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Abstract We present a variational model for image denoising and/or texture iden-
tification. Noise and textures may be modelled as oscillating components of images.
The model involves a L?-data fitting term and a Tychonov-like regularization term.
We choose the BV? norm instead of the classical BV norm. Here BV? is the bounded
hessian function space that we define and describe. The main improvement is that we
do not observe staircasing effects any longer, during denoising process. Moreover,
texture extraction can be performed with the same method. We give existence results
and present a discretized problem. An algorithm close to the one set by Chambolle
(J Math Imaging Vis 20:89-97, 2004) is used: we prove convergence and present
numerical tests.
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1 Introduction

Variational models in image processing have been extensively studied during the past
decade. There are used for segmentation processes (geodesic or geometric contours)
and restoration purpose as well. We are mainly interested in the last item which
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278 M. Bergounioux, L. Piffet

involves denoising or deblurring methods and textures extraction as well. Roughly
speaking image restoration problems are severely ill posed and a Tychonov-like
regularization process is needed. The general form of such models consists in the
minimization of an “energy” functional:

Fu)=llu—usllx +Rw), ueYCX,

where X,Y are (real) Banach spaces, R is a regularization operator, uy is the
observed (or measured) image and u is the image to recover or to denoise. The first
term is the fitting data term and the second one permits to get a problem which is no
longer ill posed via a regularization process. The most famous model is the Rudin—
Osher-Fatemi denoising model (see [1, 16]). This model involves a regularization
term that preserves discontinuities, what a classical H!-Tychonov regularization
method does not. The observed image to recover is split in two parts u; =u+v
where u represents the oscillating component (noise or texture) and v is the smooth
part (often called the cartoon component). So we look for the solution as u + v with
v e BV(Q)andu € L*(R), where BV(Q) is the functions of bounded variation space
defined on an open set 2 [2, 4]. The regularization term involves only the cartoon
component v, while the remainder term u,; — v represents the noise to be minimized.
We get

1
. 2
min v + —llug —v , P
pon )M| lBv Q) 2|| d 1720 (Pror)

where u > 0. This problem has a unique solution in BV (£2). This functional space is
the good one to deal with discontinuous functions that imply that the derivative (in
the distribution sense) may be a measure (for example a Dirac measure).

This model is used for denoising purpose. However, the use of the BV norm im-
plies numerical perturbations. The computed solution turns to be piecewise constant
which is called the “staircasing effect”. Therefore, though noise can be successfully
removed, the solution is not satisfactory. This variational model has been improved
using different functional spaces, for the data fitting term or the regularizing term.

Recently people considered that an image can be decomposed into many compo-
nents, each component describing a particular property of the image ([5, 6, 17-19]
and references therein for example). We shall assume as well that the image we want
to recover from the data u,; can be decomposed as f = u + v where u and v are
functions that characterize different parts of f (see [6, 19, 22] for example).

Components « and v belong to different functional spaces: u is the non regular
part and belongs to L?($2) while v is a more regular part and belongs to BV?(2)
(that we define in the sequel). The remainder term u = f — v involves the oscillating
component (as noise and/or texture) and possibly contours. Such decompositions
have been already performed [5-7] using the so called Meyer-space of oscillating
functions G [15] instead of BV?(2). So far, the modelling we propose is not the same:
the oscillating component will be a priori included in the non regular remainder term
partu := f — v while v involves the cartoon. Our philosophy is different than the one
used in Meyer approach. Here we perform a second order analysis to get sharper
result so that we look for the smooth (cartoon) part. The oscillating part, texture
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A Second-Order Model for Image Denoising 279

and/or noise and possible contours will be part of the remainder term and are not
modelled a priori.

The paper is organized as follows: in the next section, we present the functional
framework and the space BV?(2) with useful properties. Section 3 is devoted to the
variational model. In Section 4, we focus on the discretization process. We present a
Chambolle [9] like algorithm in Section 5 and numerical tests are reported in the last
section.

2 The Space BV%(Q)

Let Q be an open bounded subset of R”, n > 2 (practically n = 2) smooth enough
(with the cone property and C! for example). Following Demengel [10], we define the
space of bounded hessian functions that we call BV?(R2). We first recall the definition
and the main properties of the space BV (2) of functions of bounded variation (see
[2, 4, 7] for example), defined by

BV(Q) ={ue L' (Q)| ®,(u) < +00},

where

Q) (u) = SUP{/Qu(X) divé (x) dx | § € CH(Q), Il < 1}- 1)

The space BV(R2), endowed with the norm |u| py(q) = |||l L1 + ®;(u), is a Banach
space. The derivative in the sense of distributions of every u € BV(Q2) is a bounded
Radon measure, denoted Du, and ®,(u) = fQ | Du| is the total variation of u. We
next recall standard properties of functions of bounded variation [2, 4].

Proposition 1 Let Q be an open subset of R" with Lipschitz boundary.

1. For every u € BV(RQ), the Radon measure Du can be decomposed into Du =
Vudx + D’u, where Vudx is the absolutely continuous part of Du with respect
of the Lebesgue measure and D*u is the singular part.

2. The mapping u > ®(u) is lower semi-continuous (denoted in short Isc) from

BV(Q) to R* for the L' (RQ) topology.

BV(Q) C L*(Q) with continuous embedding, if n = 2.

4. BV(2) C LP(2) with compact embedding, for every p € [1,2), ifn = 2.

w

Now we extend this definition to the second derivative (in the distributional
sense). Recall that the Sobolev space is defined as

W@ ={ue LY(Q) | Vue LY(Q)}

where Vu stands for the first order derivative of u (in the sense of distributions).
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280 M. Bergounioux, L. Piffet

Definition 1 A function u € W' () is Hessian bounded if

@3 (u) = sup {/ (Vi, div(E))ps | € € CHQ, R, [Ello < 1} < o0,
Q

where

div(§) = (div(§)), div(&2), . .., div(&n)), )

with
: | 22 . " gk
Vl’ Ei = (gl 3Gj 9 ey %',-") e R" and le(%'i) = E L

axy
k=1 Ik

BV?(Q) is defined as the space of W!!(Q) functions such that ®,(u) < 4oo0.

Remark 1 It V =R"™" ||&| = sup Z

xeQ

. 2
&)

i j=1

We give thereafter many useful properties of BV?(Q2) (proofs can be found in
[10, 20]).

Theorem 1 The space BV?(Q2) endowed with the following norm
Il vy = 1 fllwiig + P2(f) = 1 fll + 11V fllr + $2(/), 3)
where @, is given by Eq. 2, is a Banach space.

Proposition 2 A function u belongs to BV*(Q) if and only if ue WH'(Q) and
W e BV(Q) forie{l,...,n}. In particular

- ou
O2u) < )@, (5) <1 @y(u).
i=1 !

Remark 2 The previous result shows that
2 1,1 : du
BVA(Q) = {ue W@ [Vie(l,....n). o < BV(Q)}.
Xi

We get a lower semi-continuity result for the semi-norm &, as well.
Theorem 2 The operator ®, is lower semi-continuous from BV?(Q2) endowed with the

strong topology of W-1(Q) to R. More precisely, if {ux)ren is a sequence of BV*(RQ)
that strongly converges to u in W' (Q) then

D, (1) < liminf &, (uy).
k— o0
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A Second-Order Model for Image Denoising 281

Remark 3 In particular, if likminf dy(uy) < 0o, thenu € BV?(Q).
—00

We have embedding results as well:

Theorem 3 (Demengel [10]) Assume n > 2. Then

BVA(Q) < W'(Q) with ¢ < —'

4)

n—1’

with continuous embedding. Moreover the embedding is compact if q < ;5. In
particular

BVA(Q) < LUQ) for g < iz ifn>2 (5)

n
BV*(Q) — LY(Q), Vg e[l,00, if n=2. (6)

In the sequel, we set n = 2 and € is a subset of R?, so that BV?(Q) c H'(Q) with
continuous embedding and BV?(Q) ¢ W!!(Q) with compact embedding,.

3 The Variational Model

We now assume that the image we want to recover from the data u,; can be
decomposed as f =u + v where u and v are functions that characterize different
parts of f (see [6, 19, 22] for example). Components u and v belong to different
functional spaces: v is the (smooth) second order part and belongs to BV?(2) while
u is the remainder term that should involve noise and/or texture.

We consider the following cost functional defined on BV?(Q):

1
F@) = S llua = vl + 220) + 8lvllwe e, ()
where 1, § > 0. We are looking for a solution to the optimization problem
inf{ F(v) |ve BVX(Q)) (P)

The first term |lug — vllsz(Q) of F is the fitting data term. Here we have chosen
the L?-norm for simplicity but any L? norm can be used (p € [2, +00)). We shall
investigate in a future work the very case where p = 1; indeed we need to develop
an approximation process to deal with this additional non differentiable term.
Other terms are Tychonov-like regularization terms. The term A®;(v) + 8||vllwr (g
is nothing else that the BV?(R2) norm of v. However, we have split it because the
8-part is not useful from the modelling point of view. It is only necessary to prove
existence of solutions. We shall choose § = 0 for numerical tests.

If the image is noisy, the noise is considered as a texture and will be involved
in the remainder term u := uy; — v: more precisely v will be the part of the image
without the oscillating component, that is the denoised part and u is expected to
involve noise, contours (and part of texture). In the sequel we shall focus on the
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denoising process. Such an approach has already been used by Hinterberger and
Scherzer [14] with the BV?(Q) space. Their algorithm is different from the one we
use here. Note that if we decide to split the function we look for in more than two
components (f =u+ v+ w, where u is the texture part, v the cartoon and w the
noise for example, with appropriate models) then the minimization problem is a
structured optimization problem to which standard decomposition methods can be
applied (for example alternating minimization (Gauss Seidel) or parallel methods).
Therefore, the study of (P) is quite significant from this point of view. For parallel
methods one may consult [3].
First we give a general existence and uniqueness result for problem (P).

Theorem 4 Assume that A > 0 and § > 0. Problem ('P) has a unique solution v.

Proof We first prove existence by using the direct method in calculus of variations.
Let v, € BV*(Q) be a minimizing sequence, i.e.

lim F(v,) = inf{ F(v) | v € BV*(Q) } < 400.

The sequence (v,)nen is bounded in BV?(Q). With the compactness result of
Theorem 3, this yields that (v,),en strongly converges (up to a subsequence) in
WL(Q) to v* € BV?(Q). Theorem 2 gives the following:

@, (v*) < liminf ®5(v,).
n——+o00

So

F*) <liminf F(v,) = min F(v),
n—>+00 veBV2(Q)
and v* is a solution to (P). Uniqueness is straightforward with the strict convexity of
F due to the term |juy — U||2L2(Q)~ O

Remark 4 1t is an open question to know if we really need § > 0. We could expect
a Poincaré-Wirtinger inequality in the BV?(Q)-space which is not very difficult to
prove using appropriate “density” results. However, the boundary conditions we
have to add are not clear (we have to deal with “second order” Neumann boundary
conditions). It is not straightforward to get the suitable boundary conditions that
allow to assert that the semi-norm &, is equivalent to the BV?(Q)-norm. If we
assume § = 0 we are not sure to prove existence of a solution without additional
assumptions and we lose uniqueness.

4 The Discretized Problem

Problem (P) can be written equivalently as

. lleeg — v”iz(g) ~
Eér‘g(m — + ®2(v) +Slvllwri g, (P)
v
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A Second-Order Model for Image Denoising 283

where § has been replaced by % We are going to compute the solution numerically.
We first present the discretization process.

4.1 Discretization of Problem P

We assume for simplicity that the image is squared with size N x N. We note X :=
RN ~ RN endowed with the usual inner product and the associated Euclidean norm

oy = Y wgi lully:= [ Y u;. ()
1<i /<N 1<i, <N

Weset Y = X x X.Itis classical to define the discrete total variation as following
(see for example [7]): the discrete gradient of the numerical image u € X is Vu € Y:

(Vi = (V. (V2. ©)

where (Vu)il,j — [gi+1.i—ui.j g iz% and (Vu)fj — [gi,m —u;j g ;: x The

(discrete) total variation corresponding to ®;(u) is given by

L= > [(Vu,,l

I<i jSN

. (10)

2 2
1 2 1 2
where [[(Va), j| 5. = ” ((W)L (Vi) j) HR = \/ ((Vu)l-! ].) n ((Vu)l-‘ j) .
The discrete divergence operator div is the opposite of the adjoint operator of the
gradient operator V:

Y(p,u) €Y x X, (=div p,u)y = (p, Vu)y,
so that
pij= Py it 1<i<N [pi=pi, if 1<j<N
(div p); ;= pi{]. ifi=1 + pfj if j=1 (11)

—pl,; ifi=N -pli,  ifi=N.

To define a discrete version of the second order total variation ®, we have to intro-
duce the discrete Hessian operator. For any v € X, the Hessian matrix of v, denoted
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284 M. Bergounioux, L. Piffet

Hv is identified to a X* vector: (Hv); ; = ((Hv)}",, (Hv)}j-, (Hv)z;, (Hv)%%), with, for

everyi,j=1,..., N,

vl-+1,j—2v,-,j+v,-,1,]- if 1 <i<N,
11 L.

(Hv),-,j: Vigl,j — Vij if i= 1,

Vi—1,j — Vij ifi:N,

vi,jH—vi,j—vi_l,,ﬂ—i—vi_u lf1<l<N, 1<]< N,
(Hv)}5 =10 if i=1,

0 if i=N,

Vitl,j — Vijj — Vitl,j—1 + Vi j-1 if 1<i<N, 1< j<N,
(Hv);; =10 if i=1,

0 if i=N,

Vi jr1 — ZU[,j-i- Vi j—1 if 1 <j<N,

22 e -
(HU ij = U,‘,}'Jr] — U,‘,j if ]= 1,

Vi j—1 — Vij if ]= N.

The discrete second order total variation corresponding to ®,(v) is defined as

Lwy= > [(Hvijg- (12)

1<i, j<N

The discretized problem stands

g — vl
inf ————=2 + Jo(v) +8(v| + J1(v)), (Pa)

veX 2\

where

=Y vl

1<i j<N

In the finite dimensional case we have an existence result with § = 0.
Theorem 5 Problem (P,;) has a unique solution for every § > 0 and A > 0.

Proof The cost functional

_ ”ud -

2
v
Fy: > ||X+J2(v)+5(|v|+fl(v))’

is continuous and coercive because of the term |uy — v||%(. In addition it is strictly
convex so that we get the result. O

For numerical purpose we shall set § = 0. In fact, we have performed tests with

3 = 0 and very small § # 0 (as required by the theory to get a solution to problem
P): results were identical.
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A Second-Order Model for Image Denoising 285

In the sequel, we adapt the method by Chambolle in the BV (Q)-case, to the
second order framework. We briefly recall the original result of [9]. Consider the
finite dimensional optimization problem derived from the discretization of the ROF
model:

inf <J1(u) + %Ilud - u||2X) : P
The following result holds:
Proposition 3 The solution to (P)) is given by
u=uq— Pk (ua), (13)
where
Ki={divglgeY, ||gijlg <1 Vij=1-- N},
and P; g, is the orthogonal projector operator on AK.

We have a very similar result that we present in next sections. We first describe
the conjugate function of J,.

4.2 The J, Legendre-Fenchel Conjugate Function

As the function J; is positively homogeneous, the Legendre—Fenchel conjugate
J3(v) = sup (u, v) x — Jo(w),

is the characteristic function of a closed, convex set K

0 if ve K
+o00 else.

() =1gw) = {

As J3* = J,, we get Jo(v) = sup (v, u) y. We use the inner scalar product of X*:
uekK

(P, Q) x+ = Z (Pil,jqil,j +pia i+ P+ Piﬂ?/) ;
1<i, j<N

for every p = (p'. p?, p*. p*).a = (¢"'. ¢*. 4°. ¢*) € X*. So, for every v € X,

Jo(v) =sup (p, Hv) x4, (14)
peC

where the feasible set is

C={peX*||pijl|lg. <1.VI<i j<N}.
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Let us compute the adjoint operator of H (which is the discretized “second diver-
gence” operator) :

Vpe X', Yve X  (H*p,v)x = (p, Hv)xs.

We verify that H* : X* — X satisfies for every p = (p'!, p'2, p*', p*®) € X*

P}l],j - ZP;} + Pi1+11,,‘ if 1<i<N

ifi=1,
if i=N,

(H*p)i,j = pil-il—l,j - P,lt

11 11
Pi—1,j = Pij

pzi.fl —Zp?j-—i-pzi.ﬂ if 1<j<N,
+ P%’H - PtZ% if j=1,
P =5 it j=N,
P},?—l - lei - pilil,j—l +Pi1i1,j if 1 <i j<N,
Pitij— Pitij ifi=11<j<N,
pi{?’—l_pilj' ifi=N,1<j<N,
P — P if 1l<i<N, j=1,
I I it 1<i<N.j=N. ()
p}f],]‘ ifi=1, j=1,
_pil—%—l,/'—l ifi=1, j=N,
—p}j. ifi=N, j=1,
p}j_l if i=N, j=N,
Py = Phy = Pl Pl i L<ij< N,
p%ljﬂ—p%l/. ifi=1,1<j<N,
Py =P ifi=N,1<j<N,
pl‘2,1;'+l_pi211,/'+1 if l<i<N, j=1
pz‘z—ll,j_p%; if l<i<N, j=N,
p%hl ifi=1, j=1,
—pzll. ifi=1, j=N,
_pz?il,/+l ifi=N, j=1,
pl?_ll’j if i=N, j=N,
Theorem 6 The Legendre—Fenchel conjugate of I, is J5 = 1k, where
Ky:={H'p|peX* ||pijlg. <1. Viij=1,....N} CX. (16)
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Proof We have already mentioned that J; = 1x where K is of a non empty, closed,
convex set subset of X. We first show that K, C K. Let be v € K». The discretized
version of the definition of the second order total variation gives

Jo(v) = sup (§,v) x,
1359:¢

and (&, v) — Jo(v) < O for every & € K; and v € X. This gives for every v* € K,

J3(*) = sup (v*,v) — Jr(v) <0. (17)

vekK,

As J3 takes only one finite value, we get J5(v*) =0, which yields that v* € K.
Therefore, K, C K and as K is closed we finally obtain

Kz C K.
In particular

Jo(v) = sup (v, §) < sup (v, §) < sup (v, §) =sup (v, &) — J3(§) = J53"(v).
§eky gekK, seK teK

As J3* = J,, we have

sup (v, &) = sup (v, &) = sup (v, &) . (18)
tekKy ek, teK

Now, let us assume there exists v* € K such that v* ¢ K,. On may strictly separate v*
and the closed convex set K. There exists « € R and vy such that

(vo, v*) > @ > sup (vo, u).
uek,

We obtain

sup (vo, £) = (vo, v*) > & > sup (vo, u) = sup (vo, u),
ek uek, uekK

that gives a contradiction. We have proved that K = K,. As K, is closed we get
K =K. O

Remark 5 We proved the previous result for the convenience of the reader. Indeed,
one may note that J; is the support function of K, which is the conjugate function
of the indicator function 1, of K, (see [12] p. 19). Therefore, as K, is closed and
convex and J; is continuous we get J5 = 1*,}*2 = lg,.

4.3 Case Where § =0

Now we focus on the case where § = 0. Indeed, the §-term in Definition 7 was needed
as a tool in the infinite dimensional framework to prove existence of solutions to (P).
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However, we have seen that the finite dimensional problem has a solution even if
8 = 0, which is the most interesting case. The problem we have to solve turns to be

- lua — vl >
mip ——-—= + Jo(v). (P2

As in the BV-case (Proposition 3) we have a characterization of the solution.
Theorem 7 The solution v of (P7) verifies

v =g — Prk, (ua),
where P, , is the orthogonal projector operator on LK.

Proof The proof is similar to the one by Chambolle [9] but we give it for conve-
nience. The solution v to (P3) is characterized by

A

1
0ecd (Jz(v) + 55l - udng) =Y + 31, (v),

that is “=* € 9.J,(v). As J, is proper, convex and continuous, then
x prop

v € 3)r(v) &= v € dJ;(vY).

So
Ug—v Ug—v u;—v ug 1 Ug—v
€adJ; <— 0e—w+dJ; <—0¢€ ——+4+-3J; .
v2(k> U+2(A> AA+A2<A>
This means that w = ®=* is the solution to
1 ug ||2 1
in—|w—— —0J5(w).
min 3w - 5]+ 7o%w
As J; = 1, this implies that “4=* is the orthogonal projection of % on K :
Uug—v Uq
- (%)
’ LAWY
As P, (%) = %P)\Kz (uq), this ends the proof. O

5 A Fixed-Point Algorithm to Compute 3.J;

In [9] Chambolle proposed a fixed-point algorithm to compute P; g, (f) (and 3J1(f)).
Let us briefly recall the main idea that we use again in the BV? context. To compute
P, k,(f) we have to solve

min {[|Adiv p — uall | | pijllg. <1Vi.j=1,....N}. (19)
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A Second-Order Model for Image Denoising 289

that can be solved with a fixed-point method:

p’=0 (20a)

e PR TV P —ua/2))
Pij =7 + 7 [(V(div p" — ua/M))i

(20b)

R2
In addition, a convergence result is provided:

Theorem 8 ([9], Theorem 3.1) Assume that t satisfies v < 1/8. Then Adiv p" con-
verges to P,k (ug) as n — 4o00.

Remark 6 In [8] J.F. Aujol proves that the modified algorithm:
P’’=0 (21a)

P+t (Vdiv p* —ua/0);
max (1,

n+l __

Pij (21b)

P+ T (V(div pt —ua/2),

)

converges if 7 < 1/4.

We extend this result to the second-order case. To compute P;k, (1s) we have to
solve

min{||AH*p—ud||§( | pe X*, pl;,-”]?§4 -1<0,4j= l,...,N}. P)

Let us denote F(p) = |AH*p — uyl and
2 2 2 : ?
g = Il —1= (p13) + (P5) + (#21) + (22) - 1.

First order optimality conditions give the existence of Lagrange multipliers «; ;,
(i, ) € {1,..., N}*, such that

N
VE(p)+ ) @jVgii(p) =0, (22a)
i, j=1
a;;>0 and ;8 ;(p) =0, G j)e{l,..., N}*. (22b)

It is easy to see that VF(p) = 2AH [AH*p — u4] and that

N
> e Veiip) = 200 ((pl). 75 213 1))

~ 1<i j<N
i, j=1
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290 M. Bergounioux, L. Piffet

Therefore relations (22) are equivalent to

V1<i j<N (H[»H*p— ud])” +aipij =0, (23a)

V1 <, ] <N o >0 and ai,jgi,j(p) =0. (23b)

Let us compute the multipliers «; ; more precisely:

— Ifoz,;j > 0 then ||pi*i||R4 =1.
- IfOli.j:Othen (H[)\.H*p—ud])l,/:()

In both cases we get

VI<ijsN  ay=|(H[AHp—u))

iLj | Ra

and we finally obtain the following equality: V(i, j) € {1, ..., N},

(H [ p = wd), ([ p )

- pi,j =0. (24)
We use a semi-implicit gradient method to solve these equations, namely:

Choose t > 0, and

1. Setp’®=0,n=0
2. p"isknown. For (i, j) € {1,..., N}*, compute p;f]“ with

ply= i+ ((HH P —wa/a), + | (L = waia)), | pi)-
This is equivalent to
. pii—t (H[H*p" —ua/1r]),
l.jl = ! ! (25)

1+ r”(H [H*p" — ”d/)‘])i,j

R4

The algorithm step 7 is related to the adjoint operator H* norm that we call « in the
sequel and we first give a « estimate:

Lemma 1 The adjoint operator H* norm, « satisfies k < 8.

Proof The definition of x reads x = sup || H*p||.
Ipllxs<1

As | H*pllx = sup,es, 01 (H*'P.q)x and Yqe X*(H*p,q)y = (p, Hq) x:+ <
| Hqll x| pll x+, we get

|2 Pl < WHIIPI . 26)
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For any g € X*

2 2
| Hqll: = Z I:(QH—I,/' —2qij+ Gi-1.j) + (@ij1 — Gij — Gi1.j41 + Giz1.)
I<i <N

2 2
+(Gis1,j = Gij — Giv1.j-1 + Gij—1)” + (Gije1 — 2005+ qij1) ]

<4 Z [‘L2+1,j+q%j+qi2,j+qi2—1,/'+qz/+1 S AR R
1<i, j<N

VGV G TG T G TG+ qiz,j—l:l

< 4% 16 llgl%-

Finally ||| H||| < 8, and with relation (26), | H*pllx < 8 |||l x«- We deduce that k < 8
(and k2 < 64). i

Theorem 9 Let be v < 1/64. Then A (H*p"),, converges to P, g, (ugq) as n — +o0.

Proof Itis easy to check (by induction) that for every n > 0 and i, j,

Pyl < 1set
n > 0 and let be n" = (p" — p"*!)/z. Denote by (U,,), the sequence defined by:

Uy = |H*p" — ua/x|. Y= 0.

The outline of the proof is the following: we first prove that (U,), is a (nonnegative)
non increasing sequence and therefore it is convergent. The proof provides an
equality (29) that allows to show that the sequences (p"),, and (p™*!), have the same
cluster points which are the unique solution to a projection problem. Therefore the
whole sequence (p"), converges.

e  We first prove that (U,), is a non increasing sequence if t < 1/«? where « is the
norm of H*. We get

Upsr = | H* (" = o) — ua/x|)%
= (—rH*n" + (H*p" — ud/)L) ,—TH*n" + (H*p" — ud/A)>X
=U, -2t (H*nn, H*pn _ ud/)\)X + ,L,2H H*TI" 2

I

= U, — 2t (if", H[H*p" — ua/3]) yo + | H "5

<U, -t [2(77”, H[H* p" = ug/]) e — 7| "”Hi«t]

n 2
0| s

N
Z <2771 7 ]—]*p" _ ud/)h])l_’])]R4 —K’t
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292 M. Bergounioux, L. Piffet

As
n; = (H[H p"— ud/x])m. + 0}
with
piy= | (H [ H P = ua/2]), | Pl
we obtain

<2n:,, (H [H*pn _ ud/)\'])i,/'>R4 _ K2'L' . e

= <,,;§j, (H[H*p" — ud/x])l.y)w n (ng L (H[H " - ud/x])i,].)w

2
—Kk’7 772]‘ R = (773;, 77;?,’ - Pfj)RA
2
+ ((H[H P —uapp]), + ol (HUH " = wa2]), ) o]
n 2 n n * N 2
M| ge — <ni.j’ pi,j>R4 + H(H [H P = ”d/)‘])i,j RS
2
(et (H[H P = wa/2]), )=o)
n 2 n n * N 2
Mijllge — <ni.j’ pi,j>R4 + H(H [Hp" — ud/)‘])i,j RS
+ (pl’?/’ nlr,l/_ pgi>R4_K2t L] R4
* N 2 n 2
= (1 —«’1) ’7:] (H(H[Hp —Md/)»])i’/ RA—’,O,;,- R4>.
Finally
al 2 n 2 kN 2 n 2
Unit < Up—| Y=o at|+( | (9= wari]), | ~[en] ) | @D

ij=1

‘Pﬁrl H e ‘R4 < H(H [LH*p" = ua/2]), ; ‘ this yields that if < 1/«?2,

then the sequence (U,) is non increasing. Thus, the sequence (U,,),, is convergent
to some m. Moreover, relation (27) gives

0 <Z(1—K 7) r],] (28)

2
o

(It e,

a2 U, — U,y
Pi, =
rs T
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Passing to the limit in relation (28) gives

2

n n
n—-+o00 4~ nl’] R4 pl’]

i j=1

N 2
lim [(1 —k27) W)] =0. (29)
e Let us prove that we may extract a subsequence (p"*); of (p"), such that (p"*);
and (p™*1); have the same limit.
As (p"), is bounded, we call p one cluster point and (p"); the corresponding
subsequence of (p™), such that p" — p, as k — +oo. Let us call p’ the limit (up
to a subsequence) of p™*!'. We obtain with relation (25)

;4 + (” (H[HP"™ ua/2]), ;

_ pij— T (H[Hp— ”d/)‘])i,j
Lo (H [Hp = ua/i]),

=/

Pij (30)

R4

We note p et 1 the respective limits of p™ et n™ when k tends to +oco. With

Eq. 29, we obtain
2
lali)] o

> (a=eoli it (| (L5 ),

i j=1

As the terms of the sum are nonnegative, we get

2
Vioj (=0 i[5 =0 and (1[5~ wa/p]), )| = |72 =0

ij

- Ifk’t < 1,then7;; =0foralli j,andso p’ = p.
Pij| g = H (H[H*p - ud/)L])i,/.HR“, that is to say

— If«?t =1, then, for all i, j,

=/
Pij Re'

| ([ 5 = war]),, =@t s ),

This implies

R4

=0.

R4

Hp;,f' R 1 or H(H [H*l_’ - ud/)‘])i.j

S (CIESETA )
-1

o= 0, then relation (30) gives p; ; = pij.

=1, then

=/
p"’f’ R*

| ‘ﬁi,j—T(H[H*ﬁ_ud/)‘])i,j R¢

Ut o (H [Hp = ua/i]),

R4

[isllas + |7 (H [Hp = was2)),,

Vo (H [Hp = ua/i]),

R4

N

R4
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Fig. 1 Test images (“Shapes”
(size: 740 x 740) and “Lena”
(size: 512 x 512))

Fig. 2 Noisy images—white
Gaussian noise with standard

deviation o

@ Springer

therefore | p; |z, > 1 and (together with | p; j| 5. < 1) | pij|ge = 1. We
deduce that

Hﬁij -7 (H [H*I_’ - “d/)‘])i,/

|Pilg + e (H[HD = ua]),

R4= ‘ R4

Since triangular inequality turns to be an equality, there exists g € R*
so that

© (H[H*p —ua/A]), ;= Bpij.

(c) 0 =0.25 (SNR=16.90) (d) 0 =0.25 (SNR=18.82)
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(a) A =1 (SNR 23.04) (b) A =5 (SNR 28.63)

(d) A =25 (SNR 25.77) (e) A =100 (SNR 21.02) (f) 2 =500 (SNR 18.08)

Fig. 3 Solution v—standard deviation o = 0.15 — 5,000 iterations

-8
1+ B

As ‘ p;j| = 1, relation (30) implies Pij= g Pijs SO that

1-5
1+ B
1; this yields 8 < 0 and p; j = Dij-

Fig. 4 Solution v—standard
deviation o = 0.25 and
A =25 — 5,000 iterations

(a) Noisy: Lena (SNR16.9) (b) Noisy: Shapes (SNRIS 82)

(c) SNR : 25.5 (d) SNR : 31.04
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Fig. 5 Noisy images with
line—o = 0.15

Finally, p = p’, and

Vi, j

(a) Shape

(H[»H"p - ud])i,j + H (H[»H"p - ”d])i,j

(b) Lena |

R4 pi,j=0.

This is the Euler equation for (P"). Therefore p is a solution to (P’). With
uniqueness of the projection, we deduce that the sequence (A H* p"),, converges

to Pk, (itg). We conclude with Lemma 1 since © < 1/64 then © < 1/«2.

6 Numerical Results

[}

In this section we briefly present numerical tests for the denoising process. A full
comparison with existing methods will be performed in a forthcoming paper.

w00

o 100 zo0 ano 400 so0 700

(a) Noisy original line

ano

..... 700

(c) 500 iterations

o0

aoo ron soc

(d) 5000 iterations

400 so0 o0

Fig. 6 Sensitivity with respect to the number of iterations—o = 0.15, A = 50—slice of “Shapes”

image
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REREEERERE)

(a) Original slice

-, vl vl vha

(b) Noisy slice

=d vila wilar ke

(c) 10 iterations

— . -

(d) 100 iterations

1 Nw

el SE—

—

(e) 500 iterations

PN P W

ada

AN

L

A

.
T ~'\/J

ek

Fig.7 Sensitivity with respect to the number of iterations—o = 0.15, A = 15—slice of “Lena” image
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6.1 Examples

Throughout this section, we consider the following images (Fig. 1) that are degraded
with a white Gaussian noise with standard deviation o (Fig. 2).

We perform numerical tests with different values of o. In any case, we observe
that the model is quite efficient for image restoration. Moreover, we note that we
lose details information when parameter X increases, what was expected. However,

-
(b) Noisy slice
II
]
e _— | 4
s | ' |
(c) ROF model solution (SNR 23.82) (d) ROF model slice
i T
" | -
e | -
- | | | -
(18 1 | | ; r-I -
18 I
|
(e) BV 2model solution - (SNR 25.5) (f) BV 2 model slice

Fig. 8 Comparison between ROF and BV? models—o = 0.25, » = 25, 5,000 iterations

@ Springer



A Second-Order Model for Image Denoising 299

especially when the “observed” image is very noisy, we have a blurriness (subjective)
feeling, that we do not have when restoration is performed with the standard ROF
model. Checking what happens precisely on slices (lines) of the image (Fig. 8 for
example), we remark that the BV?-model keeps contour information pretty well,
anyway better than expected watching the image.

Numerical tests have been performed on different machines so that we cannot
report precisely on the CPU time. However, the result is quite satisfactory after few

- 20k -
- 150 -
- 100 -
] =t 4
n L] 4 - L L — |
r ] 0 7] ] (]
(a) ROF model - 50 iterations (b) BV 2model - 50 iterations
(c) ROF model - 300 iterations (d) BV 2model - 300 iterations
. = = = = = " " & * -
(e) ROF model - 500 iterations (f) BV model - 500 iterations

Fig. 9 Comparison between ROF and BV? models—o = 0.15, » = 15 (Lena slice)
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" L " L L

o 100 200 300 400 500 600 700 800

(a) Noisy image (b) Noisy slice

(c) ROF model image (d) ROF model slice

o |

- //

150

100}

st |

% o 20 %0 4o  sw  so o w0

(€) BV 2 model image (f) BV 2model slice

Fig. 10 Comparison between ROF and BV? models—o = 0.25, % = 50, 10,000 iterations

iterations so that the process is not too slow. In what follows, the stopping criterion
has been set to a maximal number of iterations itmax that can be chosen arbitrary
large. The algorithms have been implemented with MATLAB® software. We give

also the Signal to Noise Ratio (SNR):! SNR(v) = 20log,, (M), where u is the

[lu—vll; 2

IThere are different ways to compute this quantity with MATLAB®. We used the following syntax:
SNR = 20%1loglO (norm(u(:))/norm(u(:)-v(:))).
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bl T T T T T
= |- =
oo b -
|
el | | o
108 f -
e -
. Il I Il L 1
Tod Fob £ £ e

(a) Noisy slice

EEEED &

(b) Original slice

(c) BV 2 model - 50 iterations.

o oo Foo EL =00 woo

(d) BV 2 model - 5000 iterations.

(e) ROF model - 5000 iterations.

Fig. 11 Zoom on “Lena” slices—o = 0.25, A = 50
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302 M. Bergounioux, L. Piffet

expected image and v is the restored one. SNR (1) gives the observed SNR (with the
noisy input image).

We have performed tests for two o values. In the first example o = 0.15 and we
stopped after itmax =5,000 iterations (Fig. 3) and in the second case o = 0.25 (the
noise is more important). The noisy images are shown in Fig. 2.

6.2 Sensibility with Respect to A Parameter

As expected, we see on Fig. 3 that the smoothing process is more efficient when A is
large. For both images, the result is satisfactory for A ~ 25 (Fig. 4).

Fig. 12 Staircasing
effect—o = 0.25, A = 50,
10,000 iterations

(d) Zoom

(e) BV2 model image (f) Zoom
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6.3 Sensitivity with Respect to Iterations Number itmax

We fix A = 15 and o = 0.15 (Fig. 5). Figures 6 and 7 give the behavior of a slice
(line) during iterations (we can see more easily how noise is removed). The algorithm
converges well: the quality of restoration is improved as the number of iterations
grows. Noise is removed and contours are preserved.

" Lﬁ:& LW_ .v‘...iJ i‘ ! <
(e) Texture (uy— v) A =15 - 10 iterations (f) Texture (uy—v) A =35 - 30 iterations

Fig. 13 Texture extraction—rescaled texture image 1y — v at 10 and 15 iterations
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6.4 Comparison with the Classical Rudin—-Osher—Fatemi Model

It is well known that the ROF model makes staircasing effect appear, since the
resulting image is piecewise constant on large areas (Fig. 8). We first compare the
two models on test images that are not very noisy. In Fig. 9 we see that piecewise
constant areas appear with ROF, which is not the case with the BV? model. To focus
on this fact, we have selected a line of the image that meets contours (Fig. 10).

Figures 8 and 11 are obtained for A =25 and X = 50 respectively and 5,000
iterations. Figures 10 and 12 are obtained for 10,000 iterations and A = 50 and show
precisely what happens: the image restored with ROF is clearly piecewise constant,
and the BV? restored one seems to be blurred (Fig. 12). However, this is an optical
effect: considering a slice shows that the BV? model removes noise significantly
and contours are better preserved: the amplitude of high peaks that correspond to
contours is not changed, which is not the case in ROF-model (Fig. 11).

6.5 Texture Extraction

We do not report much on texture extraction process. The parameter tuning is
slightly different but the algorithm behaves similarly (see [11]). Many variational

(a) Cartoon v for A = 50 (b) Texture (ug— v) A= 50

(c) Texture (ug— v) A= 10 (d) Texture (ug— V)A =5

Fig. 14 Texture extraction—rescaled texture image 1y — v at 100 iterations
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methods have been developed for texture extraction (see [5, 6] and the references
therein). We shall precisely compare the BV? method to the existing ones in a
forthcoming paper. We present an example in Figs. 13 and 14.

7 Conclusion

The second order approach via the BV? space seems promising. Many improvements
have to be performed. The algorithm is still slow (though we get acceptable results
for quite few iterations >~ 30). We currently investigate the Nesterov- techniques to
speed up the method (see Weiss et al. [21] or Fadili and Peyré [13]). Moreover,
we have to look for modifications of the variational model using different norms
(for example the L' norm) for the fitting data term. Furthermore, coupling existing
techniques for texture extraction with the second order approach should give quite
performing results. This will be done in future works.
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