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1 Introduction

Given a non-empty closed convex set G of a Banach space (X, || - ||) with 0 € G and
an extended real-valued function f defined on X, we investigate the Moreau-type infimal
convolution

Tr(x):= Vlg( (fO)+pcx —y)), (L.1)

where pg denotes the Minkowski functional of G. Our motivation for such a study is the
following. Consider the optimal control problem

Minimize ¢ + f (£(t; x)) (1.2)

over all # > 0 and all solutions ¢ (-) = ¢(-; x) of the differential inclusion

d—g(z) e—-G, t>0
dt

with the initial condition
¢(0) = x.

As we will see in the next section, the function T is exactly the infimum value of this
optimal control problem. In the case when f is the indicator function of a closed subset C of
the Banach space X, the problem is reduced to a minimal time control problem for a target
set C, studied previously in particular by Colombo, Goncharov and Mordukhovich [8]. We
also refer to [1, 9, 10, 13, 14, 16, 20, 26, 27, 35]; see, e.g., [12, 22] for studies related to
generalized best approximation problems. Some results concerning subdifferentials of the
infimum convolution 7'y, without refering to the (motivation) optimal control problem (1.2)
can also be found in [11, 30, 31, 36]. In addition to subdifferential properties, Nam and
Cuong [31] studied also the weak lower semicontinuity of 7 under some conditions on the
function f.

Considering a closed set C in a Hilbert space H and a sufficiently regular function 6 :
C — R, Goncharov and Pereira [15, 32] investigated regularity properties of the function #
defined by

i(x) = inf (O(y) + pg(x — ¥)) (1.3)
yeC

ie,u = Ty1y, where Yrc is the indicator function of C (see Section 2 for the definition).
A main motivation of the authors for such an investigation is [32, Theorem 1] which states
that, under the slope condition 0(x) — 6(y) < pg(x — y), the function i is the (unique)
viscosity solution of

pge (Vu(x))—1=0, xe H\C

such that #1(x) = 6(x), x € C, where G° denotes the polar of G (see the next section for
the definition); this explains the notation i in [32].

In addition to our above interpretation of the function 7'y, the set of minimizers Iz (x)
of (1.1) will also be interpreted with respect to the optimal time control problem, and it will
appear as the minimal time projection set. The study in detail of this mapping IT 7 () will be
the subject of the second companion paper [19].

The paper is organized as follows. In Section 2 we discuss the problem (1.2) and we
justify that T’y is its infimum value. We also recall various variational concepts, as Fréchet
and proximal subdifferentials, as well as some of their main properties needed in the paper.
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Section 3 is devoted to explicit estimates and exact expressions, in terms of the data f and
G, of the above subdifferentials of the infimum time function 7y when the latter is achieved.
Various directional derivatives are also studied. Further properties of the Fréchet subdiffer-
ential of Ty constitute the subject of Section 4, mainly when IT7(x) = #. In particular, we
provide explicit expressions of the Fréchet subdifferential of T in terms of Fréchet nor-
mal cone to the sublevel of T and in terms of the support function of the set G. Similar
results are established in Section 5 with the proximal subdifferential instead of the Fréchet
subdifferential. The limiting subdifferential of the infimum time function is studied in the
companion paper [18].

2 Preliminaries

Throughout (X, | - ||) is a real normed vector space, X* is its topological dual, and By is the
closed unit ball of X centered at the origin. The dual norm (of || - ||) over X* will be denoted
by || - ||«. As usual B(x, §) is the open ball in X of center x € X and radius § and cl S (resp.
int S, bd §) denotes the closure (resp. the interior, the boundary) of a set S in X. It will be

. _ . N - . .
convenient, for x € cl S, to write x — Xx to mean that x — x with x € S. For a function

¢ : X —> RU {400} we will denote by Argmin ¢ or Argmin ¢(x) the set of minimizers of
N xeS
¢ over S; when § = X we will often just write Argmin ¢.

Given a nonempty closed convex subset K of X, we denote by pk its Minkowski gauge
function (Minkowski functional), that is,

px(x) :=inf{r >0: x e rK} forallx € X,

with the usual convention inf ) = 4-oc0. It is known and not difficult to see that the function
pk is sublinear (that is, positively homogeneous and convex) from X into R U {400},
where R stands for the set of non-negative real numbers. Further, the equality pg (0) = 0
is obvious.

Consider now throughout the paper a closed bounded convex subset G of X with 0 €
int G. For each nonempty closed set C of X and each initial value x € X, consider the
optimal control problem

Minimize ¢ > 0 suchthat ¢(¢) € C and
subject to é"(r) € —G ae.t €[0,t] and ¢(0) = x.

The infimum value function 7¢ (-), naturally asssociated with this optimal control problem,
is then defined by T¢(x) as the infimum of all # > 0 for which there exists a solution
Z(-) = ¢(-; x) of the differential inclusion ;;(r) € —G starting fromx € X attime t = 0
and such that ¢(¢; x) € C. The value function 7¢ (-) is generally called the minimal time
function to reach the target set C. It is easily seen (see the arguments below concerning
Ty (x)) that the minimal time function above can be rewritten as

Te(x) = inf pG(x —y). 2.1)
yeC
We will put

HMe(x) = Argcmin pG(x =) ={yeC: pgx —y) =Tc(x)} 2.2

and we will say that I1¢ is the minimal time projection set-valued mapping.
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584 G. E. Ivanov and L. Thibault

It is worth mentioning some additional properties of the gauge function pg, where G is
as above. First, because of the assumption 0 € int G, the function pg is finite on X and
Lipschitz continuous on X. Considering the polar set G’ of G defined by

G’ ={x*eX*: (x*,x) <1 Vx € G},
it is known (and not difficult to see) that

pG(x) = ogo(x) := sup (u*,x) forall x € X. 2.3)

u*eG?

Further, using the positive homogeneity of the convex function pg, it is not difficult to see
that

x* € 3pG(x) = doge(x) & x* € 3pG(0) and (x*, x) = pg(x), 2.4)

where dpg(x) denotes the usual Fenchel subdifferential of the convex function pg at the
point x, that is,

dpg(x) = {x* € X*: (x*,x" —x) < pc(x') — pg(x) Vx" € X}.

In particular, we then have
9pG (0) = doge (0) = G°. 2.5)

In the case where pg (x) # 0O the equivalence in (2.4) yields

06 (x) # 0andx™* € 9pg(x) = dogo(x) = (x* x) = 1 hence x* € bd G°. (2.6)

" oG (x)
Observe also that for the support function oG () = sup(-, u) we have with pg(x) # 0
ueG
1
x* € G% and (x*, x)y=1 x € dog(x™). 2.7)
PG (x) PG (x)

We point out that the boundedness of G and the inclusion O € int G ensure the existence
of some o > 0 and B8 > 0 such that %Bx cGC éIB%X and hence

allx| < pg(x) < Blix|| forall x € X. (2.8)

If G is, in addition, symmetric, then obviously pg is a norm | - ||g on X and T¢(x) =
disty.|; (x, C) is the distance from the point x to the set C associated with the norm | - ||g;
further, in such a case, (2.8) tells us that the norm || - || is equivalent to the initial norm
Il - II. So, if G = By (the closed unit ball with respect to the initial norm || - ||), the function
Tc is reduced to the distance function dist(-, C) with respect to the norm || - ||, and IT¢c(x)
coincides with the projection set Proj.(x), that is,

Mc(x) =Proje(x) :=={y e C: [lx — y| =dist(x, C)}.

We will also write sometimes d¢ in place of dist(-, C). We observe that in (2.8) we may
obviously take

—1
az(sup ||u||) and B = sup [lu*]..

ueG u*eG°

Now let f : X — R U {+o00} be an extended real-valued function which is proper
in the sense that it is not identically +oco. For any locally (Bochner) integrable mapping
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¢ : [0, +o0[— X we will denote by ¢(-;x) its primitive which equals x at 0, that is,
Ct;x) =x+ fot ¢ (s) ds. Consider the optimal control problem

Minimize ¢+ f(¢(t;x)) overt >0
P) z}nd over all solutions ¢ (+; x) of the differential inclusion
¢(t) € —G a.e.t € [0, ¢] with initial condition ¢ (0) = x,

and its infimum value function 7y with T (x) defined by the infimum of the latter problem.
Observe that for any real ¢+ > 0 and for any solution ¢ (-) of the differential inclusion ; (r) €
—G with initial condition £(0) = x, the closedness and convexity assumption of the set
—G entails that %fot{.(r) dt € —G. The equality ¢(t; x) = x + 1 - %fotg;(t) dt assures us
that £ (t; x) € x + t(—G). Further, for any z € —G we see that for the constant mapping
§0(~) = z we have x + tz = {o(¢; x). Therefore, starting from x € X the reachable set
R(t; x) at time ¢ of the dynamics involved in (P) is the set R(¢; x) = x + t(—G). So, the
problem (P) may be reformulated as

Minimize ¢+ f(x — tu)
(P) { overt >0andu € G. (29)
Thus, we can write
T = inf[t inf
y@) = inflt+ _inf SO

= inf inf t
jnf s SOV

= inf [f(y) + pc(x — )], (2.10)
yeX

that is, the function T is the infimum convolution (see Moreau [28, 29]) of the functions f

and pg. (Remind that the infimum convolution f[Jg of f with another function g is defined

by fUg (x) = in}f([f(y) + g(x — y)].) Further, for all x € X the properness of f ensures
ye

that Ty (x) < +o00 and the equality in (2.10) entails Ty (x) < f(x).

Denote by y¢ the indicator function of the closed set C, i.e., Yc(x) = 0if x € C and
Yc(x) = +oo otherwise. Obviously, for f = ¥, the function Ty coincides with T¢ as
defined above. Throughout, we will say that T is the (generalized) infimum time function
associated with the function f and the dynamics of (P).

Similarly to (2.2) the Argmin of the function f + pg(x — -) or (generalized) minimal
time projection in (2.10) will be denoted by II ¢ (x), that is,

y(x) = Argmin (f + pc(x =) :=={y e X : f()) +pc(x —y) =Tr(x)}. (2.11)

We call Il ¢ the (generalized) minimal time projection set-valued mapping associated with
the function f and the dynamics of (P).

Throughout the paper, unless otherwise stated f : X — R U {400} is as above an
extended real-valued proper function and we will assume that for some real constant y

fO) = —pc(=y)+y forallyeX. (2.12)

Then for all y € X according to the sublinearity of pg

SO +p6(x —y) = pc(x —y) — p6(=y) +v = —pc(—=x) + v,
and this entails that

Tr(x) = —pg(—x) + y, hence in particular, T (x) € R forall x € X. (2.13)
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586 G. E. Ivanov and L. Thibault

We also observe that
Mf(x) Cdom f :={u € X: f(u) <+oo} forallx € X.

The paper will be focused on several properties of subdifferentials of the infimum time
function T'r related to the function f. As pointed out above, for G = By, the function T¢
related to the set C corresponds to dist(-, C) and hence in such a case the Fréchet subdif-
ferential of dist(-, C) at all points of X has been studied in Kruger [21] (see also Borwein
and Giles [3] and Bounkhel and Thibault [4]); we refer to [4, 7] for the proximal subdif-
ferential of dist(-, C) and to [2, 23-25, 34] for its limiting subdifferential. The Fréchet and
proximal subdifferentials of the minimal time function 7¢ in (2.1) have been considered
later in finite dimensional space X in [35] and then in the Hilbert setting in [9, 10]. Sev-
eral results of [9, 10, 35] have been extended in [16]. The limiting subdifferential of ¢ is
treated in [26]. Colombo, Goncharov and Mordukhovich [8] provided some further strong
results concerning subdifferentials of T¢.

Remind that for x € dom f and & > 0 the Fréchet e-subdifferential 37-¢ f (x) of f at x
is the set of x* € X* such that for any n > 0 there exists a neighborhood U of x such that
forallx’ e U

(fx" = x) < fO) = f) + (e +mllx” — x|,

When ¢ = 0 we will write, as usual, 87 f(x) instead of 87¢ f(x). Sometimes, a more
accurate term is needed in place of ¢||x” — x||, and this leads to the proximal subdifferential.
A continuous linear functional x* € X* is a proximal subgradient of f at x provided there
exists some constant » > 0 and some neighborhood U of x such that

(x*, x —x) < f(x/)—f(x)—l—r||x/—x||2 forall x’ e U.

The set of all proximal sudgradients of f at x is the proximal subdifferential 3% f (x) of f
at x.

Besides the Fréchet and proximal subdifferentials we will use the (lower) Dini direc-
tional derivative d~ f (x; v) of f at x in the direction v defined by

d” f(x;v) := liminf t_][f(x +tw) — f(x)].
w—v;t]0
Through the Dini directional derivative one defines the Dini subdifferential of f at x by
0 f(x)={x"eX*: (x*,v) <d f(x;v) Yv € X}.

When x ¢ dom f we adopt the convention that all the above subdifferentials at x are empty.
When f is convex, then all the above subdifferentials coincide with the Fenchel subdiffer-
ential 9f (x) of f in convex analysis; if, in addition, f is lower semicontinuous (Isc), see,
e.g., [28], then

x* e df(x) &= x € Af*(x"), (2.14)

where f* : X* — R U {400} denotes the Legendre-Fenchel conjugate of f, that is,

RO = sup[{x*, y) = fF(]-

yeX

For the closed set C, its e-Fréchet (for ¢ > 0) normal set and its proximal normal cone
at x are defined through its indicator function ¢ by

NEE(Cx) =355 yc(x) and NP(C;x) = 8P yc(x).
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The first equality can be translated, for x € C, by writing that x* € N F.e(C; x) if and
only if for each > 0 there exists some neighborhood U of x such that

x*,x' —x) < (e+n)|x' —x|| forallx’eCNU.

Analogously, x* € N (C; x) means that there exist r > 0 and a neighborhood U of x such
that

(x*,x" —x) <rllx’—x||*> forallx’ e CNU.

3 Properties when the Infimum Time Function is Achieved

As we said above we are interested in several subdifferential properties of the infimum time
function associated with the function f. We start with the following theorem concerning its
Fréchet subdifferential and Fréchet e-subdifferential when the infimum at the considered
point is achieved. We also state the similar results for the proximal and Dini subdifferentials,
since the arguments are quite similar.

Theorem 3.1 Assume that y € Il (x). The following hold.

(a) Foranye >0

e Tp(®) c P F ()N pg(x — §) =35 £(3) N (Bpg (X — §) + eBx+)
and
3P Ty(x) C 9 f(3) Ndpg(E — 7).
(b) ForallveX
d~Ty(x:v) < (d f(3; )0d ™ p6(x — 3: ) (v) < (d (35 )0pg) (v);
further
I"Ty(X) C ™ f()) Ndpg(E — ¥).

(c) If, in addition, f is convex, then Ty is also convex and the two latter inclusions are
equalities, that is,

8Ty (x) = 3f(y) NdpG(x = y).

Proof (a) Consider ¢ > 0 and x* € 87 #T¢(x), and fix any n > 0. There exists some
neighborhood U of zero such that for all u € U

(* u) < Tr(x4u)=Tr(X)+ e+ llull = TrE+u)— £ () —pc (X =3)+(e+n)llull
and hence on one hand for y = y in the definition of 7y (x + u) in (2.10)
(@ u) < fFD) +peGE+u—3) = fG) — pc(x — ) + (e +mlull,
that is,
(X", u) < p6 (¥ =y +u) — p6 (¥ — ) + (e +mull;

and on the other hand,

(ou) < fGHu) + p6 (& =) = f5) — p6 (X — ) + (e + n)lull,
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588 G. E. Ivanov and L. Thibault

that is,
(X u) < fG+u) = fFO) + e+ nlul.

This being true for all > 0 we obtain x* € 9% f(¥) N 85¢ pg (X — 7). Moreover,
the function pg being convex and continuous, it is not difficult to see that

37 pG (X — §) = dpG (X — ) + eBx+,

and hence the Fréchet part of assertion (a) of the theorem is established.
The same arguments also hold for the proximal subdifferential.
(b) Fix v € X and consider any t > 0 and any w, h € X. Write

1 TP (F + tv + th) — Tp(X)]
<tTfGH1w+1h) +pgE = F+1(0 = w) = f(F) — p6(E — )]
<t 'NfG+tw+thy— fFO]+1 7 pe(E —§ + 1w —w)) — pe(X — H)].
Taking the lower limitas ¢ | O and & — 0 in X gives
d Tr(x;v) <d f(y;w)+d pe(x —y; v —w),
since
d”pG(X —y;v—w) = ltifgz—‘[pc;@ —J+1—w) - pc(E — P

according to the convexity of the continuous function pg. The latter inequality being
true for all w € X it follows that

ATy (%:v) < infld™f (5 w)+d ™ p6(E—=5: v—w)] = (A~ f(5: )04 p(E = 5: ) (V).
3.1

Further, we have that d~ pg (X — y; v — w) < pg(v — w) because of the sublinearity
of pg, and subsequently

(d f(3;)0d pg(E — 35 9)) (v) < (d £ 55 )0p6 () (V).

Fix now x* € 97T (x). We take w = v and w = 0 respectively in the inequality
of (3.1) to deduce that

d Tr(x;v) <d™ f(y;v) and d Tr(x;v) <d pg(x —y; v),

which ensures that x* € 9~ f(y) and x* € 9pg(x — y). This yields the inclusion of
(b).
(c)  Under the convexity of f, the function Ty is known to be convex as the infimum
convolution of two convex functions (see [28, 29]), and the opposite inclusion of the
one of (b) follows from a quite standard argument. It is enough for x* € df(y) N
dpg (X — y) to write
(fx=x) = (@ y =9+ &S x—y—GE-Y)
= fO) = f®) +p6(x =) = p6(E = )
= f(») +pcx —y) = Tr(x).

Taking the infimum over y € X we arrive at

(x*,x —x) <Tp(x) = Tr(x) forallx € X,
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which means that x* e 97T (x). This gives the desired opposite inclusion and
completes the proof. O

The arguments for the inclusion in (a) follow exactly those of Correa, Jofre and Thibault
in [11, Lemma 3.6] where this inclusion was first observed with ¢ = 0 for any function
g in place of pg. Clearly, the arguments with any ¢ > 0 are still valid for any function g,
but the statement with pg allows us to keep the presentation of the paper in a unified way.
The assertion (a) was also established by Nam and Cuong [31, Proposition 4.4] with ¢ > 0
and with a general function ¢ in place of pg. Results similar to Theorem 3.1 have been
established for the Fréchet and proximal subdifferentials of 7¢ by Colombo and Wolenski
[10, Theorem 3.3] in Hilbert space and by He and Ng [16] for the Dini directional derivative
of T¢ in Banach space. For the proximal subdifferential inclusion in the assertion (a), we
also refer to (88) in [32] with the particular function & given by (1.3) in the introduction.

As a first corollary we have an extension of [10, Theorem 4.2] and [8, Proposition 5.9]
to the case of Ty in place of T¢.

Corollary 3.1 Assume in addition to the hypotheses of Theorem 3.1 that the function f is
Isc and convex. Then for any x € X

Mp(x) Caf*(x™) forallx™ € dTp(x) # 0.

Proof We may suppose that IT;(x) # . By Proposition 3.1 below, the function T is
Lipschitz continuous. Since it is further convex under our assumptions, we have 377 (X) #
. Fix x* € 9T¢(x) and take any y € IT(x). Theorem 3.1 then gives x* € 9f(y) and by
(2.14) this is equivalent to y € 3f*(x*). Consequently, IT s (¥) C f*(x*). O

The following proposition shows in particular the Lipschitz continuity of T used in the
corollary above. The arguments are classical in the sense that they follow the well-known
ones with a norm in place of pg.

Proposition 3.1 The infimum time function Ty verifies for all x, x" € X the inequality
Tr(x') — Tr(x) < pe(x" —x)
and hence

ITy(x) = Tr(x")| < max{pg (x" = x), pg (x —x)} < Bllx" — x|

Proof For any y € X we have according to the sublinearity of pg
FO +pc(x" =) = fO) +p6(x = y) + pg(x' —x)
and hence taking the infimum over y € X we get the first inequality
Tr(x") < Tr(x) + p(x" — x)

of the proposition. The second part of the statement of the proposition follows directly from
the latter inequality and (2.8). O

Due to the Lipschitz continuity of Ty the Dini directional derivative of Ty may be
expressed in simpler form than in the original definition:

d"Tr(x;v) = linié)nfz_][Tf(x +tv) —Ty(x)] forallx,ve X. 3.2)
'
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590 G. E. Ivanov and L. Thibault

The second corollary below of Theorem 3.1 is related to the case when Tr(x) = f(x).

Corollary 3.2 Assume Tr(x) = f(X). Then
AT (X)) € 95 f(X) N (G” + eBxx) fore >0,
and
AT caf FNG’ =af F N {x* € X* 1 o(x*) < 1}.
Also
AT cal FENG =3" @ N{x* e X* 1 og(x™) < 1)

If, in addition, f is convex, then the latter inclusions for 3% Tr(x) and 3’ Ty(x) are
equalities.

Proof The equality assumption T7(X) = f(X) obviously assures us that x € IIj(x).
Observing that

306 (0) = doGe(0) = G,
In view of (2.5) Theorem 3.1 implies for ¢ > 0 that

ATET () C 35F £(X) N (3G (0) + eBx+) = 35F £(X) N (G” + eBx+).

Further, obviously G° = {x* € X* : og(x*) < 1}. So the inclusions for BF’sTf (x) and
ar Ty (x) are established.

The inclusion concerning 87 Tr(x) holds in a similar way. Finally, the case where f is
convex is a consequence of assertion (c) of Theorem 3.1. O

Strengthening the condition T¢(x) = f(x) into f(x) = igf(f + a'||x — -|), the
inequalities in (b) of Theorem 3.1 with y = X become equalities provided that X is finite
dimensional and 0 < o’ < «, where « is given by (2.8).

Corollary 3.3 Assume that f is lsc and that f(x) = il}‘l(f(f +d'||x — -||) with some nonneg-

ative &' < o, where a is as in (2.8), and assume that X is finite dimensional. Then for all
veX

d"Ty(x;v) = min[d™ f(¥; w) + p6 (v — w)] = (@~ f (& 0pg) (v).

Proof The assumption f(x) = igl(f(f +a'||x — -||) with @’ < o and (2.8) assures us that

Tr(x) = f(x) and x € I17(x). Therefore, assertion (b) of Theorem 3.1 says that for any
fixedv e X

d"Tr(x;v) < ing([d_f(i; w) + pc(v — w)]. (3.3)
we
Now in view of (2.8) we see for any x € X that

heX: fO)+pcx—y) <Trx)+1}
ClyeX: f@ —alx =Xl + (@ —a)x —yll < Trx)+1}.
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So, according to the Isc property of f and to the finite dimensional assumption of X the
set{y € X : f(y) + pc(x —y) < Tr(x) + 1} is compact, and hence the infimum in the
definition of Ty (x) is achieved. By (3.2) there exists some sequence # | 0 such that

d=Tp(%;v) = li}gntk_l[Tf()? + 1xv) — Tr ()]

For each k choose yr € X such that Ty (x + #%v) = f(yx) + pc (X + v — yi). Define
Wy 1= tk_] (yx — x) and write

1 Tr G+ 1) — T = 10 1F ) + 06 (E + kv — i) — ()]
G+ w) — FEOT+pe—we)  (34)
—a[lwk |l + allv — wl|

vV 1V

(o — o) lwi |l — el

This entails by Proposition 3.1 that (¢ —a) ||lwi || < (@+8)|/v| and hence some subsequence
of (wg)x converges to some w € X. Then we have by (3.4)

d Tr(x;v) =d” f(x;w) + pg(v — w).
This combined with (3.3) finishes the proof. O

It is well-known that a vector v € X belongs to the Bouligand tangent cone T (C; x) of
the set C at x € C when there exists a sequence vy — v and a sequence #; | O such that
x + trvg € C for all integers k. The indicator function of the Bouligand tangent cone of C
is equal to the (lower) Dini directional derivative of the indicator function of C, that is,

Yr:n() =d ve(x;-)

So, taking f = ¥¢ we deduce directly from (b) in Theorem 3.1 and from Corollary 3.3 the
following assertions. They have been established in [5] for d¢ and then in [16] for 7¢.

Corollary 3.4 Let C be closed subset of X with x € C. Then forallv € X
d Tc(x;v) < inf  pgv—w).
weT (C;x)

If in addition X is finite dimensional, then the inequality is an equality and the infimum
is achieved.

We still suppose that T (X) = f(x) and we proceed to estimate the Clarke subdifferential
of Ty and the associated directional derivative. For a lower semicontinuous function f :
X — RU{+oo} and x € dom f the Rockafellar directional derivative (see [33]) is defined
by

d' f(x;v) == inf limsup inf tT[f(x' +tv +te) — f(x))],

e>0 X' px;t]0 |le]l<e

where x’ — y x means x’ — x and f(x") = f(x). The Clarke subdifferential of f at x is
then defined by

AT f) :={x* e X*: (x*,v) <d' f(x;v) Vv € X}.
If f is Lipschitz continuous near x, then (see [6])
d' f(x;v) = fO(x;v) == limsup [ f (' 4 tv) — F(X)].

x'—x;t]0
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When f is not Lipschitz continuous near x, according to [33] we set

fox;v) = lim sup TS+ ) = FOD).
X —=rx;tl0
vV >
For the closed set C and x € C the more convenient way to define the Clarke tangent

cone T1(C; x) corresponds to saying that v € T (C; x) provided for any sequences x <
x and f; | O there exists some sequence vy — v such that x; + ;v € C for all k. Similarly
to the Bouligand tangent cone, the indicator function of the Clarke tangent cone of C verifies

Yt e () =d e (x; ). (3.5)

Proposition 3.2 Assume that f is Isc at x and that f(Xx) = igl{f(f +a'||x — -||) with some

nonnegative &' < o, where o is as in (2.8). Then forallv € X

d'Tp(Fv) < infld" £ w) + 60 —w)] = (¢ £ D6 ) ().

Proof Notice that the assumption f(X) = igf( f +a|lx — -|) with @’ < « ensures that

f(x) = T¢(x). Fix ¢ > 0 and choose two sequences x; — X and # | O such that

limsup inf +~'[Ty(x +1v+te) —Ty(x)] = lim inf 1 [Ty (o + tev + tee) — T ()]

v l0 lell<e lell<e
For each k choose some y; € X such that f(yx) + pg(xx — y) < Tr(xi) + t,?. Since
f&) = fOu) +'lIx — yell and pG (xk — yk) > allxk — yell, we have
@+ (@—a)E =yl — el —xill < T + 1 > Tr(X) = f(®),
and hence y; — x. Thus, the inequalities
TrOw) < fOr) < Tr () + 1 = p6 (xk = 3i)

yields yx — ¢ x. Fix any w € X and write for each e € B(0, ¢)

i (T (o + v + tre) — Ty (xp)]

<t + 17 [Tp (o + kv + tke) — fFx) — p6 (ke — )]
<t + 1L Ok + tew + tee) — £ (i) + p (k — Yk + 1 — trw) — pg (e — Y1,
which yields
i [T O+ kv + 1) = Tr ()] < i+ 1 [f Ok + tew + 1ke) — )] + p6 (v — w).
We then obtain
inf 1, [Tf (x + txv + 1) — T (xp)]

llell<e

<t + ‘ inf 17 '[f Ok + tew + 1e) — £+ pe (v — w),

lell<e
and subsequently

limsup inf t_l[Tf(x +tv+te) — Ty(x)]

x—>x;t}0 llell<e

< limsup inf 7' f(y + 1w +1e) — f(N]+ pc(v — w).
y— px;0l0 lleli<e
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Taking the infimum over ¢ > 0 finally gives
d'Ty(F v) < inf [d"f(F w) + pG (v — w)]
we
and completes the proof. O
Taking f = v in the statement of the proposition and using the equality (3.5) between
d"We(x; ) and Yri(c.x () we directly obtain:
Corollary 3.5 Let C be closed subset of X with x € C. Then

d'Te(x;v) < inf  pg(v —w) Yv € X.
weT 1 (C;X)

The inclusion (or description) of the Fréchet e-subdifferential of 7y when T (x) # f(x)
is different from the case when T (x) = f(x) (see Corollary 3.2) in the statement and the
arguments as well. We state it only for & = 0 letting to the reader the case where & > 0.

Corollary 3.6 Assume that Ty (X) # f(X) and I1¢(X) # @. Then for every y € I1 7 (X) one
has

07 T;(®) CoF FGINN (G: sy ) Nx™ € X7 1 (v, % = §) = po (& = 9)

—3F fFGHNN (G; pf&fw) Nbd G°

and

07 T(®) P fGHNN (G: sy ) N X" € X2 (67, % = 5) = po (& = 7))

PG (X—Y)

— 3P F(H)NN (G; &) Nbd G°

Further, the inclusions are equalities whenever f is convex.

Proof Since Ty(x) # f(x), we have X ¢ Il¢(x) and hence x # y. The corollary then
follows from Theorem 3.1 and Lemma 3.1 below. O

The next lemma corresponds to [10, Corollary 2.3] which is obtained as a consequence of
[10, Proposition 2.2], where the (Legendre-Fenchel) conjugate is used as well as the duality
relationship between a convex function and its conjugate. For the convenience of the reader
we provide here a direct proof.

Lemma 3.1 For any u # 0 one has

dpg(u) = N (G;
PG (u)

u
N (G; > Nbd G°.
PG (u)

Proof Fix any u* € 9pg(u). Then (u*,u) = pg(u) and u* € 9dpg(0) because of (2.4).
Further for any x € G we have pg(x) < 1, and hence (u*,x) < pg(x) < 1, the first
inequality being due to the inclusion u* € dpg(0). Consequently, (u*, x — ) <0 for
all x € G, and this says that u™ € N(G;

> N{u* e X*: W, u) =psu)}

_u__
" pG ()
PG (u) ).
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Take now any u™ € N(G; %) satisfying (u*, u) = pg(u) and fix any nonzero x € X.
X u
Y o) T pe ()

X u
u*, < (u¥, )=
PG (x) PG (u)

Then, for any x € X we have (u*, x) < pg(x) and hence

Since ——~ € G, we have (u* ) < 0, which ensures

PG (x)

", x —u) < pG(x) — pG(u).
So, u* € dpg(u) and the equality between the first two members of the statement is
established.
The equality between the second and third members follows from the fact that the

inclusion u* € N(G; ﬁ) is equivalent to the equality (u*, ﬁ) = o u*). O

The next theorem continues with estimations of subdifferentials of 7y at x when IT 7 (x)
is nonempty.

Theorem 3.2 Assume that x € X, y € Ily(X) and there exist some neighborhood U of
x and a constant L > 0 such that for each x € U there is a sequence (yi)r satisfying
JOR) + p6(x — yi) = Ty (x) and limsup [[yx — ¥|| < Lllx — X||. Then

k

0" Ty(®) c o™ M NTpe(E —5) c oML Ve =0,
f f
and in particular
of Ty (%) = " f () N Bpg (% — 7).
Also, for the proximal subdifferential one has

0P Tr (%) = 8" f(3) NdpG (% — 7).

Proof Fix any ¢ > 0. The inclusion 37¢T/(x) C 3% f(5) N 3¢ pg(X — ¥) is due to
Theorem 3.1(a). Now we prove that 352 f(3) N aF€ps(x — ¥) C BF’(zLH)ETf()E). Let
x* € 3P f(3) N aFfpg(x — ¥). Fix any n > 0. There exists o > 0 such that for all
u,v € B(0, 8g) we have

(X u) < fG+u)— £+ (e +n)llul,
(x*,v) < p6(X =y +v) = pc(X —3) + (¢ +n)v]. (3.6)
Choose a positive § < li—"L such that B(x,8) C U. Fix x € B(x,d) and consider the

sequence (yx)r given by the assumption of the theorem satisfying f(yx) + pg(x — yx) —
Tr(x) and limsup || yx —yIl < L|lx —X||. Putug = yx—y and vx = x —x —uy. We then have
k

limsup |[urll < L|lx — X|| < 8o and limsup [Jvk|| < (L + D]lx — x|| < §p. Consequently,
k k

ui, vp € B(0, §) for sufficiently large k. Combining the inequalities (3.6) with u = uy and
v = v, we get for sufficiently large &

(@ x =) < fOR) +pc(x —y) = £ — po (X — ) + (e + m)luk ]l + l[velD.
Passing to the limit yields
(xX*,x —=%) < Tr(x) = Tr(®) + (e + Q2L+ Dlx — xJ.

Hence x* € 9 @L+De Tr(x) and the Fréchet part of the theorem is established. The same
arguments also hold for the proximal subdifferential. O
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A particular case with T¢(x) = f(x) (but where is involved a general function ¢ with
¢(0) = 0 in place of pg) was previously considered by Nam in [30, Theorem 2.3]. Again
with Tr(x) = f(x), another similar result previously appeared in [36, Theorems 3.1 and
4.1].

In view of the next theorem we need the following lemma.

Lemma 3.2 Assume that X € dom f and there exists some nonnegative o' < « such that
fx) = igf (f +a||x — ~||). (Remind that « is given by (2.8)). Then the assumptions of
=% U=Xand L =2+

a—a'"

Theorem 3.2 hold true with

Proof Since for any y € X

fE = fM+dE =yl < fO)+allf =yl < fO) +pcE =),

it follows by (2.10), (2.11) that T¢(x) = f(x) and x € I1¢(x). Fix any x € X and any
sequence (yx)k such that f(yx) + oG (x — yr) — Tr(x). Observing that

Tr(x) = f(X) + pc(x —X) < f(X) + Bllx — x|,
FoR = fE = llye = %1,

pG(x = yi) Z allyk = x|l =z a(llyk = x| = llx = x1),
we obtain
(¢ — o) limsup ||y, — ¥[| < (e + B)|x — x|
k
Dividing by (¢ — o) we complete the proof. O

Combining Theorem 3.2 with Lemma 3.2 and bearing in mind (2.5) yield the following
result.

Theorem 3.3 Assume that ¥ € dom f and there exists some nonnegative o' < « such that
fx) = igf (f +ao'||lx — ~||). (Remind that « is given by (2.8)). Then for any ¢ > 0 one has
ATETr(X) C 3 F(X) N (G + eBy+) € 37O T, (%)

forO(e) = ¢ (1 + 2 —a) N+ ,B)). In particular, for the Fréchet subdifferential the
equalities

T =3 fFENG? = FEO N {x* € X*: o6(x*) < 1}
hold true. Similarly, for the proximal subdifferential one has

AT =3 NG’ =3P fF(H) N{x* € X* 1 og(x*) < 1}.

The assumption f(¥) = igl{f (f +a'llx —[) with 0 < &’ < a is essential in Theorem
3.3. Indeed, consider in the space X = R the set G and the function f defined as:
_ L xl <1,
G=I[-11], f(X)—{(), =1 (3.7)
Clearly pg(x) = |x| and it is easily checked that
_JT=Ixl Ixl <1,
Tf(x)_{o, x| = 1.
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So, for the point x = 0 we have T (x) = f(x), but

T =3PTr%) =0 # 0" FENG° =37 f(F) N G° = {0}.
Notice that the greatest « fulfilling (2.8) is @ = 1, s0 0 < o’ < 1; then one can see that
there is no such «’ satisfying the condition f(x) = igf ( f+ao|x— -|).

In the above mentioned papers [30, 31] results similar to that of Theorem 3.3 are obtained
for a more general function ¢(-) in place of pg (-). However Theorem 3.3 and more generally
Theorem 3.2 don’t follow from the results of [30, 31]. Indeed, in [30, 31] it is assumed that
the function f satisfies a center-Lipschitz condition (or is calm) at x on dom f with some
constant /, that is

[f(E@) — f@)] <I|Xx —x|| Vx € dom f.

This assumption is more restrictive than the assumption of Theorem 3.3 requiring f(x) =
iI}l{f (f +ad||lx — ~||) with @’ = [, which can be rewritten as

@ — f(x) <I|x —x|| Vx e dom f.

See also Theorem 4 and Proposition 1 in [32] for other results.
Taking for f the indicator function of the closed set C and x € C, the assumptions of
Theorem 3.3 obviously hold with ' = 0, and hence we obtain:

Corollary 3.7 Let C be a closed set of X and x € C. Then for any ¢ > 0 one has
3T (x) € NF4(C; %) N (G° + eBy+) c 35799 T (%)
forO(e) :=¢ (3 + 205_1ﬂ), and hence
AT =NF(C; NG’ =N (C; ) Nx* € X* 2 o6 (x™) < 1).
Also
aPTc@) = NP(C;5)NG° = NP(C; )N {x* e X*: og(x™) < 1}.
For the particular case where G = By one has
afdc(x) = NF(C; ) N By, (3.8)
3Pdc (%) = NP (C; %) N By-. 3.9)

The equality (3.8) has been first observed and established by Ioffe [17] and Kruger [21]
and it has been recently extended to the form above by He and Ng [16, Theorem 4.1] for
87 T (). The more general inclusions of the corollary are similar to those of Mordukhovich
and Nam in [26, Theorem 3.4]. The equality (3.9) has been established by Bounkhel and
Thibault [4, Theorem 4.1]. The case of T¢ has been obtained by He and Ng [16, Theorem
5.11.

In the case of a closed set C, it is well-known that, for any point y € C realizing the
distance d¢ (x) from x to C, one has dc(x;) = (1 — t)dc (x) where x; := (1 —t)x +ty and
t € [0, 1]. This equality has been extended to the function T¢ in [26, Lemma 3.1]. The next
proposition establishes a similar result for 7'y.

Proposition 3.3 Assume that y € I17(x). Then for any t € [0, 1] and x; := (1 — )X + 1ty
one has

Ty(xi) =Tp(x) —tpg(X —y) =tf () + (1 =T (X).
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Proof By definition of Ty we may write

Tr((A=0x+1y) = fO)+pc((A—Dx+1y—Y)
= fM+UA-0pc(x —y)
= Ty @) — tpc (¥ — 7).

On the other hand, for any y € X we also have

FO +pcxi—y) = f()+p6((x—y)—t(x—Y)
= [+ pc(x —y) —tpg(x —y)
> Tr(x) —tpg(x —Y),

and hence taking the infimum over y € X gives
Ty(xe) = Ty(x) — tpG(x —y).

Therefore we have the desired equality between the first two members of the statement. The
remaining equality follows directly from the latter one. O

4 Further Properties of the Fréchet Subdifferential of the Infimum Time
Function

This section provides some further properties enjoyed by elements in the Fréchet e-
subdifferential of the infimum time function. At the opposite of Theorem 3.1 the next first
theorem does not require the nonemptiness of the set I 7 (x).

Theorem 4.1 Let ¢ > 0 and let o, B > 0 be as in (2.8). The following hold.
(a) If x* € E)F’STf()E), then one has x* € 9pg(0) + eBx+ = G° + eByx+, and hence
og(x*) < 1+ale

(b) Assume instead of (2.12) that f is bounded from below. Let x ¢ cl(dom f) and let
x* € dFET(X). Then og(x*) = 1 —a™ e,
Further, ife = 0 (i.e., x* € BFTf(i)), then oG (x*) = 1, and subsequently x* € bd G°.
Proof (a) Fix n > 0 and take a neighborhood U of zero such that for all u € U
(X u) < Tp(xX +u) = Tr(X) + (e + ) lul,
and hence according to the first inequality of Proposition 3.1
(" u) < pg ) + (e + M lull = p6 () — pG(0) + (& + n)llull.
The function pg(-) being convex and continuous, this entails
x* € d(pg + (e + M - DO0) = dpg(0) + eBx+ + nBy-.
Because of the w(X*, X)-closedness of dp¢g (0) + céBx+ we obtain
x* € 3pG(0) + eByx = G° + eBy+.

Further, this inclusion combined with G C éIB%x (see (2.8)) implies the desired
inequality o (x*) < 1 + o~ le.
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(b)

Assume that x & cl (dom f) and that f is bounded from below. Denote by p the real
number p := — ir}}f f and observe that for all y € dom f
JFO +pc(E —y)+ 1= pcx —y) = alx -yl = adist(x, dom f),
the second inequality being due to (2.8). This gives
Tr(x) + p > adist(x, dom f) > 0,

since X ¢ cl (dom f). Therefore, fixing any positive § < 1 such that

Vea(l —8) (Tr@ +u) ' <1 (4.1
we can choose some z € X (depending on §) such that
(1= (Tr@ + 1) > Q) + 1+ pe(E —2). 42)

This inequality entails in particular, on one hand that f(z) < 400, and hence, since
f(x) = 400 by assumption, we have z # x, which assures us that pg(x —z) > 0
since pg(x) > «fx| for all x € X. On the other hand, (4.2) combined with the
definition of u yields

A ="(Tr® + 1) > p6 (& = 2),
which ensures according to (2.8)
allf =zl < (1 =8)" (Tr @) +p). (4.3)

Observe also that the finiteness of f(z) entails that z € dom f, and hence using (2.8)
again we have

a lpg(x —z2) > |¥ — z|| = dist(x, dom f) =: 6 > 0. 4.4)

Take now n > 0 and choose a positive real number » < 1 (independent of §) such
that for all u € rBy

(Fou) < Tr(x +u) — Tp(x) + (e +m)lull,
and hence by (4.2)
u) S Tr(R+u) +p— A =8[f@) +u+p6(x =]+ (+mlul. (4.5)
Put s5 == ra(1 —8) (Tr(x) + u)_] and t5 := s5+/3, and notice that 5 < 1 according

to (4.1). Put also us = t5(z — x) and observe that us € rBy because (4.3) ensures
ssllx — z|| < r. Writing

Tr(x +us) < f@+pc(x+us—z2)
=f@+pc((1-1)x—2) = f@@)+ 1A -15)pc(x —2),
we obtain from (4.5) that
ts{x*, z2—X) < (1—=15)pG (¥ —2) — (1 =8)pG (X —2) +8f (2) + 8 + (e +m)ts || X — z||
and using (4.2) and (2.8) we see that

8
3" 2 = %) = —tsp6 (¥ =) + 75 (Tr(® + 1) + o 1s(e + M)pG (X - 2).

This yields by (4.4)
-1

156, 2=F) = —1306 (F—~2)b 5 (T7 () + ) P (F—2)+a 15 (e+m)pG (F—2).

)
(1—5)(

@ Springer



Infimal Convolution and Optimal Time Control Problem I ... 599

Since pg (x — z) > 0 it follows that
-1

S ek SR e b
e T e e =

Consequently

Tr(X)+nu).

—1

" 1 o '8 1 _
06 z1—a e+ n) = == r— o (Tr @ + ).

Since
8/ts =~8/ss =~or a1 =8 (T (®) + 1) - 0

as 8 | 0, we deduce that oG (x*) > 1 —a~ (e + ). Making n | 0 assures us that

og(x*) =1 —ale,

that is, the inequality of assertion (b) is established.
Finally, the second part of assertion (b) corresponding to the case ¢ = 0 is a direct
consequence of assertion (a) and of the last inequality above. O

From the above theorem we deduce directly the properties below concerning the case
of the infimum time function associated with a closed set C. It suffices to take for f the
indicator function of C.

Corollary 4.1 Let C be a nonempty closed subset of X and ¢ > 0.

(a) Ifx* € dF*To(X), then
x* € G’ +eBxx and og(x*) < 1+als;
if in addition X & C, then og(x*) > 1 —ale.
(b) Ifx* € dFTc(x) and x & C, then x* € bd G°.
(c) In the particular case where G = By, for x* € 37¢Tc(X) one has ||x*|s < 1+ ¢,
and if in addition x ¢ C then 1 — e < ||x*||« < 1 +e&.

Assertion (c¢) is due to Kruger (see [21]) and assertion (b) to Mordukhovich and Nam
(see [26, Proposition 3.2]).
Now observe that for y € Argmin(f + pg(x — -)) =: IIz(x) we have for any x* €
8FTf (x) by Theorem 3.1
x* € dpG (X — ) = doGe (X — 3,
and hence x* € G°. If we suppose that X # y, then by (2.7)
F-3
pG(X — )
and the latter inclusion still holds for y = x.
Since T¢(x) = f(y) + pg(x — y) we obtain
yex—(Tr@ — £(3)) dog (™). (4.6)

We can then state the following result.

€ oG (x"), ie.y € X — pg (¥ — §)dog(x"),

Theorem 4.2 Assume that x* € 3F Tr(x). One has

yely@ =yex— (Tr® — f())dog(x").
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If, in addition, f is bounded from below and x & cl (dom f), then one has
M) ={y e X:TrX) = f(P)and y € ¥ — (Tf(X) — (7)) doG(x¥)}.

Proof Fix any x* € 8F Ty (x). The implication = has been established in (4.6). Suppose
now x ¢ cl(dom f). Take any y € X satisfying the inequality T¢(x) > f(¥) and the
inclusion

yex—(Tr@) — £(3)) dog(x™).
Choose ¢ € dog(x*) such that
y=%—(Tr(®) = f3) ¢ ie, (TrE) = () ¢ =% 7. 4.7
Note that the inclusion ¢ € dog(x™) means that ¢ € G and (x*,¢) = og(x*). On the

other hand, the inclusion x* € 8% T¢(x) entails by (b) in Theorem 4.1 that x* € G° and
oG (x*) = 1. Therefore, x* € G° and (x*, ¢) = 1, and hence

pG(§) = oge(¢) = 1.
Combining that equality with (4.7) gives
pc(X —y) = pc((Tr(x) — fFONE) = Tr(x) — fFONpc (&) =Tr(x) — F(3),
the second equality being due to the assumption Tr(x) — f(y) > 0. So, T (x) = f(y) +
pG(x — y), which means y € I1¢(x). The proof is then complete. O

The next corollary has been previously established by Colombo, Goncharov and
Mordukhovich in [8, Corollary 3.2].

Corollary 4.2 Let C be a closed nonempty subset of X and x* € ¥ T¢c (%) with ¥ ¢ C.
Then

Me(X) = (¥ — Te(X)dog (x*)) N C.

Proof Taking f := {/c we see that the inequality Tr(x) > f(y) means that ¢ (y) is finite,
that is, y € C. The corollary then follows directly from Theorem 4.2. O

We proceed now to the study of the Fréchet subdifferential 8% Tr(x) in the case where
X ¢ dom f. Remind that for a function ¢ : X — R U {400} and r € R one denotes by
{o(-) < r} the r-sublevel set of ¢, that is,

lp(@) =rii={xe X o) <r}.
The proof of the following lemma is quite similar to that of Lemma 3.1 in [4].

Lemma 4.1 Assume that X ¢ dom f and dom f C {Ty(-) < T¢(x)} =: S. Then for any
x & S one has

Tr(x) =Ts(x) + Tr(x),
reminding that Ts(x) = im; pc(x — ).
ye

Proof Fix x ¢ §. Let us first prove the inequality <. Let y € §, ie., Tr(y) < Tr(X).
Consider any ¢ > 0 and choose y, € dom f such that

fO)+pc(y —ye) <Tr(y)+e <Tr(x) +e.
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Write by the sublinearity of pg and by the second inequality above
pG(x —y) > pG(x — ye) = PG (¥ — Ye)
= pG(x = ye) + f(ye) = Tr(X) — &,
and hence by definition of T’y
pc(x —y) = Tr(x) —Tr(x) —e&.
Taking the infimum over y € § yields Ts(x) > Tr(x) — Ty (x) — &, which ensures the
desired inequality
Ty(x) < Ts(x) + Ty (x).
To establish the converse inequality, fix any y € S. For the continuous function /2 on R
given by h(s) = Ty(sx + (1 — s)y) we have
h(Q) =Ty (y) < Tr(x) andh(1) = Tr(x) > Ty (%).
Consequently, there exists some so € [0, 1[ such that for z := sox + (1 — sg)y we have
Ty(z) = Ty(x). Since pg is positively homogeneous we have
pG(x = y) = p(x = 2) + pG(z = y)-
We may then write
FOM+pc(x—y) = pc(x —2) + pc(z—y) + f(¥)
> pc(x —2) + Tr(2) = pc(x —z) + Tr(x).

The equality T (z) = Ty (x) tellsus also that z € S, and hence pg (x —z) > Ts(x) according
to the definition of T'g. Therefore

fO) +pc(x —y) = Ts(x) + Tr(%),

which yields
yirelg[f(y) +po6(x — )] = Ts(x) + Tr(X). (4.8)

By the assumption dom f C S, the left member of (4.8) is equal to

inf [f(y) + pc(x — y)] =Tr(x),
yeX

that is, (4.8) corresponds to the desired reverse inequality. The proof of the lemma is then
finished. O

When T¢(x) # f(x), but the infimum time function Ty is achieved at some y (hence
necessarily different from ), a first inclusion for 9% Tr(x) (even description if f is in
addition convex) has been established in Corollary 3.6 in terms of df(y) and {x* € X* :
oG (x*) = 1}. Here, we show that the main ideas in Kruger [21, Proposition 2.16] (see
also Bounkhel and Thibault [4, Theorem 3.6]) are also efficient for a full description of the
Fréchet subdifferential of Ty at any point X outside of cl (dom f) without requiring that
IT7(x) be nonempty. The description is given in terms of the Fréchet normal cone to the
sublevel set {Tr(-) < Ty(x)} and of the same set {x* € X* : og(x*) = 1}. We keep
a, > 0 as given by (2.8).

Theorem 4.3 Assume that x ¢ cl(dom f) and dom f C {Tf(-) < Ty(x)}. Assume also
that f is bounded from below. Then for any ¢ > 0
AT (x) € NFE({Tr() < Tr(®)}: X) N {x* € GO + eBx+ : 06(x*) = 1 —a~le}
C AFOT (),

@ Springer



602 G. E. Ivanov and L. Thibault

where 6(¢) = ¢ (a’lﬂ +A+a 118G+ 201’1ﬂ)). In particular, one has
AT (¥) = NF(Tr() < Tr(®E D N {x* € X* 2 o6 (x*) = 1}.

Proof Consider ¢ > 0. Fix any x* € 97¢T(x). Theorem 4.1 tells us that x* € G° +
eByx+ and oG (x*) > 1 — a~!e. On the other hand, for any fixed ¢’ > ¢ there exists some
neighborhood U of x in X such that for all x € U

(X", x —X) < Tp(x) — Ty (¥) +&'|lx — X,
and this obviously yields for all x € U N {T¢(-) < Tr(x)} that
(x*,x — %) <élx — x|

We then deduce that x* € NF¢({ Tr(-) < Ty(x)}; x). Combining this with what precedes
we obtain the first inclusion of the theorem.

Let us prove the second inclusion. Fix any x* € NF’S({Tf(-) < Tr(¥)}; X) with x* €
G° + eBy+ and o6 (x*) > 1 —a~'e. Put

0'(e) = e(3+2a~'B) andb(e) = a ' Be + (1 + a1 B)0/(¢)

and put also S := {T¢(-) < Tr(x)}. Observe by Corollary 3.7 that x* € gF.0'(e) Ts(x). Fix
any 6” > 6(¢) and choose some ¢’ > 6’(¢) such that

a 'Be+e(1+a”'p) <0 4.9)
By the inclusions x* € NF¢(S; x) and x* € 97¢'®) T (%) we may choose some § > 0 such
that
(x*,x —x) <é&|x —x| forallx € B(x,8)NS (4.10)
and
(x*,x —X) < Ts(x) — Ts(x) + &'||x — x| forallx € B(X, ). (4.11)
Observing that Ts(x) = 0 because
0 < Ts(x) = inf pg(x — Xx) < pg(x —x) =0,
xes
we deduce from (4.11) and Lemma 4.1 that for all x € B(x,6) \ S
(x*,x = X) < Tr(x) — Tp(x) + &'llx — x||. 4.12)

Consider now any 7 > 0 and by the inequality oG (x*) > 1 — !¢ choose some u € G
such that (x*, u) > 1 —a~'e — 5. Consider any x € B(x,$) N S and put

te i= Tp(X) — Ty (x) > 0.

Therefore, by the inequality o (u) < 1 (due to the inclusion # € G) and by Proposition 3.1
the non-negativity of ¢, yields

Tr(x +txu) = Tr(x) +txpeu) < Tr(x) +1x = Ty (),
which gives x + t,u € S. On the other hand, (2.8) and Proposition 3.1 again entail
tx =Tr(X) = Tr(x) < pG(x —x) = Bllx — x|l (4.13)
and hence according to (2.8) again and to the inequality pg(#) < 1 we obtain
Ix + teu — || < [lx = %l + o 't < A+ a7 B)IF — x| (4.14)

Take a positive 8’ such that 8'(1 + @~ !8) < & and fix any x € B(x,8)NS. Then x +t,u €
SN B(x, §) and by (4.10) and (4.14) we have

(X%, x + 1w — %) < &llx 4+t — % <&’ (L+ a7 B)llx — I,
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which gives
(x*,x —X) < —te L u) + '+ a7 B)llx —

1

and hence combining this with the inequality (x*, u) > 1 —a~'& — n we see that

x—8<—-(l-n—a o+ +a'p)lx — x|
This being true for all n > 0, we derive that
(x* x — %) <—(l—-alo),+A+a1p)x — 7|
<Tr(x)—=Tr(x) + (a’lﬂs +e&'(1 +0F1ﬂ)) lx — xIl,

the latter inequality being due to (4.13). Taking also (4.9) and (4.12) into account, we may
write

(x*,x =X) <Tf(x) = Tr(x) +6"|x — x| forallx € B(x,§).

Such a positive number §’ being obtained for any 6” > 6(¢), we get x* € 37O T, (%),
establishing the inclusion of the second member of the theorem into the third one.

The equalities for ¢ = 0 follow from the fact that x* € G is equivalent to the inequality
oG (x*) < 1. The proof of the theorem is then complete. O

If f = ¢ for aclosed set C and x & C, then obviously f is bounded from below and
the assumptions concerning dom f in Theorem 4.3 are fulfilled. Further, in the case where
G = Bx we can take « = 8 = 1 and we have

{Tyc () = Tyc D} ={x € X : dc(x) =dc(X)}.

Consequently, we derive directly from the above theorem:

Corollary 4.3 Let C be a closed subset of X and x & C. Then for any ¢ > 0

A Te(x) c NFA({Te () < Te G D) N{x* € G + eBy+ o (x*) > 1 —a g}
c aF9OTC (%),

where 0(¢) as in Theorem 4.3. In particular
A Te@) = NI ({Te() < TeGR D) N {(x* € X*: o (™) = 1).

If in addition G = By, then forr :=dc(x) > 0and C(r) :={x € X : dc(x) < r} one
has

afdc(@ = NF(Coy ) n{x* e X* 1 Ix*|l, = 1).

To the best of our knowledge, the second equality of the previous corollary concerning
¥ dc (%) is due to Kruger (see [21, Proposition 2.16] and [4, theorem 3.6]). Through that
equality, criteria for the Fréchet subdifferential regularity of dc have been provided in [4,
Theorem 3.8]. For the equality concerning T¢ we refer to [10, Theorem 3.1] when the space
X is a Hilbert space and to [16, Theorem 4.2] when X is a Banach space. We also refer to
Colombo, Goncharov and Mordukhovich [8, Proposition 6.3] for the use of such an equality
for criteria ensuring the lower regularity of the minimal time function 7¢. The inclusions
with the Fréchet approximate subdifferentials of 7¢ at X have been previously established
(even with a more accurate term 6 (¢)) in [26, Theorem 4.2].
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5 Further Properties of the Proximal Subdifferential of the Infimum
Time Function

Remind that the case when x € dom f has been studied in Theorem 3.3 and Corollary 3.7.
Let us examine the case when x ¢ cl (dom f). For x outside the closed set C, the relevance
of Kruger’s ideas (see [21]) in the proof of the equality

3dc () = NF(Cry; ®) n{x* € X* 1 Ix*|l. = 1)

has been made very apparent in [4, Theorem 4.3] for obtaining a similar formula for
3P dc (x). In the next theorem we follow the same path to establish a formula for ar Ty(x)
similar to that of Theorem 4.3 when x ¢ cl (dom f).

Theorem 5.1 Assume that x ¢ cl(dom f) and dom f C {Ty(-) < Ty (x)}. Assume also
that f is bounded from below. Then
0T (¥) = NP(Tr() < Tyl D) N {x* € X* 2 o6 (x*) = 1.

Proof Fix any x* € 8° T¢(%). Theorem 4.1 tells us that oG (x*) = 1. On the other hand,
there exist some real » > 0 and some neighborhood U of x in X such that for all x € U

(x*, x — %) < Tp(x) — Tp®) +rlx — |12,
and this obviously yields for all x € U N {Tf(-) < Tr(x)} that
(¥, x =) <rlx — x|

Consequently, x* € N P ({T¢(-) < T¢(x)}; x) and the inclusion of the left-hand side of the
equality of the theorem into the second one is established.

Let us prove the opposite inclusion. Fix any x* € NP({Tf(-) < T¢(x)}; x) with
oG (x*) = 1.Put § := {T¢(-) < Tr(x)} and observe by Corollary 3.7 that x* € AP Tg(%).
The inclusions x* € NP (S; %) and x* € 37 T () allow us to choose some r > 0 and § > 0
such that

(x*,x —%) <r|x —x|> forallx € B(X,8)NS (5.1

and
(x*,x —X) < Ts(x) — Ts(X) + rllx —x||> forall x € B(X, 8). (5.2)
Observing that Ts(x) = 0 we deduce from (5.2) and Lemma 4.1 that for all x € B(x, )\ S
(x*,x —Xx) < Tf(x)—Tf()E)+r||x—)E||2. (5.3)

Take now any n > 0 and by the equality og(x*) = 1 choose some u € G such that
(x*,u) > 1 —n. Consider any x € B(x,§) N S and put

te =Ty (®) — Tr(x) = 0.
Then, since pg (1) < 1, by Proposition 3.1 we have
Tr(x + tyu) < Tr(x) + o) < Tr(x) + 1 = Tr(x),
which gives x + #,u € S. On the other hand, by (2.8) and Proposition 3.1 again
e =Tr(x) =Tr(x) < pc(x —x) < Bllx — x|l
and hence according to (2.8) again and to the inequality pg(#) < 1 we obtain

lx + teu — || < [lx — %l + o 't < A+ a7 B)IE —x]. (5:4)
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Choose 8’ > 0 such that 8’(1 + o~ ') < & and fix any x € B(x,8’) N S. Then x + t,u €
S N B(x, é) and by (5.1) and (5.4) we have

(X%, x b — %) < rllx 4o — 52 <r(+ a7 B x — 1|17,

which gives
(x*, x — %) < =t (x*,u) +r(1+ a7 )2l — X%,

and hence combining this with the inequality (x*, u) > 1 — n we see that

(@ ox = %) <A =ITp(x) = Tr@]+r( +a ' B)?lx — 5|%.
This being true for all > 0, we derive that

(*x =) STr(x) = Tr@ +r(L+a™ ' B)?lx — 5%
Taking also (5.3) into account, we may write
(x*,x — %) < Tp(x) = Tr @) +r(1 +a ' B)?|x — %> forallx € B(X, 5.

Therefore, x* € 87 Tr(x) and the proof of the theorem is complete. O

Corollary 5.1 Let C be a closed subset of X and x & C. Then
3" Te(®) = N ({Te() < Te(®)}): %) N{x* € X*: o6(x*) = 1}.

If in addition G = By, then forr == dc(x) > 0and C(r) :=={x € X : dc(x) < r} one
has
aPde(x) = NP(Cor); o) Ni{x* e X0 |x*l« = 1).

Clarke, Stern and Wolenski [7, Theorem 3.4] established the above decription of
3P dc (%) when C is a closed set of a Hilbert space, with a proof based on the Hilbert struc-
ture of the space. This equality for 8" dc (X) has been extended to arbitrary normed vector
spaces by Bounkhel and Thibault [4, Theorem 4.3]. The form above for 3” Tc () has been
given by Colombo and Wolenski [9, Theorem 3.1] in Hilbert space and by He and Ng in
[16, Theorem 4.1] in Banach space.
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