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Abstract We study the existence of positive solutions for a nonlinear periodic
problem driven by the scalar p-Laplacian and having a nonsmooth potential. We
impose a nonuniform nonresonance condition at +oco and a uniform nonresonance
condition at 0*. Using degree theoretic argument based on a fixed point index for
multifunctions, we prove the existence of a strict positive solution.
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1 Introduction

In this paper we study the existence of positive solutions for the following nonlinear

periodic problem with nonsmooth potential (hemivariational inequality):

—(IX@0P2x'®) € dj(t,x(1))  foraa.te T =[0,b], (11
x(0) = x(b), ¥'(0) = x'()), '
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540 Z. Denkowski et al.

with 1 < p < +oc0. In this problem the potential function j(¢, ¢) is a measurable
function which is only locally Lipschitz and not necessarily C! in the ¢-variable. By
dj(z, ¢) we denote the generalized subdifferential of ¢ — (¢, ¢) (see Section 2).

Recently there have been some interesting works on the question of existence of
positive solutions for scalar differential equations driven by the p-Laplacian differ-
ential operator. We mention the works of Agarwal-Lii-O’Regan [1], Ben Naoum-
De Coster [4], De Coster [5], Mandsevich-Njoku-Zanolin [7] and Wang [10]. In
all these works the problem under consideration has Dirichlet or more general
Sturm-Liouville boundary condition (which do not cover the periodic case), the
potential function jis C' in the ¢-variable and the method of proof either uses the
time-map function (see Ben Naoum-De Coster [4], De Coster [5] and Mandsevich-
Njoku-Zanolin [7]) or fixed point theorems of the expansion-comparison type (see
Agarwal-Lii-O’Regan [1] and Wang [10]). None of the aforementioned work cover
the case of periodic problems with a nonsmooth potential.

Our approach is degree theoretic and based on the fixed point index for cer-
tain nonconvex valued multifunctions, which was introduced recently by Bader
[3]- Moreover, asymptotically at +o0co we permit partial interaction (nonuniform
nonresonance) of the “slope” {U’L*‘ }uE a0 with first two eigenvalues of the negative
scalar p-Laplacian with periodic boundary condition. The first to use the tool of fixed
point index (the Leray-Schauder fixed point index) in the study of positive solutions
for elliptic boundary value problems, was Amann [2].

Finally we should mention that boundary value problems with a nonsmooth
potential function (known as hemivariational inequalities), arise in many engineer-
ing applications. The book of Naniewicz—Panagiotopoulos [8] contains many such
applications.

2 Mathematical Background

In this section, for the convenience of the reader, we review the main mathematical
tools which we will use in the analysis of problem (1.1).

First we recall the spectrum of the negative scalar p-Laplacian, with periodic
boundary conditions. So we consider the following nonlinear eigenvalue problem:

{ —(IK P72 (1) = Alx(@0)|P2x(0) fora.a.te T =[0,b], 1)

x(0) = x(b), ¥'(0) = x'(b),

with 1 < p < 400, A € R. A number A € R is an eigenvalue if for this particular A

problem (2.1) above has a nontrivial solution x € Céer( T), with

Cio(T) = {x e CY(T): x(0) = x(b), X' (0) =x'(b)},

per

known as an eigenfunction corresponding to the eigenvalue A. Multiplying the
differential equation in Eq. 2.1 with x(#) and integrating over T = [0, b], after an
integrating by parts we obtain

I/l

A= > 0.
Ixlh =

So a necessary condition for Eq. 2.1 to have a nontrivial solution is that 1 > 0.
Note that Ay = 0 is an eigenvalue with corresponding eigenspace R (the constant
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functions). Every nonconstant eigenfunction must change sign. It can be shown that
the eigenvalues of Eq. 2.1 are given by the sequence

2n, )”}
Mon = ,
{ ( b n=0

.If p =2, then m, = 7 and we recover the well known spectrum

1

where 7, = Z@2-D"
psin g

of the negative Laplacian with periodic boundary conditions, namely

= ()]
Mon =\ —7/— .
? b n=0

Note that the eigenfunctions u € C},

(T) of the negative p-Laplacian satisfy
u(t) # 0 foraa.teT,

more precisely they have a finite number of zero points.
Our method of proof will also use the spectrum of the following weighted version
of problem Eq. 2.1:

~(X@IPx0) = (- + g0) lx ()P x(0) foraa.re T=10.0]
x(0) = x(b), x'(0) = x'(b). '
with 1 < p < +oo, g€ L'(T), » € R. This problem was studied by Zhang [11],
who proved that Eq. 2.2 has a double sequence of eigenvalues {Azn} and {in}
such that

n=0 n=0’

—00 < A(8) < A(8) < Ma(®) < ... < Ay(®) < Aam(®) < ...,
with
Ay(8) —> +00 asn — +oo.

If p = 2 (linear eigenvalue problem), then these two sequences are all the eigenval-
ues of Eq. 2.2. If p # 2 (nonlinear eigenvalue problem), we do not know if this is
the case.

Let Y, Z be two Hausdorff topological spaces and let G: Y — 27 \ {#} be a
multifunction. We say that G is upper semicontinuous, if for every nonempty, closed
set C C Z, the set

G (C) ={yeY: Giy)NnC #0}

is closed. If the space Y is regular and the multifunction G has closed values, then
upper semicontinuity of G implies that

GrG = [, eYxZ: zeGy)

is closed. The converse is true, if G is locally compact, namely if for every y € Y we
can find a neighbourhood U of y such that G(U) is compact in Z. For details we refer
to Gasinski—Papageorgiou [6].
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Now let X and V be two Banach spaces and K: X © D — V. We say that K
is completely continuous, if for every sequence {x,},>1 € D converging weakly to

x € D (ie., x, Y xe D), we have that
K(x,) — K(x) inV,

i.e., K is sequentially continuous from D with relative weak topology of X into V
with the norm topology. If X is reflexive and D € X is a nonempty, closed and
convex set, then the complete continuity of K implies that K is compact, i.e., K is
continuous and maps bounded sets in D onto relatively compact sets in V.

Suppose that C € V and D € X are nonempty, closed and convex sets and
G: C — 2P\ {#} is a multifunction with weakly compact and convex values, which
is upper semicontinuous from C with the relative norm topology of V into D with the
relative weak topology of X. Also suppose that K: D — Cis completely continuous
and set

S =KoG:C— 20\ {#).

Assume that S is compact, i.e., S maps bounded sets onto relatively compact ones
(this is the case if for example G maps bounded sets to bounded sets and X is
reflexive; also note that in the present setting the compactness of S implies that S
is also upper semicontinuous). The important feature that we want to emphasize,
is that S need not have convex values. This corresponds to the case of nonlinear
boundary value problems with multivalued nonlinearities. Finally let U be a bounded
(relatively) open subset of C such that

Fix(S) N U = 0,
where
Fix(§) = {x e C: x € S(0)}

(the set of fixed points of S). For such triples (S, U, C), Bader [3] defined a fixed
point index, denoted by i (S, U), which exhibits the usual properties. If Sy = Ky o Gy
and §; = K o Gy, then we say that Sy and S; are homotopic, if there exist an upper
semicontinuous multifunction : [0, 1] x C —> 2P\ {#} (where D is equipped with
the relative weak topology) with weakly compact and convex values such that

‘0(0, ) = Go and 19(1,) = G1

and a sequentially continuous map &: [0, 1] x D —> C (where D again is equipped
with the relative weak topology) such that

£0,-) = Ko and &(1,) = K.
We set
H(t,x) = £(9(t,x))
and in the homotopy invariance property of the index, we require
x¢g Ht,x) VteT, xeodU

and that H is compact (i.e., upper semicontinuous and maps bounded sets to
relatively compact sets).
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Let X be a Banach space and let ¢: X —> R be a locally Lipschitz function. The
generalized derivative of ¢ at x € X in the direction 4 € X is defined by
'+ Ah) — p(x')
. .

@°(x; h) = lim sup
X - x

AN 0

The function & —> ¢°(x; h) is sublinear, continuous and so it is the support function
of a nonempty, w*-compact and convex set d¢(x), defined by

dp(x) = {x* e X*: (" h)y <¢®(x;h)forallh e X}.

The multifunction x — 9d¢(x) is known as the generalized subdifferential of ¢. If
¢ € C1(X), then d¢p(x) = {¢'(x)}. The generalized subdifferential has a rich calculus,
which generalizes the subdifferential calculus of continuous, convex functions. For
details we refer to Gasiriski-Papageorgiou [6, pp. 48-62].

3 Auxiliary Results

The hypotheses on the nonsmooth potential are the following:
H(j) j: T x R — Riis a function, such that

(i) Jj(, ¢) is measurable for all ¢ € R;
(ii) j(t,-) is locally Lipschitz for almost all € T and 9j(z, ¢) € R, for almost all
te Tandall¢ > 0;
(iii) for every r > 0, there exists a, € L'(T),, such that

lu] < a0,

for almost allt € T, all ¢ € Rwith [¢| < rand allu € 9j(t, ¢);
(iv) there exist functions ¥, %, € L'(T), such that

0 =1 < 1@ < h@® < u, foralmostallte T,

where the first and third inequalities are strict on sets (not necessarily the same)
of positive measure and

(1) < liminf < limsup < (D),
=400

g—p—l —>—+00 g—p—l
uniformly for almost all # € T and all u € 3j(¢, ¢);

(v) thereexists n > 0and 7 € L'(T),, such that

< Timi u < 1 u <

n < hgn»l(l)gf;l’if' < h;nlj)ljp ;_pi,] < (),

uniformly for almost all ¢ € T and all u € 9(t, ¢).
Remark 3.1 Hypothesis H(j)(iv) is a nonuniform nonresonance condition at +oo

in the spectral interval [u, n2]. Hypothesis H(j)(v) is a uniform nonresonance
condition at 0" to the right of the first eigenvalue wo = 0. The following nonsmooth
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locally Lipschitz function j: R — R (for simplicity we drop the dependence in ),
satisfies hypotheses H(j):

In|g| if ¢{<—1,
j©) = § —cosFlcl® if ¢ el-1,1],

£ £

Sler—£ it o> 1,
with & € (0, uy).

In the sequel by o(p) we denote the eigenvalues of the weighted eigenvalue
problem (2.2). We denote
W,20,b) = {x e W'P(0,b) : x(0) = x(b)}

and recall that the embedding W,, (0, b) € C(T) is compact (this also justifies the
evaluation at t =0 and ¢ = b in the definition of W,l,g’,’ (0, b)). In what follows by
(-,-) we denote the duality bracket for the pair ( 120, b), Wk (0, by* ). Consider
the nonlinear operator A: W,, 0,b) — Wpc, (0, b)*, defined by

(A(X), y) = / |x’(t)|p_2x/(t)y’(t)dt Vx,y € WpE(0,b).
0

It is easy to check that A is strictly monotone, demicontinuous, hence it is maximal
monotone. Also let K: W,l,e’,’(O b) — LP(T) C W,,e, 0, b* (w1th + — =1) be the
bounded, continuous, strictly monotone (hence maximal monotone) map, defined by

K@ = [xO"x0)

The first result is an easy observation concerning the spectrum of the weighted
eigenvalue problem (2.2).

Proposition 3.2 If v, 9, € LY(T), are such that for some n > 1, we have
Hon < 1) < () < uongn foralmostallt € T,

with the first and third inequalities strict on sets (in general different) of positive
measure and g € L'(T), satisfies

M) < gy < () foralmostallte T,

then problem (2.2) has nonzero eigenvalues and zero is not a limit point of them.

Proof Due to the monotonicity of the eigenvalues
{20,(®]),5, and  {220(®)],5,
on the weight function g (see Zhang [11]), we have
Aan(8) < Ran(P) < Aan(pon) = 0 (3.1
and

0= )\2n+2(,u2n+2) < )LG+2(ﬁ2) )‘2n+2(g)- (3-2)
@ Springer
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Moreover, from Zhang [11] we know that, if A € R is an eigenvalue of Eq. 2.2, then

e | [2ar(®), (@] U (= 00, Ro(®)]- (33)

k=1

From Eqgs. 3.1, 3.2 and 3.3 it follows that A # 0.
Suppose that we can find a sequence {A,},>1 € o(p), such that A, — 0. To every

eigenvalue A, corresponds an eigenfunction u,, € C[IM(T), u, # 0, such that

— (1,172, 0) = (n + 80) [un(®)|" "un(t) foraa.te T =1[0,b], (3.4)
n(0) = tn(b), 1, (0) = u;,(b). ‘

Note that Eq. 3.4 is (p — 1)-homogeneous. So we may assume that
lunll =1 Vn = 1.
So passing to a suitable subsequence if necessary, we may assume that
U, — u in W[',’e’j(O, b)
and
u, — u in C(T).
We rewrite Eq. 3.4 as the following equivalent equation in W,l,’e’,’ (0, b)y*:
AW = O+ OKw) — Vn=1, (35)

SO
b
(AGUn). ttn — 1) = / (on + ) lttn] Pttt — ) dt —> 0, (3.6)
0

But A being maximal monotone it is generalized pseudomonotone (see Gasinski—
Papageorgiou [6, p. 84]). So from Eq. 3.6 it follows that

(Aun), uy) — (A, u),
thus
lupll, — |l

Recall that u), 2w in LP(T). Since the space L?(T) is uniformly convex, it has the
Kadec-Klee property and so

Uy —> u in W2 (0,b).
Passing to the limit as n — 400 in Eq. 3.5, we obtain
Aw) = gKu), el = 1. (3.7)
Let ¢ € CL(0, b). Since
(Iw'|P=2uy € WP (0,b) = Wy (0, b)*
€\ Springer
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(see e.g., Gasinski-Papageorgiou [6, p. 9]) and if by (-, -)o we denote the duality
brackets for the pair (Wé’P(O, b), W=1-7(0, b)), we have

b
(= (w17 2u) o)y = [ gl Zupar (3.8)
0
Because the embedding C!(0, b) C W,l,’ef (0, b) is dense, from Eq. 3.8, we infer that

_ ’ —2.7 [ p—2 _
(I 1P~ (1)) = g)|u@|”"u@) foraa.re T =[0,b], (39)
u(0) = u(b).
From Eq. 3.9 it follows that
WP~ e W0, b)

andsou’ € C(T), which means thatu € C'(T). If in Eq. 3.7 we act with a test function
Y e W,l,‘e’,’ (0, b), we perform an integration by parts and we use Eq. 3.9, to obtain

W O 2w O ©) = [ ®)|"ubwd) Ve WL, b,
SO
u'(0) = u/'(b).

SoueC ;e,(T) is a nontrivial solution of

— (1 0)1P~2u (1) = gO|u@)|"*u@) foraa.te T =[0,b],
u(0) = u(b), u'(0) = u/'(b).

But this means that . = 0 € o (p), which contradicts the first part of the proof. O

So because of Proposition 3.2, we can find ¢y € (0, 1), such that
(—&0,80) No(p) = 0.
Let ¢ € (0, g9) and consider the following auxiliary periodic problem

(3.10)

—(I 01720 ©0) +e|x@)|"*x(t) = h(t) foraa.te T =10,b],
x(0) = x(b), x'(0) = x'(b).

Proposition 3.3 For every h € L'(T) problem (3.10) has a unique solution V,(h) €
CY(T) and the solution map

LN(T) 5 h—> Vi(h) € W,2(0,b)

is completely continuous, ie., if h, s h in LY(T), then V.(h,) — V(h) in
Wy (0, b).
Proof We consider the operator S,: W,l,’e[,’ 0, ) —> W,l,’e’; (0, b)*, defined by

S.(x) = AXx) + eK(x).
@ Springer
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Then we have
(Sc0), x) = K15 +ellxlh > ellx|?,

so S, is coercive.

Clearly S, is also maximal monotone. But a maximal monotone, coercive operator
is surjective (see Gasifiski-Papageorgiou [6, p. 80]). So we can find x € W,lje’,’ 0, b),
such that

S.x) = h (3.11)

(recall that L'(T) < W;’e’,’ (0, b)*). The operator S; is strictly monotone (since both
operators A and K are strictly monotone). So the solution x € Wé’g’,’ (0, b) is unique.
As in the proof of Proposition 1.1, from Eq. 1.1 we deduce that x = V.(h) € C ;er(T)
and it solves problem (3.10).

Next we show that the solution map V,: L'(T) — W},’e’,’ (0, b) is completely
continuous. To this end suppose that

h, — h in L'(T).
Let us set
Xu = Ve(hy) € Cpp (T) Vn=1.

We have

{ — (I, (O172x, () + &|xu (0] x0(t) = hy(t) foraa.te T =10,b],
%2 (0) = x(b), x,,(0) = x,,(b).

Multiplying this equation with x,(¢), integrating over 7' = [0, b] and performing an
integration by parts, we have
b
1,12 + ellxall? = / hpndt < Tl loor
0
o)
ellxall? < cillxall Vn =1,

for some ¢; > 0. Thus the sequence {x,},>1 € Wll,‘e’,’ (0, b) is bounded.
So we may assume that

X, —> x in W;;;,’(O, b)
and
x, — x inC(T).
We have
A(xy) +eK(xy) = hy Vn > 1. (3.12)

Using as a test function x, — x € W,l,’ef (0, b), we obtain

b b
(A(x), Xy — X) + 8/ %17 2% (X0 — X) dt = / h,(x, — x)dt vn > 1.
0 0
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Evidently
b
/ |% P2 X0 (Xy — X)dt —> O
0
and

b
h,(x, —x)dt — 0.
0

Therefore, we have

lim (A(x,), x, —x) = 0,

n——+o00
from which as before (see the proof of Proposition 3.2), we deduce that

X, — x in W};fr’(O, b).

Passing to the limit as # — +o0 in Eq. 3.12, we obtain
Ax)+eK(x) = h,
o)
—(IW 012X 0) + e|x®|"*x(0) = h(t) foraa.te T =10,b],
x(0) = x(b), X'(0) = x'(b),

thus x = V,(h). Therefore by Urysohn’s criterion for convergence sequences, we
conclude that for the original sequence, we have

Xy = Velhy) — x = Ve(h) in W;2(0,b),

so V, is completely continuous. O

We consider the Lipschitz continuous truncation map t: R — R, defined by

_ [0 if ¢<o,
@) = {g it ¢>0.

We set j,.(1,¢) = j(t. ©(¢)). Evidently for all ¢ € R, the function { — j(t,¢) is
measurable and for almost all ¢ € 7, the function { —— j,. (¢, ¢) is locally Lipschitz.
Also from the nonsmooth chain rule (see Gasinski-Papageorgiou [6, pp. 54-55]),
we have

{0} if ¢<0,
3j+(t,¢) = { conv{rdj(t,0): r€[0,1]} if ¢ =0, (3.13)

We consider the multifunction G: W,l,’ef (0, b) —> 2" defined by

G(x) = {ue L'(T): u@) € dj(t, x(t)) fora.a.r € T}.

Proposition 3.4 [fhypotheses H(j)(i), (ii) and (iii) hold, then G has nonempty, weakly
compact and convex values in L'(T) and it is upper semicontinuous from W;‘e’; 0, D)
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into L'(T),, (by L'(T),, we denote the Lebesgue space L'(T) furnished with the weak
topology).

Proof By definition (see Section 2), for every & € R, we have

J+&v+rE) — ji(t,v)

J9(r, x(0); €) = limsup

v = x(0) r
r\ 0

. j+(t7v+r$)_j+(tv v)
= inf sup

£,6>0 lv—x@0)] <8 r

O<r<e
i\t s

= inf sup Jrlt vt r8) = )i v). (3.14)

nm>1 r

1
o — x| < &

0<r<%,v,re@

From hypotheses H(j)(i) and (ii), we have that the function (¢, ) — j (£, ¢) is
L(T) x B(R)-measurable with £ being the Lebesgue o-field of T and with B(R)
being the Borel o-field. Hence Eq. 3.14 implies that the function 1 — /9 (¢, x(1); §)
is Lebesgue measurable. Also we know that the function & — j9(z, x(1); §) is
continuous. From the definition of the generalized subdifferential, we have

Groji(x()) = {(t,w e T xR: ué < jO(1, x(1); ) for all & € R}.

Let {£,},>1 be an enumeration of the rationals in R. Exploiting the continuity of the
function § — j0(z, x(1); &), we have

Groji(x() ={t,u) e T xR: u&, < j2t, x(0); &), n > 1} € L(T) x BRR).

Invoking the Yankov-von Neumann-Aumann selection theorem (see Gasifiski—
Papageorgiou [6, p. 23]), we obtain a Lebesgue measurable function u: 7 —> R,
such that

u(t) € 9j.(t.x(n)) foraa.reT.
If r = ||x]|, because of hypothesis H(j)(iii), we have
lut)| < a,() foraa.reT,

ie.,ue LY(T).
So we have proved that for every x € Wé’ef (0, D), G(x) # ¥ and it is easily seen to
be closed and convex. Moreover, for every x € W;‘e‘,’ (0, b), we have

Gx) € W, = {ue L'(T): |u@®| <a foraa.reT,}

where 7 = ||x||oo. So by the Dunford-Pettis theorem (see Gasinski-Papageorgiou
[6, p. 723]), it follows that G(x) is also weakly compact in L'(T).

The fact that G(x) € W,, implies that the multifunction G is locally compact into
LY(T), (ie., into L'(T) equipped with the weak topology). Also since L'(T) is
separable, the weakly compact subsets of L'(T) furnished with the relative weak
topology are metrizable. So in order to prove the claimed upper semicontinuity of
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G, it suffices to show that Gr G is sequentially closed in Wé’ef((), b) x L'(T),,. To this
end let {(x,, h")}n>l C Gr G and assume that

X, — x in W[l;ef(O, b)
and
hy —> h in L'(T).

Since the generalized subdifferential ¢ — 9], (¢, ¢) has closed graph, from Gasinski—
Papageorgiou [6, p. 31], we have that

h(t) € convlimsupdj(t, x,(1)) S 9j(t, x(r)) foraa.reT,

n—+00

SO
(x,h) € GrgG,

i.e., G is upper semicontinuous from W,l,;f,7 (0, b) into L' (T),,. u]

Now let

Cy = {xe Wy2(0,b): x(t) >0forallze T}.

This is the positive cone of the ordered Banach space W;'e’,’ (0, b). Itis a closed, convex
cone, hence a retract of W},’ef (0, b).

Lemma 3.5 If hypotheses H(j)(i), (ii) and (iii) hold, then for every ¢ > 0, we have

%O(SK‘}‘G) §C+

Proof Letx € C, and consider y € [V, o (¢K + G)](x). We have
A()+eK(y) = eK(x) +u,

with u € G(x). Acting with the test function —y~ € W;’ef (0, b), we obtain

b b
Y5 +elly™lpy = —e / [P 2xy” dt — f uy™ d,
0 0
SO
b b
elly~|I” < —g/ |x|P2xy~ dt—/ uy~ dt.

0 0
Since x € C,, we have

b

—8/ |x|P~2xy~ dt < 0.
0

Also since

u(t) € 9j.(t, x(n)) foraa.reT,
@ Springer
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by hypothesis H(j)(ii) and Eq. 3.13, we have that
ut) > 0 foraa.teT

and so
b
—/ uy—dt < 0.
0
So finally ||y~ ||” < 0, which implies that y~ = 0, hence y € C,.

This lemma implies that we can consider the fixed point index
ic,(Veo (eK + G), B}Y),

with r > 0, where B = B, N C,.

Proposition 3.6 If hypotheses H(j) hold, then we can find Ry > 0, such that

ic,(Veo(eK+G),Bf) =1 VR > Ry.

Proof For g € L'(T) we consider the admissible homotopy H, (8, x), defined by

Hy(B,x) = [Veo(eK+BG+ (1 —B)gK)](x).

Claim I There exist a function gy € L'(T) and R, > 0, such that

x¢ Hi(B,x)  VBel0 1] x € 3B}, R > Ry.

(3.15)

Suppose that Eq. 3.15 is not true. This means that we can find sequences {8},>1 €

[0, 11 and {x,},>1 € C,, such that

Bn — B €l0.1],

Xl —> o0

and
A(xn) = ﬂnun + (1 - ,Bn)gK(xn)»
with
u, € G(x,) Vn > 1.
We set
— Xn >
7 ”

By passing to a subsequence if necessary, we may assume that

Yo =y in Wi, b),

yp —> y in C(T).

(3.16)
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For every § > 0 and n > 1, we define the set

u(t)

o OrT <) +6

Ds, = {te T: x,(t) >0, 91(t) —6 <

for all u(t) € 34 (¢, x, (1)) = 3j(t, x4 (1)) }

Note that for every ¢ € {y > 0}, we have that x,,(f) — +oc and so from hypothesis
H(j)(@v), we have that

X, (O — 1 foraa.te{y> 0}

By virtue of hypotheses H(j)(iii), (iv) and Eq. 3.15, we see that for almost all t € T,
all e Rand allu € 9j, (¢, ¢), we have

lu| < @@ +c@lx",

witha@,¢e L'(T),, so

Ol _ a0

< + W)y (P! 3.17
Peal? T S ! Y (3:17)

(since y, > 0). Thus the sequence {”x“‘ﬁ] . C L!(T) is uniformly integrable.

Because of the Dunford—Pettis theorem (see Gasinski-Papageorgiou [6, p. 723]),
at least for a subsequence, we can say that

u .
m = wy in LYT).

n

Note that
Uy
L= Xp, )i — 0,
H ( D,u,) ”xn ”p—l L‘({y>0})

SO

U, N

Xos, Tan 71 — wp in L' ({y > 0}).
n

From the definition of the set D; ,, we have

un (1) Un (1)
= t
XDM ( )xp—l ([)

n

() Ya()P™!

ST

< Xy, O(02(0) +8) yu()P .
If we pass to the limit as n — +oo and we use Mazur’s lemma, we obtain
wo() < (%) +8)y®P~" foraa.te{y> 0}
Since § > 0 was arbitrary, we let § \ 0, to obtain
wo(t) < (@) y®P~' foraa.te {y>0}.
Moreover, from Eq. 3.17, it is clear that

wo() = 0 foraa.te{y=0}.
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Since y € C, we have that
T ={y>0U{y=0}

and so from the above, we infer that

wo(t) < () y®P™' foraa.teT. (3.18)
In a similar fashion we also show that

1O yOP " < wo(r) foraa.teT. (3.19)
From Egs. 3.18 and 3.19, it follows that

N (@O yOP T < wet) < H@)y®P' foraa.te T,
SO
wo(t) = go@My(®OP™' and (1) < go(t) < Vo) foraa.te T, (3.20)

with gy € L'(T),. We return to Eq. 3.16 and divide with ||x,||?~!. Because of the
(p — 1)-homogeneity of the operators A and K, we obtain

Ayn) = Bpi— + (= B)gK(yn). (3:21)

B2 |I” :

In this operator equation, we act with the test function y, —y € W,l,’g’,’ (0, b). So we
have

b Uy b _
(A, yn—y) = / ﬁnW(yn —y)dt +/0 (1= B)glynl" 2 yulyn — y) dL.
0 n
Note that

ﬁn (n—}’)dt—>0

(B3 ||” :

and

b
/ (1= BgIYnl? > yu(yn — y)dt —> 0.
0
Therefore, it follows that

lim (A(Yn% yn_Y> = 0.

n——+o00

As before from this convergence we infer that

Yo —> y in W;,;(o b). (3.22)

So if in Eq. 3.21 we pass to the limit as # — 400 and we use Eq. 3.22, we obtain
A(y) = BgoK(y) + (1 —B)gK(y)
(see Eq. 3.20). We put g = go € L'(T) and we have

AY) = gK(y).
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From this operator equation, as in the proof of Proposition 3.2, we obtain

{ —(|y’(t)|p_2y/(t))/ — go(t)|y(t)|p72y(t) fora.a.te T =[0,b], (3.23)
y(0) = y(b), y'(0) = y'(b).

Note that because of Eq. 3.22, we have ||y|| = 1, i.e., y # 0. So Eq. 3.23 implies that
0 € o(p), which contradicts Proposition 3.2 (see Eq. 3.20). This proves that Eq. 3.15
is indeed true and so Claim 1 is proved.

Claim 2 We have
ic,(Veo(e+g0K, B}) = 1 VR > Ry.

From the definition of the Leray—Schauder fixed point index (see Amann [2]),
we have

ic,(Veo(e+g)K.,B) = dis(I—Veo(e+g)Kor, BRNr '(B}),0),
where r: WS"” (0, b)) — C, is an retraction. We consider the retraction
r(x) = xT = max{x, 0}.
Then for this retraction consider the compact homotopy iz\(ﬂ , X), defined by
h(B,x) = BVeo (e +go)K or(x).
First note that if x = E(/S, x), then
x = BVe((e+ g Kxh)),

SO

1 1
TR =

Using as a test function —x~ € W,l,’e’,’ (0, b), we obtain

eK(x) = (e+ g0 K(x™).

=\ ||P —||1P —
1Y 1L + el 11 = o,
SO
ellx|” < 0,

ie,x"=0andsox=x" e C,.
Next, if for x € C,, we have

x = BVe((e + g KW).
SO
A = ((B"" = De + B 'go) K(x)
and thus
—(IY@IP2X 0) = (87" = De + 7 go) [x(0)|"x(0)

fora.a.te T =[0,b], (3.24)
x(0) = x(b), x'(0) = x/'(b).
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If B € (0, 1], then because of hypothesis H(i)(iv), we have
0= po < B ') < BP o) < BPTI() < o

and the first and last inequalities are strict on sets (in general different) of positive
measure. Also

0= B '—1De = —& > —g

and so from Eq. 3.24 and Proposition 3.2, we infer that x = 0.

If B = 0, then clearly x = 0.

Therefore, from the homotopy invariance of the Leray-Schauder degree, we
have that

dps(I=V.o(e+g)Kor, BgNr '(B}),0) = 1,
so
ic,(Veo(e+g0)K, Bg) = 1,
which proves Claim 2.
Using Claim 1, from the homotopy invariance of the fixed point index, we have
ic,(Veo (eK+ G), By) = ic,(Veo (e + g0, By). (3.25)
Thus from Claim 2, we have

ic,(Veo (e + G)K, B}) = 1 VR > R,.

We will prove something analogous for small balls.

Proposition 3.7 If hypotheses H(j) hold, then we can find oy > 0, such that
ic,(Veo (eK + GK, BZ;) =0 Yo € (0, gol.

Proof We consider the admissible homotopy H, (8, x), defined by
Hy(B,x) = [Veo(eK+ BnK+(1—p)G)]x) Vg e [0, 1], x e WL, b,

per
where n > 0 is as in hypothesis H(j)(v).
Claim 1 There exists o9 > 0 small enough, such that

x ¢ Hx(B, x) VB € [0, 1], X € 0B,, o € (0, 0ol (3.26)

Suppose that Eq. 3.26 is not true. Then we can find sequences {f,},>1 € [0, 1] and
{Xntn>1 € Cy, such that

Bn — B <l0,1], lxall — O
and

Xp € Ho(Bn, Xn) vn = 1.
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From the last inclusion, it follows that
A(xn) = .BnnK(xn) + (1 - IBn)un Vn 2 l» (32’7)

with u, € G(x,,) for alln > 1. Let

Xn

n=

Yn =
llx2 1]

Then we may assume (at least for a subsequence), that

Yo —> y in Wh2(0,b)
and
yo — y inC(T).

First suppose that by passing to a subsequence if necessary, we have g, < 1 for all
n > 1. From Eq. 3.27, we obtain

—(Ix;(t)l”_zx;(l))/ = ﬁnn|xn(t)|p72xn(t) + (1 = Buy(0)
fora.a.te T =10, b], (3.28)
X,(0) = x,(b), x,,(0) = x,,(b).

From Stampacchia’s theorem, we know that
x,(t) = 0 foraa.re {x,=0}.
So from Eq. 3.28, we have
(1 - Bu,(t) = 0 fora.a.t e {x, =0},
and thus
u,(t) = 0 fora.a.te {x, =0} (3.29)

(since B, <1 for all n > 1). Because of hypotheses H(j)(ii), (iii), (iv), (v) and
Eq. 3.29, we can find y € L'(T),, such that

0 < uy(®) < yOxu(0)P~' foraa.teT,

SO

|un (0]

AT < yOy (P! foraa.teT
n

Un

and thus the sequence [W

} - C L'(T) is uniformly integrable.
m=1

By the Dunford-Pettis theorem (see Gasinski-Papageorgiou [6, p. 723]), we can
say that

Uy w .
W — f in L'(T).

Since {x,},>1 € Cy and |x,|| — 0, we have that

X,(f) — 0" uniformly forallt e T.
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For e > 0and n > 1, we consider the set

U () <Ttel

ES,n = {te T: xn(t) > Oa n—&x xn(t)pil X

(see hypothesis H(j)(v)). Arguing as in the proof of Proposition 3.6, we can
show that

P < fi) < 7@Oy@P" foraa.teT,
$O
f( = gy®)P~! foraa.teT,
with
ge LN(T) and n < g(t) < 7(®) foraa.teT. (3.30)

If we divide Eq. 3.27 with ||x,,[|?~!, we obtain

A(Yn) = BunK(yn) + 0 = Bp)—— (331)

:
llx II” !

SO

(AGR). Yn — ) / Bl yalP 2y (s — )dt+f (1— B

I nII” [lxallP="
and thus
Jm (A(ya), yn —y) = 0.
From this convergence as before, we infer that
Yo —> y inW32(0,b). (3.32)

Therefore, if we pass to the limit as n — 400 in Eq. 3.31, we obtain
A(y) = BnK(y)+ (1 - BgK(y)

(see Eq. 3.30) and so

(Y OIP2y' @) = (Bn+ (1 — Brg®) |y®|" >y
fora.a.t e T =10,b], (3.33)
¥(0) = y(b), y'(0) = y'(b).

Note that
h(t)y = Bn+ (1 —-pB)gt) =2 n > 0 foraa.reT.

Integrating Eq. 3.33 over 7' = [0, b], we obtain

b
0 =/ h(t)y)P~ dt.
0
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But because of Eq. 3.32, we have | y|| = 1 and so y # 0. Therefore

/Ob h(ty®)P~'dt > 0,
a contradiction. So if 8, < 1 for alln > 1, Eq. 3.26 holds.
On the other hand, if 8, = 1 for all n > ny, then
Axp) = nK(xp) vn > 1,
SO
A(yn) = nK(yn) vn = 1.

As above acting with the test function y, — y € W,l,’g’,’ (0, b), we obtain

tim (A(yn). yn —y) = 0,

n——4o0o

SO

Yo —> y InW;2(0,b),

with ||yl = 1,s0 y # 0.
In the limit as n — 400, we obtain

A(y) = nK(y),
SO
~(Iy 1P 2y ®) = n|y®|"y@) foraa.re T =[0,b], (3.34)
y(0) = y(b), y'(0) = y'(b).

Since n >0 and y e C;\ {0}, by integrating Eq. 3.34, as before we reach a
contradiction.
So in all cases Eq. 3.26 is true and thus we have proved Claim 1.

Claim 2 We have
iC+(V8 o(e +nK, B;) =0 Yo € (0, 0ol (3.35)
For this purpose let & € Cp,(T) be such that £ # 0 and
& =0 VieT.
We consider the admissible homotopy H3(B, x), defined by
Hy(B,%) = (Vio (e +mK) () + BE.

We show that

x # H3(B, x) VB € [0, 1], X € 8Bj, r>0. (3.36)

Indeed, if this is not the case, then we can find By € [0, 1], 7o > 0 and x € 8B,+0,
such that

A(x) = nK(x) + ok,
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SO

— (I O1P20(©0) = n]x®]" 7 x(@) + oE(t) foraa.te T =10,b],
x(0) = x(b), x'(0) = x/'(b).

Since x € BB;S, integrating over T = [0, D], we obtain

b b
0 = / nx(@)P! dt+ﬁo/ g dt > 0,
0 0

a contradiction. So Eq. 3.36 is true and the homotopy invariance of the fixed index
implies that

ic,(Veo(e+mK, B}) = ic,(Veo(e+mK+E&, B)) Yo € (0,00]. (3.37)

Ific (Veo(e +m)K+§, B}) # 0, then we can find x € B}, such that

—(X @172 0) = 77|x(t)|p_2x(t) +&() foraa.teT=]0,b],
x(0) = x(b), x'(0) = x'(b).

Since & # 0, we have that x # 0. Integrating the above equation, as above we reach
a contradiction. So we must have that

ic,(Veo(e+mK+E&, B:{) =0 Yo € (0, 0ol (3.38)

and thus from Eq. 3.37 we conclude that Eq. 3.35 holds and so Claim 2 is proved.

Using Claim 1 and the homotopy invariance of the fixed point index, we have
ic,(Veo(eK+G), B)) = ic, (Veo(e+nK, BY) Yo € (0, 0ol (3.39)
Then from Claim 2, Egs. 3.37 and 3.38, we conclude that

ic,(Veo(eK+G),B}) =0 Yo € (0, ool.

4 Positive Solutions

Using the auxiliary results of the previous section and the properties of the fixed
point index, we obtain the following existence theorem.

Theorem 4.1 If hypotheses H(j) hold, then problem Eq. 1.1 has a solution x € C'(T),
such that

x(t) > 0 vt € (0, b)
and

X(©0) = x'(b) =0 if x(0) = x(b) = 0.
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Proof From Propositions 3.6 and 3.7 and the additivity property of the fixed point
index, we have

ic.(Vio(eK+G), B4\ B,)
=ic,(Veo (K + G), BR) —ic, (V. o (6K + G), BY)
—1-0=1,

with o € (0, oo]and R > Ry. Then from the solution property of the fixed point index,
we can find x € B; \ EZ, hence x # 0, such that

AXx) = u,

with u € G(x), so

—(X O @) =u@) >0  foraa.te T =[0,b],
x(0) = x(b), X' (0) = x'(b).

Hence x € C;e,(T). By virtue of the strong maximum principle of Vazquez [9]

(see also Gasinski—Papageorgiou [6, p. 116]), we have that
x() > 0 vVt € (0, b)
and
X(0) = xX®b) =0 if x0) = x(b) = 0.

O

Remark 4.2 An interesting open question is whether in hypothesis H(j)(iv), we can
replace the spectral interval [0, u,] by any interval [uo,, toni2] , 1 > 1.
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