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Abstract The Filippov—Wazewski relaxation theorem describes when the set of
solutions to a differential inclusion is dense in the set of solutions to the relaxed
(convexified) differential inclusion. This paper establishes relaxation results for a
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734 C. Cai et al.

1 Introduction

The Filippov—Wazewski relaxation theorem describes when solutions to a differen-
tial inclusion

z(t) € F(z(t)) for almost all ¢ € [0, T, (1)

form a dense subset, in the uniform metric, of the set of solutions to a relaxed
differential inclusion

z(t) € con F(z(1)) for almost all ¢ € [0, T]. (2)

In Eq. 2, con F(z) stands for the closed convex hull of F(z), and the key assumption
of the relaxation result is that F be Lipschitz continuous (in the sense of set-valued
mappings). The goal of this paper is to extend the relaxation result to the setting of
hybrid inclusions.

Hybrid inclusions are a convenient framework for modeling and analysis of
hybrid dynamical systems. Such systems combine continuous evolution (flow) of their
states with discontinuous evolution (jumps), and are abundant in applications. In
particular, they result from applying hybrid feedback to (nonhybrid) control systems,
as required by the pursuit of robustness of feedback to measurement error; see, for
example, [11, 21, 27, 28, 32].

Following [15, 16], we work with hybrid inclusions that can be symbolically
written as

x e Fx) x eC
xTeGkx) x e D

H: 3)

That is, the state x can flow according to the flow map F when it is in the flow set C,
and it can also jump according to the jump map G from the jump set D. A precise
definition of a solution to H is stated in Section 2. We note that closely related models
of hybrid inclusions or “hybrid automata” can be found, for example, in [4, 6, 7, 12,
25]. See also Section 7.

By a relaxed hybrid inclusion we understand

x econF(x) xeC
xt e G(x) xeD

{con . (4)

That is, the relaxed hybrid inclusion H®" is obtained from the original H by
convexification of the flow map F.! We are interested in describing when solutions
to H are dense in the set of solutions to H", with respect to graphical distance. Such

I Convexification of F represents the consideration of generalized solutions to the differential inclu-
sion a la Krasovskii; see [24]. Such generalized solutions reflect the effect of vanishing perturbations
on the inclusion, and as such, agree with generalized solutions a la Hermes; see [18] and [17].
Corresponding notions of generalized solutions to difference equations or inclusions do not lead
to convexification of the right-hand side, and thus, convexification of G is not considered; see [23]
(the same comments apply to generalized solutions for hybrid systems; see [30]).
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Relaxation results for hybrid inclusions 735

a distance notion measures the distance between solutions of hybrid systems as the
distance between their graphs, appears as a natural and appropriate notion to use for
hybrid systems (see [15, 16, 25, 30] for some of its applications), and is closely related
to Skorokhod topology applied to solutions to hybrid systems (as used, for example,
by [7, 12]). In particular, solutions to two hybrid systems can be close to one another,
in the graphical distance, even if their domains are not the same; this is particularly
important in the hybrid setting (see Example 4.9).

One of the motivations for the pursuit of hybrid relaxation results is the analysis
of stability properties for hybrid systems, including hybrid systems resulting from
application of hybrid feedback algorithms to (classical) nonlinear control systems.
For example, the classical Filippov—Wazewski relaxation theorem was the key com-
ponent in deriving Lyapunov equivalent characterizations of input-to-state stability
(see [33, Theorem 1]), a concept that has proven valuable in studying robustness of
asymptotic stability in nonlinear control systems (see [31] and references therein).
Studying this concept in the hybrid setting yields a natural motivation for hybrid
relaxation results.

Obviously, a hybrid relaxation theorem will require the flow map F to be
Lipschitz continuous. However, this will be far from sufficient: the geometry of the
flow and jump sets, viability properties of the flow set under the flow map, and
(semi)continuity of the jump map G will all be relevant. In particular, conditions
involving the flow map and tangent cones to the flow set and the jump set will be
required (similar conditions have been used in the analysis of capture basins and
periodic solutions to hybrid systems in [4, 5]).

A special case of the hybrid system (3) and its relaxed version (4) is the constrained
differential inclusion x € F(x), x € C and its relaxed version x € con F(x), x € C.
Sufficient conditions for relaxation in such a case do exist in the literature; see [14]
and the references therein. The conditions in [14] exclude the existence of points on
the boundary of C at which F(x) is outward pointing. As such points often exist in
hybrid systems, we propose conditions for hybrid relaxation that in the special case
of constrained inclusions yield an alternative to the conditions of [14].

The relaxation theorem will also lead to results on continuous dependence of the
solution sets to hybrid inclusions on initial conditions (these are new even for the case
of the flow and the jump maps being functions). Mild assumptions on the regularity
of the data of H ensure that, for the relaxed hybrid inclusion H", this dependence
is outer (or upper) semicontinuous: the limit of a graphically convergent sequence of
solutions to H" is a solution to H"; see [16] (the said mild assumptions are in part
motivated by accounting for the effects of measurement error in a general hybrid
control system; see [30]). The relaxation results, thanks to the fact that solutions to
'H are solutions to ", will imply under stronger assumptions that each solution to
He°™ with initial point & can be approximated by a solution to H" from any initial
point close enough to &. This is exactly inner (or lower) semicontinuous dependence
of solution sets to H" on initial conditions, which, combined with the generically
present outer semicontinuous dependence, leads to continuous dependence. Related
results on continuous dependence appeared, under quite restrictive conditions, in
[1, 25, 34], and, in a setting more related to the current one, in [7] (still, [7] excluded
multiple jumps at an instant and the flows were unconstrained).

A preliminary report on the results of this paper appeared as a conference
note [8].
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2 Preliminaries
2.1 Hybrid Systems

Following [16], we now make the concept of a solution to the hybrid inclusion H in
Eq. 3 precise (similar concepts of a solution, and the use of generalized time domains,
can be also found, for example, in [4, 6, 12]). A subset S C R>( x N is a compact
hybrid time domain if S = Uf;(} ([tj. tj+1], J) for some finite sequence of times 0 =
thy <t <tp..<ty(here, R>y=1[0,00) and N={0,1,2,...}). The set S'is a hybrid
time domain if for all (T, J) € S, S N ([0, T] x {0, 1, ...J}) is a compact hybrid time
domain; equivalently, if S is a union of a finite or infinite sequence of intervals
[tj, tir1] x {j}, with the last interval, if it exists, possibly of the form [¢;, T') with T finite
or T'= +oo. For any hybrid time domain S, sup, S = sup{z| 3jwith (z, j) € S},sup; S =
sup{j| 3t with (¢, j) € S}, sup S = (sup, S, sup; S), and length § = sup, S + sup; S. For a
compact hybrid time domain, the suprema are in fact maxima.

A function x : § — R”" is a hybrid arc if S is a hybrid time domain and ¢ — x(t, j)
is locally absolutely continuous for each j e N. Given a hybrid arc x, we will write
dom x for the domain of x.

As suggested by Eq. 3, the data of the hybrid inclusion includes the flow map
F, the flow set C, the jump map G, the jump set D, and will also include the state
space O. Technical assumptions on the data will be given when needed; the general
assumptions, in force throughout the paper, are as follows.

Standing Assumption

e Theset O c R"is open;

e The sets C and D are subsets of O;

e F:0O = R"is aset-valued mapping with nonempty and compact values;

e G: 0O =3 R"is aset-valued mapping.

A hybrid arc x : domx — O is a solution to the hybrid system H if x(0,0) €
CU D and:

(S1) Forall j € N and almost all ¢ such that (¢, j) € domx,

x(t, j)eC, Xt j)e Fx(t j)); S))
(S2) Forall (¢, j) € domx such that (z, j+ 1) € domx,
x(t,j)e D,  x(t j+1) € Gx(t, j)). (6)

A solution is called compact if its graph is compact (equivalently, if its domain is
compact) and complete if its domain is unbounded.

2.2 Graph Distance
Given a closed unit ball B ¢ R¥ in some norm and two sets S;, S, C R¥, the
Pompeiu-Hausdorff distance between S, and S, is

d(S1,S) =inf{n >0|S;, C S+ 1B, S, C S1 +nB}.

If, given a sequence of sets S;, we have d(S;, S) — 0 as i — oo for some set S,
then the sets S; converge to S (for sequential definitions of set convergence, see

@ Springer



Relaxation results for hybrid inclusions 737

[29, Chapter 4]). The converse is not true, unless all S;’s and S are contained in
some bounded set; see [29, Example 4.13]. Given two (set-valued or not) mappings
M, M,: R! = R™, the graphical distance between M, and M, is

dgph(Ml, M>) = d(gph M, gph M),

where d(-, -) is the Pompeiu-Hausdorff distance in R/ x R”.

We will be particularly interested in set-valued mappings from R? to R”" (hybrid
arcs can be understood in that way). For convenience, we will consider B C R"+?
given by B' x B' x B", where B' and B" are Euclidean balls in R and R”
(we will usually skip the superscript, and write BB for the Euclidean ball in the
appropriate, from the context, space). In other words, B is the unit ball in the
norm max{|«|, |B], Y|} for «, B € R, y € R". Here and in what follows, | -] is
the Euclidean norm in the appropriate space (usually R").

Consider the condition

lt—=sl<e |x@)—y6 DI <e (7

Given two hybrid arcs x: domx — R", y:domy — R" and ¢ < 1, dgpn(x, y) < ¢ if
and only if

e Foreach (¢, j) € dom x there exists (s, j) € dom y such that Eq. 7 holds, and
e Foreach (s, j) € dom y there exists (¢, j) € dom x such that Eq. 7 holds.

(If & > 1 is considered, dgpn (¥, y) < ¢ translates to inequalities involving x(¢, j) and
y(s, j') with j # j’; in contrast to the inequality in Eq. 7.)

2.3 Filippov—Wazewski Theorem

The version of the Filippov—Wazewski relaxation theorem given below is a direct
combination of [13, Theorem 1] and [3, Chapter 2, Section 4, Theorem 2] (cf. [13,
Theorem 3]). A set-valued mapping I': R” = R" is locally Lipschitz continuous if
for each x € R” there exists a neighborhood U of x and a constant L > 0 such that
foreachx',x" e U,I'(x') c I'(x") + L||x' — x"|| BB.

Theorem 2.1 Let I': R" = R" be locally Lipschitz continuous and have nonempty
and compact values. For any absolutely continuous z: [0, T] — R”" such that z(t) €
conI'(z(?)) for almost all t € [0, T] and any ¢ > 0 there exists § > 0 such that, for any
Yo € z(0) + 8 B, there exists an absolutely continuous y: [0, T] — R" such that y(0) =
yo, Y(®) € T(y(®)) and ||z(t) — y(®)|| < & for almost all t € [0, T].

The conclusion of the theorem could in fact be termed “strong relaxation”, to
underline that appropriate solutions to the inclusion y(r) € I'(y(¢)) exist from all
initial points sufficiently close to z(0), rather than just from some initial point. Such
distinction will become particularly important in the hybrid setting.

To see how the conclusions of Theorem 2.1 fail in absence of local Lipschitz
continuity of I', it is enough to consider the case of I': R — R being a function
given by I'(z) = 4/|z|. Local Lipschitz continuity is, in general, necessary even if the
conclusions of the theorem above are weakened to say that for any ¢ there exists
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738 C. Cai et al.

y: [0, T] — R" such that y(f) € T'(y(¢)) and || z(t) — y(®)|| < ¢ for almost all z € [0, T7,
without restricting the initial value y(0). An example to this effect was given by [26];
see also the example in [3, Chapter 2, Section 4].

3 General Hybrid Relaxation Results

We begin by describing some possible failures of relaxation for the case of hybrid
systems. These are due to the relationship between the flow map F, the flow set C,
and the jump set D rather than the lack of regularity in F or in the jump map G. Of
course, continuity of G has bearing on relaxation; this is addressed in some detail in
Remarks 3.5 and 6.5.

(a) The presence of the constraint z € C during flows may prohibit the very
existence of any solutions to z € F(z) even if solutions to the relaxed inclusion
Z € con F(z) satisfying the constraint do exist. For example, in R let C = {0},
F(&) ={—1,1} for all £ € R. The relaxed inclusion z € con F(z) has a unique
constant solution that remains in C but this solution does not satisfy z € F(z).
It can also happen that solutions to the inclusion z € F(z) exist and remain in C
but only on time intervals far shorter than the solutions to the relaxed inclusion.

(b) Solutions to the relaxed inclusion % € con F(x) can graze D, making a jump
possible, even when all nearby solutions to x € F(x) flow by D. For example, in
R3, let

C=R, D={:¢eR’|& >1,6 <0}, F& =(1.&.{-1,1}),

with (0, 0,0) € G(1, 0, 0) and otherwise arbitrary G. For the initial condition
£ = (0,0, 0), the relaxed hybrid system in Eq. 4 has a “periodic” solution that
flows from £° to (1, 0, 0), jumps back to £°, flows again to (1, 0, 0), etc. Any solu-
tion to the non-relaxed system (3) is strictly increasing in the second coordinate
during flow. Thus, only solutions x with x,(0, 0) < 0 can satisfy x,(¢,0) € D for
some ¢ > 0. If such a solution then jumps, x» (¢, 1) = 0, consequently x,(¢’, 1) > 0
for all ¢’ > t, and the solution never intersects D again. In short, solutions to
Eq. 4 jump at most once, and in particular, no solutions to Eq. 3 are close (in
the graphical distance) to the mentioned periodic solution to the relaxed system
4).

(c) Solutions to the relaxed inclusion x € con F(x) hit the boundary of C, cannot
flow further while remaining in C, but also hit D and lead to a solution to the
relaxed hybrid system in Eq. 4 that then jumps, even when nearby solutions
to x € F(x) also flow out of C but do not hit D. For example, alter the system
in (b) above to have C = {¢£ € R?|& < 1}. The “periodic” solution to Eq. 4
mentioned in (b) still exists, while all solutions to Eq. 3 cease to exist in time
about 1 without ever jumping, or in time about 2 after jumping once.

Related examples can be found in [8] (see also Examples 5.3 and 5.4 for failures of
“infinite time horizon” relaxation).

We will say that a hybrid arc x initially flows if for some ¢ > 0, [0, €] x {0} C dom x,
and initially jumps if (1,0) € dom x.
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Definition 3.1 Given x, € C U D, strong relaxation for initially flowing (respectively,
initially jumping) solutions from x, relative to C (respectively, relative to D) is
possible if

for any compact solution x: domx — R” to H" with x(0, 0) = x that initially
flows (respectively, that initially jumps) and for any ¢ > 0, there exists § > 0 such
that for any yy € (x(0, 0) + 8 B) N C (respectively, for any y, € (x(0,0) +3B) N
D) there exist a hybrid arc y: dom y — R” with compact dom y and y(0, 0) = y,
that is a solution to H and dgpn(x, y) < &, and moreover, if x(T, J) € D, where
(T, J) = maxdom x, then y(r, J) € D, where (7, /) = maxdom y.

A natural example of systems where the strong relaxation for initially flowing or
initially jumping solutions is possible provided by systems in which the flow dynamics
governed by a nonconvex inclusion are in a sense separated from the dynamics and
jump maps governing the jumps (for such systems, one could abandon graphical
distance and rely on uniform distance, as the hybrid domains of a solution to H"
and of a “nearby” solution to H turn out the same, and rely on the Filippov—-
Wazewski result, Theorem 2.1 to deduce relaxation. An illustration of when the
domains are necessarily different and the uniform distance is not adequate will be
given in Example 4.9). Such hybrid systems arise in hybrid modeling of so-called
switching systems. We give some details in the following example.

Example 3.2 Let O; € R™, O, € R™ be open sets; ¢ be a positive integer; Q =
{1,2,....q} let F;: O, = R", g e Q, and Fy: O, = R™ be set-valued mappings
with nonempty and compact values, with the values of Fj also being convex; C*, DY
be subsets of O,; and finally, Go: O, = R™ be a set-valued mapping. Consider a
hybrid system

XEFq(x)s ).’EFO()’% yecy
g € Q, y"=Goy), ye D’

®)

on the state space O; x O, x R and with the variable (x,y, q). The “discrete”
variable ¢ remains constant during flows, the variable x remains constant during
jumps, and the variable determining the times of jumps, y, may change during both
flows and jumps.

Such a system can be cast in the form Eq. 3. Indeed, one considers the flow map
(Fy(x), Fy(y),0), the flowset O x C¥ x Q, the jump map (x, Go(y), Q), and the jump
set O x DY x Q.

Suppose that, for each g € Q, continuous time relaxation is possible for X € F, (x)
(in the sense that the conclusions of Theorem 2.1 hold), as is guaranteed if F, is
locally Lipschitz. It is straightforward to verify that strong relaxation for initially
flowing (respectively, initially jumping) solutions relative to C (respectively, relative
to D) is possible, for any initial point.

A special case of Eq. 8 is provided by the system

xeFy(x), t=1, teC’
gteQ, tm=0, teD’

)
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740 C. Cai et al.

where the variable is the triple (x, 7, g) and t is a real-valued “timer” variable. With
C" =0, T] and D = {T} for some T > 0, the solutions to this hybrid system with
7(0, 0) = 0 correspond to switching between vector fields F;, every T units of time.
When C* = [0, 00) and D* = [T, 00), the times in between switches are at least 7.
Such a case is sometimes referred to as “dwell-time switching with dwell-time 7’; see,
for example, [19] for details on these, and other kinds of “switching signals”. Strong
relaxation for initially flowing (respectively, initially jumping) solutions relative to
C (respectively, relative to D) is then possible for Eq. 9 as long as, for each g € Q,
continuous time relaxation is possible for X € F;(x), in the sense of Theorem 2.1
(further special cases of Eq. 8, with a slightly more involved “timer” dynamics, also
model average dwell-time and reverse average dwell-time switching signals; see [20].
The conclusion about relaxation still applies to those cases).

The same conclusion can be made for Eq. 8 if additional state constraints are
present, that is, the following system is considered:

X e Fyx), ye Fo(y), xeCy, ye
gt € Q, yr=Go(y), ye DY

and for each g € Q, the map F, and the set C, meet the sufficient conditions for
continuous-time relaxation with constraints as given in [14], a simple version of which
is stated in [14, Lemma 4.1].

Now, we state a hybrid relaxation result that involves assumptions on the continu-
ity of the jump map G and on some general properties of solutions of the differential
inclusion given by the flow map F, constrained by the flow set C, and having a “target
set” D. Later, sufficient conditions for the said general properties of F, C, and D will
be given in terms of F and the tangent cones to C and D.

The following two differential inclusions will play a role in the analysis: the relaxed
constrained inclusion

z(t) e con F(z(t)), z(t) e C foralmostallt e [0, T], (10)
and the constrained inclusion
y(t) € F(y(®), y@) € C foralmostallte [0, 7]. (11)

Also, the following property of certain mappings will be used: a set-valued mapping
A: O = R" is inner semicontinuous relative to D if for any x € D, any sequence
x; — x with x; € D, and any y € A(x) there exist y; € A(x;) such that y = lim y;.

Assumption 3.3 The hybrid system H satisfies the hybrid relaxation conditions, i.e.,
(a) The mappings G"¢, G"P, G\: O = R" defined at each & € O by
G =GENC, G"PE=GEND, G'E=GEN[O\(CUD)] (12)

are inner semicontinuous relative to D;

(b) Continuous-time strong relaxation with constraints and a target is possible,
that is, for any absolutely continuous z: [0, T] — R” that is a solution to the
relaxed constrained inclusion (10) and any ¢ > 0, there exists § > 0 such that for
any yo € (z(0) + 8 B) N C there exists an absolutely continuous y: [0, 7] — R”
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Relaxation results for hybrid inclusions 741

with y(0)=y, that is a solution to the constrained inclusion (11) such that
dgph(z, ¥) < €, and if additionally z(T) € D then also y(r) € D.

The term “strong relaxation” in Assumption 3.3 (b) is used to differentiate that
assumption from what could be termed “weak relaxation”, which, for any z: [0, T] —
R”" that is a solution to Eq. 10 and any ¢ > 0, would call for the existence of
y: [0, 7] — R” that is a solution to Eq. 11 such that dgpn(z, y) < ¢, and if additionally
z(T) € D then also y(t) € D.

Theorem 3.4 Suppose that the hybrid system H satisfies the hybrid relaxation con-
ditions. Then, for any xy € C U D, strong relaxation for initially flowing (respectively,
initially jumping) solutions from x relative to C (respectively, relative to D) is possible
(in the sense of Definition 3.1).

Proof The proof will be an induction on the number of jumps for x. Let J =
max;domx. If / =0 (so no jumps) and x initially flows then the conclusion of the
theorem reduces to assumption (b) [in the special case of J = 0 and x not initially
flowing, x is a trivial hybrid arc (i.e., domx = (0, 0)) and the conclusions of the
theorem are satisfied with ¢ = § and by considering trivial arcs y with dom y = (0, 0)
and given by y(0, 0) = yo]. Now take any J > 1 and suppose that the conclusion of
the theorem is valid for all hybrid arcs x'(-, -) with compact domains and such that
max;domx’ = J — 1. Pick ¢ > 0 small enough so that rgex + B C O, and let M be
abound on F on (rgex + ¢B) N C. Let

J

domx = U [t tj1] x {j}-
j=0

Suppose first that t; = t7,,. If x(¢;, J) € C (respectively, x(t;, J) € Dorx(t;,J) ¢
C U D), then by inner semicontinuity of G"¢ (respectively, of G"P or G'), we have
the existence of §; € (0, ¢) such that for all z € x(t;, J — 1) + &, IB there exists 7’ €
G"C(z) (respectively, 77 € G"P(z) or 7/ € G\(z)) such that z’ € x(¢;, J) + ¢B. Now
let X’ be a truncation of x to dom x’ = U;;(; [tj, tjy1] x {j}. Of course, x is a solution to
‘Hee" and x'(t;, J — 1) € D. Pick 8, € (0, 8,/(1 + 2M)). By the inductive assumption,
there exists § > 0, and for any y, € (x(0,0) +8B) N (CU D) a hybrid arc y’, with
compact dom y’ and with y'(0, 0) = yy, that is a solution to H, such that

dgph(x/7 y/) g 827

and such that y'(t;, J — 1) € D, where (¢}, J — 1) = maxdom y’. We need to argue
that y'(t;,J — 1) e x(t;, J — 1) + 6;B. As dgpn(X', y") < 82, there exists (1, / —1) €
dom x’ with [t} — t] < &, [|y'(#}), ] —1) = x'(¢t, ] = 1)|| < &,. Then
1Y), J = 1) =x'(t;, ] = Dl
ST -1 =xXt.J=DI+ X, ] =1 =X (T;, ] =D
<&+ Mt —1;] <&+ M(lt— 151+ |1, —15])
< & (1+2M),
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742 C.Caietal.

where we have used the fact that |¢; —¢;] < 8, (this holds as (¢, J — 1), (t;,J — 1)
are the “endpoints” of domains of y" and x'). So, y'(¢;, J — 1) € x(t;, J — 1) + 6, B,
and since y'(¢;, J — 1) € D, we have the existence of some 7’ € G”C(y/(t/j, J—1)
(respectively, 27 € G"P(y/(¢,, J — 1))) such that z’ € x(t;, J) + ¢ B. Now, consider a
hybrid arc y: dom y — R” with dom y = dom y’ U (#,, J) given by

. |y@ j)for (¢, j) € domy’,
y“”)_{ 2 for (t. ) = (t).]).

Asdgpn(X', Y) <8 <&, |t — 17| <8 <&, |2 — x(ty, )]l < &, we get dgpn(x, y) < e.

Now suppose that t; < t;.;. In particular, x(¢;, /) € C. By assumption (b) we have
the existence of §; € (0, £/2) such that, for all zy € (x(¢;, J) 4+ §31B) N C, there exists
an absolutely continuous z: [0, 7] — R” solving Eq. 11 and such that dgpn(z, x') <
e/2, where x’:[0,t;.1 —t;] = R" is given by x/(t) = x(t; +1t,J). Moreover, if
x(ty41,J) € D, we can have z(t) € D. By inner semicontinuity of G"C, we have
the existence of §; € (0, §3) such that for all z € x(t;, J — 1) + &, B there exists zg €
G"C(z) such that zy € (x(t;, J) + 83/B) N C. Now let X’ be as in the paragraph above,
with the current §; pick &, € (0, 8;/(1 +2M)), and using the inductive assumption,
pick 8§ > 0 and y’ also according to the description in the paragraph above. Consider
a hybrid arc y: dom y — R" with domy = dom y" U ([t}, ¢, + t], J) given by

)= y'(t, j) for (t, j) € domy/,
YED =20 =1) for @, j) e [t). 1, + 1 x {J}.

As degpn(X,y) <8 < g/2, |t), — 171 <8 < e/2, and dgpn(z, x’) < e/2, we have
dgph(x7 y) <éE. O

Remark 3.5 While it is not true that (a) and (b) are necessary for the conclusions
of Theorem 3.4 to hold, they are close to being necessary. More precisely, G"?
and G\ must be inner semicontinuous at each & € D, while G"¢ need not be inner
semicontinuous at & € D if G"“(¢§) ¢ CU D and no solutions to Eq. 10 exist from
any point &’ € G"C ().

Definition 3.6 Given xy € CU D, strong relaxation for all solutions from x, is
possible if

(SR) For any compact x: dom x — R” with x(0, 0) = x( that is a solution to H"
and for any ¢ > 0, there exists § > 0 such that for any y, € (xo +3B) N (CU
D) there exist a hybrid arc y: dom y — R” with compact dom y and y(0, 0) =
Yo that is a solution to H and dgpn(x, ¥) < €, and moreover, if x(T,J) € D,
where (T, J) = max dom x, then y(z, J) € D, where (t, J) = maxdom y.

In contrast to Definition 3.1, the definition above calls for the existence of y
from any initial point y,, independently of whether such y, is in C or in D, and
independently of whether x flows first or jumps first.

Corollary 3.7 Under the assumptions of Theorem 3.4, for any
X € (C\D)U(D\ C)U (intCnNint D),

strong relaxation for (all) solutions from x is possible.
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4 “Viability Conditions” for Hybrid Relaxation

Now, we give assumptions on the data of the hybrid system H that will imply the
hybrid relaxation conditions of Assumption 3.3. Throughout this section, we pose
the following conditions, which strengthen the standing assumption:

Assumption 4.1

(Al) C, D c O are relatively closed in O;
(A2) F:O = R" is outer semicontinuous and locally bounded relative to C and
has nonempty values on C.

The mapping F is outer semicontinuous relative to C if for any x € C, any sequence
x; — x with x; € C, and any convergent y; € F(x;) with limy; = y, we have y € F(x).
Itis locally bounded relative to Cif for any x € C there exists a relative neighborhood
X c C of x such that F(X) is bounded.

Some further background material is needed. Given aset S C R" and & € §, Ts(§)
will denote the tangent cone to S at &, that is the set of all vectors w € R” such that

. &
w = lim
I—00 T;

where & € S, & — &, and 1; N\ O (this cone is sometimes called the contingent cone,
or the Bouligand tangent cone). Also, Mg(&) will denote the Dubovitskii—Miliutin
tangent cone to S at &, that is, the set

Ms(&) =R"\ Trns(8).

For an alternate definition, see [2, Definition 4.3.1].

The result below summarizes some basic viability and invariance results. More
specifically, (a) is [2, Proposition 3.4.1], (b) is [2, Proposition 3.4.2], (c) immediately
follows from the definition [2, Definition 4.3.1] of Mjy p(z¢) and [2, Corollary 5.3.2].

Theorem 4.2 LetT': R" = R” be an outer semicontinuous, locally bounded mapping
with nonempty and convex values. Let S be a closed set. Consider the differential
inclusion

z(1) € I'(z(0)) (13)
(@) Ifz:10, T1 — R"is a solution to Eq. 13 and z(t) € S forall t € [0, T}, then
I'(z(0)) N Ts(z(0)) # 0.
(b) Given zp € S, if, for all & in some neighborhood of z,
L@ NTs) #9,

then there exists T > 0 and a solution z: [0, T] — R" to Eq. 13 with z(0) = zo.
(c) IfintS # W, zo € S, T is locally Lipschitz continuous, and

['(zo) N Mins(z0) # 9,

then there exists T > 0 and a solution z: [0, T] — R”" to Eq. 13 such that z(t) €
intS forallt e (0, T].
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Theorem 4.5 will relate the assumptions below to Assumption 3.3, part (b) about
continuous-time strong relaxation with constraints and a target.

Assumption 4.3

(1) Fislocally Lipschitz continuous on a neighborhood of C;
(2) Forallé € 9CN O withcon F(&) N Tc (&) # ¥, we have

—con F(§) C Mo\c(§)
and there exists 7; > 0 such that
con F(z) C Minic(z) Vz€dCN(E+rB);
(3) Forallé €intCNaD we have

con F(§) N Mini p(§) # 9

(4) For all £ €dCN3aDNQO with con F(§)NT (&) =0, there exists r, > 0 such that

aICN(E+nrB) CD.

The three examples of failure of relaxation in hybrid systems, given at the
beginning of the current section, correspond precisely to conditions (2), (3), and
(4) above. That is, the example (a) violates condition (2) (while (3) and (4) can
be satisfied by adding D = R); (b) violates condition (3) (while (2) and (4) were
satisfied); and similarly, (c) violates (4). This does not mean though that Assumption
4.3 is necessary for Theorem 4.5 below.

Lemma 4.4 Let z: [0, T] — R” be a solution to Eq. 10. If (2) of Assumption 4.3 holds,
then z(¢t) e int C forallt € (0, T), and if z(T) € 9C, then con F(z(T)) N Tc(z(T)) = 0.

Proof Suppose that z(t) € dC for some t € (0, T). Then con F(z(t)) N Tc(z(7)) #
@, by (a) of Theorem 4.2. Let y: [0, T] — R be given by y(s) = z(r —s). Then y(0) =
z(t) while, by (2), y(0) € —con F(y(0)) C Mo\c(y(0)). By (c) of Theorem 4.2, for
some s > 0, y(f) € O\ Cforallt € (0, s). This contradicts z(f) € C for all t € [0, T1.
O

Theorem 4.5 If (1) and (2) of Assumption 4.3 hold, then for each solution x: [0, T] —
R" of Eq. 10 and each ¢ > 0 there exists § > 0 such that for all y, € (x(0) +38B)NC
there exists a solution y: [0, ] — R" to Eq. 11 with y(0) = yo and dgpn(x, y) < &. If
additionally (3) and (4) hold, and x(T) € D, then y can be chosen so that also y(t) €
D. In particular, Assumption 4.3 implies Assumption 3.3 (b).

Proof Pick any absolutely continuous x: [0, 7] — R” solving Eq. 10 and any ¢ > 0.
If T = 0, then one can just take x = y (and these are just “trivial” arcs on the interval
[0, 0]). From now on, suppose T > 0.

Let &, € (0, ¢) be such that F is defined on rgex + ¢; /B, and on that set, F is
Lipschitz continuous with constant K and bounded by M.
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Pick &5, g5 € (0, 1) so that
&+ Mey < g1, 263 < T, and
if x(0) € 9C then &, + Me3z < ry while x([e3, T — &3]) + 6B C intC;
if x(0) € int C then x([0, T — &3]) + & B C intC. (14)

Above, r; is associated with x(0) € 9C as in assumption (2). The Filippov—Wazewski
theorem now says that there exists § € (0, ;) such that, for all yy € x(0) + § B, there
exists y: [0, T — &3] — R” satisfying y(¢) € F(y(¢)) for almost all ¢ € [0, T — &3] and
lx(t) — y@®)| < & for all t€[0, T —e3]. If x(0) € int C, then Eq. 14 implies that
y(t) € Cforallt € [0, T — &3]. This is also true if x(0) € dC, butfor allt € [e3, T — &3].
In the latter case, for ¢ € [0, &3] we have y(f) € xo + 2B + e3MIB C xo + r B. This is
sufficient to guarantee that if y(0) € C, then y(¢) € C for ¢ € [0, &3]; c.f. [2, Theorem
4.3.6]. Consequently, for any yg € (xo + §B) N C there exists y: [0, T — &3] —> R”
satisfying y(¢) € F(y(t)) for almost all t € [0, T — &3], y(¢) € C and ||x(t) — y(®)| <
& < ¢ for all t € [0, T —e3]. Thus, for any such y, and for any ¢ e [T — &3, T,
we have

x(®) — y(T = e3)|| < lx@) —x(T — &)l + 1x(T — &3) — y(T — &3) ||

Me; + 62 < 61 <&,

NN

and t — (T — &3) < &3 < €. So, for any such y we have dgpn (x, y) < e. This completes
the proof of the case of x(7) ¢ D.

Now suppose that x, as assumed above, also has x(7) € D. If x(T) € int D, then
we can pick &, &3 € (0, ) as in Eq. 14 so that additionally, x(7 — &3) + &,1B C D.
Then y, obtained as above, satisfy y(T — ¢3) € D.

Now suppose that x(7) € 0D and x(7) € intC. Let x,: [0, T.], T, > T, be any
absolutely continuous arc such that

rgex, C rgex + e B, X.(t) € F(x.(t)) for t € [0, T,],
x(t) = x.(t) for t € [0, T1, (15)

and furthermore, such that x.(r) € int D for all ¢ € (T, T,] (this is possible thanks
to assumption (3) and by recalling Theorem 4.2 (c)) and x.(f) € int C for all ¢ €
[T, T,]. Then also x.(¢) € intC for all ¢ € (0, T,]. Thus, we can pick T} € (T, T,],
&,6e3 € (0,¢1) as in Eq. 14, and &4 € (0, &7) so that Ty —e3 < T, x.([T — &3, T1]) +
& B C int C,and x(T) 4+ 4B C int D. The Filippov—Wazewski theorem implies that
there exists § € (0, &4) such that, for all yy € x(0) + 8§ B, there exists y: [0, T1] — R”
satisfying y(¢) € F(y(t)) for almost all ¢ € [0, T}] and |x(¥) — y(®)|| < &4 for all 1 €
[0, T]. As in the discussion of the case of x(T) € D we can now conclude that if
yo € (x(0) + 8B) N C, then the corresponding y satisfies y(f) € C for all ¢ € [0, T1].
Obviously, y(T}) € D. It remains to argue that dgpn(x, y) < . Foreacht € [0, T], we
have ||x(t) — y(®)|| < &4 < e.Fort e (T, T;], we have

ly@® —x(D)ll < lly@ — y(DIl + IIy(T) — x(D)||
S M|T) —T|+e4 < Mes+ 6 e,

This completes the argument.
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Finally, suppose x(7) € D NdaC N O. Again, let x,: [0, T,], T, > T, be any ab-
solutely continuous arc such that Eq. 15 holds. For some (arbitrarily small) ¢ > 0,
X.(T +1t) ¢ C (thanks to Lemma 4.4 and Theorem 4.2 (a)). Thus, we can pick
Ty € (T, T, 2,63 € (0,&) as in Eq. 14, and ¢4 € (0, &) so that T} — T < &3, &2 +
Mesz < rpy and (x.(T) + €4IB) N C = @. Here, r; is associated with x(7T) € 9C N oD
through assumption (4). The Filippov—Wazewski theorem, and the discussion above,
implies that there exists § € (0, &4) such that, for all yy € (x(0) 4+ § B) N C, there exists
y: [0, T1] — R” satistying y(¢t) € F(y(f)) for almost all ¢ € [0, T], |x(®) — y(®)| < &4
for all ¢t € [0, T1], and y(¢) € C for all ¢ € [0, T — &3], in fact y(¢) € intC for all 7 €
(0, T — &3]. On the other hand, y(T}) € x.(T,) + e41B,so y(T;) ¢ C.For each y under
discussion, let Ty be the minimum of times ¢ > T — &3 such that y(t) € 0C. It must be
that Ty (S] (T — &3, T]) Then

Iy(Ty) = x(DIl < IIy(Ty) — y(DIl + [Iy(T) — x(D)||

<
< Mey+6e4 < Mes+6y, < 1o,

So y(Ty) € 3CN (x(T) +rB) C D. It remains to argue that, if we let y’ be the
truncation of y from [0, T1] to [0, T ], then dgpn(x, y") < €. For each t € [0, T — &3],
we have € [0, Tyl and |lx(t) — y'®)|| < e4 < e.Forte [T —e3, T],wehavet — (T —
&3) < g and

X(@ — y(T = e3)|l < 1x(@®) = x(T — &) || + [|X(T — &3) = Y(T — &3)||

Mez + 6, < g <&

NN

So, for any ¢ € [0, T'] we can find s € [0, T,] with [t —s| < & and [|x(¥) — y'(s)|| < &.
Similarly, for any t € (T — &3, T, ], we have

1Y) = x(D)| < 11y @ — y(DI + Iy(T) = x(T)||
< Mez +e4 < Mez 465 < ¢,

and |t — T| < &3 < e. So, for any ¢ € [0, T,] there is s € [0, T] with |t —s| < & and
lx(@® — ¥'(s)|| < e. This completes the proof. O

Corollary 4.6 Assume that the mappings G"¢, G"P, G\: O — R" are inner semicon-
tinuous relative to D and that Assumption 4.3 holds. Then for any

XxXo € (C\D)U(D\ C)U (intCnNint D),

strong relaxation is possible for solutions from x, (in the sense of Definition 3.6).
Strong relaxation is also possible for solutions from any x if additionally

(a) xo € dCNint D and additionally T¢(xp) N con F(xg) = @;

(b) x¢ € int CNaD, or more generally, if xo € C N 3D and con F(xg) N Miy p(x0) #
# and there exists r3 > 0 such that (xo +r;B) N D C C;

(¢) x€dCNID,intCNint D =W, and con F(xp) N Tc(xp) = .

Proof The first conclusion just summarizes Theorem 3.4, Theorem 4.5, and
Corollary 3.7.

For (a), the tangent cone solution implies that solutions x to H" with x(0, 0) = xo
that initially flow do not exist. For the solutions that initially jump, we know that local
relaxation at x is possible, as xy € int D and thanks to Theorem 3.4 and Theorem 4.5.
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For (b), given a solution that initially flows, the conclusion comes from (x +
r3IB) N (CU D) = (xg + r31B) N C, Theorem 3.4 and Theorem 4.5. Let x be a compact
solution to H" with x(0, 0) = x( that initially jumps and pick ¢ > 0. Let §; > 0 be
such that for all y, € (xo 4 8;/B) N D there exists a solution x, to H with x,, (0, 0) =
yo and such that dgpn(x, x,,) < &£/2; the existence of such §; follows from Theorem
3.4 and Theorem 4.5. Since (xo + r3/B) N D C C, one has M, p(x9) C T¢(x0), which
combined with con F(xo) N Min p(xo) # @ yields con F(xy) N Tc(xp) # . Letr; > 0
come from (2) of Assumption (4.3), and let ¢; € (0, min{e/4,7,/2}. Let T € (0, ¢/2)
and z: [0, T] — R” be a solution to z(f) € con F(z(t)) with z(0) = x¢ and such that
z(T) + &, € int D for some ¢, € (0, ;) while ||xo — z(®)|| < &; for all ¢ € [0, T] [such
solution exists by Theorem 4.2 (c)]. By the Filippov—Wazewski theorem, there exists
8, > 0 such that for all y € (xo + 8,4B) N C there exists a solution z,,: [0, T] —
R" to zy,(t) € F(zy,()) such that [|z(t) — z,,()| < & for t € [0, T]. In particular,
llxo — 2y, ()|l < g/2 for all t € [0, T1, which implies, by (2) of Assumption (4.3), that
Zy, (1) € C for all t € [0, T]. Now, given any y, € (xo + 6,18) N C, we can consider
a solution to H given by y(t,0) = z,,(t) for t € [0, T], y(T + ¢, j) = xy,(¢, j) for all
(t, j) € domxy,. For such y we have dgpn(x, y) < €. Letting § = min{8,, 8,} finishes
the argument.

In case (c), there are no initially flowing solutions from xj, and also by (4) of
Assumption (4.3), 9C N (x + r,IB) C D. It now suffices to show that from each point
in C\ D sufficiently close to x, there exists a solution to z € F(z) that then enters
O\ C in small amount of time, and so, crosses dC (at a point that is also in D). This
comes from applying the Filippov—Wazewski relaxation theorem to a solution to z €
con F(z) from xy, which, by con F(xy) C Mo\ c(xp), enters O \ C instantly. Details of
the argument are similar to what has been done in (b). O

Example 4.7 For the system in Eq. 9, as discussed in Example 3.2, and when C* =
[0, T] and D* ={T} or C* =[0,00) and D' = [T, o0), strong relaxation, for all
solutions, is possible from any x(. Indeed, the assumptions of Corollary 4.6, including
conditions (a), (b), and (c) are satisfied.

Remark 4.8 In several special cases, some of the tangent cone conditions (2), (3), or
(4) of Assumption 4.3, are automatically satisfied.

(a) Suppose that C = O. Then (2) and (4) are satisfied, as 9C N O = .

(b) Suppose that D = 3dC N O (the case of C = O is not interesting in such situa-
tion). Then (3) is satisfied as int CN 8D = ¥ and (4) is satisfied as dC N O = D.

(¢) Suppose CUD =0 and intCnNint D = ¢ (in light of the former, the latter
means that CN D =39CNO =3dDNQO). Then (3) and (4) are satisfied, as
intCnNabD =¢.

(d) Suppose that 9C N 9D = . Then (4) is satisfied.

Also, a simple sufficient condition for (2) is that
(*) Forallx €e aCN O, con F(x) N Te(x) =0,

which, in light of Theorem 4.2 (a) and (b), is equivalent to no solutions to z €
con F(z) from dC N O remaining in C for (any small) positive time.
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Combining (b) of Corollary 4.6 and the case (a) of Remark 4.8 implies that
when C = O, if the conditions on G, as in (a) of Assumption 3.3, hold, and if
con F(x) N Min p(x) # @ for all x € 3D N O, then strong relaxation is possible for
solutions from all initial points. Also, for the case of either (b) or (c¢) of Remark
4.8, the said conditions on G and (x) of Remark 4.8 are enough to guarantee strong
relaxation from all initial points. Example 4.9 below illustrates this. We note though
that if D =9D N O CintC, then Assumption 4.3 is never satisfied. Indeed, (3) is
never true, as int D = .2

Example 4.9 On O = R? x (—1, 1), consider a hybrid system with
C={ecOleszE -1}, FO=(1.&.{-1.1}), D=3CNO, GE) =(0,0,0).

This falls under case (b) of Remark 4.8. Moreover, the condition (x) of Remark 4.8
is satisfied: for each & € 9C N O,

conFE) = (LE[-1,1]),  Te® ={veR v >uv]},

and so con F(§) N T¢(§) = ¥ as long as 522 < 1. In light of Corollary 4.6 and Remark
4.8, strong relaxation is possible from any initial point in C.
For illustration purposes, consider a compact solution to Eq. 4 from x, = (0, 0, 0)
given by
T-1
x(t. )= (t—.0,0) for (t,j)edomx=|JUjj+1]x{j}
j=0

for some integer 7 > 1. Pick ¢ € (0, 1) and take yy = x¢. Let &’ = a/ﬁ and find an
arc z3: [0, 1 +¢&'/T] — R so that z3(0) =0, z3(t) € {—1, 1} and z%(t) <eNTH+¢€)
for all t €[0,1+¢&/T]. Set z,(¢) = fot Z3(s) ds, note that z,(1) < &'/ T for all 1€
[0,14+¢&'/T], and let T € (1,14 ¢’/ T] be the smallest number such that z,(t) =
7 — 1. Finally, set z,(f) = ¢ for all ¢ € [0, t] and note that z,(r) = z,(tr) — 1, and so
(z1, 22, 23)(t) € D. Consider

T-1

Yt j) = (21,22, 23)(t = jr) for (¢, j) € domy = Jljr, (j+ D] x {j}.

=0
Then y is a solution to Eq. 3, y(0, 0) = yo, and dgpn(z, y) < €. To see the latter fact,
take any (¢, j) € domx, note that (¢fr, j) edomy and [t —tt| < T|1 — 7| < ¢ < ¢,
and that furthermore

lx(, j) — y(z, DIl < 11t = /. 0,0) = (¢ = jr, 22(t = j), 23t — JT)) ||

< U@ = D)2 + &/ TP + (& /(T + )

Ve + (/TP + (¢/(T + &)
<eV3=s.

2D =9D N O C intC subsumes the case of the jump set being an n — 1 dimensional manifold and
C = O = R", as studied in [7]. In such a case, the transversality condition used in [7] combined with
the Filippov-Wazewski theorem show that (b) of Assumption 3.3 is in fact satisfied.
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Note that, given x as above and T > 1, it is impossible to find y with domy =
dom x, even if the choice of y(0, 0) is free (it is possible for the case of 7 =1). In
particular, it is then impossible to find y with dom y = dom x and dgpn(x, y) < &. This
illustrates that is impossible, in general, to find a relaxed solution with the same time
domain as the original one.

5 Application to Stability Analysis

As an example of an application of the relaxation results to stability theory, we
show that uniform global asymptotic stability of a compact set for Eq. 3 implies
that property for Eq. 4, in fact with the same convergence rate. Like in the case of
continuous-time systems [33], this result can be used to generate converse Lyapunov
theorems for input-to-state stability (ISS) in hybrid systems [9]. This is because a
simple small-gain argument converts the ISS property for a hybrid system with inputs
into asymptotic stability for an autonomous hybrid system with a set-valued (not
necessarily convex-valued) flow map. When this asymptotic stability also implies
asymptotic stability for the corresponding relaxed hybrid system, recent converse
Lyapunov theorems [10] generate smooth Lyapunov functions that verify ISS for the
original hybrid system with inputs.

Let A C O be a compact set. A function w: O — Ry is a proper indicator of
A with respect to O if it is continuous, w(¢) = 0 if and only if & € A and, given
a sequence of points & € O, w(§) — oo if |&| — oo or if & converge to a point
on the boundary of O. An example of a proper indicator, for the case of O = R",
is the distance from A. A function B: R>¢ x Rx¢ — R is a KL function if it is
continuous, r — S(r, s) is 0 at 0 and nondecreasing, s — B(r, s) is nonincreasing and
converges to 0 as s — oo. The set A is uniformly globally asymptotically stable for
Eq. 3 if there exist a proper indicator o of .4 with respect to O and a KL function 8
such that

w(x(t, ) < B (@x0,00),t+ ) forall (¢, j) € domx (16)
for every solution x to Eq. 3.
Proposition 5.1 Let o be a proper indicator of a compact set A C O with respect to
O and B be a KL function. Suppose that Eq. 16 holds for every solution x to Eq. 3.
If strong relaxation for initially flowing (respectively, initially jumping) solutions from
each xy € C'U D' is possible relative to C' (respectively, relative to D') for the hybrid
system
x e Flx) xeC

xteGx) xeD

H (17)

with the data O' = O\ A, C'=C\ A D' =D\ A, F’:F|O\A, G then

Eq. 16 holds for every solution x to Eq. 4.

= G|O\A’

Proof Suppose that, to the contrary, there exists a solution x to Eq. 4 and (¢, j) €
dom x such that w(x(, j)) > B (@ (x(0,0)), t+ j). If x(s, k) € A for all (s, k) € dom x
with s+ k <t+ j, let X' =x and (¢, j') = (¢, j). In the opposite case, let (T,J) €
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dom x be the “last” of all those (s, k) € domx, s + k < ¢+ j, such that x(s, k) € A.
Note that since w(x(t, j)) > 0, we have T+ J <t+ j. As x(T,J) € A and Eq. 16,
G(x(T, J)) N O C A. By the definition of (7, J), it must be then the case that for all
small enough § > 0,(7 +8,J) € domx. Fixy > Osothatt+ j— 7T —J—y > 0and
pick such § € (0, y) small enough so that

ox(t, j) > Blox(T+68,J)),t+j-T—-J—-y),
which is possible as w(x(7T,J)) =0, § — ow(x(T + 8, J)) is continuous, and by the
properties of L functions. Then, also by the property of 8 as a KL function,

o, j) > Blx(T+68,J), t+j-—T—J—=9).
Now, letx'(s,k) =x(s— T —-68,k—J)and (¢, j)=@¢—-T—-8,j—J).

We have constructed a solution x’ to

X econF'(x) xe(C

xte Gx) xeD

H’C()Il .

such that w(x'(7', j)) > B ((x'(0,0)), ¢ + j) for some (7, j’) € domx'. By continu-
ity of  and B, there exists & > 0 such that w(§) > B (w(x'(0,0)), 1+ j') whenever
€ = x'(¢, jHIl <e, |t —1| < e. The assumption about relaxation, applied with y, =
x'(0, 0) and the ¢ just mentioned, immediately leads to a solution to Eq. 17, and hence
to a solution to Eq. 3, that contradicts Eq. 16. O

Sufficient conditions for strong relaxation for initially flowing (respectively, ini-
tially jumping) solutions to Eq. 17 from x to be possible relative to C’ (respectively,
relative to D’) can be given. For example, in light of Theorem 3.4 and Assumption
3.3, it is enough that:

(a’) The mappings G(§) N (C\A), G N(D\ A), GE N[O\ (AUCU D)] be
inner semicontinuous relative to D \ A;

(b’) Continuous-time strong relaxation with constraints and a target is possible,
with C\ A, D\ Areplacing C, D in (b) of Assumption 3.3.

In turn, viability conditions of Assumption 4.3 only need to be verified with O
replaced by O \ A, in order to guarantee (b’) above. More generally, we have the
following “local” corollary of Theorem 4.5:

Corollary 5.2 Let x: [0, T] - R" be a compact solution to Eq. 10 and U C O an
open set such that rgex C U. If F is locally Lipschitz continuous on U and (2) of
Assumption 4.3 holds with O replaced by U then for each ¢ > O there exists § > 0 such
that for all yy € (x(0) + 8IB) N C there exists a solution y: [0, 1] — R" to Eq. 11 with
y(0) = yo and dgpn (%, y) < &. If additionally (3) and (4) hold with O replaced by U in
(4), and x(T) € D, then y can be chosen so that also y(t) € D.

We now note that non-uniform global asymptotic stability of Eq. 3 fails to imply
global asymptotic stability of Eq. 4, even if strong relaxation is possible.

Example 5.3 On O = R3, let A be the singleton (7, 7, 7) and consider

C={16+6&<1L,E20), D=0\C, FE) =(0-4§,8.{-1,1), GE = A
@Springer



Relaxation results for hybrid inclusions 751

Then A is stable for both Egs. 3 and 4: solutions from a (sufficiently small) neighbor-
hood of A stay in that neighborhood, in fact they reach .4 in one jump. For Eq. 3, A
is also attractive: all solutions converge to A, in fact in finite time (the convergence is
not uniform though; for example, solutions from (0, 0, 0) can take an arbitrarily large
amount of time to flow to D, and hence, an arbitrarily large amount of “hybrid time”
to reach A). For Eq. 4, A is not attractive: the constant hybrid arc x(z, 0) = (1, 0, 0),
t € Ry, is a solution to Eq. 4 and does not converge to .A. It can be verified directly
that relaxation, in the sense of Definition 3.1, is possible, even though the viability
conditions in Assumption 4.3 fail.

That global asymptotic stability of Eq. 3 fails to imply global asymptotic stability
of Eq. 4 can be attributed to the failure of relaxation on the infinite (hybrid) time
horizon. Note that in Example 5.3, the hybrid arc x(¢,0) = (1,0,0), t € Rx, is a
solution to Eq. 4 but there are no solutions to Eq. 3, from (1, 0, 0) or otherwise, that
remain close to x for all # € Ry (such relaxation is possible for purely continuous-
time unconstrained systems; see [22]). An even simpler example, one for which the
viability conditions in Assumption 4.3 hold and where relaxation on infinite (hybrid)
time fails can be given.

Example 5.4 On O = R? consider
C=D=0, F& = (-1}, +&). GE =(0,0).

The hybrid arc x(0,0) = (7,7), x(1, ) = (0, 0) for ¢t € Ry is a solution to Eq. 4 (it
initially jumps and then only flows). Any solution to Eq. 3 that jumps has to jump to
(0, 0). If it only flows afterwards, its first coordinate grows (faster than exponentially)
to oo. Thus, the graph of such a solution is not close to the graph of x.

We note though that for a continuous-time system on R? given by F above, [22,
Theorem 1] guarantees that, given any ¢ > 0, there does exist a solution to x € F(x)
with ||x(1)|| < e. However, that result does not guarantee that x(0) = (0, 0); in fact,
meeting this initial condition is impossible for the system under discussion (cf. the
example in Section 4 of [22]).

6 Continuous Dependence

Throughout this section, we pose Assumption 4.1 and

Assumption 6.1

(A3) G: O = R”"is outer semicontinuous and locally bounded relative to D, has
nonempty values on D, and G(x) C O forall x € D.

We will say that

e The solution sets to 'H depend outer-semicontinuously on initial conditions at x if
for each ¢ > 0, M > 0 there exists § > 0 such that, for any y, € xyo + § B and any
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solution y to ‘H with y(0, 0) = y and length dom y < M there exists a solution x
to H with x(0, 0) = x( and

dgph(xa y) <&

e The solution sets to H depend inner-semicontinuously on initial conditions at x if
for each ¢ > 0, M > 0 there exists § > 0 such that, for any y, € xo + 8 B and any
solution x to H with x(0, 0) = x, and lengthdom x < M there exists a solution y
to ‘H with y(0, 0) = yo and

dgph(xa y) <&

e The solution sets to H depend continuously on initial conditions at x, if they
depend both outer and inner-semicontinuously.

The solution sets to H depend outer-semicontinuously, inner-semicontinuously, and
continuously relative to CU D if only yy € C U D are considered.

Note that the difference between what we called strong local relaxation and inner-
semicontinuity is the uniformity in the latter: that § works for all solutions from x,
rather than for each solution we have a é.

Proposition 6.2 Suppose that strong relaxation for solutions from x is possible and
that all solutions to H" from x, that are not complete are bounded. Then solution
sets to H" and the solution sets to H depend continuously on initial conditions at x,
relative to C U D.

Proof Outer semicontinuity for H" was shown in [16, Corollary 4.8]. The needed
“local eventual boundedness assumption” is guaranteed here by the assumption of
boundedness of the maximal and not complete solutions (that this is sufficient follows
from the last two lines of the proof of [16, Theorem 4.6]).

We now claim that for each ¢ > 0, M > 0 there exists § > 0 such that, for any y, €
Xo + 8B and any solution x to H" with x(0, 0) = xy and lengthdomx < M there
exists a solution y to ‘H with y(0,0) = yo and dgpn(x, x) < . This gives uniformity
in relaxation, and entails the inner semicontinuity for both H and H". If the
claim was false, then for some ¢ > 0, M > 0 there is a sequence x;: domx; — R”"
of solutions to H" with x;(0, 0) = x¢, |dom x;| < M, a sequence of points yy; — Xo
for which all solutions y: dom y — R” to H with y(0, 0) = yo,; satisfy dgpn(x;, y) > &.
Again by the proof of [16, Theorem 4.6], the sequence of x;’s is bounded and a
graphically convergent subsequence (which we do not relabel) can be picked (see
[16, Theorem 4.4]), the limit x of which is a solution to H" with compact dom x
satisfying length dom x << M. We have dgpn (x;, x) — 0, and

&< dgph(xiv » < dgph(xiv X) + dgph(xs ),

which holds for all solutions y: dom y — R” to H with y(0, 0) = yy ;. This contradicts
strong relaxation at x.

Finally, the outer semicontinuity for " and strong relaxation for solutions from
Xy combine to yield outer semicontinuity for H. O

Recall that Corollaries 3.7 and 4.6 gave sufficient conditions for the strong
relaxation for solutions from x, to be possible.
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Example 6.3 A ball bouncing on the floor, with /& denoting its height and v its
velocity, can be modeled as the hybrid system, on R?, given by

h=v, v=—g h >0, (h,v) #(0,0)
h=v, v e[-g 0] (h,v)=(0,0) - (18)
ht=h, vi=—yv h=0,v<0

Above, g is the acceleration due to gravity, and y € (0, 1) represents dissipation of
energy at each bounce.?

The dependence of solutions to Eq. 18 on initial conditions is not continuous at
the point 4 = 0, v = 0. Indeed, the inner semicontinuity fails: there exists a flowing-
only solution A(t,0) =0, v(t,0) =0 for r € Ry, from that initial point, while for
initial conditions approaching the origin, the solutions experience infinitely many
jumps in less and less time (they are Zeno solutions), and are not graphically close
to the mentioned flowing-only solution (however, outer semicontinuity is present,
as the Zeno solutions converge to the instantaneous Zeno solution from the origin:
h(0, j) =0,v(0, j) =0for je N).

However, solutions to Eq. 18 depend continuously on initial conditions at any
other initial point (with 4 > 0). To see this, one can first consider Eq. 18 on
the state space O =R?\ {0} and note that all solutions to the original system
except those from the origin are still solutions to the new system (the state s =
0, v =0 is not reachable from any initial condition besides 4 =0, v =0 itself).
Then, conditions of Corollary 4.6, including Assumption 4.3 can be verified. For
example, (2) of Assumption 4.3 needs to be checked at points (k, v) = x such that
x€dCNO and F(x)N Te(x) # @, ie., at points where £ =0 and v > 0 (T¢(x) =
R>o xR for all x€e dCNO ={x|h=0,v # 0} while F(x) = (v, —g)). One then
has —F(x) C Mo\c(x) = (—00,0) x R and for all nearby points in dC, F(x) C
Minic(x) = (0, 00) x R. Hence (2) of Assumption 4.3 is satisfied. Condition (3) of
Assumption 4.3 is met vacuously, (4) is easy to check (at points where &7 = 0, v < 0),
and as for such points, F(x) N Tc(x) = @, condition (c) of Corollary 4.6 is met.
Consequently, by Corollary 4.6, strong relaxation is possible at each initial point,
and Proposition 6.2 yields continuous dependence.

We note that essentially the same argument as in the proof of Proposition 6.2
shows a certain “uniformity in inner semicontinuity”, which is a counterpart to
“uniformity in outer semicontinuity” as in [16, Corollary 4.8]. More specifically, one
obtains:

Corollary 6.4 Let K C O be a compact set such that for each xo € K, strong relaxation
is possible for solutions from x, and such that all not complete solutions to H"
from xo are bounded. Then, for any ¢ > 0 and M > 0, there exists § > 0 such that,
for any xoy € K, any yo € xo + 8B and any solution x to H®" with x(0,0) = x¢ and
length dom x < M there exists a solution y to 'H with y(0,0) = yo and dgpn(x, x) < &.

While the solution sets to H depend continuously on initial conditions at x, as
in Proposition 6.2, these sets need not be closed under graphical convergence of

3The inclusion v € [—g, 0] is used to allow for the natural constant flowing solution from # = 0, v = 0
while preserving outer semicontinuity and convex-valuedness of the flow map.
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solutions. That is, the limit of a graphically convergent sequence of solutions x; to
‘H, with x;(0, 0) — xo, need not be a solution to H. It will be a solution to H", as
more generally, the limit of a graphically convergent sequence of solutions x; to H",
with x;(0, 0) — xo, is a solution to H*"; see [16, Theorem 4.4].

We conclude the section by revisiting Assumption 3.3 (a) in presence of
Assumption 4.1.

Remark 6.5 The outer semicontinuity of G implies outer semicontinuity of G"¢ and
G"P defined in Eq. 12. Indeed, this follows from C, D being relatively closed in O,
and the fact that G(&§) c O forall &€ € D.

Inner semicontinuity of G does not imply inner semicontinuity of G"¢ or G"P
(for example, inner semicontinuity of G"¢ fails at & € int D if G(&§) N C # @ but
G(&') N C = @ for some &' arbitrarily close to &). The reverse implication, that inner
semicontinuity of G"¢, G"? implies that of G, will be true if one has G(§) c CU D
for all € € D, as then G(¢) = G"C(§) U G"P(¥).

As we already noted, G"¢, G"? are outer semicontinuous, so (a) of Assumption
3.3 means that G"¢ and G"P are actually continuous (as set-valued mappings)
relative to D. This continuity does not mean that G"C(£) # @ for all &€ € D, similarly,
it may be that G"P(¢) = ¢ for some & € D.

Given any connected subset S of D, it must be the case that either G"C(£) # # for
allé € S, or G"¢(&) = ¢ for all & € S. Similarly for G™P.

In the special case of G(£) C C\ D for all £ € D, G"P is empty-valued, hence
inner semicontinuous relative to D. Also then, G"'¢ = G on D, so (a) of Assumption
3.3 is equivalent to continuity of G on D.

7 Special Case: Systems with Logic Variables

Let Q C Z" be a set, and for each g € QO let O, C R™ be an open set, let C;, D, C
Oy, andlet F;: O, = R™, G,: O, = R™ x R™ be (set-valued) mappings. Consider
the hybrid system given by

£ e Fu6) £eC,

Hq . I:%_+

(19)
q+] € G,(§) £ e D,

In particular, during flow, the so called “discrete variable” or “mode” g remains
constant (i.e., ¢ = 0). Such a system can be thought of as a special case of Eq. 3,
by considering the variable x = (&, ¢), any open O C R x R™ such that O N R" x
7 = quQ O, x {q}, the sets

c=J¢xta, D=JD,x g} (20)
qeQ qeQ

and the mappings F: O = R" x R" G: O = R™ x R™ given by

F(&, q) = Fy(§) x {0}, G, q) = Gy4(6).
@Springer
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Such reformulation is what makes possible translating relaxation results, Theorems
3.4 and 4.5, to the system in Eq.19 and its relaxed version:

£ € con Fy(¢) &£ eCy

HEM F+

(21)
q+] € Gy§) §€Dy

Given two hybrid arcs x = (§,q9) :domx — R"™ x R"  y=(n,r):domy —
R" x R" their graphical distance will be dgpn(x, y) = d(gphx, gph y), where d is the
Pompeiu-Hausdorff distance in R? x R x R™ x R defined with the ball

B=B' x B' x B* x B™

that corresponds to the norm max{|«/|, |8, ||y, |8]|} where o, B € R,y € R™,§ € R™.
Consider the condition

lt—sl<e &G J)—n6s DI<e q@j)=r@,)). (22)
Given two hybrid arcs x = (£, q), y = (n,7) and ¢ < 1, dgpn (¥, ¥) < ¢ if and only if

e Foreach (¢, j) € dom x there exists (s, j) € dom y such that Eq. 22 holds, and
e Foreach (s, j) € dom y there exists (¢, j) € domx such that Eq. 22 holds.

In the current setting, Theorem 3.4 reduces to the following.

Corollary 7.1 Suppose that for each q € Q,

(a) The mappings G[I‘C, G;D, G<\1 : 0, 3 R x R™ defined by

G,C(x0) =G, NC, GP(x)=G,x)ND, Gy(x)=Gy(x)N[O\(CUD)]

with C and D as in Eq. 20 are inner semicontinuous relative to Dy,
(b) Assumption 3.3 (b) holds with F,, C,, D, replacing F, C, D, respectively.

Then, for any & € Cy4, U Dy, strong relaxation for initially flowing (respectively,
initially jumping) solutions from (&, qo) relative to Cg, (respectively, relative to D) is
possible, that is: for any compact solution x = (&, q) : domx — R x R™ to H°" with
£(0,0) = &y, q(0,0) = qq that initially flows (respectively, that initially jumps) and for
any & > 0, there exists § > 0 such that for any no € (§(0,0) + 81B) N C,, (respectively,
forany ng € (x(0,0) + 81B) N Dy, ) there exist a hybrid arc y = (n,r) : dom y — R" x
R" with compact domy and n(0, 0) = no, r(0,0) = qo that is a solution to 'H, and
dgpn(x, y) < &, and moreover, if £(T,J) € Dyt 1), where (T, J) = maxdomx, then
n(t,J) € Dyr.), where (t,J) = maxdom y.

Since during flows for hybrid systems in Eqs. 19, 21 the variable g remains
constant, the conditions in Assumption 4.3 that are sufficient for (b) of Assumption
3.3 can be applied to Egs. 19, 21 in each g separately. Thus, if, for each g € Q, the
sets C4, Dy and the mapping F, satisfy Assumption 4.3 (with Cy, D, F, replacing C,
D, F), (b) of Corollary 7.1 is satisfied.

@ Springer



756 C. Cai et al.

References

1. Akhmet, M.U.: On the smoothness of solutions of impulsive autonomous systems. Nonlinear
Anal. 60(2), 311-324 (2005)

2. Aubin, J.-P.: Viability Theory. Birkhauser (1991)

3. Aubin, J.-P., Cellina, A.: Differential Inclusions. Springer-Verlag (1984)

4. Aubin, J.-P., Haddad, G.: Cadenced runs of impulse and hybrid control systems. Internat. J.
Robust Nonlinear Control 11(5), 401-415 (2001)

5. Aubin, J.-P., Haddad, G.: Impulse capture basins of sets under impulse control systems. J. Math.
Anal. Appl. 275, 676-692 (2002)

6. Aubin, J.-P., Lygeros, J., Quincampoix, M., Sastry, S., Seube, N.: Impulse differential inclusions:
a viability approach to hybrid systems. IEEE Trans. Automat. Control 47(1), 2-20 (2002)

7. Broucke, M., Arapostathis, A.: Continuous selections of trajectories of hybrid systems. Systems
Control Lett. 47, 149-157 (2002)

8. Cai, C., Goebel, R., Teel, A.R.: Results on relaxation theorems for hybrid systems. In: Proceed-
ings of the 45th IEEE Conference on Decision and Control, pp. 276-281 (2006)

9. Cai, C., Teel, A.R.: Results on input-to-state stability for hybrid systems. In: Proceedings of the
44th TIEEE Conference on Decision and Control, pp. 5403-5408 (2005)

10. Cai, C., Teel, A.R., Goebel, R.: Smooth Lyapunov functions for hybrid systems. Part I: existence
is equivalent to robustness. IEEE Trans. Automat. Control 52(7), 1264-1277 (2007)

11. Clarke, F.H., Ledyaev, Y.S., Rifford, L., Stern, R.J.: Feedback stabilization and Lyapunov func-
tions. SIAM J. Control Optim. 39(1), 25-48 (2000)

12. Collins, P.: A trajectory-space approach to hybrid systems. In: 16th International Symposium on
Mathematical Theory of Networks and Systems (2004)

13. Filippov, A. Classical solutions of differential equations with multivalued right-hand side. SIAM
J. Control, 5(4), 609-621 (1967)

14. Frankowska, H., Rampazzo, F.: Filippov’s and Filippov—Wazewski’s theorems on closed
domains. J. Differential Equations 161, 449478 (2000)

15. Goebel, R., Hespanha, J., Teel, A.R., Cai, C., Sanfelice, R.: Hybrid systems: generalized solutions
and robust stability. In: IFAC Symposium on Nonliear Control Systems, Stuttgart, pp. 1-12
(2004)

16. Goebel, R., Teel, A.R.: Solutions to hybrid inclusions via set and graphical convergence with
stability theory applications. Automatica 42, 573-587 (2006)

17. Héjek, O.: Discontinuous differential equations, I. J. Differential Equations 32, 149-170 (1979)

18. Hermes, H.: Discontinuous vector fields and feedback control. In Differential Equations and
Dynamical Systems, pp. 155-165. Academic Press (1967)

19. Hespanha, J.P.: Uniform stability of switched linear systems: extensions of LaSalle’s invariance
principle. IEEE Trans. Automat. Control. 49, 470-482 (2004)

20. Hespanha, J.P., Liberzon, D., Teel, A.R.: On input-to-state stability of impulsive systems. In:
Proc. 44th IEEE Conference on Decision and Control 2005 European Control Conference,
pp- 3992-3997 (2005)

21. Hespanha, J.P., Morse, A.S.: Stabilization of nonholonomic integrators via logic-based swithcing.
Automatica 35(3), 385-393 (1999)

22. Ingalls, B., Sontag, E.D., Wang, Y.: An infinite-time relaxation theorem for differential inclu-
sions. Proc. Amer. Math. Soc. 131(2), 487-499 (2002)

23. Kellett, C.M., Teel, A.R.: Smooth Lyapunov functions and robustness of stability for difference
inclusions. Systems Control Lett. 52, 395-405 (2004)

24. Krasovskii, N.N.: Game-Theoretic Problems of Capture. Nauka, Moscow, (1970) (in Russian)

25. Lygeros, J., Johansson, K.H., Simi¢, S.N., Zhang, J., Sastry, S.S.: Dynamical properties of hybrid
automata. IEEE Trans. Automat. Control 48(1), 2-17 (2003)

26. Plis, A.: Trajectories and quasitrajectories of an orientor field. Bull. Acad. Pol. Sci., Sér. Sci.
Math. Astron. Phys. 11, 369-370 (1963) (in English)

27. Prieur, C.: Asymptotic controllability and robust asymptotic stabilizability. SIAM J. Control
Optim. 43, 1888-1912 (2005)

28. Prieur, C., Goebel, R., Teel, A.R.: Hybrid feedback control and robust stabilization of nonlinear
systems. IEEE Trans. Automat. Control 52(11), 2103-2117 (2007)

29. Rockafellar, R.T., Wets R. J-B.: Variational Analysis. Springer (1998)

30. Sanfelice, R.G., Goebel, R., Teel, A.R. Generalized solutions to hybrid dynamical systems.
ESAIM Control Optim. Calc. Var. (in press)

@ Springer



Relaxation results for hybrid inclusions 757

31. Sontag, E.D.: Smooth stabilization implies coprime factorization. IEEE Trans. Automat. Control
34, 435-443 (1989)

32. Sontag, E.D.: Clocks and insensitivity to small measurement errors. ESAIM Control Optim.
Calc. Var. 4, 537-557 (1999)

33. Sontag, E.D., Wang, Y.: On characterizations of the input-to-state stability property. Systems
Control Lett. 24, 351-359 (1995)

34. Tavernini, L.: Differential automata and their discrete simulators. Nonlinear Anal. 11(6),
665-683 (1987)

@ Springer



	Relaxation Results for Hybrid Inclusions
	Abstract
	Introduction
	Preliminaries
	Hybrid Systems
	Graph Distance
	Filippov–Wa zewskiTheorem

	General Hybrid Relaxation Results
	"Viability Conditions'' for Hybrid Relaxation
	Application to Stability Analysis
	Continuous Dependence
	Special Case: Systems with Logic Variables
	References




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


