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Abstract In this paper, error bounds for y-paraconvex multifunctions are consid-
ered. A Robinson-Ursescu type Theorem is given in normed spaces. Some results on
the existence of global error bounds are presented. Perturbation error bounds are
also studied.
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1 Introduction

Since the pioneering works of Hoffman [17], the notion of (global) error bounds
plays an important role in variational analysis. Let X be a normed space, f: X —
R U {+00} a proper function, and let § = {x € X : f(x) < 0}. We always assume that
S #@. Let t >0,y > 0. We say that f has an error bound 7 of order y if for each
xe X,

dx, $) = ([ f(1",

where d(x, S) = inf{|jx — z| : z € S}, [ f(x)]+ = max{ f(x), 0}. Error bounds occur in
many consistence or optimization problems, and have important applications in the
convergence analysis of some algorithms and in the stability and sensitive analysis
of mathematical programming [35]. For these reasons, the study of error bounds
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has attracted the interest of many researchers [1-8, 10-44]. Today, there are vast
literature on error bounds. For more details, see the survey paper of Pang [35], and a
special issue of Mathematical Programming (Vol. 88, No. 2 (2000)) and the references
therein.

Recently, some researchers [1, 15, 18, 25, 27, 30, 43, 44] considered error bounds
for multifunctions. Let Y be a normed space and let F : X — 2¥ be a multifunction.
For a given b € F(X), an inclusion problem is to find a point X € X such that

b e F(@). (1.1)

For 7 > 0 and y > 0, we say that F has an error bound 7 of order y for the problem
(1.1) if for each x € X,

d(x, F'(b)) < z[d(b, F(x))",

where d(b, F(x)) is understood as +oo if F(x) = #. Li and Singer [27] considered
global error bounds of order 1 for convex multifunctions. They established some
existence theorems of global error bounds for F when F~!(b) is bounded, and they
also formulated the following conjecture when F~!(b) is unbounded.

Conjecture Let X and Y be Banach spaces, and F: X — 2¥ be a convex multi-
function with closed graph. Suppose that F~'(b) = A + C, where A is a bounded
convex set and C is a closed convex cone. If b € int(F (X)), then there existsa t > 0
such that for each x € X,

d(x, F7Y(b)) < td(b, F(x)).

Zalinescu [43], Zheng [44] gave positive answer to this conjecture by using
different methods, respectively.

Following [18, 37], we say that a multifunction F from a normed space X to a
normed space Y is called y-paraconvex (y > 0) if there is a constant r > 0 such that
forall x,u € X and all A € [0, 1],

AF(x)+ (1 =M F@) ¢ FOx+ (1 —Mu) +rmin{i, 1 — A}||lx — u||” By,

where By denotes the closed unit ball of Y. Clearly, a convex multifunction is a
y-paraconvex multifunction. However, the converse is not true. See Example 2.1
in [18].

In this paper, we consider global error bounds for y-paraconvex multifunctions
when F~!(b) is a unbounded convex set and both X and Y are infinite dimensional
normed spaces. First, we give a Robinson-Ursescu type theorem for y-paraconvex
multifunctions in normed space setting. Using these results, we establish several
existence theorems of error bounds of mixed order 1 and y for y-paraconvex
multifunctions, where error bounds of mixed order 1 and y means that there exist
7 > 0 and r > 0 such that for each x € X,

d(x, F7'(b)) < ©d(b, F(x)) + r[d(b, F(x))";

in particular, we give a positive answer to Li and Singer’s conjecture for y-
paraconvex multifunction. Finally, when the original system (1.1) undergoes small
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perturbation, we also study the existence of uniform error bounds of the system. Our
results extend the results in [30, 43, 44] from convex multifunctions to y-paraconvex
multifunctions.

Throughout this paper, unless stated otherwise, we let X and Y be normed
spaces, and F: X — 2¥ be a multifunction. The following notions are needed in
this paper. As usual, Dom(F) := {x € X : F(x) # ¢} denotes the domain of F. The
multifunction F is said to have closed values if F(x) is a closed subset of Y for each
x € X.For A C X, 3(A) denotes the boundary of A, diam(A) denotes the diameter
of A, where

diam(A) :=sup{|lx — y|| : x, y € A}
We also use aff(A) to denote the affine subspace generalized by A, that is,
aff(A) = {ta; + (1 — Ha, : a;,a, € Aand t > 0}.

Let B C Y, we define e(A, B) := supd(x, B). Note that when A, B are nonempty
xeA
sets we have that

d(x, B) <d(x,A)+e(A,B), VY xelX

Let b € Y and n > 0, we use B(b, n) to denote the closed ball with center b and
radius nin Y.

2 A Robinson-Ursescu Type Theorem for y-paraconvex Multifunctions

The following theorem gives a sufficient condition for existence of a local error
bound for y-paraconvex multifunctions, which plays an important role in our main
results.

Theorem 2.1 Let F have closed values. Let yy € F(X), xo € X, n > 0and § > 0. Sup-
pose that F~' is y-paraconvex and that B(yo, n) Naff(F(X)) € F(xo+ 8By). Then

d(x, F~'(yo)) <

d(yo, F(x
W(8+rny+llx—x0”)’ VxeX, 2.1)

where r is as in the definition of y-paraconvexity for F~".

Proof Let x € X. Without loss of generality, we may assume that F(x) # ¢ and
d(yo, F(x)) > 0 (otherwise Eq. 2.1 holds trivially). We divide x into two cases: the
case d(yo, F(x)) < n and the case d(yo, F(x)) > n to consider. For the case d(yy,
F(x)) <n,welete € (0,n — d(yo, F(x))). Then there exists z € F(x) such that

lyo — zll <&+ d(yo, F(x)) <n.
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Let y:=yo+ (0 —|lyo— zII)Hiz o> then y € B(yo, n) Naff(F(X)). By the assump-

tion, there exists a € X with |la]| <1 such that y e F(xo+ 8a). By the y-
paraconvexity of F~!,

”yo_z||(x0+8ﬁ)+<l— ||)’0—Z||>x
n n
o=zl oy >+(1 lyo - zu)F,l(z)
n n

—Z —Z —Z
EF,,<||yo,7 ||y+<1_||yon H>z>+r”y0n Ly — 217 By,

Noting that Wy +(1- ”y"in_z”)z = Yo, then there exists u € By such that

—Z _ < —Z
||)’0n ||(XO+M)+( ||YOn “>x_r“y077 Ly — 27w e F-1 000

Therefore,

d(x, F~'(y0))

—Z _ —Z —Z
e 1o ||(x0+8a)—<1—||y0 ||>x+r||)’0 Ly — 27
n n n
lyo — zll _
< y"T(nx— (X0 + 8a)| +rlly — zII")
yo — z|
< y"T(a +1x = xoll + 7(lly — yoll + llyo — zID7)
yo — z|
= )")T(s + l1x = xoll + 707 — llyo — 2l + Ilyo — zID¥)
”yon 1o =2 (s 1w~ xoll 4 )

d(yo, F
< w@_{_ lx — xoll + rn?).

Letting ¢ — 0", we have

d(yy, F
dix, F~'(yo)) < w«s F o+ lx = xol).

Now, we consider the case when d(yo, F(x)) > n. Since yo€ B(yp,n) N
aff(F (X)) € F(xo + 8 By), there exists v € X with ||v|| < 1 such that yy € F(xy + dv).
Therefore, xy + v € F~'(yp), and

d(x, F'(y0)) < llx — (x0 + 8v)|| < [lx — xoll + 8.
Since M > 1, it follows that

d(yo, F d(yg, F
dx, F () < M(le —xoll +6) < ww + 4 I = xol).
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Theorem 2.2 Let F have closed values, yy € F(X), xo € X, n > 0and § > 0. Suppose
that F~' is y-paraconvex and that B(yy, n) Naff(F(X)) € F(xo+ 8By). Let n; > 0,
m2 > 0 with 1 + 02 = n. Then for any y € B(yo, m) N aff(F(X)),

d(y, F(x))
2

d(x, F7'(y)) < G +my +x—xl), YxeX, (2.2)

where r is as in the definition of y-paraconvexity for F~".

Proof Let y € B(yo, n1) N aff(F(X)). Then, by assumption,
B(y, n2) Naff(F(X)) € B(yo, n) Naff(F(X)) € F(xo + 3 Bx).
Therefore Eq. 2.2 holds by Theorem 2.1 (replaced y, by y). ]

Remark 2.1 Theorem 2.1 and 2.2 are motivated by Robinson-Ursescu Theorem [36,
39] and [18, 25, 44]. In [18], under similar condition as Theorem 2.1, Huang conclude
that

d(yo, F(x))

d(x, F7! AL
(v F00) = 3050 Fo)

(8 +r(n +d(yo, F(x))” + llx — xolD)- (23)

Therefore, Eq. 2.1 can be viewed as a variation of Eq. 2.3. However, Eq. 2.1 can
not be deduced from Eq. 2.3 directly.

3 Global Error Bounds for y-paraconvex Multifunctions

Let X be a Banach space. Let K C X be a closed convex set. Following [30, 44], we
say that a subset A of K has the property (R) if K = A + K, where K® :={h €
X : K+th C Kforallt > 0}, the recession cone of K. If K= A + C, where C is a
convex cone, then A is a subset of K with property (R) since C € K.

The following lemma is cited from [30], which can be easily deduced from [30,
Lemma 2.1 and the proof of Theorem 3.1]. For completeness, we give a sketch proof
for it.

Lemma 3.1 Let K be a nonempty closed convex subset of a Banach space X and let
A be a subset of K with property (R). Let 6 € (0, 1). Then for each x € X \ K there
exists a € A N 3d(K) such that

dx+ (1 —Ma, K) > 0xd(x, K), Vi el0,+00).

Proof Let x € X\ K. By [30, Lemma 2.1], there exist a € A and ¢ € K* such that

a+ ic € 9(K) and

r-a-c € N}(a+ e, 6)

[x—a—cl
={lhe X:|h|=1,dla+ rc+sh, K)>0s,Vs >0}, VA € [0, +00).

It follows that

d(a—i—}\c—l—s roaze ,K) >0s, VA,s€l0,400).

lx—a—c|
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Letting s = A||lx — a — c||, we have
d(a+r(x —a), K) > 0r|lx —a—c|| > 0xd(x, K), VX € [0, +00).

It remains to show thata € 9(K). Indeed, ifa ¢ 9(K) then a € int(K), whencea + ¢ €
intK + K* C intK, a contradiction. O

The following corollary is a direct consequence of Lemma 3.1, since K itself has
the property (R) (applied to K in place of A).

Corollary 3.1 Let K be a nonempty closed convex subset of a Banach space X. Let
0 € (0, 1). Then for each x € X \ K there exist u € 9(K) such that

d(Ax + (1 —Mu, K) = 0rd(x, K), Vi € [0, +00).

For the remainder of this paper, we always assume that X is a Banach space and
Y is a normed space, and F : X — 2Y is a multifunction with closed values. we need
the following blanket assumptions:

Assumption1 b € F(X), F~! is a y-paraconvex multifunction, namely, for all y,
»eY,re(01),

AF 'y + A —=0F ' (y2) € F 'y + (1 — A)y2) +rmin{i, 1 — A}y, — ya2|l” By,

where r > 0.

Assumption 2 F~!(b) is a closed set, and A is a subset of F~!(b) with property (R),
that is,

Fl(b) = A+ (F'(b))™.

From Assumption 1, we easily see that F~!(y) is a convex set for all y € Y by
taking y; = y, = y,and for all » € (0, 1),

AF'(y) 4+ (1= F ' (y2) € F'(yr + (1 = M) y2) + rillyr — y211” By,

AF ' D+ A =0F ') S F 'Oy + (= A)y) +r(1 = V)|ly1 — ya|” Bx.

We first show that if F~! is y-paraconvex, then local error bounds for F imply
global error bounds for F.

Theorem 3.1 Let t > 0 and Assumption 1 and 2 hold. Suppose that for eacha € AN
d(F~Y(D)) there exists 8, > 0 such that

d(x, F-'(b)) < td(b, F(x)), Yxe€a+3,By,
Then
d(x, F7' (b)) < td(b, F(x)) + r[d(b, F(x))]", Vxe€ X. (3.1)
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Proof Let x € X. Without loss of generality, we may assume that F(x) # ¢ and
d(x, F~'(b)) > 0. Let 6 € (0, 1). Noting that F~'(b) is a closed convex subset of X,
by Lemma 3.1 there exists a € A N 3(F~!(b)) such that

dOux + (1 — Ma, F7'(b)) = 0rd(x, F~' (b)), Vi € [0, 4+00). (32)
Lete € (0, 1) and take y € F(x) such that
Ib — yll < d(b, F(x)) +e. (33)
Clearly, x € F~!(y). By Assumption 1, for all » € (0, 1), we have
M+ A =NaerF ')+ 1 -0)FYb)C F'ay+ (1 —1)b)+rr|y—b|”By.
Then there exists u; € By such that
ax+(1=a—rilly—bll"u, € F~'(Ly + (1 — 1)b),
and so
Ay+ (1 =2b e Fox+ (1 —=Ma—rir|ly—>b|"uy).
Since a € A N d(F~' (b)), by the assumption, there exists §, > 0 such that
d(v, F7'(b)) < td(b, F(v)), Yvea+5,By.
It follows that there exists A, € (0, 1) such that for all » € (0, A,),
dwx + (1 —=Ma —rally — b us, F~' (b))
<td®, Fox+ (1 = )a—rilly —bl|"uy))
<tlb — iy + (1= Vb)) = Tallb — yl. (3.4)
Since d(-, F~1(b)) is 1-Lipschitz on X [9], we have
d(ux + (1 = Ma, F~'(b))
<dx+ (1 —Aa—rilly —bll"u,, F~' (b))
+ IAx + (1 = Ma — (x + (1 = Va —rilly = b u)|l
<dOx+ A =2a—rilly—b u, F~' (b)) +rilly—b|". (35)
It follows from Egs. 3.1-3.7 that for all » € (0, A,),
10d(x, F~1(b)) < At(d(b, F(x) + &) +ri(d(b, F(x)) +¢)",
that is,
od(x, F~'(b)) < t(d(b, F(x)) + &) +r(d(b, F(x)) +¢)".

Letting ¢ — 0" and then letting ® — 1~, Eq. 3.1 is seen to hold. O

Theorem 3.2 Letn > 0,8 > 0 and Assumption 1 and 2 hold. Suppose that
B(b,n) Naff(F(X)) C F(a+8Bx), Yae ANJ(F'(b)). (3.6)
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Then

d(x, F7'(b)) < db, F(x)) +r[d(b, F(x))]", Vxe X. (3.7)

8+rn”
n
Proof In virtue of Eq. 3.6, Theorem 2.1 implies that for all x € X,
d®, F
e, Py = S+ =), (338)

Let ¢ > 0 be given. It follows from Eq. 3.8 that for all x € X with x € a + ¢By,
one has

dx, F1 by < 3O FOD (v o,
n

By Theorem 3.1, for all x € X, one has

d(x, F7'(b)) <

%d(b, F)) + rld(b, F)T.

Letting ¢ — 07, Eq. 3.7 is seen to hold. ]
In the special case when y = 1, we do not require that » and § in Eq. 3.6 are fixed.

Theorem 3.3 Let t > 0 and Assumption 1 (for y = 1) and 2 hold. Suppose that for
eacha e ANJ(F~' (b)) there exists §, > 0 such that

B, 8,) Naff(F(X)) € F(a+ t8,Bx)- (3.9)
Then

d(x, F-'(b)) < (t +2nd(b, F(x)), Vxe X. (3.10)

Proof In virtue of Eq. 3.9, Theorem 2.1 implies that for all x € X,

d(x, F71(b)) < w(réa + 78, + ||lx — al)). (3.11)

a

Let ¢ > 0 be given. It follows from Eq. 3.11 that for all x € X with x € a 4+ §,¢ By,
one has

dx, F(b)) < Wu% 8+ 8a8) = (T 47+ £)d(b, F(x)).

a

By Theorem 3.1, for all x € X, one has
d(x, F7'(b)) < (r +r+&)d(b, F(x)) + rd(b, F(x)).

Letting ¢ — 0%, Eq. 3.10 is seen to hold. a

Theorem 3.4 Let n > 0,8 >0 and Assumption 1 and 2 hold. Suppose that A is
bounded and there exists xo € X such that

B, n) Naff(F(X)) C F(xo+§Bx). (3.12)
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Then
d(x, F'(b)
LS d"“"Z(A) 400 A) 4. By 4+ db. FQ)P. Yxe X,
(3.13)
Proof In virtue of Eq. 3.12, Theorem 2.1 implies that for all x € X,
d(x, F~'(b)) < @(8 + " + llx — xol)- (3.14)

Let ¢ > 0 be given. Noting that A is bounded, then for eacha € AN3(F~1(b)) and
all x € X with x € a + ¢ By, we have

lx —xoll < llx —all + lla— vl + llv —xoll, Yu,veA,
and so,
lx — xol| <&+ diam(A) + d(xg, A).
It follows from Eq. 3.14 that

d(x, F'(b)) < w(a +ry?” + ¢ +diam(A) + d(xg, A)), Vxe€a+eBy.

By Theorem 3.1, we have

dx, F~(b))

< QO FO) 51 4y diam(A) + d(xo, A)) 4+ (B, F@), Ve X.

Letting ¢ — 071, Eq. 3.13 is seen to hold. ]

The following corollary gives a positive answer to Li and Singer’s conjecture for
y-paraconvex multifunctions.

Corollary 3.2 Let X and Y be Banach spaces, and let Assumption 1 and 2 hold.
Suppose that A is bounded and b € int(F(X)). Then there exists t > 0 such that

d(x, F7' (b)) < td(b, F(x)) + rld(b, F(x)))", Vxe X. (3.15)
Proof Since X and Y are Banach spaces, and b € int(F(X)), by [25, Theorem 2.2
and Remark], there exists xo € X, n > 0 and § > 0 such that
B(b,n) € F(xo+Bx).
By Theorem 3.4, we have

d(x, F~'(b))
- 8 +rnY + diam(A) + d(xg, A)
B n

d(b, F(x)) +rld(b, F(x))I”, Vxe X.
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1) Y 4+ diam(A) + d(xg, A .
Letting v := +r” + diam(A) + d(xo ), then Eq. 3.15 is seen to hold. O
n

It is well known that a convex function with a bounded sub-level set at a height
greater than its infimum has all sub-level sets bounded. The following proposition
generalizes this result to y-paraconvex multifunctions.

Proposition 3.1 Let Assumption 1 hold. Let n > 0, § > 0 and xo € X. Suppose that
B, n) Naff(F(X)) C F(xo+ 8Bx) and F~'(b) is a closed bounded set. Then F~" is
bounded on bounded set.

Proof Letp > 0.Lety € b + pBy. If F~!(y) = @, then F~!(y) is bounded. Now, we
assume that F~'(y) # @. Let x € F~'(y). By Theorem 3.4 (applied to F~!(b) in place
of A),

d(x, F7(b))
: -1 —1
- 8§ 4+ rn¥ + diam(F ;b)) + d(xg, F (b))d(b, F) + rid(b. Foo)J”
Y : —1 —1
- 8 + rn¥ + diam(F 7gb))—l—d(xo,F (b)) 16 = yll +llb — y|”
: -1 —1
- 8 +rn” + diam(F ;b)) +d(xo, F (b))p -~ (3.16)

Since for all u, v € F~1(b),
Xl < 11X = ull + fle — vl + o]l < x — ull + diam(F~" (b)) + [[v]],
we have
x|l < d(x, F~' (b)) + diam(F~' (b)) +d(0, F~'(b)).
It follows from Eq. 3.16 that

8+ ryp? + diam(F~' (b)) + d(xy, F~1(b)) )
n
+rp? + diam(F~ (b)) + d(0, F~' (b)),

Xl <

which implies that F~!(y) is bounded. O

Theorem 3.5 Let n > 0 and § > 0. Let assumption 1 hold. Suppose that e(F~'(b),
F~'(y)) < nforeveryy € b +8By. Then

N+ r2r s
5

d(x, F7'(b)) < d, F(x)) + %[d(b, F)t', vxeX.

Proof We first note that our hypothesis implies that b + § By C F(X).Letx € X.If
x € F'(b) or F(x) = ¢ the conclusion is obvious. Now, suppose that neither of these
situation holds. Let ¢ > 0 be given. Take y € F(x) such that

Ib =yl <d®, F(x)) +e.
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Let

ﬁ_<1+ 5 )b 5
v b — yll b —yl”

Obviously, |y — b|| = 8. Let x € F~'(). It follows from the y-paraconvexity of F~!
that

b=yl L
S+1b =y~ " S+1b—yl
b=yl 5 .
— P+ ————F ()
5+ 16—yl 5+ 16—yl
o b=yl ) b -yl
c n vr——— 5-yI”B
<8+ub—ywy s+ b —yl”) T e -y Y
. b —yll
CF'®b)+r——————|y—yl”Bx,
5+ 16—yl ¥
and hence, there exists u € By such that
b —yll B b —yll B
X xX—r ly—yllYue F(b).
S+ -yl s b -yl stib—y Y
Therefore,
d(x, F'(b))
b — ) b —
_Hx_<|| i L y””y_”mO’
S+1b =y~ s+Ib—yIT  s+b—yl
b=yl _ b -yl -
<— 2 |k —xll+r——— 5=yl
5+ 16—yl 5+ b — yl

d(b, F(x)) +¢
—84+db, Fx) +¢

(X = xl +rlly = I,

where the last inequality holds since ¢(f) = #t is increasing on [0, +00). Since

Y
=@+ 16—yl

I} I}
n‘—|V=HQ+>b— -
yoy b — yli -y’ 7
< @max{s, |b — y[)? = 2" max{s”. [b — y|"} <27 (5" + |b — y|")
<2V§Y +2¥V(d(b, F(x)) + &),
it follows that

db, F(x)) +¢

—1
d(x, F7 (b)) < §+d(b, F(x)) +¢

(Ix — x|l +72V8Y +r27(d(b, F(x)) + &)").
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Taking the infimum with respect to X € F~!(j), we obtain that

dx, F~'(b))
dob, F(x))+¢
T 8+db, F(x) +e
d(b, F(x)) +¢
T 8+db, F(x) +e
(dCx, F7' (b)) +e(F'(b), F7'(3)) +r278” 4+ r27(d(b, F(x)) + £)")
d(b, F(x)) +¢
T 8+db, F(x) +¢

(d(x, F7'(3)) 4+ 12787 +r27(d(b, F(x)) +¢)")

X

(dCx, F7' (b)) 4+ n +r278” +r27(d(b, F(x)) +¢)").

Letting ¢ — 0™, we have

—1 d(bz F(x)) —1 Y Y V4 Y
d(x, F71(b)) < 51d0. Fod) (dCx, FN (b)) +n + 12787 4+ 727 (d(b, F(x))"),
that is,
d(x, F71(b)) < ”ﬂsﬂ db, F(x)) + %[d(b, Flo)r .

4 Perturbation Analysis of Error Bounds

In this section, we provide sufficient conditions to ensure the existence of uniform
error bounds when original system (1.1) undergoes small perturbation.

Lemma 4.1 Let Assumption 1 and 2 hold. Let n > 0 and § > 0. Suppose that
B(b,n) C Fla+38Bx), Yae ANa(F ' (b)). (4.1)
Then for each ¢ € (0, 1),

BMb,(1—¢&)n) € F(z+ (1+¢€)38Bx), YzedF '(b)).

Proof Let z € 3(F~'(b)) and choose a € A and ¢ € (F~'(b))® such that z =a + c.
It is easy to see that a € 3(F~!(b)), and so a € ANI(F~'(b)). Let y € B(b, n). By
Eq. 4.1, there exists u € By such that y € F(a + du), and so a + du € F~'(y). Let
¢ € (0, 1) be given and choose A € (0, +00) such that

Y
~ LI S Ry (4.2)
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Since a + (1 + A)c € F~'(b), it follows from the y-paraconvexity of F~! that

o u= )+ —
— 00U = a u
ST IEY 1+ 1+

(a+ 1+ 2o

A |
F — F'®
CT ol OGP ®
A ! !
cFl (2 yr— b b—y|'B
= (l+ky+1+k )+r1+x” I Bx
A !
cFl (2 yr—p By
= (1+Ay+1+k )+r1+x'7 X

Then there exists v € By such that

+ 2 ) L e F! k + : b
— U —r—on ——y+—=b,
TT A 1" 1.7 "1

and so

A I )
oyt — b eF(z+—bu— y
et © <Z+1+x” T ”)

A 1
Cc F — —n” | B .
B <Z+<1+}~ +r1+)»n) X)
Since y € B(b, n) is arbitrary, we obtain that
A A 1 A 1
B(b,——n)=——B(@, ——bCF — V) By ).
( 1+An> T bbb s (Z+<1+/\ +r1+x"> X)

This and Eq. 4.2 imply that

B, (1 —¢&)n) € F(z+ (1 +¢6)3Bx).

[m}

Theorem 4.1 Let Assumption 1 and 2 hold. Let F~' have closed values. Let n > 0 and
8 > 0. Suppose that

B(b,n) € F(a+8Bx), Yae ANd(F L (b)). (4.3)
Then for each b’ € Y with |b’ —b| < n,
d(x, F71(b")
Y — r_ 14
L2+ ﬂ i % P . Foy + . Foopy. e x. (44)
7— b —

In particular, for each b’ € b + gBy,

d(x, F7'(b") <

w db'. F@) +rldb' Fo)l, YxeX.  (45)

Proof We need only prove Eq. 4.4 as Eq. 4.5 follows from Eq. 4.4 directly. Letb' € Y’
with ||b" — b < n. Let x € X. Without loss of generality, we may assume that x ¢
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F~'(b"yand F(x) # 0. Lete € (0,1 — ”VT”’”). Noting that F~!(b’) is a closed convex
set, by Corollary 3.1, there exists z € 3(F~!(b")) such that for each A € (0, 1),

Al —e)d(x, F7'(b") <dOx + (1 =Nz, FL(b)). (4.6)
By Eq. 4.3 and Theorem 3.2, we have

Y
d(z, Fpy) < 25

db, F(z)) +rld(b, F(2))

8 +rn?

=

b = b +rllb = b'|)”

A

S +rn”)+rm” =8+ 2ry".
Then there exists v € d(F~'(b)) such that

lz — vl <&+ 2rp".
For the above ¢, by Lemma 4.1 and Eq. 4.3, we have

B(b,(1—e)n) € Fo+(1+¢&38Bx)=F(z+@—2)+(1+¢&)35Bx)
C F(z+ 42" + (1 4+6)8)By).

Let B, := & + 2rn” + (1 + ¢)4, then
B, (1 —en—|b—=>b'l) S B, (1 —e)n) S F(z+ B:Bx).

It follows from Theorem 2.1 that for each w € X,

. d(b', F(w)) e
dw, F00) = S (e r(@ = e = b = ')+ fw = 2.
4.7)
Take y € F(x) such that
6" =yl < d(b', F(x)) +&. (4.8)

Clearly, x € F~'(y). By Assumption 1, for all » € (0, 1), we have

MA+(1—-—MNz e AF'M+ A —=0NF ')
C F'(y+ 1 —Mb") +rrlly —b'|l” Bx.

Then there exists u; € By such that
a4+ (1 —0z—rilly—b'"u, € F'(y+ (1 —1)b"),
and so

A4+ (1=0)b € Fox+ (1 =2z —rilly — b7 u).
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Replacing w in Eq. 4.7 by Ax + (1 — A)z — rA|ly — b'||Yu;,, we have

dx + A =Nz —rAlly =b'|["uy, F~'(b"))
_ 4@ FOx+ A =Mz —rily = b'lI"w)
B (I—en—1b=b|
[Be +r((1 —en—IIb" = b +lIAx+ (1 — M)z —rrlly = bV, — zll]
_ I =Gy + A =2b)
(I=em—1b-=0b]
X [Be+r((A—en—Ib" = bl +r(lx =zl +rly—>b"I")]

_ b=yl
(=em— b = bl

X

[Be+r((1 —e)n — 16" = b1 +1(l x =zl +rlly = b'I)].

(4.9
Since d(-, F~1(b)) is 1-Lipschitz on X [9], we have
dOx+ (1 =1z, F'(b)
<dGx+ 1=z =rilly =b'II'w., F'(b")
+lax+A=z—Qx+ A =z—rr]ly=>b'"w)l
<d@x+ (1 =0z =rally = bl us, F7H(B) +rally —b'II7. (4.10)
It follows from Eqgs. 4.6, 4.8, 4.9 and 4.10 that for all » € (0, 1),

AMdb', F(0) +¢)

1—&n—|b—b|

X [Be +r((1 =) — b = b +2(ll x — z| +r(d®’, F(x)) +¢))]
+ra(d®d’, F(x)) + ).

Al —e)d(x, F'(d))) < (

Dividing the above inequality by A and then letting A — 0, we have

(1 —e)d(x, F'(b")
d’, F(x)) + ¢
T (l—en—|b-b|

X [Be +r((1 —e)n —|Ib" = b )] +r(d®’, F(x)) +e)”.
Letting ¢ — 0%, Eq. 4.4 is seen to hold. ]

The following proposition proves that the converse of Theorem 4.1 is true.

Proposition 4.1 Lett > 0, n > 0 and y > 0. Suppose that for any b’ € b + n By,
d(x, F7'(b")) < td(b’', F(x)) + t[d(b’, F(x))]Y, Vxe€ X.
Then for each ¢ € (0, 1),

b+nBy C Fla+(1+et(n+n")Bx), Yae F'(b).
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Proof Let ¢ € (0, 1) be given. Leta € F~'(b). Then b € F(a). Let b’ € b + nBy, by
assumption, we have

d(a, F~'(b") < zd(b’, F(@)+t[d(b’, F(@)]” < t(Ib'=b| +Ib'=b|") < t(n+n"),
and so there exists x € F~!(b’) such that
la —xll < (1 + &)t +1n").
This implies that
b' e Fla+ (14+¢&)t(n+n")Bx),
and hence
b+nBy C Fla+(1+¢&)t(n+n")Bx).

[m}

Corollary 4.1 Let Assumption 1 and 2 hold. Let F~! have closed values. Let n > 0,
8 > 0and xo € X. Suppose that A is bounded and that

B(b,n) € F(xo+é§Bx). (4.11)
Then for each b’ € Y with |b" — b|| < n,
2d(xg, A) + 2diam(A) + 28 +2rn” +r(n — ||b’ — b|)”

dx, F'(b") < T d(b’, F(x))
+r[d(b’, F(x))Y, VxeX. (4.12)
In particular, for each b’ € b + 1 By,
d(x, F~'(b")
- 4d(xg, A) + 4diam(A) + 45 + 6rn” db'. F) 4 rld(b'. Fonl. Vxe X,

n
(4.13)
Proof Letae ANJ(F~'(b)). Thenforallu € A,
llxo —all < llxo — ull + llu — all < llxo — ull + diam(A),
and so,
llxo — all < d(xo, A) + diam(A).

It follows that

X € a + (d(xg, A) + diam(A))By.
Combined with Eq. 4.11, we have

B(b,n) C Fa+ (d(xg, A) + diam(A) +8)Bx), Vae ANIF'(b)).

Equations 4.12 and 4.13 now follows from Theorem 4.1. O
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