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Abstract In this paper we present a variant of the proximal forward-backward splitting
iteration for solving nonsmooth optimization problems in Hilbert spaces, when the objec-
tive function is the sum of two nondifferentiable convex functions. The proposed iteration,
which will be called Proximal Subgradient Splitting Method, extends the classical subgra-
dient iteration for important classes of problems, exploiting the additive structure of the
objective function. The weak convergence of the generated sequence was established using
different stepsizes and under suitable assumptions. Moreover, we analyze the complexity of
the iterates.
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1 Introduction

The purpose of this paper is to study the convergence properties of a variant of the proximal
forward-backward splitting method for solving the following optimization problem:

min f(x) 4+ g(x) s.t.x € H, (D

where # is a nontrivial real Hilbert space, and f : H — R := RU{4oo}and g: H — R
are two proper lower semicontinuous and convex functions. We are interested in the case
where both functions f and g are nondifferentiable, and when the domain of f contains
the domain of g. The solution set of this problem will be denoted by S, which is a closed
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and convex subset of the domain of g. Problem (1) has recently received much attention
from the optimization community due to its broad applications to several different areas
such as control, signal processing, system identification, machine learning and restoration
of images; see, for instance, [18, 19, 24, 32] and the references therein.

A special case of problem (1) is the nonsmooth constrained optimization problem, taking
g = 8¢ where §¢ is the indicator function of a nonempty closed and convex set C in H,
defined by dc(y) := 0, if y € C and 400, otherwise. Then, problem (1) reduces to the
constrained minimization problem

min f(x) s.t.x € C. 2

Another important case of problem (1), which has had much interest in signal denoising
and data mining, is the following optimization problem with ¢{-regularization

min f(x) 4+ Allx|l; s.t.x € H, 3)

where A > 0 and the norm || - ||1 is used to induce the sparsity in the solutions. Moreover,
problem (3) covers the important and the well-studied £1-regularized least square minimiza-
tion problem, when H = R” and f(x) = ||Ax — b||% where A € R™*", m << n, and
b € R™, which is just a convex approximation of the very famous £p-minimization prob-
lem; see [12]. Recently, this problem became popular in signal processing and statistical
inference; see, for instance, [23, 43].

We focus here on the so-called proximal forward-backward splitting iteration [32], which
contains a forward gradient step of f (an explicit step) followed by a backward proximal
step of g (an implicit step). The main idea of our approach consists of replacing, in the
forward step of the proximal forward-backward splitting iteration, the gradient of f by a
subgradient of f (note that here f is assumed nondifferentiable in general). In the particular
case that g is the indicator function, the proposed iteration reduces to the classical projected
subgradient iteration.

To describe and motivate our iteration, first we recall the definition of the so-called prox-
imal operator as prox, : ‘H — H associated to g a proper lower semicontinuous convex
function, where prox,(z), z € H is the unique solution of the following strongly convex
optimization problem

. 1
min g(y) + EHY —z|]> sty € H. 4)

Note that the norm || - || is induced by this inner product of H, i.e., ||x|| := +/(x, x)
for all x € H. The proximal operator prox, is well-defined and has many attractive prop-
erties, e.g., it is continuous and firmly nonexpansive, i.e., for all x,y € H, ||Pr0xg (x) —
prox, (M| < lx — yl|2 = lIlx — prox, (x)] — [y — prox, ()% This nice property can be
used to construct algorithms to solve optimization problems [39]; for other properties and
algebraic rules see [3, 18, 19]. If g = d¢ is the indicator function, the orthogonal projection
onto C, Pe(x) := {y € C: ||x — y|| = dist(x, C)} is the same as prox,.(x) for all x € H
[2]. For an exhaustive discussion about the evaluation of the proximity operator of a wide
variety of functions see Section 6 of [32]. Now, let us recall the definition of the subdiffer-
ential operator dg : H = H by dg(x) :={w e H:g(y) > gx)+{(w,y—x), Vy e H}.
We also present the relation of the proximal operator prox,,, with the subdifferential oper-
ator dg, i.e., prox,, = (Id + adg)~! and as a direct consequence of the first optimality
condition of (4), we have the following useful inclusion:

LRI e prosgg (), 5)
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for any z € ‘H and o > 0. The iteration proposed in this paper, called Proximal Subgradient
Splitting Method, is motivated by the well-known fact that x € S, if and only if there exists
u € 9f (x) such that x = prox,,(x — au). Thus, the iteration generalizes the proximal
forward-backward splitting iteration for the differentiable case, as a fixed point iteration of
the above equation, which is defined as follows: starting at x° belonging to the domain of
g, set

K = proxakg(xk - akuk), (6)
where u* € 9 f (x*) and the stepsize ay is positive for all k € N. Iteration (6) recovers the
classical subgradient iteration [38], when g = 0, and the proximal point iteration [39], when
f = 0. Moreover, it covers important situations in which f is nondifferentiable and it can
also be seen as a forward-backward Euler discretization of the subgradient flow differential
inclusion

x(1) € —Lf (x(1) + g(x(1)],

with variable x : Ry — H; see [32]. Actually, if the derivative on the left side is replaced by
the divided difference (x¥*1 — x¥) /o, then the discretization obtained is (x¥ — x¥*1) /oy €
af k) + 8g(xk+1), which is the proximal subgradient iteration (6).

The nondifferentiability of the function f has a direct impact on the computational effort
and the importance of such problems, when f is nonsmooth, is underlined because they
occur frequently in applications. Nondifferentiability arises, for instance, in the problem of
minimizing the total variation of a signal over a convex set, in the problem of minimizing
the sum of two set-distance functions, in problems involving maxima of convex functions,
the Dantzing selector-type problems, the non-Gaussian image denoising problem and in
Tykhonov regularization problems with L; norms and others; see, for instance, [4, 13, 17,
26]. The iteration of the proximal subgradient splitting method, proposed in (6), can be
applied in these important instances, extending the classical subgradient iteration for more
general problems as (3). In problem (1), f is usually assumed to be differentiable as in [35],
which is not necessarily the case in this work. Moreover, the convergence of the iteration (6)
to a solution of (1) has been established in the literature, when the gradient of f is globally
Lipschitz continuous and the stepsizes o, k € N have to be chosen very small, i.e., for
all k, o is less than some constant related with the Lipschitz constant of the gradient of
f; see, for instance, [19]. Recently, when f is continuously differentiable but the Lipschitz
constant is not available, the steplengths can be chosen using backtracking procedures; see
[6, 10, 32, 35].

It is important to mention that the forward-backward iteration also finds applications in
solving more general problems, like the variational inequality and inclusion problems; see,
for instance, [9, 11, 14, 15, 42] and the references therein. On the other hand, the standard
convergence analysis of this iteration, for solving these general problems, requires at least
a co-coercivity assumption of the operator and the stepsizes to lie within a suitable inter-
val; see, for instance, Theorem 25.8 of [3]. Note that co-coercive operators are monotone
and Lipschitz continuous, but the converse does not hold in general; see [44]. Although, for
gradients of lower semicontinuous, proper and convex functions, the co-coercivity is equiv-
alent to the global Lipschitz continuity assumption. This nice and surprising fact, which
is strongly used in the convergence analysis of the proximal forward-backward method
for problem (1), when f is differentiable, is known as the Baillon-Haddad Theorem; see
Corollary 18.16 of [3].

The main aim of this work is to remove the differentiability assumption from f in the
forward-backward splitting method, extending the classical projected subgradient method
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and containing, as particular case, a new proximal subgradient iteration for more general
problems.

This work is organized as follows. The next subsection provides our notations and
assumptions, and some preliminaries results that will be used in the remainder of this
paper. The proximal subgradient splitting method and its weak convergence are analyzed by
choosing different stepsizes in Section 2. Finally, Section 3 gives some concluding remarks.

1.1 Assumptions and Preliminaries

In this section, we present our assumptions, classical definitions and some results needed
for the convergence analysis of the proposed method.

We start by recalling some definitions and notation used in this paper, which are standard
and follows from [3, 32]. Throughout this paper, we write p := ¢ to indicate that p is
defined to be equal to g. We write N for the nonnegative integers {0, 1, 2, ...} and remind
that the extended-real number system is R :=RU {+00}. The closed ball centered at x € H
with radius y > 0 will be denoted by B[x; y1, i.e., B[x; y]:={y € H: ||y — x| < y}. The
domain of any function 4 : H — R, denoted by dom(#), is defined as dom(h) := {x € H :
h(x) < 4+oc}. The optimal value of problem (1) will be denoted by s, := inf{(f + g)(x) :
x € H}, noting that when S, # @, s, = min{(f + g)(x) : x € H} = (f + g)(x,) for any
Xy € S,. Finally, £1(N) denotes the set of summable sequences in [0, +00).

Throughout this paper we assume the following:

Al. df is bounded on bounded sets on the domain of g, i.e., there exists { = (V) > 0
such that df(x) € B[O0; ¢] for all x € V, where V is any bounded and closed subset of
dom(g).

A2. dg has bounded elements on the domain of g, i.e., 3p > 0 such that dg(x) N
B[O; p] # @ for all x € dom(g).

In connection with Assumption Al, we recall that df is locally bounded on its open
domain. In finite dimension spaces, this result implies that A1 always holds when dom( f') is
open. A widely used sufficient condition for A1 is the Lipschitz continuity of f on dom(g).
Furthermore, the boundedness of the subgradients is crucial for the convergence analysis of
many classical subgradient methods in Hilbert spaces and it has been widely considered in
the literature; see, for instance, [1, 8, 9, 38].

Regarding Assumption A2, we emphasize that it holds trivially for important instances
of problem (1), e.g., problems (2) and (3) because 3¢ (x) = N¢(x) and d||x||; = {u € H :
lulloo < 1, (u,x) = |lx]|l1}, respectively, or when dom(g) is a bounded set or also when
‘H is a finite dimensional space. Note that Assumption A2 allows instances where dg is an
unbounded set as is the particular case when g is the indicator function. It is an existence
condition, which is in general weaker than A1.

Let us end the section by recalling the well-known concepts so-called quasi-Fejér and
Fejér convergence.

Definition 1.1 Let S be a nonempty subset of . A sequence (xF)ren in H is said to be
quasi-Fejér convergent to S if and only if for all x € S there exists a sequence (€g)ieN in
£1(N) and ||xF+1 — x| < |lx¥ — x||% + € for all k € N. When (€x)ken is a null sequence,
we say that (xk)keN is Fejér convergent to S.

The definition originates in [22] and has been elaborated further in [16]. This definition,

originated in [22], has been elaborated further in [16]. In the following we present two
well-known fact for quasi-Fejér convergent sequences.
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Fact 1.1 If the sequence (") gen is quasi-Fejér convergent to S, then:

(a) The sequence (xk )keN is bounded.
) (xk )keN 1s weakly convergent iff all weak accumulation points of (xk )keN belong to
S.

Proof Ttem (a) follows from Proposition 3.3(i) of [16], and Item (b) follows from Theorem
3.8 of [16]. O

2 The Proximal Subgradient Splitting Method

In this section we propose the proximal subgradient splitting method extending the classi-
cal subgradient iteration. We prove that the sequence of points generated by the proposed
method converges weakly to a solution of (1) using different strategies for choosing of the
stepsizes. Moreover, we show the complexity analysis for the generated sequence.

The method is formally stated as follows:

Proximal Subgradient Splitting Method (PSS Method)
Initialization Step. Take 2° € dom(g).
Iterative Step. Set

mkH = Prox,, (zk - akuk) , (6)

where u* € f (z).

Stop Criteria. If zF*!

= 2% then stop.

If PSS Method stops at step &, then x* = prox,, , (x* — aqu*) with u* € 9f (x*), implying

that x* is solution of problem (1). Then, from now on, we assume that PSS Method gener-
ates an infinite sequence (xF)ren. Moreover, it follows directly from (6) that the sequence
M ken belongs to dom(g).

Before the formal analysis of the convergence properties of PSS Method, we discuss
below about the necessity of taking a (forward) subgradient step of f instead of another
(backward) proximal step.

Remark 2.1 To evaluate the proximal operator of f is necessary to solve a strongly con-
vex minimization problem as (4). Thus, in the context of problem (1), we assume that it is
hard to evaluate the proximal operator of f, leaving out the possibility to use the standard
and very powerful iteration so-called Douglas-Rachford splitting method presented in [17].
Such situations appear mainly when f has a complicated algebraic expression and therefore
it may impossibility to solve, explicitly or efficiently, subproblem (4). Indeed, very often
in the applications, the formula for the proximity operator is not available in closed form
and ad hoc algorithms or approximation procedures have be used to compute prox, . This
happens for instance when applying proximal methods to image deblurring with total vari-
ation [5], or to structured sparsity regularization problems in machine learning and inverse
problems [31]. A classical problem of the form of (1), when the subgradient of f is easily
available and prox ; does not has explicitly formula is the dual formulation of the following
constrained convex problem:

minfo(y) subjectthat hi(y) <0 (i=1,...,n), 7)
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where h; : R"™ — R (i =0, ..., n) are convex. It has as dual problem
. Seon
min f(x) + gy (x)

with f : R" — R defined as f(x) = — infyern{ho(y) + Y _i_; xihi (y)}. It is well-known
that

n
0f (x) = conv { h(yy) : f() = ho(y) + Y _xihi(ya)
i=1
and conv{S} denotes the convex hull of a set S. However, compute prox £ does not look
an easy problem. This argument is used widely in the literature to motivated the projected
subgradient method, which can be easily modified for recovering problems as (1), when g
is not necessary the indicator function. Indeed, consider problem (7) when n = m with an
additional and simple restriction g, that is: y € R”

min ho(y) subjectthat h;(y) <0 (i=1,...,n), go(y) <0, ®)

which can be rewritten now as min,egre f(x) + SRK (x) + Ago(x), A > 0, where

n
@) =~ inf {ho(y) + leh ).

This last problem is a particular case of (1), by taking g = ‘SRi + Ago. Note that if
dom(gp) € R’} then g = Ago.

Thus, PSS Method uses the proximal operator of g and the explicit subgradient iteration
of f (i.e., the proximal operator of f is never evaluated), which is, in general, much easier
to implement than the proximal operator of f 4 g or f, as happens in the standard proxi-
mal point iteration or the Douglas-Rachford algorithm, respectively for solving nonsmooth
problems, as (1); see, for instance, [17]. Furthermore, note that in our case the subgradient
iteration for the sum f + g is not possible, because the domains of f and g are not the whole
space.

In the following we prove a crucial property of the iterates generated by PSS Method.

Lemma 2.1 Let (xF)eny and w)ien be the sequences generated by PSS Method. Then,
forallk € Nand x € dom(g),

! — 22 < k= )2 4 200 [ (F + ) @) — (f + 95| + aut + b,

where wk € 3g(xX) is arbitrary.

k _ L k+1
Proof Take any x € dom(g). Note that (5) and (6) imply that ¥ ! == =~k
(0773
with u¥ € 3f (x*) as defined by PSS Method, belongs to dg(x**1). Then,
ol + @ P 4 — )P = = AP g = = e — P

= 2(xk — xkHL ek — Xx) = Zak(uk, xk = x) + 2<xk — x* gk, Xk — x)

xk — yk+1 ok — k1
= Zak(uk,xk —x)+ 20 { ——— — uk,xk’H —x )+ 20 ( ———— — uk,xk — k!
(674

= Zak(uk, xk— x) + 20 <u_)k+1, Xk x> + Zak(uk, L xk> + 2||xk — xkl ||2.
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ok ke .
Now using again that ——— — u* = ¥ € 9g(x
o
the above equality leads us

k+1) and the convexity of g and f,
2 = ALK ) = 20 [ ) = £+ g0 — ) + (W A — )] 2t -
=201 [(f + 95 = (f + 900 + G = () + W, ¥ — )| + 20t + 242
= 2ai [(f +8) &) = (f +9)(0) + (wh +u A — by | 20t + 02,

for any wk € dg(x¥). We thus have shown that
I = 2 < o =1 4 200 [ + 900 — (F + 96
+2a,%(uk +wk, u + ﬁ)k'H) - a,%||uk +w

= 5" = X2+ 20 [ (f + @) = (f + () |+l + wh|2 = aFjwk — 2.

k+1||2

Note that w* € 9g(x¥) is arbitrary and the result follows. O

Since subgradient methods are not descent methods, as the proposed method here, it is
common to keep track of the best point found so far, i.e., the one with minimum function
value among the iterates. At each step, we set it recursively as (f + g)gesl = (f+ &Y
and

(f + Dy =min {(f + 9l (f + 06D} ©)

for all k. Since (( f+ g){;est) «en 18 a decreasing sequence, it has a limit (which can be —o0).
When the function f is differentiable and its gradient Lipschitz continuous, it is possible to
prove the complexity of the iterates generated by PSS Method; see [35]. In our instance ( f
is not necessarily differentiable) we expect, of course, slower convergence.

Next we present a convergence rate result for the sequence of the best functional values

((f + &)est) ey 0 Min{(f + g)(x) : x € H}.

Lemma 2.2 Let ((f + g)lgm)keN be the sequence defined by (9). If Sx # @ then, for all
keN,
[ dist(x?, )12 + Cr Yh_ga?
k
2) i
where Cy, 1= max{||ui +wi?:0<i< k} withw' € 3g(x’) (i =0, ..., k) are arbitrary.

)

(f + &host — min(f +¢)(x) <

Proof Define x, = Pg, (xo). Note that x, exists because S, is a nonempty closed and
convex set of 2. By applying Lemma 2.1, k + 1 times, fori € {0, 1, ..., k} at x, € S, we
get

It — 2 < e = P o 20 [ + @00 = (f + @5 | + el + w2

k k
S =242 ) e [+ @0 = (f + 96D |+ Yl +w'|?
i=0 i=0

k k
< [dist(x", S,)P +2 [}rcréi;ll(.f + o)) — (f + g)’gest] D+ iy, (10)
i=0 i=0
where (f + g)lt‘)est is defined by (9) and the result follows after simple algebra. O
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Next we establish the rate of convergence of the rate of the objective values at the ergodic
sequence (") ey of (xF)ren, which is defined recursively as %0 = xY and given op = ap
and oy = ox_1 + oy, we define

k
i=

1 .
ik:—Zaix’, (1)

for all k € N.
The following result is similar to Lemma 2.2, considering now the ergodic sequence
defined by (11).
Lemma 2.3 Ler (X%)en be the ergodic sequence defined by (11). If Sy # 0, then
[ dist(x°, S,)1> + Ci Y b_g o?
2% o
where Cy = rnax{||ui +wi?:0<i< k} withw' € 9g(x’) (i =0, ..., k) are arbitrary.

3

(f +9 G — min(f +)(x) <

Proof Proceeding as in the proof of Lemma 2.2 until inequality (10) and after dividing by
2 Zf:o a;, we get

o

k k
i 20 2 kel o2) . Gk 2
> [(f + o)) — min(f + g)(x)] o (Ldist@®. S0P = 14! —x?) + 25 Yo

i=0 kiZo

k
1 .
3o ([ dist(x°, S)1? + Ck Zal?) , (12)

i=0

IA

where oy = Zf‘(:o «;. Using the convexity of f + g after note that g—; e [0, 1] foralli e
{0,1,...,k}and Zf:o g‘—; = 1 and (11) in the above inequality (12), the result follows. [

Next we focus on constant stepsizes, which is motivated by the fact that we are interested
in quantifying the progress of the proposed method to find an approximate solution.

Corollary 2.4 Let (xF)ren be the sequence generated by PSS Method with the stepsizes
oy constant equal to «, ((f + g)l}im)kEN be the sequence defined by (9) and ()Ek)keN be the

dist(x°,S,)
VCk

ergodic sequence as (11). Then, the iteration attains the optimal rate at ¢« =

ﬁ, ie, forallk e N,

[dist(x°, $)12 + o2 (k + 1) Cy - dist(x0, S,) - /Ck
2(k + D - Vik+1

(f + o — min(f + ¢)(x) <

and
[dist(x°, SO)T* + o2k + 1)Cx - dist(x, S,) - /Cr

(f + oG — min(f +)(x) <

2(k + Dot - VE+1
where Ci, = max{llui +uwi?:0<i< k} with w' € 8g(xi) (i =0,...,k) are arbitrary.
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Proof 1f we consider constant stepsizes, i.e., oy = « for all k € N, then the optimal rate

. . _ dist(x, S,) ) 1 C e .. .
is obtained when o = BV iy from minimizing the right part of Lemmas Zé
and 2.3.

Note that under Assumption A2, Cy < (maxj<;j<k llu ||+ p)%. Hence when 9 f is bounded
on the dom(g) (which occurs when dom(g) is bounded over our assumptions), Assump-
tion Al implies that Cy < (¢ + p)? for all k € N. In this case, our analysis showed that
the expected error of the iterates generated by PSS Method with constant stepsizes after
k iterations is O ((k + 1V 2). Hence, we can search an e-solution of problem (1) with
O (¢72) iterations. Of course, this is worse than the rate O(k~') and O (¢~ iterations of
the proximal forward-backward iteration for the differentiable and convex f with Lipschitz
continuous gradient; see, for instance, [35]. However, as was showed in Section 3.2.1, The-
orem 3.2.1 of [37], the worst expected error after k iterations of the classical subgradient
iteration is attainable equal to O ((k + 1)V 2) for general nonsmooth problems.

2.1 Exogenous Stepsizes

In this subsection we analyze the convergence of PSS Method using exogenous stepsizes,

. . . . k

i.e., the positive exogenous sequence of stepsizes (ox)xeN satisfies that oy = — where
Nk

nk := max{1, ||u¥||} for all k, and

o0 o0
Y Bi<+oo and Y P =oo. (13)
k=0 k=0
We begin with a useful consequence of Lemma 2.1.
Corollary 2.5 Let x € dom(g). Then, for all k € N,
Br
ek =P < I 420 [+ 90 = (F + R+ (1420407)
where p > 0 is as defined in Assumption A2.

Proof The result follows by noting that n; > |[u¥||, nx = 1 for all k € N and letting
wk e Bg(xk) such that ||wk|| < p for all k € N in view of Assumption A2. Then,

k k2 k2 k k k2
u" +w U U w w
l . [ < I 2|| +2|I ||IL l n I 2|| <1420+ 2
up Up Mk Mk
Now, Lemma 2.1 implies the desired result. O

Now we define the auxiliary set
Siev(x) 1= {x e dom(g) : (f + (@) = (f + ), VkeN}.  (14)

When the solution set of problem (1) is nonempty, Sey (x%) # @ because Sy C Siey (x9).
Next, we prove the two main results of this subsection.

Theorem 2.6 Let (xF)ien be the sequence generated by PSS Method with exogenous
stepsizes. If there exists X € Sien(x0), then:
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(a) The sequence (xk )keN is quasi-Fejér convergent to
Liig(x):={x edom(g) : (f +g)(x) < (f +8)X)}.
() im0 (f + )5 = (f + g)(X).
(c¢) The sequence (xFpen is weakly convergent to some X € L4 4(X).
Proof By assumption there exists X € Siey(x?), i.e., (f+g)(%) < (f+g)(xF), forallk € N.

(@) To show that (x*)iey is quasi-Fejér convergent to £ f+g(*) (which is nonempty
because X € L r14(x)), we use Corollary 2.5, forany x € L 71,(X) € dom(g), estab-
lishing that ||x**! —x |2 < [lx* —x |2+ (1 +2p+ p}) B}, for all k € N. Thus, (x*)ren
is quasi-Fejér convergent to L 71 ¢ (X).

(b) The sequence (xk)keN is bounded from Fact 1.1a, and hence it has accumulation
points in the sense of the weak topology. To prove that

Jim (f + M = (f + 9@, (15)

we use Corollary 2.5, withx =% € L74,(X) € dom(g), to get

B [(F 4005 = (f +9®] = FAx* = 712 = I+ =517 + 51 +20 + 0282

Summing, from k = 0 to m, the above inequality, we have

YA+ — (F @] = FUx0 —FIP — I —FD) + A1+ 20 + p2>k§05£,
k=0 —

and taking limit, when m goes to oo,
SB[+ 90 = (f + @] < +oc. (16)
k=0

Then, (16) together with (13) implies that there exists a subsequence
((f + ) ™)),y of ((f + 8)(x5)), oy such that

lim inf [(f +9a") —(f +g)(i)] =0. an

Indeed, if (17) does not hold, then there exist 0 > 0 and k > k, such that f +
2" = (f+g)(F) > o and using (16), we get

+00 > Y fi[(f +90H - (F @]z 0 B

k=k k=k
in contradiction with (13). Next, define ¢; = (f + g)(xk) — (f + g)(x), which is
positive for all k because x € Siev (x®). Then, for any uk e 8f(xk) and w¥ € 8g(xk),
we get
ok — g1 = (f + 905 = (f + " < (uf + w6k =)
<l + w et = < @+ o)t = (18)
where ¢ > 0 such that |lu*| < ¢, for all k € N (¢ exists in virtue of the boundedness

of (xF)ren and Assumption Al) and lwk| < p, for all k € N (p exists because
w* € dg(x*) are arbitrary and the use of Assumption A2). Using Corollary 2.5, with
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(c)

x = x*, we have ||x* —x**1|| < /1 + 2p + p? - Br, which together with (18) implies

that
Ok — k1 </ 1+2p+ p% - (& + p)Br = PPk (19)

for all k € N. From (17), there exists a subsequence (‘/’ik)keN of (¢r)ren such that
limy_, 0 @i, = 0. If the claim given in (15) does not hold, then there exists some § > 0
and a subsequence (Wk)keN of (¢r)ren, such that ¢y, > 6 for all k € N. Thus, we can
construct a third subsequence ((p jk) en OF (@) ren, where the indices ji are chosen in
the following way:
Jo :==min{m >0 | ¢ > 5},

Jak+1 i=min{m > jor | om < 8/2},

J2k+2 == min{m > jopi1 | om = 8},
for each k. The existence of the subsequences (wik)ng’ (Wk) keN of (¢r)ken, guaran-
tees that the subsequence ((p jk) ren OF (@K)ren is well-defined for all k > 0. It follows
from the definition of j; that

om =6 for jou <m < jorgr1 — 1 (20)

Om < for jor41 <m < jore2 — 1

[NSHIRec]

for all k, and hence
)
Ci — Pl = 3 (2))]

for all k € N. In view of (16) and remind that ¢ = (f + g)(xk) —(f+9Kx) =0
forallk € N,

00 Jok+1— 00 Jok+1—
oo > Zﬁk¢k>2 > ﬂmwm—zz Z Bn
k=0 m=jy k=0 m=jy
0o Jjok+1—1 s & Jok+1—1 s &
= 72 D Bn = 2—2 D On—gmi) = 5= 3 @i — D)
k 0 m=jy k=0 m=jp P k=0
o8 28 N
Z == - = T00,
20 k=02

where we have used (20) in the second inequality and (19) in the third inequality and
(21) in the last one. Thus, klim f + g)(xk) = (f + g)(x), establishing (b).
—>00

Let X be a weak accumulation point of (x®)ken, and note that ¥ exists by Item (a) and
Fact 1.1a. From now on, we use (x'*);en to denote any subsequence of (xF)ren that
converges weakly to x. Since f + g is weakly lower semicontinuous, using (15), we
get

(f + )@ = Hminf(f +)(xr*) = lim (f +8)(") = (f + ),

implying that (f + ¢)(X) < (f + g)(x) and thus ¥ € L4,(X). As consequence, all
weak accumulation points of (FVken belong to L1 4(X) and since (" is quasi-Fejér
convergent to Lry,(X), we get that ) pen converges weakly to X € L ¢(x) from
Fact 1.1b. O

Theorem 2.7 Let (x¥)ien be the sequence generated by PSS Method with exogenous
stepsizes. Then,
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(@ liminfi_ oo (f + g)(x¥) = infrep (f + g)(x) = sy (possibly s, = —00).

(b) If Si # B, then limp_oo(f + g)(x¥) = mincep (f + )(x) and (x*)rew converges
weakly to some x € S,.

(c) IfSy =20, then (xF)ken is unbounded.

Proof (a) Since (xF)reny C dom(g), we get s, < liminfy_, o (f + g)(xk). Suppose that

8% < liminfy_, o0 (f + g)(x*). Hence, there exists £ such that

(f + @) <liminf(f +g)(x"). 22)

It follows from (22) that there exists k € N such that (f 4+ g)(%) < (f + g)(x¥) for all
k > k. Since k is finite we can assume without loss of generality that (f + g)(X) <
(f+ g)(xk ) for all k£ € N. Using the definition of Sey 9, given in (14), we have that
% € Siey(x?). By Theorem 2.6b limy_, oo (f + g)(x¥) = (f + g)(%), in contradiction
with (22).

(b) Since Sy # @, take x, € S, and note that this implies £f+g(x*) = 8. Since
(Fren € dom(g), we get (f + g)(xx) < (f + g)(x¥) for all k € N implying that
X € Stev(x9). By applying items (b) and (c) of Theorem 2.6, at X = x,, we get that
limg 00 (f + 2) (%) = (f + g)(x4) and (x¥)eny converges weakly to some ¥ € S,
respectively.

(c) Assume that S, is empty but the sequence (x®)ken is bounded. Let (x%% )y be a sub-
sequence of (xF)ren such that limy—s oo (f +2) (%) = liminfy_ oo (f —|—g)(xk). Since
(x%)gen is bounded, without loss of generality (i.e., refining () ey if necessary),
we may assume that (x%);cn converges weakly to some X € dom(g). By the weak
lower semicontinuity of f 4+ g on dom(g),

(f + 9@ < liminf(f +g)x™) = lim (f +g)(x) =liminf(f +g)(x") = 5.

(23)
using Item (a) in the last equality. By (23), x € S, in contradiction with the hypothesis
and the result follows. O

For exogenous stepsizes, Theorem 2.7a guarantees the convergence of (( f+oGk )) keN

to the optimal value of problem (1), i.e., liminfy_, oo (f +g)(x¥) = s,, implying the conver-
gence of (( f+ g)’gesl) ren- defined in (9), to s,. It is important to mention that in the proof
of the above two crucial results, we have used a similar idea recently presented in [7] for a
different instance.

In the following we present a direct consequence of Lemmas 2.2 and 2.3, when the
stepsizes satisfy (13).

Corollary 2.8 Let (Y ien be the ergodic sequence defined by (11) and (B)yen as (13). If
S« # O, then, forallk € N,

[ dist(x°, ST + (1 +2p + p?) Sy B2
235 0 Bi

(f + host — min(f +)(x) < ¢
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and

[dist(x°, SOT2 + (1 4+2p + p2) Y5, B2
25 0B ’

where £ > 0 and p > 0 are as in Assumptions Al and A2, respectively.

(f + )G —min(f +g)(x) < ¢

The above corollary shows that if we assume existence of solutions, the expected error of
the iterates generated by PSS Method with the exogenous stepsizes (13) after k iterations
is O ((Zf:() ,Bi)_l). Since (Bk)rc satisfies (13) the best performance of the iteration (in

term of functional values) is archived for example taking S = 1/k" with r bigger than 1/2,
but near of this value, for all k.

2.2 Polyak Stepsizes

In this subsection we analyze the convergence of PSS Method using Polyak stepsizes. Hav-
ing chose any w* € dg(x*) and denoted p; := ||w| for all k € N. Then define, for all
keN,
ey L HOEH — 5

k12 + 2k |k | + o7
where 0 < y < yx <2 — y. We assume that s; a monotone decreasing variable target value
approximating s, := inf{(f+g)(x) : x € H} is available, and satisfies that s; < (f+g)(x¥)
for all k € N. When s, is known, the simplest variant of the stepsizes proposed in (24) is
obtained the stepsizes

(24)

= (f + (5 — s,
luk 12 + 2 lluk || + 7

for all k € N. Unfortunately, to find an optimal solution, scheme (25) requires prior knowl-
edge of the optimal objective function value s.. As s, is usually unknown, we prefer to do
our analysis over (24), and replace s, by the variable target value s;. When g is the indicator
function of a closed and convex set further discussion about how to choose sy is presented
in the literature for problems where a good upper or lower bound of the optimal objective
function value is available; see, for instance, [25, 27, 41].

Now we present a direct consequence of Lemma 2.1. Denote

Liig(s) :={x edom(g) : (f +g)(x) <s}.

(25)

Corollary 2.9 Suppose that limj_. o sy = § > sy and let any x € Ly (5). Then,

[s — (f + O]

x5 — x| < x* =X =y 2 —y) ,
Uk 12 + 2 lluk || + p?

forall k € N.

Proof Take x € L4,(5) = {x e dom(g) : (f + g)(x) < 5}. Since (sx)keN is a monotone
decreasing sequence convergent to §, which is less than the function values of the iterates,

(f+E) =z =52 (f+0), Vxe L), (20)

@ Springer



258 J. Y. B. Cruz

for all k € N. Then, applying Lemma 2. and using (26), we get, for all k € N,

[sk = (f + O] [(f + @) — (f + (5]
Uk 12 + 2 lluk || + p?

k+1 2 k 2
[ — x)I* < Ix* = x]I* — 2%

2 [si — (f + 9]
1k 12 + 20 1k + p?

[si — (f + D]
1k 12 + 20 k]| + p?
[ — (f + 5]
k112 + 21 lu* || + pF

where we used that x € L, (5), (24) and (26) in the second inequality. The result follows
from (27). O

X — x> — v 2 — i)

IA

Ik — x> =y 2 —y)

IA

27

Now we prove the first main result of this subsection in the following theorem.
Theorem 2.10 Ler (xF)ien be the sequence generated by PSS Method with oy as in (24).
Iflimg 00 5k =5 > sy and L4 4(5) # 9, then

(@ (xM)ren is Fejér convergent to Lrie(S).
(b)) limy_ o (f + g)(xk) =3.
(c) (HFeyis weakly convergent to some X € L1 4(3).

Proof (a) Itis direct consequence of Corollary 2.9.
(b) By Item (a), the sequence (x¥)en is bounded. By using Corollary 2.9, at any x €
Lrig(5), we get

@ [s— o] < (W12 + 200000+ 07) [It — 212 161 - 1] 28)
(

¢ 420 + p2) [Iw = 52 = 6! — 2]

IA

B = xI2 = ekt =22, 29)

where the last inequality follows from Assumptions A1 and A2 (l#*| < ¢ and
ok = |lwk|| < p forall k € N). Summing (29), over k = 0 to m, we obtain

A

y@-nY [~ o] = o[ - - 1 -]
k=0

A1l 0 2
pllx™ — x|~

IA

Taking limits, when m goes to oo, we get the desired result.

(¢) From Item (b), if § = limg—_ oo s then limg_ oo (f + g)(xF) = §. Let ¥ be a weak
accumulation point of (xk)kEN, which exists by the boundedness of (xk)kEN direct
consequence of Item (a). From now on, we denote (%) ken any subsequence of
(xk )keN, Which converges weakly to X. Since f + g is weakly lower semicontinuous,
we get (f + ¢)(X) < liminfi oo (f + &) (x%) = limg 00 (f + &) (x*) = 5, implying
that (f + ¢)(X) < § and thus X € L4,(5). The result follows from Fact 1.1(b) and
Item (a).

O
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Before the analysis of the inconsistent case when § = limg_, oo Sk is strictly less than
s« = inf{(f 4+ g)(x) : x € H}, we present a useful corollary which is a direct consequence
of Theorem 2.10, that shall be used for the analysis of this case, § < s,. In the next corollary,
we show the special case when the optimal value s, is known and finite and the stepsize o
is defined by (25), i.e., forall k € N,

" (f+g)(xk) —S*
luk 12 + 2 lluk || + 7

where 0 <y <y <2—y.

Corollary 2.11 Let (") ken be the sequence generated by PSS Method with oy given by
(25). Assume that S, # ?. Then,

(a) (xk)keN is Fejér convergent to S.
(b) im0 (f + &)(xF) = mingey (f + ) (x).
(©)  (Mpen is weakly convergent to some X € S.

@ liminfim oo VA + 1 [(f + )5 — mingen (f + )] =

Proof Ttems (a) to (c) are direct consequence of Theorem 2.10. The proof of Item (d) is

by contradiction. Assume that lim infy_, o vk + 1'[(f + g)(xk) —mingey (f + g)(x)] >

26, for some 8 > 0. Then, for k large enough, we have (f + g)(xk) —miny ey (f +8)(x) >
8 forall k > k. Thus,

Vk+1

ky oo 2
Z[(Hg)(x) )I}élg(erg)(X)] =0 Z B +1 (30)

k=k

On the other hand, by substituting the expression for the stepsize oy given by (25), in (29)
(sx = minyey (f + g)(x) for all k € N), we get, for all k > &,

oo 2
> [(f + () — min(f + g)(x)} < +oo,
p xeH
k=k
which contradicts (30), thus establishing the result. O

Next we present a result on the complexity of the iterates.

Lemma 2.12 Let (xN);en be the sequence generated by PSS Method with oy, given by
Q4). Iflimg 00 Sk = § > 54 and L 44 (5) # 0, then, forallk € N,

Dy dist(x?, L 114(5))
y2—=y) Vik+1 ’

where Dy = max {[|u'||> + 2p; |u' || + p? : 1 < i <k} with p; := |w'|| and w' € dg(x')
(i =0,...,k) are arbitrary. Moreover,

(f + g)best 5

lim (f +g)k,, =5
k—00

@ Springer



260 J. Y. B. Cruz

Proof Repeating the proof of Theorem 2.10, with X := ngJrg(g) @9 e L 1¢(5), until (28),
we obtain
k Dy

k[ +oka 5] = X[ roeh -a] =P

2
> = [distc®, L7100 ]

where Dy := max{lluﬂl2 + 2p; || +,0i2 1<i< k} with p; = ||w'|| and w' € dg(x?)
(i =0,..., k) are arbitrary. After simple algebra the result follows. (]

Our analysis proved that the expected error of the iterates generated by PSS Method
with the Polyak stepsizes (24) after k iterations is O ((k + 1~V 2) if we assume s > s, for
all k € N and (Dy)en is bounded.

Now we are ready to prove the last main result of this subsection.

Theorem 2.13 Let (x*)icn be the sequence generated by PSS Method with oy, given by
4). If Sy # D and limg_, 5 5 = § < miny ey (f + g)(x), then

Jim (f+g)}e, = lim min (f+¢)(x") < Jg;i;il(f+g)(x)+2_7y [g}(f + o) - s} .

Proof Suppose that (f + g)(xk) > miny ey (f + g)(x), otherwise the result holds trivially.
It is clear that, for all k € N,

(f +8)(x*) — s (f + &)%) — mingey (f + g)(x)
(f + &) (k) — mingen (f + g)(x) luk 12 + 20 lluk || + p?

(f + &) () — minyen (f + &)
Uk 12 + 2 lluk || + p?

Ok = Yk

I
A

where
(f + &) (xF) — ¢
(f + &) (k) —mingep (f +)(x)

which implies that 7 is greater than 2 — y for some k € N. Otherwise, if
Ye<2—vy (31

for all k € N, we can apply Corollary 2.11b to get limg_.o0 (f + g)(xk) = minyey (f +
g)(x), implying that ;. goes to 400 (note that for all sufficiently large &, sp < minyey (f +
) <(f+ g)(xk), because § < minyey (f + g)(x)), which is a contradiction with (31).
Thus, there exist k and § > 0 arbitrary such that

. (f + 0G5 5
“(f + @)K — mingey (f + ) (x)

After simple algebra and using that s; > 5, we get that

Y < Vk=Vk

=7 >2—8.

f + b < min(/ + ) (x) + [min(/ + )(x) — ]

Yk
2—-8—v;
< min(/ + 20+ ——Limin(f + 90 -,

since § > 0 was arbitrary and the result follows. O

@ Springer



On Proximal Subgradient Splitting Method for Minimizing the sum... 261

Finally in the following corollary we summarize the behaviour of the limit of the
sequence of (( f+ g)ﬁest) ren depending on the limit of § = limj_, o sk, which is direct
consequence of Theorems 2.10b and 2.13 and Lemma 2.12.

Corollary 2.14 Let (x*)ien be the sequence generated by PSS Method with ay, given by
24). If Sy # D and limg_, 5 S = S, then

wn

= lim (f + )" =3, if § = min(f +g)(x)
klim (f + g)]I;est 2 — y
B < min(f + @) + ——— [min(f +8)() - s} Cif § < min(f + @),
xeH Y xeH xeH

3 Final Remarks

In this work we dealt with the weak convergence and the complexity analysis of the new
approach called the Proximal Subgradient Splitting (PSS) Method for minimizing the sum
of two nonsmooth and convex functions under standard assumptions (namely Assumptions
A1l and A2). It worth mentioning that, these kind of boundedness assumptions, are needed
even for the convergence analysis of the classical subgradient iteration, and hopefully its
relaxation will be addressed in future research. Adding that, in the iteration of the proposed
iteration, none of the functions need be differentiable or finite on H and, therefore, a broad
class of problems can be solved. PSS Method is very useful when the proximal operator of
f is complicated to evaluate and its (sub)gradient is simple to compute.

As future research, we will investigate variations of our scheme for solving structured
convex optimization problems with the aim of finding new methods, like the coordinate
gradient method, which have been proposed, for instance, in [36] only for the differentiable
case. We also look at the incremental subgradient method [28, 33] for problem (1), when
f is the sum of a large number of nonsmooth convex functions. The idea is to perform
subgradient iterations incrementally, by sequentially taking steps along the subgradients of
the component functions, followed by proximal steps. On the other hand, it is important
to mention that the main drawback of subgradient iterations is their slow rate of conver-
gence. However, subgradient methods are distinguished by their applicability, simplicity
and efficient use of memory, which is very important for large scale problems; especially
if the required accuracy for the solution is not too high; see, for instance, [34] and the
references therein. We also will intend to study fast and variable metric versions of the prox-
imal subgradient splitting method proposed here to achieve better performance, as in the
differentiable case; see [20].

Finally, we hope that this study serves as a basis for future research on other more
efficient variants on the proximal subgradient iteration, like cutting-plane method, e-
subgradients and proximal bundle method and its variations; see [28, 29, 40]. Moreover, in
future work we discuss useful modifications on the proximal subgradient iteration adding
conditional, ergodic and deflected techniques combining the ideas presented in [21, 30].
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