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Abstract

We show that well-posedness (namely approximative well-posedness) properties of opti-
mization problems are very efficient tools in subdifferential calculus of optimal value
(marginal) function and in particular of infimal convolution. Under well-posedness con-
ditions we establish an inclusion for the Mordukhovich limiting subdifferential of the
marginal function and obtain new properties and descriptions of the Fréchet, proximal
and Mordukhovich limiting subdifferentials of the infimal convolution. We also formulate
sufficient conditions for well-posedness properties under consideration.
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1 Introduction

The optimal value function (or marginal function in other terminology) reveals dependence
of optimal value on some parameters. Quite often, the parameterized optimization problem
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is a perturbation of some original optimization problem. Such problems arise in optimiza-
tion (e.g., in the method of Lagrange multipliers) and regularization methods (such as
Moreau and Lasry-Lions regularizations). In particular, the Moreau-type infimal convolu-
tion problem is a very important case of parameterized optimization problems and includes
such significant examples as the best approximation problem in a Banach space, the optimal
control problem with constant dynamics, Moreau regularization etc.

Differential properties of the optimal value function are crucial in both theory and numer-
ical methods. Since the marginal functions are nonsmooth in general, the proper terms to
describe their differential properties are subdifferentials such as Fréchet, Clarke, limiting
and proximal subdifferentials.

A lot of investigations are devoted to study and describe differentials of the optimal
value function in a general setting and in particular cases (see [4—11, 13—22] and references
therein). We propose in this work an approach to investigate differential properties of the
optimal value function based on some special well-posedness (WP) conditions. Hadamard
and Tykhonov WP and WP under perturbations [2, 5, 12, 23, 24] are well-known and very
useful concepts in stability and sensitivity analysis, numerical optimization and optimal
control methods, variational analysis and so on. We introduce new WP conditions, namely
approximative WP and stronger Lipschitz approximative WP, which are related to famous
WP conditions but differ from them. We also compare approximative WP condition with
docility condition introduced in [19].

Let us focus on various ideas and results of the present paper. Applying the Ekeland vari-
ational principle we obtain, in the general Banach space framework, an inclusion for the
Fréchet e-subdifferential of the optimal value function into the Fréchet e-subdifferential of
the objective function (Theorem 3.2), which improves the result of Ngai and Penot [18, The-
orem 3] obtained for Asplund space. Then we use this inclusion to prove an inclusion for the
Mordukhovich limiting subdifferential under approximative WP conditions (Theorem 3.5).
The latter result is akin to the result [18, Corollary 5], but neither of them is a consequence of
the other even in Asplund space. As a consequence of Theorem 3.5 we obtain some known
results of Thibault [22] and Ngai, Luc and Théra [17, Theorem 2.5]. Another consequence
of Theorem 3.5 is the inclusion of the Mordukhovich limiting subdifferential of infimal
convolution of two functions into the intersection of the Mordukhovich limiting subdiffer-
entials of these functions (Theorem 4.6(a)) under approximative WP conditions. Though
the reverse inclusion fails in general, it holds under Lipschitz approximative WP condi-
tions for lower regular functions (Theorem 4.6(b)). Using sufficient conditions for Lipschitz
approximative WP we obtain sufficient conditions for coincidence of the Mordukhovich
limiting subdifferential of infimal convolution of two functions and the intersection of the
Mordukhovich limiting subdifferentials of these functions (Theorem 4.8).

2 Approximative Well-posedness

In the present paper we continue research started in [6, 7] and [8]. Let (U, d) and (X, d) be
metric spaces. For a real ¢ > 0 and a point x € X we will denote the open (resp. closed)
ball centered at x with radius ¢ > 0 by B(x, ¢) (resp. B[x, €]). The effective domain of an
extended real-valued function f : X - RU {4oo}isdom f :={x € X : f(x) € R}.

Throughout this section, we keep U and X as metric spaces as stated above. Let i :
U x X — R U {400} be an extended real-valued function. Consider the problem

Pp:  Minimize h(u, x) over x € X 2.1)
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with parameter u € U. The optimal value of Py atu € U is

hing(u) := infh(u, x).

If x € X satisfies the equality /2 (u, x) = hinr(u) € R, it is called a solution of Py atu € U.
A sequence (x) in X is called minimizing for Py atu € U if

lim h(u, x;) = hine(u).
k— o0

The problem Py, is called Tykhonov well-posed at ug € U if it admits a unique solution xq
and every minimizing sequence for P}, at ug converges to xqo (see [2, 12, 23, 24]). In the
case when h(ug, -) is lower semicontinuous, P}, is Tykhonov well-posed at u if and only if
every minimizing sequence for P, at u( converges.
Let xo € X be a unique solution of P, at uy € U. Denote by M (h, u) the set of all
minimizing sequences for P, at u € U and define the function Ay, ,, : U — [0, +00[ as
Ap W) == inf liminf d (xg, xo), uel. 2.2)
(xp)eM(h,u) k—o00
The problem Py, is called approximately well-posed (AWP) at ug € U if it admits a
unique solution at u#¢ and
lim  Apyo(u) =0, 2.3)
M.;m;u()
i.e. Ap yuy(ur) — 0 for any sequence (uy) in U such that uy — ug and hint(uix) — hint(uo).
If, in addition, there exist positive reals A1, A and § such that

Ap o) < Ard(u, ug) + A2lhinf(u) — hing(uo)|

for all u € B(ug, ) such that |hins(u) — hint(ug)| < &, then the problem P, is called
Lipschitz approximately well-posed (LAWP) at uy.
Clearly, if the problem P}, is LAWP at uy, it is AWP at u.

Remark 2.1 Suppose that xg € X is a unique solution of Py, at ug € dom hj,¢ and that for
any u € dom hjns around ug there exists a solution x(u) of Py, at u such that x(u) — xg
as u — ug. Then Pj, is AWP at ug. If, in addition, there exists A;, Ao > 0 such that
d(x(u), x0) < A1d(u, ug) + Az|hint(u) — hine(ug)| for all u € dom hj,¢ around ug, then Py,
is LAWP at uy.

Remark 2.2 1f Py, at ug is well-posed under perturbations (see, e.g., Zolezzi [24]), then it is
AWP at ug.

Lemmas 2.1 and 2.3 offer sufficient conditions for the problem P}, to be AWP. The first
lemma is a variant of Berge’s maximum theorem (see Example 6, Section 1, Chapter I and
Propositions 1, 2, Section 1, Chapter IX in [2] and also Proposition 5.1 in [12]).

Lemma 2.1 Let (U, d) be a metric space, (X, d) be a compact metric space and h : U X
X — R U {400} be a lower semicontinuous function. Suppose that Py, admits a unique
solution xq at ug € dom hine. Then Py, is AWP at uy.

Proof Fix any sequence (ux) in U such that uy — ug and hine(ug) — hine(uo). AS hine(uo)
is finite, for sufficiently large k the value hinr(ux) is finite too. In view of compactness of
X and lower semicontinuity of & for sufficiently large k there exists a solution xj of P} at
ui. Let us prove that x; — xp. Suppose the contrary. Then extracting a subsequence due
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to compactness of X we may suppose that x; — X # x(. Using the lower semicontinuity
of h and the relations A (uy, x¢) = hint(ur) — hint(uo), we arrive at h(ug, X) < hint(ug).
This means that X and xo are two different solutions of P;, at ug. This contradicts the
uniqueness assumption of the lemma and proves that x; — xo. For any k € N the
constant sequence (xg, Xk, ...) belongs to M(h, ug) and hence Ap ,,(ux) < d(xg, x0).
Consequently, Ay, ,,(ur) — 0 and Pp, is AWP at ug. O

Lemma 2.2 Let xo € X be a unique solution of Py at ug € U. Then for any u € U there
exists (xx) € M(h, u) such that

lim d (xg, x0) = Ap,uy(U). 2.4)
k— 00

Proof Fix any u € U.If Ay ,,(u) = +o00, then by (2.2) for any (x;) € M(h, u) we have
lim infj,_, oo d (xk, x9) = +00 and the statement of the lemma holds true. If hjs(u) = 400,
then i (u, x) = +oo for any x € X and the constant sequence (xo, X, ...) iS @ minimizing
one for Pp, at u. In this case Ay, () = 0 and the desired statement holds true as well.
Further, we suppose that Aj ,,(#) < 400 and hinr(u) < +oo. Fix any numbers A >
Apuo() and g > hipr(u). According to (2.2) one can find a sequence (z;) € M(h, u)
such that liminf;_, o d(z;, x9) < A. Consequently, there exists i € N which satisfies the
inequalities d(z;, xo) < A and h(u, z;) < . Now fix any sequences (i) and (ug) such
that Ax | Apuy(u) and pg | hine(u). As it was shown above, for any k € N there exists
x; € X which satisfies the inequalities d (xg, xo) < Ax and h(u, x;) < uy. Hence, (xg) €
M(h, u) and

limsup d(xk, xo) < limsupAx = Ap (@) < liminfd(xy, xo).
k—00 k—00 k— 00

This implies (2.4). O

Lemma 2.3 Let (U, d) and (X, d) be metric spaces. Suppose that ug € dom hins and the
function h(-, x) is continuous at ug uniformly with respect to x € X, i.e. there exists a
Sfunction ¢ : U — [0, +o00[ such that

h(ug, x) —em) < h(u, x) < h(ug, x) + e(u) VuelU, VxeX
and

lim e(u) = 0.
Uu—ugp

Then the following hold:

(a)  The function hine(-) is continuous at ug.
(b)  If additionally Py, is Tykhonov well-posed at ug, then Py, is AWP at uy.

Proof (a). By the assumption, we have
hing(uo) — €(u) < hinf(u) < hing(uo) +&(m)  Vu €U,
and hence lim (1) = hinr(ug).
u—ugp

(b). Assume additionally that P, is Tykhonov well-posed at ug. Let xo be the solution
of Py at ug. Fix a sequence (ux) in U that converges to ug. Lemma 2.2 implies
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that for any k € N there exists x; € X such that A(ug, xx) < hinr(ur) + % and
d(xy, x0) > Apuo(ug) — % Since

1
h(uo, xi) < h(ug, xi) + e(ur) < hine(ug) + % + e(ug) = hinr(uo) as k — oo,

it follows that (xx) is a minimizing sequence for P}, at ug. Then by Tykhonov well-
posedness we have x; — xo, and consequently Ay ,,(ux) < d(xg, xo) + % — 0.
Therefore, Py, is AWP at uy.

O

The following proposition provides a sufficient condition for the problem P}, to be AWP
and LAWP.

Proposition 2.4 Let (U, d) and (X, d) be metric spaces. Assume that (ug, xo) € domh and

h(u, x) = h(uo, x0) + ¢(d(x, x0)) — §(d(u, uo)) VueU, VxelX, (2.5)

where ¢ : [0, +oo[— [0, 400l is a nondecreasing function such that ¢(t) > ¢(0) = 0 for
allt > 0and & : [0, +oo[— [0, +oo[ is such that lim, o &(t) = £(0) = 0. Then Pj, admits
xo as unique solution at ug, hing is lower semicontinuous at ug and Py, is AWP at uy.

If additionally there exist positive constants A, i such that

@(t) = At, §@) <pt V=0, (2.6)
then Py, is LAWP at uy.

Proof Putting u = ug in (2.5), we get
h(uo, x) > h(uo, x0) + ¢(d(x, x0)) > h(ug, x0)  Vx € X\ {xo}.

Consequently, hinr(ug) = h(ug, xo) and Py, admits xo as unique solution at u¢. Inequality
(2.5) also implies that

hint() > h(ug, x0) — E(d(u, 1)) "= h(ug, x0) = hint(uto)

and hence hj,r is lower semicontinuous at u.
Fix any 71 €]0, ¢(1)[ and consider the function e~ 1110, 111 — [0, 1] defined as

<p_](1') =inf{r > 0: ¢(t) > t}, T €0, t1]. (2.7)
Since ¢ is nondecreasing and ¢(¢) > ¢(0) = 0 for all # > 0, it follows that
limp™! (1) = ¢~'(0) =0. 2.38)
Let us prove that
Ay ) < 97" () 2.9)

for any u € dom hjy such that
&(d(u, ug)) + |hinf(u) — hint(uo)| =: 7 < 11. (2.10)

Assume the contrary: there exists u € dom hiys which satisfies (2.10) and A, (1) >
go’l(t,,). Then one can find 7, such that ¢~ '(7,) < t, < Ap,uo(u). Fix any sequence
(xx) € M(h,u). Using (2.2) one can find ky € N such that d(xx, xo) > ¢, (and hence
o(d(xk, x0)) = @(t,)) for all kK > kg. According to (2.5) we get for all k£ > ko

h(u, xi) = h(uo, x0) + ¢(d (xk, x0)) — §(d(u, uo)) = hint(uo) + ¢ (1) — E(d(u, uo)).
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Passing to the limit as k — oo and taking into account that (xz) is a minimizing sequence
for Py, at u, we have by (2.10)

o(ty) < &, ug)) + hine(w) — hint(uo) < .

In view of (2.7) this contradicts the inequality go’l (ty) < t,. So, (2.9) is proved for any
u € dom hjyr satisfying (2.10).
In order to prove that
lim Ap () =0, 2.11)

inf
U—rug

we fix any sequence (uj) in dom hjpr such that uy h—mf> up. We also fix any ¢ > 0. In view
of (2.8) one can find t €]0, 71[ such that <p’1(r) < ¢. Since &(d(ug, ug)) + |hinf(ur) —
hinf(ug)] — O (here we use the assumption lim, o &(t) = 0), we have &(d(ux, ug)) +
|ninf(ur) — hint(uo)| < t for sufficiently large k. Then by (2.9) we have Ay, (ur) <
¢~ (1) < & for sufficiently large k. Consequently, Apug(r) — 0ask — oo and (2.11) is
proved. From (2.11) we see that Py, is AWP at u.

Now assume that (2.6) holds for some A, u > 0. If r >

Tu

-, then ¢(¢) > At > 7,. Hence,

o () = inflr > 0: @(t) > 1a} < inf[z ~0: 1> %] — % 2.12)
Define § := 11‘“. For any u € B(ug, §) such that |hjnr(u) — hine(uo)| < & (if any) we have
Ty = §(d(u, uo)) + |hinf(u) — hine(uo)|
nd(u, ug) + |hint(u) — hint(uo)| < (0 +1)8 =11

and by (2.9) and (2.12) we get

IA

-1 Tu
Apyom) <™ (ty) < o

Consequently, Py, is LAWP at ug. O

1
< %d(u, 10) + —Ihing(0) = hing(uo) .

Compliance, docility and meekness conditions introduced in [19, 20] are shown to
be useful tools in subdifferential calculus of optimal value functions. Let us compare
AWP condition with docility one, which is the closest to AWP among above mentioned
conditions.

Given ¢ > 0, the g-solution of Py atu € U is

Se() ={x € X : h(u,x) < hinf(u) + ¢}
The function 4 : U x X — R U {400} is called docile at ug € U if
Yo > 03n >0, Yu € B(ug,n), VB >0, Sg(u) N Sy (ug) # 9. (2.13)

Lemma 2.5 Let (U, d) and (X, d) be metric spaces. Assume that Py is Tykhonov well-
posed at ug € U and h is docile at ug. Then Py, is AWP at uy.

Proof Fix any (uy) in U such that uy — uo and hine(ux) — hinr(uo) and fix any ¢ > 0.
It suffices to prove that Ay, ,,(ux) < ¢ for sufficiently large k € N. Since P}, is Tykhonov
well-posed at ug it admits a unique solution xg € X (So(uo) = {xo}) and there exists oz > 0
such that Sy, (up) C B(xp, €). Using docility condition one can find 7, > 0 such that for any
u € B(ug, ne) and any B > 0 we have Sg(u) N Sy, (ug) # @. Since uy — ug there exists K,
such thatuy € B(uo, ne) forallk > K,.Fix any k > K, and let us show that A, ,,, (ux) < €.
Since Sg(ug) N Sg, (ug) # ¥ for any B > 0, one can find a sequence (x,) in M (h, ux) such
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that x,, € S, (o) for all n € N. In view of the inclusions x, € Sq, (o) C B(xp, &) we
obtain the desired inequality Ay ,, (ur) < ¢. O

Lemma 2.6 Let (U, d) and (X, d) be metric spaces. Assume that Py, is AWP at ug € U
and xo € X is the solution of Py, at ug. Suppose that h(ug, -) is continuous at xog and hing is
continuous at uqy. Then h is docile at ug.

Proof Assume the contrary. Then there exists « > 0 such that for any k¥ € N one can find
uy € B(ug, %) and B > 0 with Sg, (1) N Sy (o) = 9. Since h(ug, -) is continuous at xo
one can find § > 0 such that & (ug, x) < h(ug, x9) + « for all x € B(xg, ) and hence
B(xg, 8) C Su(up). Let us show that Ay, ;o (ug) > é forallk € N. Fix any k € N. According
to Lemma 2.2 there exists a sequence (x,) in M (h, ug) such that lim,_, o d(x,, x0) =
Apuy (ui). The inclusion (x,) € M(h, uy) also gives x, € Sg, (uy) for sufficiently large
n. In view of Sg, (ur) N B(xg, §) = ¥ we obtain d(x,, xo) > & for sufficiently large n, and
thus Ap 4o (i) > 8 > 0. Since ux € B(uo, %) for all k € N it follows that uy — uo. By
continuity of hjpr at ug we get hinr(ux) — hinr(up). So, (2.3) is violated. This contradicts
the assumption that Py, is AWP at uy. O

Remark 2.3 In general AWP condition does not imply docility condition. For example, let

0, u=x,
400, u # x.

Then P}, is AWP (and even LAWP) at 0 but % is not docile at 0.
On the other hand, docility condition does not imply AWP condition. This can be seen

U=X=R, h(u,x):{

from the example i (u, x) = )‘12_:‘42 with U = X = R. In the later example 4 is docile at 0
while Py, is not AWP at 0.

3 Subdifferentials of the Optimal Value Function

From now on let X be a normed linear space. Let f : X — R U {400} be a given function
and let x € dom f.

For any ¢ > 0, the Fréchet e-subdifferential of f at x is

aFef(x) = (x* € X*: Vp>035 > 0, Vx’' € B(x,9),
(x" = x) < fON) = fOO) + (e +mlx" = x|}

If e = 0, then 87 f := 8¢ f is called the Fréchet subdifferential of f.

The proximal subdifferential of f at x is

P fx) = (x* e X*: 38 >0, Ir >0, Vx’ € B(x, §),
(W x" = x) < fON) = fE) i = x)?).

The Mordukhovich limiting subdifferential 3~ f (x) at x is the set of all x* € X* such that
there exist &; | 0, x; — xo with f(xx) — f(x), and x{ — x* weak*, x; € aF-ek £ (xy) for
all k € N (see [14]).

Hereinafter let U be also a normed linear space. Consider the linear space U x X endowed
with the norm

Il G, ) || = max{[|ufl, llx]l}, (u,x) e U x X. (3.1
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848 G. E. lvanov, L. Thibault

As usual, we identify (U x X)* with U* x X* through the pairing
((w*, x™), u,x)) = W, u) + (x*, x) YueU, VxelX.

As earlier we consider an extended real-valued function 2 : U x X — R U {4o00}.

Given a point (u,x) € domh, we shall use 9" eh(u, x), 3T h(u, x) and 8Lh(u, x) to
denote correspondingly the Fréchet e-subdifferential, the proximal subdifferential and the
limiting subdifferential of & at (1, x) with respect to the norm (3.1) in U x X.

We denote by 8; *h(u, x) (respectively by 85 h(u, x)) the Fréchet e-subdifferential
(respectively proximal subdifferential) of the function %(-, x) at the point u. We shall use
8uLh(u, x) to denote the set of all u* € U* such that there exist g | 0, (ug, x¢) — (u, x)

with A(ug, x¢) — h(u,x), and uf — u* weak®, uj € a,f’s"h(uk,xk) for all k € N.
Similarly, we define a5 ““h(u, x), 0P h(u, x) and dLh(u, x).
Remark 3.1 1t follows immediately from the definitions that for any («#, x) € domh
FCh(u, x) 0 h(u, x) x 35 h(u,x),  &>0,
dF h(u, x) c dF h(u, x) x 3F h(u, x),

3L hu, x) c akh(u, x)xdEh(u, x).
The properties in the following lemma are easily verified and we omit their proofs.

Lemma 3.1 Let U and X be normed spaces and let xo € X be a solution of Py at uy €
dom hiys. Then for any € > 0

35 hin(uo) x {0} € 85 h(uo, x0),
3" hinp(uo) € 85 *h(uo, xo),
8% hine(uo) x {0} € 9 h(uo, xo),

3" hint(uo) € 3 h(uo, x0).

Remark 3.2 The inclusion B,f Ch(uo, x0) C 37 Chine(ug) generally fails. Consider, for
example, U = X = R, h(u, x) = |x — u|. Then hiys(u) = 0 for all u € R, 37 hjne(0) = {0},
while afh((), 0) = [—1, 1]. However an inclusion in the form
liminf 85 h(uo, x) € 8F hing
pomint O (uo, x) inf (40)
was obtained by Penot under docility assumption (2.13) and some additional assumptions
(see [19, Proposition 3.6] and related results in [19] and [20]).

The following theorem is an analogue of the first inclusion of Lemma 3.1 in the
case when the infimum is not achieved. It provides a sharp inclusion for the Fréchet
e-subdifferential of the optimal value function.

Theorem 3.2 Let U and X be Banach spaces and h : U x X — R U {+o0} be a lower
semicontinuous function. Let u* € 3 hinr (1) for some u € dom hiyr and ¢ > 0. Let § > 0.
Then there exists B > 0 such that for any x € X with h(u,x) < hins(u) + B there exist
We Bu, ), x e B(x,8) with w*,0) € 87 h@, %) and |h(@, X) — hint(u)| < 8.
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Proof Fix any n > 0. By definition of the Fréchet e-subdifferential there exists 6 > 0 such
that

(W u' —u) < hinp(') — hing(u) + (¢ + )’ —ull  VYu' € Blu, 26]. (3.2)
Define
8 8
Bi = min{@, s, , } and B = Bi.
S+ llutlls” &4 20+ lu*|«

Fix any x € X with h(u,x) < hinf(u) + B = hinr(u) + ;312. Taking into account that
hint(u') < h(u', x’) forany u’ € U, x’ € X, we have

(W, u' —u)y <h@',x")—h@,x)+@E+n)lu —ul + /312 Vu' € Blu,20], Vx e€X.
In terms of the function
g, x"y =h x4+ (e +n)|u —ull — (w*,u), uelU, x'eX
it means that
g, x') = gu,x) — B} Vu' € Blu,20], Vx' € X.

Applying the Ekeland variational principle (see [3]) for the complete metric space B[u, 26]
gives some % € Blu,20] and x € X with

I —ull + X — x| < Bi. (3.3)

g, %) < gu, x), (34
g, x) < g, x) + By max{|lu’ —ul, |x" — x|} Yu' € Blu,20], Vx' €X.

The latter inequality and the definition of g entail for all #’ € B[u, 81] C B[u, 26] and all
x'eX

* u' —u) < h@u',x") — h(@, ) + pr max{|lu" —ull, [|x" = %]}
+(&+mlu" —ull = & — ul)
< h@',x") = h(@, %) + (e + 8 + n) max{||lu’ — 3], [|x" =X},

and hence (u*, 0) € 87T h(w, X). Inequality (3.4) implies that
h(, %) < h(u,x) + (u*, u —u) < h(u, x) + Billu*||
< hing() + BT + Bullu* s < hine() + B1(8 + [lu*[ls) < hine() + 6.
Using (3.2), (3.3), we have
hint(u) — h(@, X)

A

< hint(u) — hint(@) < —@*, % —u) + (e + n)l[w — ul|

< (lu*llx +e+mp1 < 8.
So, |h(&, X) — hint(u)| < &, which finishes the proof. O
Lemma 3.3 Let X be an Asplund space, f : X — R U {400} be a lower semicontinuous

function, xo € dom f, ¢ > 0,8 > 0 and x; € gr.ets f(x0). Then for any n > O there exist
0
x € dom f and x* € X* such that

Ix = xoll <. 1f) = f@o)l <n X" —xflle <8470, x* €™ f(x).

Proof According to the definition of the Fréchet e-subdifferential we have gt f(xo) =
8Ff,,xO(xo) for any t > 0, where f; y,(x) := f(x) +t||lx — xo|| for any x € X. Applying
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the fuzzy sum rule [4, Theorem 3] (valid in Asplund spaces) for the sum f;1s x,(x) =
Se.xo(x) + 8llx — x0ll, we complete the proof. O

As a consequence of Theorem 3.2 we obtain the result of Ngai and Penot [18, Theorem
3] for Asplund spaces.

Corollary 3.4 Let U and X be Asplund spaces and h : U x X — R U {400} be a lower
semicontinuous function. Then for any u € dom hiyt, € > 0 and u™ € 3T hine(u) there exist
sequences (uy) in U, (uf) in U*, (xi) in X and (x}}) in X* with (uf, x}}) € T Eh(uy, xi) for
all k € N such that ||ug — ul| — 0, |luy —u*|lx — O, |x{llx — 0 and h(ug, x) — hinr(u).

Proof Fix any sequence & | 0. By Theorem 3.2 there exist sequences () in U and (X;)
in X with (u*,0) € 8F-*T%h(@y, Xp), llux — ull < 8 and |h(@@k, Xk) — hing(u)| < 8 for
all k € N. For each k € N the inclusion (u*, 0) € F-¢%h(iiy, %) and Lemma 3.3 (where
weputn =8 = &) giveux € U, uf € U*, xx € X and x;/ € X* such that (uf, x;) €
AT huge, x1), Nug — el < 8o Il < 28k, lluf — u*[ls < 28k, [h(uk, xi) — h (g, Tp)| <
k. This completes the proof. O

Via Theorem 3.2 we have, under the AWP property for P}, inclusions for the Mor-
dukhovich limiting subdifferential similar to those in Lemma 3.1.

Theorem 3.5 Let U and X be Banach spaces and h : U x X — R U {+o0} be a lower
semicontinuous function. Assume that Py, is AWP at ug € U and xo € X is the solution of
Py, at ug. Then

9" hine(uo) x {0} C 8% h(uo. xo), 3.5)
8L hing(uo) < 9L R (uo, x0). (3.6)

Proof Fix u* € L hint(uo). By definition of the limiting subdifferential there exist ¢ | 0,
up — up with hine(ug) — hin(uo), and u;; — u* weak®, such that u} € A hine (uy) for
all k € N. Since Py, is AWP at u it follows that Ap, ,,,(ux) — 0, where Ay () is defined
by (2.2). Applying Theorem 3.2 for u = uy, u* = uj, e = § = g gives pr > 0 such that for
any x € X with 2(ug, x) < hinp(ug) + Bx there exist uy = uy(x) € B(ug, &x), Xk = Xx(x) €
B(x, &) with (u}, 0) € 072 h(iix, k) and |h (i, Xk) — hinf(uk)| < &. Using Lemma 2.2
one can choose xx € B(x0, Ap uy(ui) + €x) such that h(u, xx) < hinf(ur) + Br. Denoting
x;, = Xk (xk), u), = Uy (xx), we have for any k € N

up € B(uk, ex), x; € B(xg, &),
F.2
(uf,0) € 07" h(uy, xp),  |h(uy, x3) — hine(ui)| < €.
Observing that
llx; — xoll < llxg — xkll + llxx — xoll < ek + Apug(ui) + &k —> 0,
lug — uoll < luy — ull + llux — uoll < ek + lux — uoll — 0,

we conclude that (u}(,x,/() —  (ug, xo). Further, taking into account that hj,r(ur) —
hint(uo) = h(uo, x0) and |h(uy, x;) — hine(ur)| < ex — 0, we see that h(u, x;) —
h(uo, xo). Consequently, (u*,0) € 3L h(ug, xo), which proves (3.5). The other inclusion
(3.6) follows from (3.5) and Remark 3.1. O
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Remark 3.3 The assumption of Theorem 3.5 that Pj, is AWP at ug is essential. Indeed,
consider the following continuous function

[x| 4+ u, u <0or|xu|l <1,
hu, x) = max[u + % — |x|,0] , u>0and |xul > 1.
One can easily see that Ai,¢(#) = min{u, 0} and P, at ug = 0 admits a unique solution
x0 = 0. 50,0 € 8L hine(0), while 3L 7 (0, 0) = {1}. Consequently, 3L hine (o) ¢ 9L h (o, xo).
According to Theorem 3.5 the problem Py, is not AWP at ug. We suggest the reader to check
it directly.

Inspired by the famous Palais-Smale property, Ngai and Penot [18] introduced the
following condition (Cp,) at ug € dom Ajyf:

(Cp): if sequences (ur) in U, (uf) in U*, (x) in X and (x}) in X* are such that
(xf, uf) € F h(ug, x¢) for all k € N, |Jux — uo|| — O, up — u* weak®, ||x;|l+ — 0 and
h(uk, xx) — hint(1o), then there exists a convergent subsequence of (x).

The following result of Ngai and Penot is akin to Theorem 3.5.

Proposition 3.6 ([18, Corollary 5]). Assume that U and X are Asplund spaces, a function
h : U x X — RU {400} is lower semicontinuous, ug € dom hj,, u* € AL it (uo)
and condition (C) is satisfied. Then there exists a solution xo of Py, such that (u*,0) €
AL h(uo, x0).

Example 3.1 LetU = X =R, ugp =0, u™ = 0 and
h(u,x):|x|((1—xu)2+u4>, u,x € R.

For any u € R one can easily see that () = 0, x;, — 0 for any minimizing sequence
(xx) € M(h,u) and xo = 0 is a unique solution for P} at u. Hence, Ap ,,(u) = O for
all u € R and P, is AWP at ug. However condition (C) is not satisfied in this example.
Indeed, consider sequences x; = k, uy = %, x{ = ki“’ up = k4—2. Observe that (x, u}) €
F h(uy, x;) forallk € N, |lug—uol| — 0, lxflls = 0,uf — w* and h(ug, xp) = hing(uo),
but the sequence (xx) has no convergent subsequence. This example shows that Theorem
3.5 does not follow from Proposition 3.6 even in Asplund space.

In the next corollary we shall need the following proposition (see [14, Theorem 2.33])
on the Mordukhovich limiting subdifferential of a sum.

Proposition 3.7 Let X be an Asplund space. Let f, g : X — RU{+o00} be two proper lower
semicontinuous functions, one of them being Lipschitz continuous around x € dom f N
dom g. Then

AE(f + ) calfx)+alg).

For a set C C X we denote by dc and ¢ the distance function and the indicator
function, that is,

de(x) == inf [lx =y, (3.7
yeC
0, x €C,
Vel = { +oo, x € X\ C.
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The Mordukhovich limiting normal cone of the set C C X at x € C is the limiting
subdifferential of the function V¢:

NE(x) == 85y (x). (3.8)

Given a function f : U x X — R U {400} and a multifunction G : U = X, consider for
u € U the problem:
Minimize f(u, x) over x € G(u). 3.9)

Problem (3.9) is equivalent to the problem P}, with
h(u, x) := f(u, x) + Ygpn G (u, x), uel, xeX,
where gph G = {(u,x) € U x X : x € G(u)} is the graph of G.
The optimal value of (3.9) is
hint(w) = inf h(u,x) = inf f(u,x). (3.10)
xeX xeG(u)
We shall say that problem (3.9) is AWP at ug € U if P, is AWP at ug.

Corollary 3.8 Let U and X be Asplund spaces, G : U = X be a multifunction with closed
graphand f : U x X — R be a lower semicontinuous function. Let problem (3.9) be AWP
atug € U and let xo € X be the solution of this problem at uo. Assume that f is Lipschitz
continuous around (ugy, Xq).

Then the limiting subdifferential of the optimal value function (3.10) satisfies the
following inclusion:

0% hint(uo) x {0} C 9" f (o, x0) + Ny, (10, X0). 3.1

If additionally for any u sufficiently close to ug the function f(u,-) is Lipschitz on X
with some Lipschitz constant k' (u) < «, where k doesn’t depend on u, then

3 Bing(uo) x {0} € 8 f (uo, x0) + 1306 (o, x0) (3.12)
where
0G(u, x) :==dgu)(x) = inf x—yll, ueU, xeX.
yeG(u)

Proof Using Theorem 3.5 and Proposition 3.7 we obtain
0% hint(uo) x {0} C 9" h(uo, x0) = 3" (f + Wgph 6) (w0, x0)
C 9% f(uo, x0) + 3" Yrgph 6 (o, x0)
= 9% f(uo, x0) + NnghG(uo, X0).

So, (3.11) is proved. Let us prove (3.12).
Let a neighborhood Uy of ug be such that for any u € Uy the function f(u, -) is Lipschitz
continuous on X with Lipschitz constant «’(u) < «. Consider the function

ﬁ(u,x) = f(u,x)+rkdew(x) = f(u,x) +«xocu, x), uelU, xeX.

Observe that for each u € Uy one has fzinf(u) = hjpr(u) and any minimizing sequence for
Py, at u is a minimizing sequence for P; at u. Consequently, Aj o () < Apuy(u) for all
u € Uy. Since xq is a unique solution of problem (3.9) at ug, it follows that xq is a unique
solution for P; at ug. So, P; is AWP at ug. According to Proposition 3.7 we have

3 h(uo, x0) C 3% f(uo, x0) + kd 0 (o, x0).
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Using Theorem 3.5 for / in place of h, we obtain
0% hint(uo) x {0} = 9" hine(uo) x {0} C 8" h(uo, x0)
C 8" f (uo, x0) + k9" 06 (o, xo).
O

In view of the equality N&(uo,x0) = Us59%dc(uo, x0) (see (4.21) and [22])
inclusion (3.11) may be rewritten in the form

0" hine(u0) x {0} € 9" f (uo, x0) + |_J 58" dgph G (wo, x0).

s>0

So, inclusion (3.11) correlates with [22, Proposition 3.1] and other results of Thibault.
Inclusion (3.12) is akin to the result of Ngai, Luc and Théra [17, Theorem 2.5].

4 Subdifferentials of the Infimal Convolution

The Moreau-type infimal convolution of two functions f, g : X — R U {400} is
(fO9@) = inf (f0) +gw—x).  weX.
The infimal convolution problem Py, at a point u € X is the problem P, with
h(u,x) = f(x)+ gu —x), u,x € X.
Applying Lemma 2.3(b) to the function i (u, x) = f(x)+ g(u —x), we obtain the following

lemma.

Lemma 4.1 Let X be a normed space. Assume that g : X — R is uniformly continuous
and Py, q is Tykhonov well-posed at ug € dom (f (1g). Then Py, q is AWP at uy.

Lemma 4.2 Let X be a normed space and let any ¢ > 0 be given. Assume that xo € X is a
solution of Py,q at ug € dom (f 00 g). Then

e (f O o) € 35 fxo) ()95 (o — x0), .1

0" (f Dg)(wo) C 9" f (x0) ()87 gluo — x0). 4.2)

Proof Using the second inclusion of Lemma 3.1 for 2 (u, x) = f(x) + g(u — x), we obtain
0FF (f Dg)(wo) = 3" hine(uo) C 9 h(uo, x0) = 8" guo — xo).
Similarly, using the second inclusion of Lemma 3.1 for h(u, %) = f(u —x)+ g(xX) and
X0 = ug — xo, we have
"4 (f D @) (uo) = 0" hine(uo) C 9, *h(uo, To) = 8"° f (uo — Zo) = 8"° f (x0).

So, (4.1) is proved. The proof of (4.2) is similar. O

Inclusion (4.1) was previously obtained in [1, Lemma 3.6] for ¢ = 0 and in [15, Propo-
sition 2.1] for ¢ > 0. This inclusion correlates with the result of Kecis and Thibault
[10, Theorem 3.1]. In a particular case when g is a Minkowski functional, Lemma 4.2 was

proved in [6, Theorem 3.1].
In the case of infimal convolution, Theorem 3.2 can be translated as follows.
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Corollary 4.3 Let X be a Banach space, f, g : X — R U {+o00} be lower semicontinuous
functions, u € dom (fg), ¢ = 0and u* € 37¢(f O g)(u). Let § > 0. Then there exists
B > 0 such that for any x,z € X withx +z =u and f(x) + g(z) < (f 0O g)(u) + B there
existx € B(x, 8) andZ € B(z, ) with

w e dh e r@ a7 e @, 4.3)
If @+ 8@ — (fFORW)| <86 (44)

Proof Applying Theorem 3.2 for the function
h',x")= f(x")+ g’ —x'), u',x' e X
and % in place of & gives B > 0 such that for any x € X with f(x) + g(u — x) <
(fOg) () + B there exist it € B (u, §), X € B (x, ) such that (u*, 0) € 9FH/2h@, %)
and (4.4) holds true with Z = @ — X. Due to the inclusion (u*, 0) € 3F-¢19/2p(@, X) there
exists @ > 0 such that for all ¥’ € B(W, 0), x’ € B(x, )
W*,u' —u) < h(',x") — h(@, %) + (¢ + &) max{|lu’ — @], |x" — x|}
= f&) = f@ +gW —x')— g —7%)
+(& 4 &) max{[lu" —ul|, |x" = X|}.
Putting v’ = u — X + x" we get
W x' =%) < f&) = fFE@+ e+ Ox" =X Vx' € B(X, ).

Consequently, u* € 87-¢+% £ (3).

Similarly, setting x’ = X, u’ = u —Z + z’ we obtain

W7 -2 =g(@)—g@+ e+l -2 VI €BE.0)

and hence u* € 37+ g (). O

Similarly to the proof of Corollary 3.4 one can easily see that for Asplund spaces
Corollary 6 of Ngai and Penot [18] follows directly from Corollary 4.3.

The next theorem gives the description of the Fréchet and proximal subdifferentials of
the infimal convolution under LAWP conditions.

Theorem 4.4 Let X be a normed space. Assume that xo € X is a solution of Py ¢ at
uo € dom (f Og), fOg is lower semicontinuous at uy and Py, is LAWP at ug. Then for
any R > 0 there exist positive reals A and gy such that for any ¢ € [0, 9] and z¢9 = ug — xo
one has

"¢ f(x0) ()07 2(z0) () BO, R) C 97 (£ D g)(uo)- 4.5)

Furthermore,
of (f 0@ o) = 9" f(xo) [0 220, (4.6)
3P (F O o) = 0” fxo) () 9" g(z0). 4.7)

Proof Consider the functions i (u, x) = f(x) + g(u — x) withu, x € X and hiyr = f O g.
Since Py,, is LAWP at ug, there exist positive reals A1, A2, §; such that

Apug@) =< Ayllu — ugll + A2 |hinf(u) — hing(uo)|
for all u € B(ug, §1) with |hins(u) — hinf(uo)| < 81. 4.8)

@ Springer



Well-posedness and Subdifferentials of Optimal Value and Infimal... 855

Fix any R > 0 and denote
A =40+ A +A2R), &) = —.
( 1 2R) 0 8y

Consider any ¢ € [0, g9] and let us prove (4.5).
Fix any u* € 35¢ f(x0) () 87*g(z0) (N B(0, R) and n €]0, &o]. By definition of the
Fréchet e-subdifferential there exists a positive real 8 < min{§;, 41281} such that

", x —xo) < f(x) = f(x0) + (¢ + mllx — xol Vx € B(xo, 62), (4.9)

(u*,z—z0) < g(2) —gzo) + (¢ +mlz—z0ll Yz € B(z0,8). (4.10)
As hiyr is lower semicontinuous at ug, one can find a positive real §3 < §/A such that
L))
hinf(u0) < hint(u) + e Vu € B(ug, 63). (4.11)
Fix any u € B(uo, 63) and let us prove that
(U™, u —u) < hing(u) — hint(uo) + Ale +n)llu — uoll. (4.12)
If hint (1) — hine(uo) > 82/(4A2), then
N N RS> 8
(™ u —uo) < |lu*|l - llu —uoll < R83 < — < -~ < hint(u) — hinf(uo)
A 41,

and (4.12) holds true. Further, we suppose that hinf(u) — hinr(uo) < §2/(4A3). Taking into
account (4.11), we get

)
|Ring(10) — hinf(u)| < e < 8.

Consequently, (4.8) implies that
8o M2 8 &
A <SMBF+r—=<—"+—=< =.
hyuo () < A183 + 252 = x +4 <3

According to Lemma 2.2 there exists a sequence (xx) € M (h, u) such that limg_, o ||xx —
X0l = Apue () < . Denoting zx = u—xx, we see that ||z —zoll < lxe—xoll+llu—uoll <
lxx — xoll 4 83, and hence limsup,_, o, llzx — zoll < &2. Using (4.9), (4.10), we have for
sufficiently large k

(", xk — x0) < f(xx) — f(x0) + (e + m)llxx — xoll,
(W, zx — z0) < g(zx) — g(z0) + (& + M llzx — zoll.
Adding this two inequalities together, we arrive at
(", u—uo) < f(xi) +8(z) — f(x0) — g(z0) + (¢ +n) (Ixx — xoll + llzx — zo) -

Since (xx) € M(h, u), it follows that f (xz) + g(zx) = h(u, xx) — hinr(u). Passing to the
limit as k — oo, we obtain

(u*, u — uo) < hint(u) — hint(uo) + (¢ + 1) (2Ah,u0(u) + lJu — Moll) . (4.13)
Denoting D := (u™, u — ug) — hinf(u) + hinf(uo), by (4.8) we get
Ap o) < Atllu — ugll + A2 |hine(u) — hine(uo)|
< Allu — uoll + 22 D| + [{u*, u — uo)|)
< (A1 +22R)|lu — upll + A2|D|.
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So, (4.13) implies that

D = 2e + (1 +22R)u = o]l + 22| D] + llu = o)
Ae+n)
= =B — ol + 26 + iz Dl.

Ase <egpandn < gg, we have e +n < 2g9 = and hence D < @Hu — upl| + %.

If D > 0, the latter inequality yields
D < A(e +n)llu — uoll (4.14)

In the other case (D < 0) (4.14) is still valid. Thus (4.12) is proved, that is, for any  €]0, &o]
one can find 3 > 0 such that

1
4ry°

(™, u —ug) < hint(u) — hint(uo) + A (e + ) llu — uol| Yu € B(ug, 83).

Consequently, u™ € glre (fOg)(up) and (4.5) is proved. Using (4.5) and (4.1) fore = 0
we obtain (4.6).
The proof of inclusion (4.7) is similar. O

Example 4.1 Let X = R2,

_ _|x2|3’ X1 = 0, . 07 X1 = x%?
flxr, x2) = { too,  x1 £0, g(x1,x2) = oo, X1 £ 13,
for all (x1,x2) € R2. One can easily see that (x1,x2) = (O, U — u}/3> is a unique
3
solution of Py, at (ug, uz). Therefore (f Ig)(ui, u2) = — ’u2 — ui/3 , in particular,

(fO&)1,0) = —uyl, (0,0) € 0¥ £(0,0)(3Fg(0,0), but (0,0) ¢ 37 (f ), 0).
According to Remark 2.1, P 1,¢ 18 AWP at (0, 0). This example shows that in Theorem 4.4
the assumption that Py, is LAWP can’t be reduced to the assumption that Py, is AWP.

The next theorem provides sufficient conditions for Pr, to be LAWP and as a
consequence sufficient conditions for description of the subdifferentials of the infimal
convolution.

Theorem 4.5 Let X be a normed space and o, B € R with o < . Suppose that functions
f: X = RU{+o00}, g : X — Rand points xy € dom f, zo € dom g satisfy the inequalities
f&) = flxo) = —allx —xoll  Vx€X, (4.15)
8(2) — g(zo) = Bllz —zoll  VzeX. (4.16)

Then

(a) Pf,g admits xq as unique solution at ug = xo + zo, f O g is lower semicontinuous at
ug and Py,q is LAWP at ug;

(b)  equalities (4.6), (4.7) are valid;

(c) forany R > O there exist positive reals A and o such that for any € € [0, &¢] inclusion
(4.5) is valid as well.

Proof For the function h(u, x) = f(x) + g(u — x) we have for any u, x € X

h(u, x) —h(uo, x0) = —allx —xoll+ Bllu —x —uo+xoll = (B—a)llx —xoll — || [lu—uoll.
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Using Proposition 2.4 for ¢(r) = it, £(t) = ut with A =  — o, u = |B], we obtain
assertion (a). Applying Theorem 4.4, we get assertions (b) and (c). O

A function f : X — R U {400} is called lower regular at a point x € dom f (see [13])
whenever

L fxy =af f(x).

Theorem 4.6 Let X be a Banach space, f, g : X — R U {400} be lower semicontinuous
functions and xo € X be the solution of Py, at ug € dom (f [Jg), 20 = uo — xo.

(a) IfPygis AWP at ug € X, then

oL (f D g) (o) C 8" f(x0) [ )0 2 (z0)- (4.17)

(b) If'Pygis LAWP at ug, f and g are lower regular at xo and zq respectively, and f [1g
is lower semicontinuous at ug, then f O g is lower regular at ug and inclusion (4.17)
holds as an equality.

Proof (a). Using Theorem 3.5 for h(u, x) = f(x) + g(u — x), we obtain

- (f D) (uo) = 8 hine(uo)C 85 h(uo, x0) = 9 g(z0).

Similarly, using Theorem 3.5 for fl(u, z7) = f(u — z) + g(z), we obtain

AL (fOg)(uo) = 3% hine(uo)C Eh(uo, z0) = 8% f(uo — z0) = 9% f (x0).

So, (4.17) is proved.
(b). Using inclusion (4.17) and equality (4.6) of Theorem 4.4, one has

oM (fO8) (o) € 9" f(xo) ()0 g(z0) = 0" f(x0) ()" g(z0)
= 3" (f O @) (uo) C 3" (f D) (uo). O

Theorem 4.6(b) improves Theorem 4.1 from [7], where g was supposed to be a
Minkowski functional.

Using Theorem 4.6(a) and sufficient conditions for Pr, to be AWP we obtain the
following corollary.

Corollary 4.7 Let X be a Banach space, f, g : X — R U {+o00} be lower semicontinuous
functions and xo € X be the solution of Py,q at ug € dom (f [08), zo = uo — Xo. Assume,
in addition, that at least one of the following conditions holds:

(a) the function g : X — R is uniformly continuous and the problem Py, is Tykhonov
well-posed at ugy,; or
(b) inequalities (4.15), (4.16) are satisfied with some a, 8 € R such that o < .

Then inclusion (4.17) holds true.
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Proof In case (a) inclusion (4.17) follows from Lemma 4.1 and Theorem 4.6(a). In case (b)
it suffices to apply Theorem 4.5(a) and Theorem 4.6(a). O

In the particular case when g is a Minkowski functional, Corollary 4.7 was proved in
[7, Theorems 3.1, 3.2]. In [16, Theorem 5.5] Corollary 4.7(b) was proved in another case,
namely when g is subaditive and coercive with some constant £ > 0 and f is Lipschitz
continuous on dom f with a constant m < £.

Remark 4.1 Let the problem Py, be LAWP (and hence AWP) at a point u € dom (f [Jg)
and let x € X be the solution of Py ¢ at u. The inclusion

ot foo) [ 9" e —x) c ot (fDg)w) (4.18)
fails in general. Indeed, consider in R? the functions

J (1, x2) = x| + min{lxq |, [x2[}, g(x1, x2) = |x2| + min{|xy], [x2]}.

Observing that f(x;,x2) > 0 and g(x1,x2) > 0 for all (x1,x2) € R2, we get
(fOg)(u1,uz) > 0forall (ug,up) € RZ2. On the other hand, since f(O,uz) = g(u1,0) =
0 it follows that (f O g)(u1, u2) < f(0,u2)+g(uy,0) =0. Thus, (fOg)(u1, uz) = 0and
(0, up) is a solution of Py ¢ at any (uy, uz) € R2. Since the function (u1, u2) — (0, us) is
Lipschitz continuous, it follows that Py, is LAWP at any point (u1, u2) € R2.

Consider the functional x* = (1, 1), i.e., {(x*, (u, x)) = u + x for all (u, x) € R2. Since
f(x1,x2) = x1 +x3 forall (x1, x) such that 0 < xp < x1, it follows that x* € aFf(xl , X2)
whenever 0 < x, < xj and, therefore, x* € 8Lf(0, 0). Similarly, x* € 8Lg(0, 0). On the
other hand, x* ¢ 8L(f 0g)(0,0) = {(0,0)}, since (f O g)(u1,uz) = 0 for all (u1,uz) €
R2. So, in this example inclusion (4.18) is false.

Theorem 4.8 Let X be a Banach space, f, g : X — R U {400} be lower semicontinuous
functions. Let g be lower regular at zo € dom g and satisfy (4.16) for some B € R. Suppose,
in addition, that at least one of the following conditions holds:

(a) X is finite-dimensional, f is Lipschitz continuous on dom f with some constant o <
B and xp € dom f; or
(b)  f is lower regular at xo € dom f and satisfies the inequality (4.15) with o < B.

Then
L (f D &) (xo +20) = " f(x0) () 8" (0.

In case (b) the function f [ g is lower regular at the point (xo + 2o)-

Proof First assume that condition (a) holds. Fix any x;, € dom f. Since f is Lipschitz
continuous on dom f with constant «, it follows that inequality (4.15) with x;, in place of
xg holds true. According to Theorem 4.5(a) the problem Py, is LAWP at x| + zo for any
x, € dom f.

Fix any u* € 3% f (xo) N 8L g(z0). By definition of the limiting subdifferential there exist
ex 4 0, uy — u* and x; — xo such that f(xg) — f(xo) and u} € 92k f(xy) forallk € N.
Due to the lower regularity of g one has 8Lg(z()) = aFg(z()). Since u; — u* € 8Fg(z()),

there exists €} | 0 with &, > g and u € 8 g(z0) + B(O, &) C BF’SI/rg(zO) forall k € N.
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According to Theorem 4.5(c) there exists A > 0 such that for all sufficiently large k we
have u} € F2 (£ Og)(xk + zo). Observe that (£ g)(xk + z0) = f(xx) + g(z0) —
F(x0) + g(zo0) = (f O g)(xo + z0). It ensures that u* € 3% (f O g)(xo + zo0) and hence

3 f(x0) [ 8" g(z0) € 3" (f D &) (x0 + 20)-

The reverse inclusion follows from Corollary 4.7(b).
In the case (b) Theorem 4.5(a) and Theorem 4.6(b) imply the desired statement. O

Under additional assumptions that g is positively homogeneous and subadditive, while
f is Lipschitz continuous on dom f in both cases (a) and (b), Theorem 4.8 was proved in
[16, Theorem 5.5]. Case (b) of Theorem 4.8 under the assumption that g is a Minkowski
functional was established in [7, Theorem 4.2].

Observe that for g(-) = || - || one has (Y ¢ O g)(-) = dc () (see (3.7)). Given a closed set
C in a Banach space X and x¢ € C, applying Theorem 4.8 for f(-) = ¥¢c(-) and g(-) = || - ||
either in the case when X is finite-dimensional or in the case when ¥¢ is lower regular at
Xo, one obtains the well known equality

d%dc (xo) = NE(xo) () BIO, 1.

In the paper [7] we give an example of a closed set C C £; such that for some xg € C

NE (o) (1) BIO, 11 ¢ 9" de (x0).

This example shows that the assumption of Theorem 4.8 that either X is finite-dimensional
or f is lower regular at x¢ is essential.

Theorem 4.9 Let C be a closed subset of a Banach space X and xo € C. Let g : X —
R U {400} be a lower semicontinuous function which satisfies (4.16) for some B > 0 and
zo € dom g. Then

NE(xo) = | s8" (e D @) (xo + 20)-

s>0

Proof In view of (4.16) one has g(zo) = min;cx g(z). Consequently, for any x € C
8(z0) = min yr¢ CORS g;i)l(l 8(2) = (YcOg)(x + 20) = Ye(x) + g(20) = g(z0)-
X

So,
(WecOg)(x + z0) = g(z0) Vx € C. 4.19)

Fix any u* € N é (x0) = 9L (xp). By the definition of the limiting subdifferential there
exist &¢ | 0, uj — u* weak™ and x; — xo such that x; € C and u} € aF ke (xy) for
all k € N. Since the sequence (u}) converges weak®, it is bounded and hence there exists
s > 0 such that uf € B(0,sp) for all k € N. Inequality (4.16) implies that B(0, 8) C

8% g(z0). Therefore, MS—Z € 8Fg(z0) for all k € N. Since up € aF ey (xy), it follows that

usl e gf-e/ Sc(xx). Observe that the function f = ¢ satisfies (4.15) with « = 0 at
xo and at x; in place of xg as well. According to Theorem 4.5(c) there exists & > 0 such

that ”Tk e 352k (Ye O g)(xx + z0) for all sufficiently large k. It follows by (4.19) that
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(WYcOg)xx + 20) = g(go) = (Y Og)(xo + zo). Consequently, by the definition of the
limiting subdifferential MT € 3L (Y Og)(x0 + 20). So, the inclusion

NE o) < | 59" (e O g)(x0 + 20) (4.20)

5>0

is proved. Corollary 4.7(b) implies that 8~ (¢ 1 g) (x0 4 z0) C 8% 9c(x0) = Nk (x0). Due

to conicity of Né (x0) we get the reverse inclusion to (4.20). O
Taking g(-) := || - || and zo := 0, Theorem 4.9 generalizes the result of Thibault [22] that
for any point x¢ of a closed subset C in a Banach space
NE(xo) = | 50" dc (xo). (4.21)
s>0

Theorem 4.9 also includes, as a corollary, Proposition 2.7 in Thibault [22] for the Mor-
dukhovich limiting normal cone of the graph of a multifunction G : U = X which is closed
near (ug, xp) € gph G, that is, there is a neighborhood W of (ug, xg) such that W N gph G
is closed in W relative to the induced topology.

Corollary 4.10 Let U and X be Banach spaces and let G : U = X be a multifunction the
graph of which is closed near (ug, xo) € gph G. For the function oG : U x X — R defined
by

ogu,x)= inf |x—yl, xeX uel,
yeG(u)

one has the equality
Ny o, x0) = |_J s8" 06 (uo, xo). (4.22)

s>0

Proof Without loss of generality, we may and do suppose that gph G is closed. Consider
for (u, x) € U x X the problem:

Minimize ||x — y|| over y € G(u).
The optimal value function of this problem coincides with

oG, x) = inf |x—y|, xeX, uel,
yeG(u)

and this function g is clearly the infimal convolution
oG = nghG g
of the indicator function of the graph gph G and of the function

lxll, u=0,

Foo, u#£0 uelU, xeX.

glu, x) = |lx|| + Yroy(u) = {

Fix any (1o, xo) € gphG. Since g satisfies (4.16) with zo = (0,0) and 8 = 1 (as easily
seen), Theorem 4.9 applied to the closed set C = gph G yields (4.22). O
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