ncone N)(Bx N cone L))
+ B[0, B1N (—cone P) D —(B + 0) P;

@ Springer



On the Stability of the Directional Regularity 229

(ii) either F) is directionally proto-differentiable with respect to L x M at x relative to y
or F, is directionally proto-differentiable with respect to L x N at x relative to z;

(iii) either Fy has the directional Aubin property with respect to Sx and M around (x, y)
or F> has the directional Aubin property with respect to Sx and N around (x, z);

(iv) G is directionally proto-differentiable with respect to M x N x P at (y, z) relative
to w;

(v) G has the directional Aubin property with respect to Sy x Sz and P around (y, z, w);

(vi) the pair (Fy, F), G is composition-stable around (x, (v, z), w).

Then dirsury « p(G o (F1, F2))(x,w) > o.

Proof We prove that, for every (x, y, z, w) € (B[x,r] x B[y, r] x Blz,r] x B[w,r]) N
Gr&a.(F\.F)

Dr. N PEG,(F,F) (X, ¥, z, w)(Bx Ncone L) x (By Ncone M) x (Bz Ncone N))
+ B[0,8]N(—cone P) D —(B+0)P.
Fix any such (x, y, z, w). It suffices to show that

Dy.n.pG(y,z, w) (Dr,mFi(x,y) N By Ncone M, Dy y Fa(x, z)
NBz Ncone N)(Bx Ncone L)) C D m N, PEG.(F. F) (X, ¥, 2, w)((Bx Ncone L)
x(By Ncone M) x (Bz N cone N)). 5.9

To show this, consider a € Bx NconeL, b € Dy yFi(x,y)(@) NBy NconeM, ¢ €
Dy NFa(x,2)(@) NBz Ncone N, andd € Dy y.pG(y, z, w)(b, ¢).

Suppose that F> is directionally proto-differentiable with respect to L x N at x relative
to z, and has the directional Aubin property around (x, z) with respect to Sx and N. Since
b € D yFi(x,y)(a), there exist (t,) | 0, (a,) — a, (by) — b, (ay) C a + conelL,
(bn) C b+ cone M, such that, foreveryn € N, y + t,b, € Fi(x + thay).

Now, since F; is directionally proto-differentiable with respect to L x N at x relative
to z, for the sequence (#,) chosen before, and because ¢ € Dy yF>(x, z)(a), there exist
(a,) — a, (c) = ¢, (a;) Ca+coneL, (c,) C ¢+ cone N such that, for every n € N,
2+ tyc), € Fa(x + t,a)). The directional Aubin property of F» around (x, z) with respect
to Sy and N means that, for sufficiently large n € N,

TN (2 + tnc)y, Fa(x + tgay)) < en(Fa(x + tya),) N U, Fa(x + tyay)) < Uy |an — a),

’

where a constant £ > 0 and a neighborhood U of z are appropriately chosen. Fix any such
n € N for a longer while. Then, there is z, € F>(x +tyay) such that z +t,¢), € z, —cone N
and ||z + tye), — 2 || <ty ||a,, —a, || + 2. Denote

in —

z .
ch = , thatis, z4t,cp = z,.
n

Then ¢, — cu| < €| an —a}|| + ta and ¢, = ¢, + (cn — ¢}) € ¢ + cone N + cone N =
¢ + cone N. Hence,

z+ tyey € Fo(x + tyay), (¢y) — cand (¢;) C ¢ +coneN.
The other three cases described by (ii) and (iii) lead, similarly, to a relation of the type

(y+ tabp, 2+ thcy) € (F1, F2)(x + tyay),
(b,) — b, (b,) C b+ coneM and (c,) — ¢, (¢;) C c+coneN.
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Next, using that d € Dy n, pG(y, z, w)(b, ¢) and the fact that G is directionally proto-
differentiable with respect to M x N x P at (y, z) relative to w, for the (#,) from before,
we find (b)) — b, (c)) — ¢, (d)) — d, (b)) C b+ coneM, (c;)) C ¢+ coneN,
(d)) C d + cone P, such that, for every n € N, w + t,d)] € G(y + t,b], z + t,c])). The
directional Aubin property of G around (y, z, w) with respect to Sy x Sz and P means that,
for sufficiently large n € N,

TP(w—’_tl’ld;l/a G(y+tuby, z4+t,cn)) < eP(G(y"'tnb;{, Z+tnC;,/) NV, Gy+tby, z+tcy))

< mt, max{an - bZH ) ”Cn - C;z/”}’

where a constant m > 0 and a neighborhood V' of w are appropriately chosen. Fix any such
n € N for a longer while. There exists w, € G(y + tybyn, Z + tnhc,) such that w + t,d) €
w, — cone P and |w, — w — t,d)| < mt, max {|b, — b))|, |cn — ¢}/ |} + 3. Denote

’

—w )
d, = , thatis, w + t,d, = wy,.

n
Then |[d) —d,| < mmax{|b, —b}||.|ca —c)|} + ta and dy = d}] + (dy — d) €
d+cone P+cone P = d+cone P. In conclusion, there exist (#,) | 0, (a,) — a, (b,) — b,
(cn) — ¢, (dy) — d, (ay) C a+ conelL, (b,) C b+ coneM, (c,) C ¢+ coneN,
(dy) C d + cone P, such that, for every n € N,

w~+ tydy € G(y + tyby, 2+ tyey), Y+ thby € Fi1(x + thay), 7+ tyey € Fo(x + thay).
Hence,
d € Dp m.N,PEG,(F,,Fy) (X, Y, 2, w)(a, b, ¢).

Sincea € Bx Ncone L, b € By Ncone M, ¢ € Bz Ncone N, inclusion (5.9) is proved.
Using now Theorem 25, it follows that dirsuryxyxnxp £G,(F, 7)) X, Y, 2, W) > 0.

Since the pair (F, F2), G is composition-stable around (x, (¥, Z), w), we have as in the

final part of the proof of Theorem 16 that dirsury » p (G o (F, F2))(X, w) > 0. (I

Remark 30 In fact, (5.9) is equality. Indeed, take a € Bx Ncone L, b € By N cone M,
¢ € Bz Ncone N and

d € D N, PEG,(F,,Fy) (X, Yy, 2, w)(a, b, ¢).

Then there exist (t,) | 0, (a,) — a, (b,) — b, (¢;) — ¢, (d,) — d, (a,) C a+ cone L,
(bp) C b+ coneM, (c;) C c+coneN, (d,) C d+ cone P, such that, for every n € N,

W+ tydy € G(Y + tyhbp, 2+ tycn), Y + taby € Fi(x + than), z + then € Fo(x + thay).
This means that b € DpyFi(x,y)@a), ¢ € DpnyF(x,z)(@) and d €
Dy N, pG(y, 2, w)(b, ¢).

Note that in (iii) one can assume that the directional Aubin property holds with respect

to L and M and cone L — cone L C cone L. Also (v) can be modified similarly.

As a consequence of Theorem 29, we present the next result for the particular case of the
sum of two set-valued maps.
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Corollary 31 Let spaces X and Y, a point (x,7V,7), sets L and M, and mappings Fi, F»
and EF, p, be as in Corollary 19. Assume that there exist positive constants B, o, and r such
that, for every (x, y,z) € (B[x,r] x B[y, r] x B[z,r]) NGr&F, -

(i) the next relation holds

(Dp.mF1(x,y) NBy Ncone M + Dy, p F2(x,z) NBy Ncone M)(Bx N cone L)
+B[0, BN (—cone M) D —(B+ o) M;

(ii) either F\ is directionally proto-differentiable with respect to L x M at x relative to y
or Fy is directionally proto-differentiable with respect to L x M at x relative to z;
(iii) either Fy has the directional Aubin property with respect to Sx and M around (x, y)
or F has the directional Aubin property with respect to Sx and M around (x, 2);
(vi) the pair Fy, F> is sum-stable around (x, y, 7).

Then dirsury « pr (F1 + F2)(X,y +2) > o.

Acknowledgements Radek Cibulka was supported by the project LO1506 of the Czech Ministry of Edu-
cation, Youth and Sports. The work of Marius Durea was supported by a grant of Romanian Ministry of
Research and Innovation, CNCS-UEFISCDI, project number PN-III-P4-ID-PCE-2016-0188, within PNCDI
III. The work of Marian Pantiruc and Radu Strugariu was supported by a research grant of TUIASI, project
number TUIASI-GI-2018-0647.

Appendix

In this section, we illustrate some other connections between our results and several well-
known tools in variational analysis. In this sense, we provide some different proofs for two
of the key results in this work.

On one hand, we present a direct and constructive proof for the general criterion for the
directional regularity of single-valued maps. This underlines again the fact that the use of
the Ekeland Variational Principle is an alternative for explicit iterative procedures. On the
other hand, we provide as well another proof for the result about the stability at composition
of the directional regularity. For this, we employ now, instead of Proposition 13, a variant
of the directional Ekeland Variational Principle, formulated on product spaces on the basis
of Lemma 12.

A.1 Proof of the Criterion for the Directional Regularity by an Iterative Procedure

Let us present next the announced constructive proof of the criterion for the directional
regularity of single-valued maps.

Proof (of Proposition 11 by Iterative Procedure) Let A := dirsury x ) g(x) and s be the
supremum from the statement. We only prove that s < A, since the opposite inequality is
straightforward, as shown in the proof given in Section 3.

Define a function ¢ : X x X — [0, +00] by ¢(u, v) = Tt (4, v), (u,v) € X x X, and a
function ¢ : ¥ x ¥ — [0, +o0] by ¥ (v, 2) = Ty (y, 2), (y,2) € Y x Y. Observe that the
convexity of cone L implies that

o, v) <, w)+ew,v), forall u,v,we X. (A.1)
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To show that s < A, fix an arbitrary ¢ € (0, s) (if there is any) for which there is r > 0 such
that for all (x, y) € (B[x,r]NDomg) x B[g(x), r], with 0 # g(x) — y € cone M, there is
a point x’ € Dom g such that

cox,x) <Y (y, gx) — ¥ (y, g(x"). (A2)

Make r > 0 smaller, if necessary, so that the set B[x, ] N Dom g is complete and g is
continuous on this set. By the continuity of g, there is ¢ € (0, r) such that

Blg(u),ce] C Blg(x),r] and Blu, ¢] C B[x, r] whenever u € B[x,e] NDomg. (A.3)
Fix any ¢t € (0,¢) and any u € B[x,e]NDomg. Let A := Blu, t]N (u+ cone L) NDom g.
As L C Sy is closed, so is cone L. Consequently, A is complete. We have to show that

g(A) D Blg(w), cf] N (g(u) — cone M).

Consider any fixed y € B[g(u),ct] N (g(u) — cone M); we will find x € A such that
y = gx). If y = g(u), take x := u and we are done. Assume further that y # g(u). We
will construct a sequence xq, X2, ...in A satisfying

co(,xm) <Yy, gw) — ¥y, gxm)), meN. (A4)

As ¢(u,u) = 0 and g(u) — y € cone M (thus ¥ (y, g(u)) is finite), the point x; = u
satisfies (A.4) withm = 1. Let n € N and assume that x,, € A satisfying (A.4) withm =n
was already found. If g(x,) = y, then take x := x,, and stop the construction. Assume
further that g(x,) # y. Then (A.4), with m := n, implies that ¥ (y, g(x,)) is finite, meaning
that g(x,) — y € cone M. Using (A.3) and (A.2), we find x,+; € Dom g such that

QO Xnr1) < Y (0, §(n)) = Y (v, §(xus1)) and that ¢, Xut1) = 35u  (AS)
where
sn = sup {@(x,, x') 1 x" € Domg and ¢ p(xn, X') < ¥ (y, g(x)) — ¥ (v, g(xN}.
Note that 0 < s, < %W(y, g(x,)) < 4o00. Using (A.1), the first inequality in (A.5), and
(A.4) with m := n, we get
e, Xpt1) < o, Xn) + ¢ Q(Xn, Xp41) < Y (y, W) — Y (y, gXn+1)),

which is (A.4) with m := n + 1. In particular, we have c¢(u, x,4+1) < ¥ (y, g(w)) =
ly — g)|l < ct; thus x,41 € u + cone L and ¢(u, x,+1) = |[u — x,+1]|. Consequently,
Xn+1 € A. If the process stops at some n € N, we are done. Assume that this was not the
case, that is, g(x,) # y for every n € N. From (A.5) and (A.1) we have, forall 1 <n < m,
that

0<cobn,xm) < coCp, Xpy1) + -+ +cOXm—1, Xm)

< (W, 8xn)) =¥ (v, gt DN+ -+ + (W (Y, gem—1)) =V (y, g(xm)))

=Y, 80(n) — ¥ (y, g(xm)), (A.6)
and so, ¥ (y, g(x)) > ¥ (y, g(xp)). Thus £ := lim,_, y o ¥ (v, g(x,)) exists and is finite.
By (A.6), for all 1 < n < m, we have ¢(x,, x,) < +00, and hence ¢(x,, x,;,) = ||x, —

Xm|l. Consequently, (x,) is a Cauchy sequence in A (which is a complete metric space).
Put x := lim,— 400 X,. Then x € A and ¥ (y, g(x)) < £ < +oo because ¥ (y,-) is
lower semicontinuous and g is continuous. Moreover, for any n € N, using the lower semi-
continuity of ¢(x,, -) and (A.6) we get that

c(xp, x) < climinf @(x,, X44p) < Y (, g(xn)) — L.
p—>+00
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Consequently, lim,_, 1 @(x,, x) = 0. Suppose that y # g(x). By (A.2), there is x’ €
Dom g such that

cp(x, x') <P (y,8(x) =¥y, g(x) <€ =¥ (y, gx"). (A7)

Then (A.1) implies that limsup,_, . @(x;, x") < lim,_ 109Xy, x) + @(x,x) =
@(x, x"). This and (A.7) imply that, for each n € N sufficiently large, we have

o, x") < Yy, g(xn)) — ¥ (y, g(x)).

As x # x' by (A.7), we have ¢(x, x’) > 0. The lower semicontinuity of ¢(-, x"), the choice
of 5,,, and (A.5) yield that
0 < ¢(x,x") <liminfp(x,, x") <limsups, <2 lim @(x,, x,41) =0,
n—+00 n—+00 n—+00

a contradiction. Therefore y = g(x). We proved that ¢ < X, and thus s < A.
A.2 Proof of Directional Openness Stability at Composition by Directional EVP

As mentioned before, in the second part of this appendix, we discuss the possibility to give
an alternative proof of the main result of the paper, namely Theorem 16, by the use of the
next variant of the directional Ekeland Variational Principle.

Theorem 32 Let (X1, || - ), ..., (Xu, || - |) be Banach spaces and A C X1 X ... X X, be
a nonempty closed set. Consider nonempty closed sets L; C Sx,;, i = 1,...,n such that
cone L; are convex. Then, for every lower semicontinuous bounded from below function
f 1A — RU{+o0}, every agp := (xo1, ..., Xon) € A such that f(ap) < +o00, and every
8,aq, ...,an > 0, there exists as := (xs1, ..., Xsn) € A such that

flas) < f(ap) — S max{o Ty, (x51, X01), --s € Tp, (X5, Xon)}

and, for every a := (x1, ..., xp) € A\ {as},

flas) < f(a) + 6 max{a;Tr, (x1, X51), ..., @ Ty, (X, Xs50)}-

Proof Take L as in the Lemma 12 and observe that conel, = cone Ly X ... x cone Ly is
convex. Apply Theorem 10 with X := X x --- x X,, and M := L to get the statement. []

Now, we are ready to provide the announced proof of the main (and the essential) part of
Theorem 16.

Proof (of Theorem 16 by Directional EVP) Again, as in the proof of Theorem 16, we only
have to consider the case where the right-hand side of the inequality (4.2) is positive. We
find again positive constants «, 8, 8’, v, and § such that ¢ := ay — 88 > 0, and inequalities
(4.4) and (4.5) hold. Moreover, keeping the notation of Theorem 16, there is € > 0 such that
(4.6), (4.7) and (4.9) hold. Also, taking into account Proposition 3, we may suppose that for
any z € B(z, ¢), the mapping GZ_1 is directionally Aubin continuous around (w, y) with
respect to P and —M with modulus y‘l, i.e.,

en (GT' @I NBGL). 6T W) <y Tpw w) =y T pow), (A)

for any z € B(Z, ¢), and any w, w’' € B(w, ¢).
Also, in view of the local closedness of the graphs of Fj, F; and G, we can consider
that Gr F1 N (B [x, ] x B[y, ae]), Gr F;, N (B [x, ] x B[z, Be]) and Gr G N (B [y, ae] X
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B[z, Be] x B[w, (ay + B6) €]) are closed, for any (x, y, z, w) € B(X,¢) x B(y, ae) X
B(z, Be) x B (w, (ay + B8)e) withy € Fi(x),z € Fa(x) and w € G(y, 2).
Take

0 = min {3_18, (30[)_16, (3,8)_15, Bay + 3;_‘38)_18} .

Fixt € (0,p) and (x, y,z, w) € B(x, p) x B(y,ap) x B(z, Bp) x B (W, (ay + BJ) p)
with y € Fi(x),z € F2(x) and w € G(y, z). We want to prove that

B(w, ¢r) N [w — cone P] C &G, (ry,r>) (Bxxyxz((x,¥,2),1) N ((x, y,2) + cone L)),

where the normon X x ¥ x Z and L C Sxxyxz are as in the proof of Theorem 16.
Denote

= B(x,2p) x B(y,2ap) x B(z,28p) x B(w,2 (ay + Bd) p),

B[x,2p] x Bly,2ap] x Blz,28p] x B[w,2(xy + BJ) p],

Q= {(. Y. w)eXxY x ZxW|(.2) e (F, L)) andw € G(Y,2)}.

NS

Take an arbitrary v € w—[0, ct)- P. We must prove that v € g, (r, (X, y,2)+10,1) ~Z).
We can find T € (0, 1) such that ||[v — w|| < Tct. Remark that N A is closed (since
2p < ¢g). Define

h:QNA—[0,400l, h(p,q,rs):=Tp,s)=T_p(s,v),

and observe that it is lower semicontinuous and bounded from below. Thus, we can apply
Theorem 32, for ¢ > 0 instead of §, and ag = (X,J, Z, W) aﬂd —L, M,—N, and Sy as
setsin X, Y, Z and W, respectively, to find (a, b, ¢, d) € N A satisfying
Tp(v.d) < Tp(v,w) — Temax{T_, (@, x), @ Ty (b, ). B~ T_n (@, 2).
(y+B5)7"|d—w|)
Tp(v.d) < Tp(v,s) + temax{T_r(p, @), ¢ Ty (q. b), B~ Ty (r. ),
@y +p8)~" s —d|},
for every (p,q.r,s) € QN A. As an immediate consequence, be F@,7T e (@),
d e G(b, ), and

max{T_1 @, x), & ' Tar (b, y), B T_n (@, 2), (ay + )" ||d — w|)} < 0,

which implies the following:
@ex+conel, bey—coneM, ¢ez+coneN,

T_1@x) = la—xl, Tub.y=[b-y|, T-y@C2=IF-zl.

Moreover, since v € w — cone P, we also have
remax{T_ @, x),« ' T (b, y), ' T_n(C 2), (ay + )" |[d — w]}

< Tp(v,w)=|v—w| < tct,
SO
€ B(x,t)N(x+conel) =x+1[0,7) - L C B(x,t) C B(x, p),
€ B(y,at)N(y —coneM) =y —[0,at)- M C B(y,at) C B(y,ap),
€ B(z,Bt) N (z+coneN) =z+ [0, Bt) - N C B(z, Bt) C B(z, Bp),
€ B(w, (ay 4+ Bd)t) C B(w, (ay + BS)p).

QU o) S W
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Hence, (d, b,z 57) € A. Now, if v = d, then

v € EG.(Fy.F) (@ 5, ) C EG.r.p) & +10,8)- L,y —[0,ar) - M,z +1[0, Bt) - N)
= &6,(p, ;) ((x,y,2) +10,1) - L),
which is exactly what we need. We will prove that v = dis the only possibility.

Assume, on tlle contrary, that v # d. Remark that Tp(v,d) < Tp(v, w) < 0o, which
means that v — d € —cone P. Then

;. v—=d c_
[v—d]

since its norm equals 1 and it belongs to —cone P. Fix o € (0, ay) such that

P,

c—o > TcC, (A9)
and choose ¢ € (0, min {37 p, (@y — o)~ ! v — g“})
We have that

ld—%| < lla—xl+lx=%l<p+p<e,

16— < 6=y +ly=Fl <ap+ap < e,

[c=zll < llc—zl+llz=Zl <Bp+Bp < e,

|d —w| < |d—w|+llw—) < @y +B8p+ (ay +BSp < e,

|d+ @y —o)ev' —w| < |d—w|+llw—wl + @y — o)t < (@y + BS)p

+ay +B8)p+371e < &,
hence by (A.8),

Tu®,Gz' @ + @y —0)6v) < e (GZ'@ N BG.#), G5 @+ @y — o)¢v))

y ' T_pd.d + (@y —o)gv) =y @y — o)t
<y Nay —27"o),

IA

hence there exists m € cone M with [[m|| < 1 such that b— y_l(ay — 2_]a)§m €
Gz 'd + (ay — 0)¢V') or, equivalently,

d+ (ay —o)tv' e G —y ay — 2 'o)em, ?).

Now, since { < ¢ and b— y Nay —27'o)em e b— [0, @¢) - M, it follows using (4.6)
that
b—y ey —27"o)m e b —[0,a0) - M C Fi(@+1[0,¢) - L),

hence there exists £ € cone L with ||£]| < 1 such that E—y‘l(ay—Z_la)Cm € Fi(d+co).
But we have

lad+¢e =%l < lla—xl+lx=xl+¢<p+p+p=e,
and since ¢ € B(Z, &), we can apply the directional Aubin property of F> (4.8) to find that
Tn(C, F2(@+¢0) < en(F2(@) N B(z, 8), F2(a@+¢0) < BTL(d, a+¢e) = pE Ll < Be.

It follows that we can find n € cone N with ||n|| < 1 such that¢ + B¢n € Fr(a + ¢4).
Finally, since

|27y —27"orem =) < By + 1y =TI +at <ap+ap+ap <e,
16+ Ben — 2l < I —zll + llz = 2 + B¢ < Bp+ Bo + Bp <,
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we can use the directional Aubin property of G with respect to z (4.9) to get that

Tp(d + (@y — )8V, G5y 1(ay—2-1)em @ + BEN))
< eP(Gi_y1(ay—2-10)em © N BW, &), Gj_ -1 (4 —2-15)em (€ + BEN))
< 8Tn(c,c+ B¢n) = Bé¢ |n|l < B8,

hence there exists p € cone P with || p|| < 1 such that
d+ (ay —o)v + BStp e G —y (ay —27'o)em, T+ Brn).
Observe that

|d + @y —o)ev' + Bscp —w| < |d—w| + llw - @l + (@y — o + )¢
< (ay +B8p + (ay + Bd)p + (ay + Bdp <&,

hence
(Zi—i— 0.b—y ay —27'o)em, T+ Ben.d + (ay — o)V + /38{[)) €QNA,
and we can use the second relation in the Ekeland variational principle to find that

lo—d| < Tp(v.d + (@y — o)tV + B8tp)

T 1 @+¢0,3),a ' Ty —yay —271o)em, b), }

+ rcmaX{ BIT_NEC+ Btn, ), (ay + 8" |(@y —o)¢v' + BS¢p||

Remark that

T+ @y — o) + B8cp = v+ (@ —v) — (ay — o)e =2 4 pscp

v dll
_ v+<1—;|‘|" ”>(d—v)+/38;“p

€ v+ cone P 4 cone P = v + cone P.
Then the previous relation becomes

v— v+ 1—;u d —v) + B8Cp
Jv—d]

+remax(¢ 1€l oy ey — 27 )¢ Imll, B B Il
(y +B8) ¢ | (ay — o) + Bsp|}

H( u)“’ !

= Hv—d”—;(ay—a)—i—/%{—{—rc{.

-] =

+ B¢ + tcC

Using this and (A.9), we get
el = (ay — B8 —0) =L(c—0)>{tc,

a contradiction. This finishes the proof. O
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Taking into account that the proof of the directional EVP is based on an iterative
procedure, we can summarize the implications between the assertions in this work as
follows:

criterion for directional criterion for directional L .
L . . directional regularity
directional EVP = regularity of = regularity of = =
. of compositions
single-valued maps set-valued maps
i
iterative procedure = directional EVP.
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